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Stochastic equations in RY and in domains in IR? are considered.
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1. Introduction

We start with an example illustrating the results we present in the paper. Con-
sider the stochastic differential equation

4 , N
(LD) dx(t) = [tan (—Ex(t)) + mgnx(t)] dt + |1 — [x(8)||* dw(z) ,
x(0)=0

with a given o> 0, and a Wiener process w. Note that the drift coefficient is
not continuous at x = 0, x = 2k + 1, for integers k, and it does not satisfy the
linear growth condition. Moreover the diffusion coefficient does not satisfy the
linear growth condition for o > % and it is not Holder continuous with exponent
12 if a< .

The coeflicients in the above equations are rather irvegular. However, one
can define Euler’s “polygonal” approximations:

dxn(t) = b(xn(Kn(1))) dt + 0(x,(n(2))) AW(E) 5

(1.2)
x(0) =0
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for every integer n >0, where k,(t) ;= [nf]/n, with the corresponding drift
and diffusion coefficient, setting for example b(x)=0 when x is an odd
integer. One expects that x, converges in probability to a process which solves
equation (1.1).

The existence of a local strong solution to equation (1.1) can be seen from
the following result of Veretennikov [15]. Let b, ¢ be bounded measurable
functions on R, x R with values in R? and in IR?*“1, respectively, such
that oo” is uniformly elliptic, ¢ is Hélder continuous in x € R with exponent
1 when d = 1, and it is Lipschitz in x € R in the multidimensional case. Then
there exists a unique strong solution to the stochastic differential equation

(1.3) dx(t) = b(t,x(t)) dt + o(t,x(¢)) dw(t), x; € R?

The method of establishing this existence and uniqueness theorem is rather
different from those used in the theory of ordinary differential equations. It is
based on a famous result from Yamada and Watanabe [16] stating that the
existence of a solution (on some probability space with some Wiener process)
and the pathwise uniqueness imply the existence of a strong solution. (See
also [17] and the references therein on this topic.) We emphasize that the
proof of this result involves no construction of the solution.

The existence of a solution to equation (1.3) with bounded measurable
coefficients is known under the additional condition that either o(¢f,x) and
b(t,x) are continuous in x (Skorokhod [14], Stroock and Varadhan [13]), or
go’ is uniformly elliptic (Krylov [6,9]). Hence Veretennikov [15] establishes
the existence of a strong solution by proving the pathwise uniqueness. His
proof raises the following questions. Is it possible to construct the strong solu-
tions in some classical way? Define, for example, Euler’s approximations (1.2)
to equation (1.3). Do these approximations converge to a stochastic process
in probability and can one construct a strong solution in this way? Suppose
the coefficients in the equation (1.3) are approximated by smooth ones. Do the
strong solutions of the corresponding equations converge in probability to the
strong solution of equation (1.3) under the assumptions of the cited existence
theorem? More generally, does the strong solution depend continuously, in the
topology of convergence in probability, on the initial condition and on the drift
and diffusion coefficients? Our aim is to show that the answers to these ques-
tions are in the affirmative. We prove that, roughly speaking, the Euler’s polyg-
onal approximations converge uniformly in ¢ in bounded intervals, in probabil-
ity, to a process, which we show to be the strong solution. The basic assumption
is that the pathwise uniqueness for the equation holds. In particular, applying
Corollary 2.9 to equation (1.1) with D := (—1,1), Dy :=(—1 +27%,1 - 27%)
and with ¥V (£,x) 1= (2 — x®)/(1 — x?), we get that Euler’s approximations x,(¢),
defined by (1.2) converge in probability, uniformly in ¢ in bounded intervals
to some stochastic process, which is the strong solution of equation (1.1).

The possibility of showing the convergence in probability of different
approximations to solutions of stochastic equations is based on the following
simple observation.

Lemma 1.1. Let Z, be a sequence of random elements in a Polish space
(IE, p) equipped with the Borel c-algebra. Then Z, converges in probability
to an E-valued random element if and only if for every pair of subsequences
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Z; and Z,, there exists a subsequence vy ‘= (Zyx), Zm)) converging weakly to
a random element v supported on the diagonal {(x,y) € Ex E: x = y}.

