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Introduction

As Dembo and Zeitouni point out in the introduction to their monograph on the subject [1],
there is no real theory of large deviations, but a variety of tools that allow asymptotic analysis
of small probability.

To give an idea of what kind of large deviations we are talinkg about, let us consider a sequence
of independent identical distributed real valued random variables Xy, Xo, ..., X,, with mean zero
and unit variance. Let S’n = % 2?21 X; the empirical sums. The weak law of large numbers says
that for any 6 >0,

P(|§n|>5) —n—oo0 (1)

The central limit theorem is a refinement that says
P(y/nS, €[a,b]) — L/b e~ 2dx
n b n—oo .
V 2T a

In the case X;~N(0,1), we have S,,~ N(0,1/n), and we can compute explicitly

therefore (exercise)
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Equation (2) is an example of a large deviation statement. Roughly it says that asymptotically
in n—+o0, P(|Sy|>8)~e 02

Cramér’s Theorem in R

Let {X,} sequence of i.i.d. random variables on R with common probability distribution a/(dx).
We define the moment generating function

M(\) =E[e1] :/]R e Ma(dr) (3)

and let us assume that there exists \* > 0 such that M()\) < oo if |A\| < A*. Notice that, since
|z| < A7 1(e + e~ A%) for any A > 0, this condition implies that X; is integrable and we denote
m=E(X;) € R. It is easy to see that m = M’(0). We are interested in the logarithmic moment
generating function

A(X) =log E[ 1] (4)

By Jensen’s inequality, we have A(X) > Am > — co. Let Dy = {A € R: A(\) < + oo}. Under our
hypothesis, 0 € D} (the interior of Dy).

Lemma 1. The function A is convex and continuously differentiable in DY, moreover

E(Xle/\xl)

M=

AeDs.



Proof. For any a € [0, 1], it follows by Holder inequality

E(e(eM+1-a22)X1) « N(A)) M (\g)! @
and consequently
Ao+ (1 —a)Xg) <aA(A) + (1 — a)A(Ng).
The function f.(z) = (e*+9)* — e**) /e converges point-wise to x e**, and | f.(z)| < e**(e®l*l — 1)/
§ < eM(e% 4 e79%) /§ = h(z), for every |e| < §. For any A\ € DY, there exists a § > 0 small enough

such that E(h(X1)) < M(A+0) + M(A — 6) < 4 oo. Then the result follows by the dominated
convergence theorem. O

Using the same argument one can prove that A € C°>°(Dg3). Computing the second derivative we
obtain
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by Jensen inequality. Observe that A”(0) = Var(X;). To avoid the trivial deterministic case, we
assume that Var(X;) > 0. It follows that A”(\) >0 for any A € DY, i.e. A(-) is strictly convex.

We define the rate function as the Fenchel-Legendre transform of A

I(x) =§2§{Aw — AN} (5)

It is immediate to see that I is convex (as supremum of linear functions) and that I(z) > 0. Fur-
thermore we have that I(m) = 0. In fact by Jensen’s inequality M (\) > e ™ for any \ € R, so
that Am — A(A) <0 and it is equal to 0 for A=0. We conclude that I(m)=0.

Consequently m is a minimum of the convex positive function I(x). It follows that I(x) is non-
decreasing for x > m and non-increasing for z < m.

Observe that if >m and A <0 then Ax — A(A\) < Am — A()) and that implies

I(xz)=sup { \z — AN} x>m (6)
A0
Similarly one obtains
I(x)=sup {Az — A(\)} xr<m (7)
A<0

Here are other important properties of I:
Lemma 2. I(z) —+ 00 as |x| — oo, and its level sets are compact.

Proof. If > m, for any positive Ay € Dy, I(z)/z > Ay — A(A4)/z and limg—, yoo A(Ay) /2 =0,
so we have limy_, y oo I(2)/x 2 M. A similar argument for x <m gives limy_,_o I(2)/|z| > |A_|.
Consequently the level sets {x € R: I(z) < a} are bounded, and closed by continuity of I. O

We denote Dy={z eR:I(z) < oo}.

Lemma 3. We have z € D? iff P(X1>x)>0 and P(X1<z)>0. For any x € D there exists a
unique Ay € DR such that x =A'(A;) and I(x) =X zx — A(\y).



Proof. Consider F,(6) =60z — A(f) = — logE[e?X1~)]. For any ¢ > 0 sufficiently small we have
P(X1>z+¢)>0and P(X; <z —¢)>0. Assume z >m and 6 >0 then we can estimate

logE[e? X172 =9)] > logE[e? X1 == x5 o1 o] > log P(X; >z +¢)
so we have I(z +€) =supg>o Fr4(0) < + 0o. By monotonicity we have I(y) < + oo for any m <

y<zx+esoxeDf A similar reasoning works for x < m.

