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(Script by M. Gubinelli of the lecture of Francesco.)
Continuing to study Wightman and Schwinger functions.

Recall the setting (94, A4, Qo, U(t)). Where (U(?)), is a positive energy strongly continuous unitary group,
or equivalently (K(¢)); a self-adjoint, strongly continuous, contraction semigroup. We saw that the given of
U is equivalent to the given of K. Recall also that a ground state hy € 96 is a cyclic vector, invariant under
U, cyclic here means that the span of the vectors of the form

U(t1)Qola)U(tz) - Qo(ty) ho

(or equivalently of the vectors K (t;)Qo(a;)K(#2)- - -Qo(t,)ho).

We introduced functions (Wightman functions)
Wi, a,(ts - 1) =(0r (a1) Qp(az) - - - Oy (ar) ho, ho)

where Q,(a) = U (t)Qo(a)U(-t), and where Ay = (ay,...,a;) € A~

We proved already that
Theorem 1. Forany ke N, Aye A% t1,...,tr,t€ R we have

Wi a1+t te+1) =W a(t1,... ).

For this reason we introduced the reduced Wightman functions
Wiea (&1, &r-1) =(0r0(a) U(&1) Qolaz2) U(&2) - - - U(&k-1) Qolar) ho, ho)

and we have the property that

Wi, a,(ts - te) = Wi a, (=11, .., tk—tr—1).

Definition 2. We consider a set of functions W_.(-): A* x R¥=! 5 C. We say that Wk,Ak satisfy Axiom W1
(compatibility conditions) if the following properties hold

1. Ak=((11,...,ak)€.]@k and (1‘1,...,1‘/(_1)6Rk_1, we have
Weatn, oo tion, 0ot tem)) = Wiy 5 (e Fimts Lt o Tk)

A — k-1
where Ak—l =(A1y..-Ai—1,A;Ajy 1,742, ..,0)) € S .

2. Ak_1=(a1,...,ak_1)€.1@k_landi_]Z(l1,...,lk_])€Rk_1, we have
Wi an. . aicilai, oosarey) Els oo s 1) = Wis, a (B - tioos Loy HE i, - B 1)
3 Air=(ay,...,ap) € A and T = (11, .., tr1) € R¥ " we have

Wi a, (Tio1) = Wi g4, (0(Ti-1))



where 0(Ay) = (af,ai-1,...,ai) and 0(Ti-1) = (~ty—1,~tg-2, ..., ~t2,~11).
Lemma 3. Reduced Wightman functions satisfy these compatibility conditions (i.e. Axiom W1).
Proof. Easy exercise. O
Let now introduce the Fréchet space .’ (R¥) (locally convex topological vector space) such that f € # (R¥)

iff fe C°° R¥) and Iflln.e = supyers (1 + |x]) ”D"’f x)| < oo where n>0 and a = (ay,..., ax) € N’é with
"f— ax“' - a . We can consider the dual £’ (R*) = (% (R¥))*, that is the space of linear functionals T €

£ (R - C such that there exists n, @ for which |T'(f)| < Crllfl... Recall also that the Fourier transform
LY(R¥) - CO(R¥) is defined by

Fr)= [, e dx

and such that F: #(R¥) - #(R*) and the map is continuous wrt. to the topology #(R¥) and invertible
with

1 )
-1 —lk-y
T 0) =
Then if T € %’ (R¥) we can define F (T)=T o F~\.

Definition 4. W,_.(-) satisfy Axiom W2 (i.e. it is a Fourier transform of a distribution with support in RX™!)

LfWk,Ak(tl, ..., lx_1) Is continuous in ty,...,t;_1 and Wk,Ak =F (Ti. o) for some Ty o, € P’ such that
k-1 k
T (fi® @ fiet) IS Ce[ | Ifallesce [ ] el e 1)
0=1 0=1

What means that T has support on R%? This means that if f< % (R*) and supp(f) c R*"\(R,)*~! then
T(f)=0.