To prove the sufficiency of the above condition for the convergence in prob-
ability it is enough to note that for the continuous function f(x, y) = p(x, y) the
random variables f(v;) converge to f(v) = 0 weakly and hence, f(v;) — 0 in
probability. This implies that {Z,} is a Cauchy sequence in the space of random
[E-valued elements with the metric corresponding to convergence in probability.
Since this space is complete, our assertion holds indeed. The necessity of our
condition is obvious.

In our applications of the lemma Skorokhod’s embedding method and the
assumption of pathwise uniqueness will allow us to check that the limiting
random element v takes values in {(x,y) € E x E: x = y}.

We note that our approach is very close in spirit to the celebrated result
of Yamada and Watanabe on the existence of strong solutions via pathwise
uniqueness. We assume somewhat more and in return we can get more. From
our approach it is clear that the strong solution depends continuously on the
initial condition and on the drift and diffusion coefficient. In particular, in par-
allel with the proofs of Theorems 2.4 and 2.8 the strong solution can be con-
structed by smooth approximation of the coefficients. One can construct the
strong solution by Euler’s approximations and simultaneously approximating
the coefficients and the initial condition. Clearly, we immediately get the con-
vergence of Euler’s approximations (or of the other approximations we men-
tioned) in probability in every metric space ¥, in which these approximations
are tight. (See [3], were the convergence in probability of Wong~Zakai type
approximations are proved in suitable Banach spaces.)

We also note that the convergence of Euler’s approximations under var-
ious conditions is proved by many authors. It is shown in Krylov [8] that
under the monotonicity condition Euler’s polygonal line method can be adjusted
to prove (strong) solvability (for equations even with random coefficients).
Earlier this was known from Maruyama [10] if the drift and diffusion coef-
ficients are Lipschitz continuous. The method of [8] was afterward used in
Alyushina [1] in a short proof of existence of strong solutions under meno-
tonicity and linear growth. A short and simple proof of (strong) solvability is
presented in Krylov [7] under monotonicity and under a condition which is
weaker than the usual linear growth. Moreover, the continuous dependence of
the strong solution on the coefficients is obtained.

It is worth mentioning that the fact that the pathwise uniqueness implies the
possibility of effective constructing the solutions has already been noticed in
Zvonkin and Krylov [17] (see, for instance, Lemma 3.2 there). Later Kaneko
and Nakao [5] exploited this fact without noticing [17]. In [5] the authors
consider equation (1.3) in RY and they assume that it admits a unique strong
solution x(¢). They show that x(¢) can be constructed by approximating the
coeflicients and also by Euler’s polygonal approximation. In what concerns
Euler’s approximations they only consider equations in the whole space with
continuous coefficients satisfying the linear growth condition. We consider
equations also in domains of R and with discontinuous coefficients as well.
We construct the strong solution without assuming its existence. Our basic
idea of proving convergence in probability is an extension of the idea of an-
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other result of Yamada and Watanabe saying that pathwise uniqueness implies
uniqueness in law. Essentially the same idea is used in [5]. Due to our above
lemma this idea becomes more apparent and its range of applicability becomes
evident.

The paper is organized as follows. In the next section we formulate our
results in Theorems 2.4,2.8 and their corollaries. By Lemma 1.1 the proof of
Theorem 2.4 is simple, we present it in Sect. 3. To prove Theorem 2.8 we need
an estimate of the distribution for Euler’s approximations. Since such estimates
play an important role not only in the subject of the paper, we present our
estimate (Theorem 4.2 below) separately in Sect. 4. We prove the main result,
Theorem 2.8, in the last section.

2. Formulation of the results

On a given stochastic basis (2, %, P,(%):z0) we consider the stochastic
differential equation

dx(t) = b(t,x(2)) dt + o(t,x(£)) dw(t) ,
x(0)=¢

in a domain D of R?, where (w(¢), %) is a d;-dimensional Wiener process, ¢ is
an %y-measurable random vector with values in D, b and ¢ are Borel functions
on R, x D taking values in R? and in R¥*%1, respectively. For equation (2.1)
to have sense we need the coefficients to be defined for any x € R¥. Actually
under our future assumptions solutions of (2.1) will never leave D so the
values of ¢ and b outside D are irrelevant and just for convenience we define
a(t,x) =0, b(t,x) =0 for x €D, t = 0. Let

