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Hypercontractivity, take one
To have a first feeling of hypercontractivity and equivalence of norms we analyze a special case.
Theorem 1. Let g be a multilinear polynomial of degree d in the variables (1, ...,xy,) then

E[g*] <9 (E[¢%)?.

Proof. We work by induction over n. If n =0 the function g is constant so the claim is easy to
verify (with d=0). Now

9(5017--~7~’Cn+1):90(501,-~-,=’En)+91($1,---,$n) Tn+1
with deg (go) < d and deg(g1) <d —1. Compute
ElgY]=E[g5+4 9591 2n +6 g5 7 + 4 g0 3 ) + g1]

=E[gs] + 4 E[g3g1 4] + 6E [ g1] + 4 E[go g3 3] + E[g1]
=0 =0

=E[g3] + 6E (g 9] + E[g1]
Now by the induction hypothesis
Elgo) <9°E[gg)%,  E[gi] <9 'E[¢{]?
E[g397] < E[gd]'/*E[gi]'/? < 39371 E[¢3]E[g]]
SO
E[gY] < 9?E[g5]* + 6(37 37~ 'E[g3] E[47]) + 9"E[g7]?
=94 E[g3]* + 2E[gd]E[g1] + E[g1]?)
=9%(E[g5] + E[g7])*>=9UE[g5 + 29012 + giz3])? = 97E[g?)?

O

Remark 2. Note that the same proof works for more general distributions of the z;. In partic-
ular it works for standard gaussian variables.

Hypercontractivity tells us that finite degree polynomials behave uniformly with respect to
probability estimations, for example if probability of large values is uniformly bounded then
moments are uniformly bounded.

Corollary 3. Let g be a second order polynomial and assume that p=TP(|q| > 1) <1/81. Then

1
2
E[q ]<—179p1/2.



Proof. By the hypercontractivity estimate and Cauchy-Schwartz
El¢”] = El¢’Ljgi<1] + Elg’Ljg)>1] < 1+ E[¢"]/?p!/2 <1+ 9p'*E[¢”)

which gives the result. O

Exercise 1. Show that the above result cannot hold (even for different constants) for more general random
variables.

The rationality of social choice and the majority function

Recall the rationality probability (sometimes we denote with |S| the cardinality of S)
: 3.3 1\I512 e
P(Rational(f)) = P(NAE(f(2). f(v). f(2)=1)=5 -2 S (1) js)

Two easy estimates are the following:

1 3

P(Rational( f)) <%+ZW1(f)Z 3 <1>|S|f(5)2
SCn],#(S)>3

SCn], #(5)>3

WA(f) + 551~ Wa(f)) = o + 2 W ()

and if f is odd (f(—z) = —f(x)) which is the case when f is neutral, then f(S) = 0 if #S is
even and

P(Raﬁonm(f)):%—% (%)lslf(S)Q
SCln],#S odd
[S| .
3,3 (3)" Fs7=3+ 1.

SC[n],#8S odd

If the function f is transitive then f({i})= f({j}) for all i, j € [n] and

nipr= (S 1))

Wi(f) =Y F{i})?
Lemma 4. The quantity . F({i}) is mazimized by the magjority function.

|

with equality only if f(z)=sgn(}_, z;), the majority function. O

Proof.

>

%

Zi f({mxa[z xif(z)] <E

K2




Remark 5. Note that as n — oo by the CLT we have n~'/2 > ©i— G~N(0,1) in law so that

_)]E“Gl]:%/o $€_m2/2dx:\/%/0 e—deZ\/%.

The quantity 3, f({i}) has the following meaning

n~12E

i

Ploi= (o) =B| 3+ §aif(0)| =3 + $14iD),

Exercise 2. Show that majority is the only transitive social choice function between two alternatives which
maximize

E[#(zi = f(2))]
i.e. the expected number of voters which agree with the social choice.

Then we can conclude that at least asymptotically as n — oo
2
2
2z
7

P(Rational( f)) < 7t %Wl(f) —0.919

Wi(f) <%<E

A

and

and for the majority function

w

P(Rational(f)) > 7 + %Wl( )= 0.909

Actually it is possible to provide an exact asymptotic for P(Rationality) in the case of the

majority function. To do this we need to introduce the noise operator 7}, which will also play an
important role in the analysis of noise stability of Bfs.