Assume now that P(X; > x) =0 then for all e >0 P(X; <z +¢) =1 and E[!X177=9)] - 0 for
0 — + oo which gives Fi,1.(0) — + oo and then I(z +¢) =+ co. Since this is true for every € >0
we conclude that x¢D7.

For fixed x € Dy the function F, is C%(R) and since x € D¢ we have that it exists € > 0 for which
x+e€D?and so O(x+¢)— A(f) < I(x+¢) <+ oo which gives F,(f) < I(x +¢) —e6 — — oo for
0 — + oo. Similarly F.(0) < I(z —e) + e — — oo for § — — co. Then F, has a unique maximum
at a finite § = A\, and F,(\;) =0, F;}(\;) <0. It follows that I(z) = Ay  — A(\;) and that z =
AN (). O

We are ready to prove the following theorem, which is a large deviation statement for the empir-
ical mean of a sequence of iid variables.

Theorem 4. (Cramér) For any Borel set ACR,

— inf I(x)<liminf llogIP(S*n € A) < limsup %logIP(gn € A)< — inf I(x)

rEA° n—oo M n— 00 r€A

were A° is the interior of A and A is the closure of A.

Proof.

Upper bound

Let us start with A a closed interval of the form J, = [z, + 00) and let > m. Then the expo-
nential Chebycheff’s inequality gives for any A >0

P(S, > 1) e ME[X =] = e = (A1 = ¢ e A

WV

Since A >0 is arbitrary, we can optimize the bound and obtain for x >m

P(§n>x) gexp(—nili% {Az —A(N)})=exp(—nl(x)) ()

where we use (6) in the last equality. Similarly for x <m we obtain

]P(S’ngx) gexp(—nili% {Az —A(N)})=exp(—nl(x)) (9)

Consider now an arbitrary closed set C CR. If m € C, then I¢c =inf,cc I(x) =0 and the upper
bound is trivial. If mgC let z_ =sup{x € C: z <m} and z4 =inf {x € C: x > m} and observe
that by closedness 2+ € C' and that{S,, € C} = {S, >z, or S, <z_}. We have also z_ <m <z
and from the monotonicity of I(x) on (— o0, z_] and [z4, + ), Ic =min (I(z_), I(x4)). Con-
sequently, using (8) and (9),

P(S,eC)<P(S,zz)+P(S,<z_) < e (@) 4 gmnl(z-) L e—nlc



and

%log]P(S’neC)g—Ic—i—%logZ (10)
which concludes the upper bound.

Lower bound

Given an open set G, it is enough to prove that for any x € G

liminf %logIP(gn €G)>—I(x).

n— oo

To this end, it is enough to prove that for any « and any § >0,

liminf %log P(S, € B,s)>—I(x)

where By 5= (x — §,z + ). Clearly it is enough to consider x € R such that I(x) < co. Assume

x € D. Then by Lemma 3 there exists a unique A, € D} such that I(x) = A\gz — A(X;) and z =
A’(Xz). Let us define the probability law on R

ax, (dy) = e*v = A)a(dy)

Notice that

/ y ox,(dy) =A'(\,) =

Assuming = > m, we have also that Ay > 0. Let A, s = {(z1, ..., n): (x1+ ... + 2n)/N € By 5} C
R™, then for d; < ¢

IP(SnGBl.,(;)>/ a(dzy)---a(dzy,)

An,sy

:/ e Ne@iteten) =nAQa) gy (day)...a, (dzy,)
An sy

> e~ Me(@H8) —nARS) / ax,(dzy)-ay, (d,)
An,51

If © <m, we have A\, <0, and in the last step of the above we will have x — §; instead of x + ;.
By the law of large numbers, for any d; >0

[ an@a)ean (o) —
An,él
so that

liminf 2log (S € By 5) > — a4+ 61) — A)] = — I() — Asd.

n—oo M

For any §; < § we thus have

liminf Llog P(S, € B, 5) > liminf Llog P(S, € By.s,) =— I(x) — A1

n—oo M n—oo M



and since d; < ¢ is arbitrary, we can let 6 — 0, and this finish the proof. The proof for an arbi-
trary z is completed by observing that if x¢D¢ then either P(X; > 2) = 0 or P(X; < z) = 0.

Assume that P(X; < z) =0 then F,(\) = Az — A(\) = — log E[e*¥17®)] is a decreasing function
of A and
I(z)=sup {\z —AN)}=— lim logE[e}X172)]
A<0 A= =00

But for any € >0
log P(X; =) <log E[e*X 1= ®)] Clog P(X; <z +¢) +e*log P(X, > 2 +¢) — logP(X; <z +¢)

and taking € — 0 we get I(z) = —logP(X;=1). Then we have

P(S,€B;s)2P(Xi=2,..,X,=2)=P(X;=2)"
and then

liminf llog]P(S'n €Bys) 2logP(Xi=12)=—1(x)

n—oo M

concluding the proof. O

Remark 5. Notice that the proof contains the non-asymptotic bound (10), i.e.