@.1)

O=f<f <t <--- <t <t <
be a sequence of partitions of R, such that for every 7 >0

d(T):= sup |, -] =0

il 2

as n — co. We define Euler’s “polygonal” approximations as the process (x,(7))
satisfying

dxy(t) = b(t,x,(1,(2)) dt + o(t,x,(xn(2)) dw(t) ,
x(0)=¢

where x,(t) 1=t} for t € [}, ).
In the whole article M(¢) > 0 and M;(¢) > 0, M(¢) > 0,... are fixed locally
integrable functions on [0,00). We will use the following assumptions:

(2.2)

(i) there exists an increasing sequence of bounded domains {Dy}f2, such that
U2, Dk = D, and for every k&, ¢ € [0,k]

sup |b(,x)| £ My(2), sup |a(t,x)]* S My(2t) ;
x €Dy xeDy
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(ii) there exists a non-negative function ¥ € C»%(IR, x D) such that
LV(tx) < M)V (Lx), ¥i20, x€D,

Vi(T) := e inft<T [V(t,x)| — o0

0Dy, 1<
as k — oo for every finite T, where dD; denotes the boundary of Dy and L is
the differential operator

0 0 1 T g
== ita ~ 7 ~ i\ Ly e,
L ot +Z,:b( x)ax’ + 2%(06 it x)axlax/
(i) P( e D) =1
Note that by (i) and by our definition of ¢ and b outside D, Euler’s
approximations x,(t) are well defined for all ¢ = 0.

Definition 2.1. By solution of equation (2.1) we mean an Z;-adapted process
x(t) which does not ever leave D and satisfies (2.1).

An explanation of the definition can be found in the following statement.

Lemma 2.2. Let x(t) be an F-adapted process defined for all t =z 0. As-
sume that x(1) satisfies (2.1) for t <t :=inf{t: x(¢t) €D}, and assume (i)
through (iii). Then © = 0o (a.s.).

Proof. Define 7 as the first exit time of x(¢) from Dy. Obviously ¥ T 1.
Therefore to prove the lemma it suffices to show that for any £ and 4, T >0
we have

(23)

P(* < T) S P( ¢Dk)+P(V(0,£> = log %) +

1 T
57(T) expOfM(t)dt.

Apply It6’s formula to y(£)V(t,x(¢)) where
() = exp [— [ M(s)ds - V(O,f)} ;
0

and use assumption (ii). Then it follows that for all ¢
WOV AT x(t ATtk 0 S HOW(0,8) +m*(0),

where m*(¢) is a continuous local martingale starting from 0. Hence for
any R>0

| -

P { sup WOV (x5 ()10 ER} = II—QE(V(O)V(O, N=+,

t<tk

and this gives (2.3) almost immediately. The lemma is proved.

In order to state our main results we need one more notion.
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Definition 2.3. We say that the pathwise uniqueness holds for equation (2.1)
if for any stochastic basis carrying a dy-dimensional Wiener process w'( - )
and a random variable & such that the joint distribution of (W'( - ), &) is
the same as that of the given (w( - ), &), equation (2.1) with w'(¢),& instead
of w(t),& cannot have more than one solution.

Theorem 2.4. (cf. [5]) Assume (1) through (iil). Suppose moreover that b and
o are continuous in x € D and that for equation (2.1) the pathwise unique-
ness holds. Then x,(t) converges in probability to a process x(t), uniformly
in t in bounded intervals, and x(t) is the unique solution of equation (2.1).
Furthermore, x(t) is "V o(&)-adapted.

Remark. 2.5. Note that taking V(4,x) := (|x|* + 1) exp(— [, M(s)ds) in the
case D = RY, D, := {x € R% |x| <k}, conditions (i) and (ii) can be restated
as follows:

(1) supp < {16(tX)| + |o(t,x)[*} < My(¢) for every +=0 and positive inte-
ger k;

(2) 2xb(t,x) + [[o(t,x)[[* £ M(£)(|x|* + 1) for every £ 20 and x € R?,

where ||«|| denotes the Hilbert-Schmidt norm for matrices a.