The noise operator

Fix p € [—1, 1] the noise operator T, is a linear operator defined on functions on 2,, by the for-
mula

Tpf(z) =E[f(xy)]

where y = (y1, ..., Yyn) is a vector of n independent random variables taking values in +1 such
that P(y;=+1)= (14 p)/2.

Exercise 3. Show that Ty f(z) = E[f(y)], T1.f = f and Typs = p# (5 g where g is the parity function on
S C[n]. Show also that E[T,f] =E[f].

Lemma 6. We have T,ps= pSlpg and

Tf@)= 3 o5 f(S)es.

SCln]



Proof.

El(ey)s] = asElys] =os(Eln) ¥ =as 52 - 152 )" =l

and the second formula holds by linearity of the noise operator acting on the Fourier transform
of f. O

Exercise 4. Use Lemma, 6 to show that T,T, =T, for all p,o € [—1,1].

We introduce also the notion of stability of a function on the cube €,:
So(f)=E[fTof1=P,(f(x) = f(y) =P,(f(z) # f(y))

where here (z, y) is a random pair on Q2 such that z is uniform and P(z; = ;) = (1 + p)/2.
Note that we have also

In terms of the Fourier transform of f

8,(f)= > p¥1f(5)?
SC[n]

so the probability of rationality of f can be written as

IS] .,
]P(Rational(f)):z—— Z <—%> Sf(S)QZ%_%S,ug(f).

Example 7. $,(Dict;) = p, $,(¢n)) = p". This shows that the parity function is not stable
since when n>>1/(1 — p) we have that the correlation between ¢, and Ty, is quite small.

For the majority function we have the following formula.

Lemma 8. (Sheppard, 1899) For all p€[0,1], as n— oo,

$,(Maj,) —1— %arccos(p).

Proof. We write $,(Maj,) =2P,(Maj,(z) = Maj,(y)) — 1. Then we let X, = (z1 + --- + )/
n'/? and Y, = (y1 + - + yn)/nl/Q. By the two-dimensional CLT applied to the sequence of
random vectors (X,,,Y,,) we have that

Pp(Majn(2) = Maju(y)) — P p(sgn(X) =sgn(Y))
where (X,Y) is a two-dimensional centered Gaussian random variable such that

E[XY=E[Y}=1, E[XY]=p.



But now

P,(sgn(X)=sgn(Y))=P,(X >0,Y >0)+P,(X <0,Y <0).

and the pair (X,Y’) has the same law as the pair (X, cos (6) X + sin (§) W) where (X, W) is a
uncorrelated couple and cos () = p. Then

IP,(sgn(X) =sgn(Y)) =IP(cos (#) X +sin (0) W >0, X >0) +P(cos (§) X +sin (§) W <0, X <0)

and by a rotational symmetry argument this last probability is easily seen to correspond to the
ratio (m — @) /m so that at the end we get

. . 0 arccos
P,(Majn(z) =Maj,(y)) —1— —= 1— rT(p)

which gives the result. 0

For p=1—¢ with ¢ < 1 we have $,(Maj,) ~1— 451/2/71' so that with € noise on the recording of
votes the majority function gives only 2e1/2 /7 probability of having the wrong winner.

Moreover we can now state the precise asymptotics for the rationality with majority function

. 3 3 2 1)\ _ 3arccos(—1/3)
]P(Ratlonal(f))ﬂz Z<1 ;arccos< §>)—T_0.912.

This was first stated by Guilbaud [G. Guilbaud. Les théories de l'intérét général et le probléme
logique de l'agrégration. Economie appliquée, 5:501-584, 1952].
Hypercontractivity, take two

The aim of this paragraph is to prove the more general hypercontractivity estimate contained in
the following theorem

Theorem 9. (Bonami-Gross-Beckner) For all p, p, q such that (¢ — 1)/(p — 1) < p~2 we

have

ITpfllg <IIf1lp-

To prove the BGB inequality we first observe that the operator T}, can be obtained as the com-
position of the operators T,gz) defined as

T f(2) = B[ (1,00 iy eens Tn)]
where y; = =1 is such that P(y;=1)= (14 p)/2. Then
1 n
Tpf:Tlg )"'Té )

and each operator Tf()i) acts only on the i-th coordinate. By elementary properties of the LP
spaces on product measures we have