Vn>1, P(S,eC)<2e ninfeccl(@) (11)

also called Chernoff’s bound.

Remark 6. The lower bound was obtained by using the change of variable in conjunction with
the law of large numbers for the new probabilities. One can get better bound by using the cen-
tral limit theorem, and obtain the following corollary

Corollary 7.

Proof. By the central limit theorem

ay,(dzq)-an, (dz,) —n—oo 1

/{x1+.44+xn/n€[z,x+51)} 2

So in the proof of the lower bound one can substitute (z — &,z + ) with [z, 2 + d). Since P(S,, >
z) >P(S, € [z,z+0)) one obtains

liminf llogIP(S*n >a)>—I(x)

n—oo N

The upper bound follows from the one in theorem 4. O



Example 8.

1. Let a be the gaussian distribution with density

L (e—m)?/202

V2mo?

then I(x) = (z — m)?/202. In this case one can compute it directly, since S,, — n m has

law N(0,02%/n).
2. a:%(éo—i—él) (Bernoulli). Then M(X) :é(l +e*) and
I(z)=xlogz+ (1 —x)log(l—x)+log2 if z€[0,1]

and I(z) =+ oo otherwise.

3. For the exponential law a(d ) = Be~"*1,50d x, we have M()\) = 3/(3 — \) for — oo <
A < B3, otherwise M(\) =+ co. Then

I(x)= Pz —1—log (Bz) if x>0
and I(r)=+o0 if 2<0.

4. If ¢ in a random variable with law N(0, 1/43), then &2 has law x?(1), i.e. a gamma law
I'(1/2, 3/2), which has density

B2 y— /20— Br

V2I'(1/2)

Its moment generating function is M(X\) = (3/(3 — 2)\))Y/? if X\ < 3/2, otherwise equal to
+ 00. The rate function results

I(x)z%{ﬁx—log(ﬁx)—l} if x>0

and + oo if  <0.

Long rare segments in random walks
Consider the random walk So = 0, S,, = Zyzl Xi, n > 1, where (X,)n>1 is a sequence of iid

random variables taking values in R% d > 1. Let R,, be the maximal size of the intervals in
which the empirical mean of the X's belongs to some fixed measurable set A C R%:

Ry, =max {¢(:30<l<k<m,(Sy— Sk_¢)/l €A}

and similarly, let T, be the first time when the empirical mean over stretches of size at least r
belongs to A:

Tr=inf{n:Ir<l<n, (S, —Sn_r)/l €A}

Clearly T, is a stopping time for all » > 0. Note moreover that {R,, > r} < {T, < m}. We want
to prove the following result.

Theorem 9. Assume that A is such that

lim félogIP(S‘neA):IA (13)

n——+oo



erists. Then almost surely

lim R _ im *i
m—+tool0gMm  rotoclogTy I

Proof. Let Ci ¢={(Sk— Sk—_¢)/l € A}, then

k=0 ¢=r k=0 ¢=r L>r

Assume 14 € (0,4 00) then for all 0 <e <I4 and r large enough, by (13) we have
P(T.<m)<m Z e tUa—e) < e—rUa—e)C,
L>r
and letting m = [e"4=29) | we get

Z IP(TTger(IA—2E) o 1) < Z er(IA—2e)e—7'(IA—E)CE:Z e "L < + 00

r>1 r>1 r>1
and by Borel-Cantelli
log T,

liminf
r— 400

>1y4—2¢, a.s.

Being ¢ arbitrary we obtain that the liminf is > I4. If 4 = + oo the proof is complete. Other-
wise to establish the reverse inequality we consider the probability of the event {7, > m} for
large m. Now

{Trg m} == {Rm 2 T} :_) U1<k<m/r Ckr,r

and the family of events (Ckr,r)1<k<m/r are independent so for all € >0 and r large enough
]P(TT > m) <1-— IP( U1<k<m/r Ckr,r) = ]P( ﬂ1<k<m/r Cﬁmd)

= H (1=P(Crr.r)) = (1 — P(S, € A))lm/r] < e~ Lm/r]P(S-€4)

1<k<m/r

_ —r(Ia+e)
<e—lm/rle

Ia +2€)

so choosing m such that m = e"( we get

Z P(T, > erta +2e)) < Z exp( — (er(IA +25)/7" _ 1)6_7'(IA+5)) < Z exp(l — €"¢/r) < + 00

r>1 r>1 r>1
and exploiting again the Borel-Cantelli lemma we obtain

limsup log Tr <Isa+2¢ aa.

r— 400

which finally allows us to conclude that



and by the duality of the events {T}. > m} and {R,, <7} we obtain also the corresponding state-
ments for R,,. O

Remark 10. Condition (13) is a typical consequence of large deviation statements. If A is the
logarithmic mgf of X7 by Cramér’s theorem the limit in (13) exists whenever

I4= inf A*(z)= inf A*(x).
A= B @)= o )
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