We say that the coefficients b, o satisfy the monotonicity condition on D
if for every k and r =0, x, y € D, we have

2(x — y)(b(t,x) = b5, ) + [lo(6,x) — o (6, WP < Mi(O)lx — yI .

Corollary 2.6. (cf. [7]) Assume (i) through (iii) and let the coefficients b, ¢
satisfy the monotonicity condition on D. Or in case D = R? we may assume
that the conditions (1) and (2) from Remark 2.5 are satisfied and that the
monotonicity condition is satisfied for Dy = {x € R% |x| <k}. Assume more-
over that b is continuous in x € D. Then the conclusions of Theorem 2.4 hold.

Proof. One can easily show that the monotonicity condition implies the path-
wise uniqueness (see e.g. Krylov [8]). Hence this corollary is immediate from
Theorem 2.4.

In the one-dimensional case (i.e. when d = 1) we have the following result.

Corollary 2.7. Let d = 1. Assume (i) through (iii) and let b be continuous
inx in D for any t. Assume moreover that for every k and t 20, x,y € Dy
we have

(x — ¥)(b(t,x) — b(t, y)) < Mp(t)|x — yI?
lo(t,x) — a(t, )I* < Mi(Dpe(lx — ¥])

where p, is an increasing non negative function on Ry such that

1
af Vpulrydr = 0o

Then the conclusions of Theorem 2.4 hold.

Proof. For any given k =1,2,... we can make a nonrandom time change
which reduces the general case to the case My = 1. In this case one can see
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by a straightforward modification of the well-known method from Yamada and
Watanabe [16] (see also [4]) that the above conditions imply the pathwise
uniqueness for solutions of equation (2.1) until they leave Dy. Of course, after
this we see that even without time change we have the pathwise uniqueness for
solutions until they leave Dy. Since this is true for any £ we have the pathwise
uniqueness in D, and this is the only thing we need to apply Theorem 2.4.

If we are dealing with nondegenerate equations, the continuity condition
on b in Theorem 2.4 can be dropped. To state this more precisely, in addition
to the conditions (i) through (iii) let us introduce the following non-degeneracy
condition on the diffusion coefficient o:

(iv) For every k the domain D; is bounded and convex, and

S (00 )t W Z aMi(t) S 1A
i d

for every t € [0,k], x € D¢, A € IR, where g > 0 are some constants,

We say that a function f on R, x D is locally Holder in x in D (with
exponent « € (0,1]) if for every k and ¢t =0, x, y € D;

| £(60) = fL ) £ M(D)lx = y* .
If « =1, then we say that f is locally Lipschitz in x in D.

Theorem 2.8. Assume (i) through (iv) and suppose that o is locally Hélder
in x in D with some exponent o € (0,1]. In the case o+ 1 assume in addition
that the pathwise uniqueness holds for equation (2.1). Then Euler’s approx-
imations x,(t) converge to a process x(t) in probability, uniformly in t in
bounded intervals, and x(t) is the unique solution of equation (2.1). Further-
more, x(t) is F” V o(&)-adapted.

In the one-dimensional case one can state a condition on pathwise unique-
ness differently.

Corollary 2.9. Let d =1 and assume (i) through (iv). Suppose that o is
locally Hélder in x in D with some exponent « € (0,1]. Assume moreover
that for every k

lo(t,x) = o8, ¥)I* £ M) (px(fx — p|) + Joe(®) — v(»)])

Jor every t 20, x,y € Dy, where vy is a real function of locally bounded
variation and py is an increasing continuous function satisfying

1
J YV pe(r))dr = o .
0

Then the conclusions of Theorem 2.8 hold.