LP(Qu; R) = LP(; LP(2—1; R))



and if we assume that

(@)
HTp fi,l

< 1,2 P(Q: 1
La(iR) I fi,zll Lecosm) (1)

where f; »(vi) = f(z1, ..., Yi, ..., Tn) (the y; is at the i-th position) is a function on Q= {£1} then
the norm 1 property transfer to the whole T, operator. Then we can compute

||Tpf ||L‘?(Qn) = (Eay,...,zn [ |]Ey1,...,yn f(xiy1, w292, ..., 2 yn)|q])1/q

=By B F @1y, 22 sy

T,y Ty Lgl
by Minkonswki inequality (convexity of norm) we get
<[ Bl Bt @91, 22 2 s,
Tl
by the Hypercontractivity inequality on the first coordinate:
<1 By 1 22 93, sy, .
B sz innnlss, |
sl [l
gHHHEyg,.u,ynf(l'l;1'27...,$nyn)||Lgsy__”mn w2, || s
z1
= 1Bt 22, gdllns, |
T3, ., Ty Lmlva

by repeating inductively the same argument we finally obtain
< f@romz)lze . =If1,.

Note that in this argument for ease of notation we denoted with L ~ the space and the L?
norm on functions over the variables 1, ..., z, taken with uniform distribution over all the pos-
sible outcomes.

It remains only to prove eq. (1) for the one-dimensional operators. Note first that we can con-
sider only positive functions since (| T,fl, < |T,|f|ll, < IIflll, = Ifll,- Any f: Q — R4 can be
written as (modulo a multiplicative constant)

fl®)=1+azx

where |a| <1 so

! — a\1/q
||Tpf||q||1+ap:c||q<(1+ap) +(-ap) >

and

||f||,,=(<1+a>p;<1—a>p)up



So it remains to prove that for the right range of parameters and for alla € R :

((1+ap)q;(1—ap)q)1/q<((1+a)p;(1—a)p>1/p

Note that when a = 0 the inequality is trivially verified and when a < 0 by series expansion we
get

q a0 _
(I+ap) ;(1 ap) :1+Q(q2 1)a2p2+0(a4)

and

((1+ap>q;(1ap)q)l/q1+(qu)a202+O(a4)

and similarly

((1+a)”;(1a)p)”p1+(p—21)“2+0(a4)

so that the inequality can be verified only if

(q—=1)p*<(p—1).

A more technical argument allows to prove that this is a sufficient condition for the validity of
the inequality for all |a| < 1.

Influences and the Kahn-Kalai-Linial theorem

Kalai’s robust form of Arrow’s theorem tells us that we can’t hope for a fair election rule that
evades the Condorcet’s paradox with probability close to 1. Given this we would like to look at
fair election rules which give rational outcomes with the highest possible probability. In this
case we should decide what means exactly “fair” in this context. Of course a reasonable notion
of “fairness” should rule out dictators. A possibility would be to have a symmetric function
under a transitive group of permutations. In this way no elector is preferred over the others. A
weaker and more useful notion of fairness is provided by the condition of having “small influ-
ences”.

Definition 10. Given a Bf f we define the influence Inf;( f) of the i-th variable as the quantity

Infi(f) =P(f(z) # f(zei))

i= (—1)ti=3.

where (e;)
So Inf;(f) is the probability that flipping the i-th input of f the outcome change. This notion
of “influence” or “power” of a voter was first introduced by Penrose [L. Penrose. The elementary
statistics of majority voting. J. of the Royal Statistical Society, 109(1):53-57, 1946] and later
rediscovered by the lawyer Banzhaf [J. Banzahf. Weighted voting doesn’t work: A mathematical
analysis. Rutgers Law Review, 19(2):317-343, 1965] and is usually called the “Banzhaf power
index” in the Social Choice literature. It has played a role in several United States court deci-
sions [D. Felsenthal and M. Machover. The Measurement of Voting Power: Theory and Prac-
tice, Problem and Paradoxes. Edward Elgar, 1998|.

A function with 7-small influences is a Bf such that max;ep,) Infi(f) < 7. One of the most
important results for the class of functions with small influences is the Kahn-Kalai-Linial (KKL)
theorem. The quantity £(f)= ), Inf;(f) is called “energy” of f.



Theorem 11. (KKL) No Bf f with zero bias has o(logn/n)-small influences. More generally if
f is unbiased and has T-small influences then E(f) = O(log (1/7)).

