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Canonical commutation relations / Quantum particle kinematics.

We know that the only regular irreducible representation on a Hilbert space H of the Weyl relations is given
by a state such that

w(W(z)) =e—\zlz/4.

This state corresponds to a cyclic vector yp € H by means of the relation w (a) = (yy, ayp) which defines a
state on £ (H), we have also that the weak closure of the Weyl algebra (W (z)).<c is the whole £ (H).

Moreover any state with the same expectation of the Weyl operators give rise to a representation (via
GNS construction) which is unitarily equivalent with the Schrodinger representation, in particular it is
irreducible.

How do reducible representations looks like. I want to give an example. The easiest way to come up with
a reducible representation is to that two copies L*(R)® L*(R)=L*(R?) of the Schrodinger representation
and define Weyl operators

(W(s+in)f) (x1.x2) = (12U (5)V (1)) (x1,x2)
=e/2eSHPRIf (x) —at,xy + bi) = €™ /2U, (as) Ux(bs) Vi(at) Va(-bi)

where (U}, V)) and (U,, V,) are Weyl pairs acting independenlty on the two factors of L*(R)®L*R), so
they commute among them. We can check that they satisfy the Weyl relations

W(s+i)W (s’ +it’) =e™2U (as)Uy(bs) Vi (at) Va(=bt)e™ ¥ 12Uy (as’) Uy (bs') Vi (at’) Va(=bt”)
=2 2(U(as") U (bs") Vi(at") Va(=bt')) (U1(as) Us(bs) Vi(at) Va(=bt) e /-0 b 1=itan sy +ibs) (=be')+itas ar’)
=i (0 1=a* 1Dt + NSOV (g i)W (s + i) = e P IMUSHD S O (57 1 it YW (s + i)
iff a>—b2=1. This also implies that the operators W are unitary, indeed
(e™2U(as)Uas(bs)Vi(at)Va(=bt))* = e~ /2, (bt) Vi (—=at) Uy(=bs) U, (-as)
=g i8/2¢i(=as(=an) oI =bsEON ] (—as) Uy (=bs) Vi (=at) Vo ( bt)
=emi15121(@ =D U, (—g5) Uy (=bs) Vi (~at) Vo( bt) = W (=s—it).

In this way we can construct a family of Weyl pairs. Let ¥y =y ® y the tensor product of the two vacuum

states, then
(w0 ® wo, W(s +it) (wo ® wo) ) 12(r?) = ¢! @=PISI12(y U (as) Vi (at) wo)12R)(Wo, Uz (Ds) Va(=bt)wo)12(R)
=(wo, 12Uy (as) Vi(at) o) g (wo. 52U (b3) Va(=b1) o) 12,

=(wo, W(as+iat)yo)2r)(wo, W(bs—ibt)wo)2(r,)
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Theorem 1. For any Q > 1/2 there exists a state wg on the Weyl algebra such that
wo(W(z)) = e 272,

Moreover we know that for Q =1/2 is pure (because it corresponds to the Schrodinger model) and for
Q0>1/2itis not.

Let us show concretely that the representation given by W on L?*(R?) is not irreducible. Consider the
operators

(Wh(s+ it)f)(x1,x2) =120, (bs)Us(as)Vi(=bt) Va(at) = Wy (bs—ibt) Ws(as + iat)
and note that

W(s' +it Y WE(s+it) = W(as+iat)Wo(bs—ibt)W(bs—ibt)Ws(as +iat)

=ei1m(as+iat,bs—ibt)eilm(bs—ibt,as+iat)Wl (bS _ lb[) Wz(as + i(ll) V[/1 ((JS + i(ll) Wz(bS _ lbt)
=1

=Whs+in)W(s' +it’)

so the two families commute. In particular the Stone—von Neumann projector P* associated to the Weyl
system W# satisfy

P*W(z) = W(z)P*

and therefore (W¥(z)) cec is not an irreducible representation since P*%is a non-trivial self-adjoint operator.
- = .72 2
Moreover if n//(f € L*(R?) is a unit vector such that P#n;/g = n//(f then the space K = {W”(z)l//g: ZE (C}L &4

invariant under the action of W(z) and we have that {W(z)K: z€ C} is dense in L*(R?).

S

Question 1. It is a fact that there not exists states on the Weyl algebra for which
wo(W(2)) = e—Q\zlz/z’
with Q@ <1/2. How to prove it? (one possible attempt is to prove that wg is dominated by w,», in the

sense that wi,, could be written as a linear combination of wg and other states which is impossible by
irreducibility, maybe use product of two representations).

Dynamics on a canonical pair

Note that if (W(z)),ec is an irreducible Weyl system on some Hilbert space H then also

(Wi(2) = W(e'2)):ec
is a Weyl system for any € R. Then it must be that there exists a unitary operator U, such that
UW,(2)Uf=W(), t1eR,zeC.
Moreover we can define an automorphism of the Weyl algebra by letting a;(W(z)) = W(e''z) (i.e. a map of
the Weyl algebra in itself which respects the *-operation and the algebraic relations in the C*-algebra, and

as a consequence is an isometry). This is an example of dynamics, i.e. the introduction of a time evolution
in our description of a physical system.



Next time I will provide some more detail on which kind of dynamics this transformation describes.

Let us obseve that a,,(W(z)) = W(z) so a,, =id. So the dynamics is periodic of period 2sr, we will see
that it corresponds to the quantum motion of an harmonic oscillator.