Proof. Using the result obtained in Veretennikov [15] on pathwise uniqueness
for stochastic Itd’s equations in one dimension (which generalizes the corre-
sponding results in Yamada and Watanabe [16] and in Nakao [11]), we can
repeat the argument from the proof of Corollary 2.7.
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3. The Proof of Theorem 2.4

For every positive integers k, n define the stopping time
tF = inf{t = 0: x,(¢) ¢ Dy} .
Then
|6t xa(1n(ON] S Mi(1), ot (ren(1)))]* < Mi(2)

for ¢t <1, and clearly the family of stochastic processes {xf:n=1,2,...}
defined by
xE () == x,(t A TF),

is weakly compact in C([0,T]) for every k and T = 0. We want to deduce
from this the weak compactness in C([0,T]) of

(3.1) {Ga@eporyin=1,2,...}.
Clearly it suffices to show that
(3.2) lim limsup P(zf £ T)=0.

k=00 p—co
At first fix & and apply Skorokhod’s embedding theorem. Then by virtue of
the weak compactness of distributions of xf(¢) in C([0,T]) for every T =0,
we can find a subsequence n(j) and a probability space (Q,ﬁ*;,ﬁ), carrying
the sequences of continuous processes X, ;, W;, such that for every positive

integer j finite dimensional distributions of
() and (i), w)
coincide, and for any T < oo for P-almost every & € )
33)  sup i) =@ =0 sup () — (0] — 0,
1T (<T

as j — oo, where X, W are some stochastic processes. Define ‘E,lf( j),fk as the

first exit times from D; of the processes f,]f( ) £k, respectively. It follows

from (3.3) that

(34) lim inf oz (as).
Next define
F = o () s 20, F= oG W) s S 0).

Then it is easy to see that for every j the process (Wj(t),,?’:;j) and (W(t), %)
are Wiener processes, and for all ¢ € [0, f,f( )

(3.5)
ZE ) =FK50) + {b(s,ff(j)m(j)(s)))ds + Ofa(s,ff(j)m(,-)(s)))dw%-(s) ,

almost surely. Now we make use of the following lemma which is just an
adaptation of a result of Skorokhod [14].
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Lemma 3.1. Let f(s,x) be continuous in x and Borel in t bounded function
defined on R, x RY. Then for any i = 1,...,d;

Of f(s,25 () ds — Of f(s,55(s))ds

[ 1 o)) ds — [ F(s.55()) ds
(3.6) 0 , 0
f f(5.55 (s)) dWi(s) — f f(s,f"(s_))dwf(s) ,

ff(S 5y (Fon(j5(5))) AWi(5) — ff(S, “(s))dw'(s)

uniformly in t € [0, T} in probability for any T < oc.
Owing to (3.4) and (3.6) we then conclude that for ¢ < % (a.s.)

£ = 740y + fb(s k(s))ds + fa(s () dw(s) .

In the proof of estimate (2.3) we have used only that x(¢) satisfies equation
(2.1) until it hits 8D;. Therefore estimate (2.3) holds for our %, and since ok
have the same distributions as 7,

11m lim sup P(z¥

k—o0 ]__,

. . ~k
i = T)= lim hlfiigpp Gy = 1)

< lim P(* £ T)=0.
k—o0

Arbitrariness in the choice of the subsequence n(j) allows us to assert that
(3.2) holds, and thus the family (3.1) is indeed weakly compact. On our
way of applying Lemma 1.1 we now take two subsequences x;, x,, of the ap-
proximations {x,}>°,. Then obviously {(x;,x,)} is a tight family of processes
in C([0,T];IR?*?) for any T<oco. Again by Skorokhod’s embedding theorem
there exist subsequences /(j),m(j), a probability space (Q, Z, P), carrying
sequences of continuous processes Xy jy, ¥m(;), W;, such that for every positive
integer j finite dimensional distributions of

(Ei¢ys iy i) and - (i) Xmg ), W)
coincide, and for P-almost every @ € O
sup [Xyj(t) — ()] — 0,  sup|xy(?) — ()| — 0,
(=T 1T
sup | Wi(r) — w(t)] — 0,
t<T
as j — oo for any T < co, where %, X, w are some stochastic processes. In the

same way as above we get that for any £ the processes i(z) and X(¢) satisfy
equation (2.1) on the time intervals [0,%" ) and [0,%%), respectively, with W
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instead of w, where ¥ and 7* are defined in an obvious way. Again as above
2% 7% = 00, so that actually X(¢) and x(¢) satisfy the corresponding equation
on [0,00). Since the initial condition in both cases is the same (X ;(0) =
Xm(5(0) because x;(0)=x,(0)=¢) and since the joint distribution of the initial
value and W coincides with the distribution of &, w, by the pathwise uniqueness
we conclude that x(¢) = x(¢) for all ¢ (a.s.). Hence, by applying Lemma 1.1
we finish the proof of Theorem 2.4.