The bounds in the theorem are saturated (for different constants) by the Tribes, function intro-
duced by Ben-Or and Linial [Ben-Or and Linial, Collective Coin Flipping in “Randomness and
Computation” (S. Micali ed.) Academic Press, New York, (1989), 91-115] which is defined by
partitioning the n electors into n/log (n) “tribes” of log (n) electors and returning 1 if at least
one of the tribes vote unanimously 1 and —1 otherwise.

_n
log(n)
N\

OR

log(n)

Figure 1. The Tribes,, function
Exercise 5. Show that E[Tribes,]~0 and that Inf;(Tribes, )~ Clogn/n.

To prove the KKL theorem we need some preliminary ingredients.

Lemma 12.

Ifi( )= f(5)*  &(f)= > ISIF(5)?
S3i

SC[n]

Proof. Define the discrete derivative L;f = (f(z) — f(ze;))/2. We start by computing

flae)= 3 F(S)(~1)besag
SC[n]
and

Lf@) =D JEA LS fspugie = 3 f(S)s.
SCn]

2 SC[n],S3i

Then we observe that

Whi( ) =E[Lif )= {El(fwe) — f@))= Y F(S)?

SC[n], S
and

EN= D F9P= D D Lesf(5)2= Y IS[F(9)*

i€[n] SC[n],S2i SCln] i€n] SCln]



Proof. (of the KKL theorem) I found this argument in an unpublished note of P. Pansu. Let
H=T,-1, then

EHf= Y ISR = > g(IS]) f(9)?
SCInLIS|>1 SCInlIs|>1

where g(z) =z e~2% is a concave function for z > 1. By Jensen’s inequality (using the fact that

2oscn]s|>1 F(8)?=Var(f))

S| £(S)?
E(H[) > Var(f)g ZSC“V”QJ( fl)f() = E(f)e 2NV,

2E(f)exp(=2&(f)/Var(f)).

Now we apply the hypercontractivity estimate with ¢ =2 and p =2/(1 + ¢) with & small to the
function L;f = (f(x) — f(xe;))/2€{-1,0,1}. Then

E[[HLif ) < (E[|L:f |P])*? = (B[ Lif |*))'/? = (Infi( £))*/? = Inf;( ) (Infi( £))°

(Show that L; H= HL;). Which gives

E(H )= Y EILHFP)= 3" BIHL A< 3 Ink(f) (Inf( )"

SE(f)(rnaxlnfi(f))8
Then combining these two inequalities we get

exp (—2€(f)) < (maxlnfi(f))s
If the function f has 7-small influences then

£(f) = O(log (1/7))-

and if we let M = max; Inf;(f) then
e 2nM/NVar(f) < Me= —n M /Var(f) <elog (M) = M >O(logn/n)Var(f)

Indeed fix 0 < o< 1. Then if M > D Var(f)n~* we obviously have M > O(logn/n)Var(f) while
if M <D Var(f)n™® we obtain

nM /Var(f) > —clog (M) > —clog (D) —e Var(f) + alog (n)
and then
M = Var(f)O(logn/n).

O

Another interesting property of Boolean functions related to total influence is the fact that it
measures the “support” of the function, that is, the size of the set of variables that essentially
determines the outcome. This is a theorem of Friedgut. A k-junta is a Boolean function with
depends at most on a subset of k <n variables (among the n possible)



Theorem 13. (Friedgut) Any Boolean function f is e-close to a 20/ junta.

Proof. We start by estimating the Fourier spectrum of f using the size of £(f) as in KKL. Fix
0<d<n, then
~ ~ 5( )
2 2
fr<t S sifsr<

SCnl,|S[>d SCnl,IS[>d

ISHIE

Then let L= {i € [n] :Inf;(f) <7} for some fixed 0 <7<1. Then

F(s9)2< > ISNL[f(S)
SC[n],|S|<d,SNL+@ SC([n],|S|<d,SNL#2
Y Y LedsP=Y Y Ay
i€[n] SC[n],|S|<d €L SC[n],|S|<d,S>1%

SeQdZ Z e—Q\S\f(S)z

ieL SC[n],|S|<d, S35

<ty N EIEE)P=eY | LiEf|3=¢YY ) E[LH S

i€L SC[n],S>4 i€L i€L

<2 Infi(f) (Infi(f))” <e*dr7E(f)

i€L

Then we can choose 7= (ee~2%/2)'/7 and d=2&(f)/e to have

f(9)2=1—c¢.
|S|<d,SCJ

At this point it is enough to show that the function g =sgn(h) where

W)= Y f(S)es

|S|<d,SCLe
is e-close to f. When f +# g we have that f, h do not have the same sign so (f — h)? > 1 but if