Remark 5. The equation (1) is equivalent to

Wk,Ak(I1,~--Jk—l)gl(fl)'"gk—l(fk-l)dfl'”dtk-1| H Hgol~®., l_[ lakll -
=1 =1

o

for g1,...,8k-1€ £ (R). Indeed recall that # (Ty a,) = Wk,Ak and

F (Tin)(8) = (Wi apng) = Wea(tts .o ti-1)g (M1, - ) dty - - -diy_y

REI
but F (T, a,) (8) = TkAk(S"i‘l (g)) and calling F-! (g) = f and from this one can conclude.

Lemma 6. The Wightman functions satisfy Axiom W2.

Proof. Recall that from U we can construct homomorphisms Xj: C)(R,C) - B(96) such that Xy(e™) =

U (t) and which is strongly continuous with respect to pointwise sequential convergence in bounded sets.
So for any g € ¥ (R) we can define U, = ng(t)U(t)dt=XU(9zg). Indeed

Xo(Fhih) = [ Fgn ™ (dv) = [ [ gemdep(dx) = [ g(o) [ o™ (dvyar

= [ s, ma.



Now

fWk,Ak(h,.--,tk)gl(h)“'gk(fk) ={Qo(a)U(t1)Qo(a)U(t2)---Qolai)ho, ho)g1(t1) - - - 8k-1(tk-1)dtq- - -dty
=(Qo(a)U(g1)Qo(a2)U(12)---U(gk-1)Qolax) ho, ho)
=(Qolan)Xy(F (1)) Qola) U(ty) - - - Xy(F (8k-1)) Qolax) ho. ho)
which can be bounded by
1Qo(avll- - -1Qo(a) Xy (F ()l - -1 Xy (F (gr-1))l

which then gives readily the result using the fact that U has positive energy so

IXo (DI <1 l=®.)-

Let us consider now our last axiom. Recall that we defined 0 (Ay) = (aj,af_1,...,ai) and 0(Ti-1) = (=1,

~lg=2,...,—t2,—11).

For Ay, = (ay,...,a;,) and A}, = (ai,...,ai,) then we let

’ ’ 4 ki+ko—1
AklAkzz (d],dz,...,dkld],...,dkz) e AT

Definition 7. The functions Wk,.(-): AKx R¥=1 = C satisfy Axiom W3 (Hilbert-space positivity) if for any
keNgandanyji,...,jk €N, any T,_1 j= (t1,(n-1j)>-- tn-1,n-1,j)) and L, ;€ C and A, j= (a1, n j)...0n (n,)) €
A" where j< j, and n<k we have

k Jny Jny ~
Z Z )“nl,hllnz,hzwnﬁnz—1,9(An2,hz)Anl,hl(a(Tnz—l,hz)’Tnl—l,hl)20-

n1+n2:1 /‘l1:1 h2:1

Example: if k=1 we have only

1 2 noh
Y A Wigga, =Y Y dmAntQolai,) Qolan,)ho. ho)

hi=1 hy=1 hi=1 ha=1

J1 J2
={ Y AnQolan)ho. Y. AnQolan)ho)>0.
ho=1

hi=1

Another example gives
0< A2AWa, (4t ataray (11, =11) = (Qo(@3) U (1)) Qo(aiar) U (=) Qo(az) ho, ho) = 1Qo(a)) U (=t1) Qolaz) ol
Lemma 8. Wightman functions satisfy Axiom W3.

Proof. Let
Jni

k
H= Z Z Ay @0(@1,ny,n)) U (81 (ny=100) - - - U (tn1, 0= 1,0)) Qo @y (a1 1) o

nm=1 h=1



and using (H, H) >0 and the definition of Wightman functions we get the claim. O

Next lecture will be dedicated to giving the idea of the proof of equivalent properties S1,S52, 53 for the
Schwinger functions (which are like Wightman functions but with K in place of U) and then we prove that
if we are given functions W1, W2, W3 or S1,S52,53 then we can come back and obtain the data of (96, Qp, U)
or (96, 0o, K) of the Hilbert space, representations Q, K or U.