4. An estimate of densities for Euler’s approximations

In the case when the coefficients of equation (2.1) are not supposed to be
continuous, in order to apply the above scheme we need a counterpart of
Lemma 3.1 for measurable f. The proof of the corresponding assertion is
based on an estimate on densities of distribution of the Euler approximation
x,(t). Since such estimates can be applied in other situations, the result we
prove below is stronger than we actually need in the proof of Theorem 2.8.
First of all we need the following lemma.

Lemma 4.1. Let K, t,e >0, o € (0,1) be fixed numbers, and let a(x) be a d x
d  matrix-valued  function such that Ktl=za=a*=>e¢etl, where
I is the d X d unit matrix. Also let g(x) be a real-valued function such
that |g(x) — g(¥)| < K|x — y|* for all x,y. Let ¢ and n be independent
d-dimensional Gaussian vectors with zero means. Assume & ~ A"(0,I). Define
an operator T* by the formula T* f(y) = Ef(y + Ja(y)E) and let T be the
conjugate for T* in Ly-sense. Then for any i,j = 1,...,d, x € R?, p € [1,c0],
and bounded Borel f

2

W08 [ 5o 7r | 6B [ 57T )

(4.1)

é Nt—d/(Zp)—1+oc/2||f||p ,

2

%,
oIE |5 ?a,Tf}(xm) | g5 T |0

r 1/p
dx}

(42) { f

IR"’
S NCWR| £,

where the constants N depend only on K, e,d, p and E|n|*.
Proof. First observe that

52
oxiax)

62
B i C(alry —
_n£(2ndeta(y)) S») 6yfayjexp{ (@ (y —x),y—x)/2} aza(y)dy,

Tf(x)

EQn deta)*d/zexp{—(a_l(y —x—n),y—x—1n)2}
= 2ndet(a + a1)) Pexp{—((a + @) 'y —x), ¥y — x)/2} = pu(x,¥),



Strong solutions for It6’s stochastic equations 153

where a; is the covariance matrix of %. Let 4(y) = (a(y) +a;)”!, then

2
Ea . ]Tf(x—f—n)

= fd SOINAY )y —x)NA Iy — %)) — 4y Pacyyx, y) dy -
R

Thus the expression on the left in (4.1) equals

S T9G) = gL ANy — AW = 2)); = A () Pac(%, ¥) dy
R4

: _ v|?
td/2 f ‘f(J’)Hx y|°‘ [|x yl + t:| exp{_|x Nty| } dy

N 2 q 2 Vg
< ufupt—dﬁ{ f vt (2 3] exp{—q%}dy}

— N[—d/Zp—l-’roz/Z”pr

Here we have used the Holder inequality. To prove (4.2) we apply instead the
Minkowski inequality. The lemma is proved.

We will apply Lemma 4.1 to prove some estimates for distributions of the
process x,(t) defined as

xn(2) = xg + f (s, xa(14(s5))) dw(s) ,

where xq € IR? is nonrandom and ¢ : R x R? :— R%*%l js Borel measurable
and satisfies the condition

el < (o0 )(s,x) £ K1, lo(s,x) — o(s, ¥)| < Klx — y|*

for some constants « € (0,1), K,&> 0 and all x, y € R?, s > 0. Before stating
the main result of this section we introduce some notations. For fixed » and
t >0 a very cumbersome expression can be found explicitly in an obvious way
for the distribution density p,(f,x) of x,(¢). We do not know if it is possible
to estimate the density analyzing this expression, but at least it shows that the
density is bounded on [4,67!] x R? for any 6 > 0. We denote by m,(z) the
supremum of p,(4,x) over x € R?. The function m,(t) is bounded on [J,5~]
for any 0 > 0 and any n.

Theorem 4.2. (a) There exists a constant Ny dependzng only on d,a,K, &,q
such that zfl<q<—- then for all t >0, n=1,2,3,.

/g
(43) < | P x)dX) SNEYP 11 (p=4q/(g-1).