P(f=g)>e¢ then E[(f —h)? >P(f+g)>e. So it is enough to prove that E[(f — h)?] <& which
means that

E[(f —h)? = > F(S)2<e

S:|S|>d or SNL+2

which is exactly what we have. The support of the function h (and thus of the function g) is of
size M = |L¢|. This means that £(f) > Mt which gives

M<E(f)/7<(2/e)Y7E(f)ere(D/ea L 20(E(N)/e)

as claimed. O

We will apply now eq.(2) to show the following remarkable property of balanced election
schemes:

10



Theorem 14. In any balanced election scheme there is a coalition of fractional size at most
O(1/logn) which controls the election with probability 0.99.

In order to formulate properly this fact we introduce the notion of influence Inf;(f) of a coali-
tion J C [n] on the Boolean function f as the probability that the random function

{£1} 22— fi(2) = fy@,2)
is not constant when y is chosen uniformly in ,, and (y ®;x), = y; if i¢J and (y @), = x; if

i € J is the insertion of the values z € {£1}” in the vector y € {£1}" at the positions specified
by the set J. So

Inf;(f) =P,(Jz, 2’ €{£1}’ such that f(y®,s2)+ f(y®,2")).

Note that Infg;y(f) =Infi(f) (the influence of the i-th individual).

We define also the partial influences toward +1 as
Inf5(f) =P, (3z € {£1}’ such that f(y @ z)=+1)—P(f==1).

Define A* = {3z € {1}’ such that f(y ®,z)=+1} and B* = {f(y) =41} then it is clear that
B* C A% and this implies that

Infy (f) =P, (A*\B*)€[0,1].
Moreover we can easily show that
{3z,2" €{£1}’ such that f(y®sz)+ f(y@s2)=CtuC—

where CF = A\ B* = {f(y) =F1, 3z € {1}’ such that f(y®,jz)==+1} giving

Inff () +Inf7 (f) = Infy( f).

Exercise 6. Prove that for a monotone function f we have
1
]P(f_,_,izl):IP(f:1)+§Infi(f) (2)

where fy i(z) = f(z1,..., i1, +1,ig 1,000, Tn) = f(2 Q43 (+1)).

Theorem 14 readily follows form the next lemma.

Lemma 15. If f is such that Var(f) > O(1) then for all € >0 there exists a coalition J C [n] of
size at most O(log1/e)n/logn such that Inf;(f)>1—¢.

Proof. We will assume that f is monotone (an independent argument will allow to lift this
hypothesis). Consider the following algorithm.

Given f with P(f=1)=pe€ [l —26,1—4] then Var(f) =1 -E[f]*’=1—-p*>1—(1-§)?>>24.
By KKL in the form of eq. (2) we know that there exists a coordinate ¢ with influence v >
Cdlogn/n at least. If we look at the restriction fi ;: Q,_1 — {£1} where we have fixed the i-th
coordinate to +1, by eq. (2) we have

P(fri=1)=p+~v/22p+Cdlogn/n=1-25+Cdlogn/n

11



Substitute fi ;— f and repeat the process until P(f =1) > 1 — 4. So if we repeat the process r
times where

1=0(1) 3 2B5_0(1)(10g2n — log? (n — 7).
But setting & =r/n,
log?n — log? (n — r) =log?n —(log n +log (1 — €))2 = —2log nlog (1 — &) — log? (1 — €)
~2logn &+ O(£2)

so that we must require £ ~ 1/logn and we get that repeating the process n/logn times we pass
from a function which has P(f=1)=1-2J to a function such that P(f =1)=1—4. Iterating
this block of selections n times we can pass for a function with P(f =1)=1—2"§ to a function
with P(f =1) =1 — 6. This means that in at most log (1/¢) iterations we can take any Boolean
function to a function with P(f =1) =1 —e. Along the way we have selected a coalition J con-
taining O(1) (n/log n) log 1/¢ individuals. Since we have started from P(f =1) =1/2 (balanced
function we got a function f with Inf}(f)=1/2 —e¢. In the same way we can work with {f = —
1} to select a coalition J’ with as many individuals as J such that Inf;/(f) =1/2 —e. Summing
these together we get Inf;y;/(f) > 1— 2¢, completing the proof. d

12