(b) If the partitions {0 =1 <t} <---} satisfy the additional condition
Kn(s) Z &s for all n and s > 1}, then there exists a constant Ny depending only
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on d,o, K, e such that
(4.4) ma(t) < No(t=4? +1), t>0, n=1,2,... .
Also (4.3) holds, for any g € [1,00], t >0, n=1,2,3,... .

Proof. The last assertion in (b) is true since pi < p,(m,)?~! and [p,dx = 1.
To prove (a) for 0 <5 <t < oo and bounded measurable f(x) let

IS5 f(y)=Ef (y + [a(r, y)dW(r)) ,

and let the operator Ty, be conjugate to T, in Lp-sense. The expression
T;:f(x) can be written as an integral with respect to a Gaussian-like den-
sity, and from this formula it is not hard to see that for any s < ¢ the function
Toef(x) is inﬁnitely differentiable and for s <t

2

0
(4.5) slf( )= Tyed’(s, < )f (),

where a;; 1= %(aa )i;. For the sake of simplicity of notations we drop the
subscripts n, and from (4.5) by the Newton—Leibnitz and Itd’s formulas for
any r € [0,¢] we obtain

ES0)) = [ GET ./ (5))ds -+ ET, . ()
2

o T G(6))

= ET,..f(x(r)) + fE[a”(S (1)) 7=

2
T s, )

We take conditional expectations given x(k(s)), and after denoting

S

n(s,x) = [ o(r,x)dw(r)

K(s)

we get
(4.6) Ef(x(t))=ET, f(x(¥)) + ftEH(S, t,x(x(s))) ds ,
where 2
H(s, t,x) = a;i(s,x)E [ Al stf:! (x +n(s,x))
62
—FE [WTS,MU(S: (- )] (x +n(s,x)) .
By Lemma 4.1

\H(s,t,x)| < N(t —s)" /=122 7l

(4.7) [ H(s, t,x)|dx < N(t — sy "2 £y .
RY
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This and (4.6) with » = 0 give us (4.3) for p > d/x and for ¢ € (0,7] with a
constant Ny depending on d,a, K, ¢,q and also on 7. Indeed,

_ 1 _
Tucf o) £ NS fdesp {—e = 02 bty < NI g,
RE

j(t _ s)—d/(Zp)—1+a/2 ds — N—@/@pytof2
0 v

To prove (4.4) and (4.3) with a constant #; independent of 7 we need a
longer argument. Fix T € (0,00), and define y; as the smallest number y such
that m(s) < y(s~%? + 1) for all s € (0, T]. Introduction of such objects as yr
is rather common in the theory of PDE. In probability theory they were used
for instance in Stroock—Varadhan {13] for the same purposes. Such a number
yr does exist since m(¢) is bounded on [¢,T] and m(z) < N(d,K,&)t~%? for
t €(0,¢]) as follows from the explicit formula for the Gaussian density of
x(t) :xo—l—fot o(s,xp)dw(s). We want to estimate yr. By using (4.6),(4.7)
and the inequality x(s) = es for s = #/, we obtain

Ef(x(2))

< NP £+ | [yf (T/i@ T 1) 11, - >1|1} A sup |H(s, £x)] ds

— p 1 1
=< {Nf a2 +N{£ |:VT <Kd/2(s) + 1) (t_s)l—d/2:|

1
AmdS} IA1

(4.8)

! 1 1 i
7
m(t) < Nt +Nbf [YT (Sd/z + 1) = S)1—a/2] A (i — s)d+i—a2 ds

for ¢ € [#},T]. Next as easy to see after the substitution s = uy}z/ d,

t t
VT 1 T 1
of (1 — s)i—on2 A (1 — s)d+1=ap2 ds = of J=ap N apricep 9
2/d
o 1
_ l—ad
=7r bf A2 A Al 1—a]2 du

< Ny
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Upon setting u = tyzjd(l + ym{)‘l, we also have

1

YT 1
Ofsd/z(t _ S)I——os/2 A (f — s)dzii—an ds

u
yr
;((t )d/2+1 o2 ds—i—f sP(t — s)l—aP2 ds

IA

- 2
= (d = a)(t — wylZ2P

= Ne@IR2(1 2@ < N 4yl 4 1)

4 ,yTu~d/2_(t — oy
o

Thus from (4.8) for ¢ € [¢, 7] we conclude
(4.9) m(f) € N(1+ 5 42 1+ 1).

As we observed above this estimate is also true for 7 € (0,#]. By definition of
yr estimate (4.9) means that

yr £ N+ ).

We emphasize that the last constant N, as well as all constants called NV in
the above proof of (4.4), depends only on d,«, K, e. This implies the desired
estimate of yr, and it remains only to notfice that the estimate is independent
of T. We can see in the same way that the constant Ny in the estimate (4.3)
can be taken to be the same for all # > 0. The theorem is proved.

Corollary 4.3. Assume the conditions of Theorem 2.8. Let x,(t) be the Euler
approximation defined by (2.2) and let ©¥ be the first exit time of xn(t) from
Dy. Then for every t > 0 the measure P(x,,(t) el'< ‘ck) has a density p¥(tx),
and for any 0 <ty <T < oo, 1<q<— and k=1,2,... we have

(4.10) sup sup [ [pi(ex)]dx <oo.
n t€tg,T] pd

Proof. By using a nonrandom time change we easily reduce the general case
to the one with M,(¢) = 1. Next we observe that

Pln(t) €T, t<1f) < P(xf(1) €T),

where x%(t) are Euler’s approximations for equation (2.1) with coefficients
o,b changed arbitrarily outside Dj. After this an application of the Girsanov
theorem allows us to take b = 0. Finally we get our assertion from (4.3) if
we notice the obvious relation between Euler’s approximations for fixed initial
value and for random one.

Remark. 4.4. One knows from Fabes and Kenig [2] and Safonov [12] that none
of the estimates (4.3),(4.4) and (4.10) remains valid if the Holder continuity
of ¢ in x is replaced by the assumption of uniform continuity of ¢ in (£,x).
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5. Proof of Theorem 2.8

The reader can easily check that we can repeat the proof of Theorem 2.4 from
Sect. 3, if we prove the following version of Lemma 3.1. We use the same
notations as in this lemma.

Lemma 5.1. Let f(s,x) be a Borel function defined on R, x R? such that
|f(6,x)| £ M(¢) for any k and x € Dy. Then for any i = 1,...,d, the first
two convergences in (3.6) hold as j — oo uniformly int € [0,T AT*) in prob-
ability for any T < oo. If | f(t,x)[> £ My(¢) for any k and x € Dy, then for any
i=1,...,dy the last two convergences (3.6) also hold as j — oo uniformly in
t €[0,T At*Y in probability for any T < co.

Proof- We will prove only the last relation in (3.6). The other ones can be
proved similarly. Take a function g(z,x) defined on IR, x IR? such that it is
continuous in x, Borel in ¢ and satisfies the same hypotheses as f. Define

() = [ (5,25 1) (enc1(5))) di(s), LW@=={%&#@DdW@%
0

Owing to Lemma 3.1 for any 6 > 0 we have

(5.1) lim sup P(sup {|I7(f) = I*(/): t <T A"} 2 36)

J—roo

< lim sup P(sup{i[tkj(f—g)‘: t<T AT} = 6)

Jj—ooo
+P(sup {[IF(f — ) t<TATFY 2 8) =0y + 5.

Now, by virtue of (3.4) and the well-known martingale inequalities

TATk
s ~ Y
J <y I11r.n supE [ |f - g|2(s,x,’f(j)(;cn(j)(s)))ds + 5
joeo D )

L
< 4y~ [ M(s)ds
0]

v

T
v lim sup [ |/ = g By Oenen(OD pcr s+ 57

j—oo g ”

where y >0 and # > 0 are arbitrary numbers. By Corollary 4.3 we conclude
that for p large enough

/p

yz +Ny ff \f — gl*(s,x)dxds

1

J £ 4y [ Mi(s)ds + =
0 o 0 Dy

with N independent of g. Since )Fé‘( ) — fk(t) (a.s.) from Corollary 4.3 we

also get an estimate for probability density of x*(z), which shows that .J, is

bounded from above by the same quantity as J;. Thus we obtain an estimate

for the first limit in (5.1), and this estimate along with the freedom of choice
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of g,n,vy shows that the limit in question is zero. This brings to the end the
proofs of Lemma 5.1 and Theorem 2.8.
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