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In the last lecture we introduced the reduced Wightman functions (W, a,)x and show that they statisfy three

basic properties

a) W1 —compatibility condition (encodes the fact that Qy is a C*-representation and that U is a unitary

group)

b) W2 — tempered distribution axiom (encodes the fact that U is strongly continuous with positive

energy)

c) W3 — Hilbert space positivity (encodes the fact that the scalar product is Hermitian and positive)
Definition 1. Schwinger functions, ke N and Ay = (ay,...,ay) € A* t1,....tx_1 >0 and let
Sk, (t, .. t-1) =(Qolar) K (t1) Qolaz) K (12) - - - K (t5—1) Qo(ax) ho, ho).

Recall that 0( ©)

=(ajf,...,ay) and 5(Tk_1) = (—tg-1,—tg-2,...,—11). We introduce now also another map
on times as 0( 1) =

(tk 1sti—2, ..., 11). We will need also the composition A Ay = (ay,...,aal,...ap).

Definition 2. We say that the set of functions (Si: AFxRETS C)e satisfy the axiom S1 (or compatibility

condition)

1' Sk,Ak(t17"'9ti—17O7ti+17"'9tk—]):Sk_lyAk(tlw'wti—lvti+]9"'7tk—l)Where Ak:(a17"'9aiai+17"'9ak) and
Sk (aryoorait i) Es oo s Tec1) = ASk (ar, i yar) (FLs e o o5 i D+ 1Sk b a1, to1)

2. Skyan,...aian. . a) (oo tm1) =Sk-1, 8, (Fs oo Tk—1)

3. SeaTic)) =Skoay(0(Tx)) which is due to the fact that K (1)* = K ().
Lemma 3. The Schwinger functions satisfy Axiom S1

Let T € %' (R*!) supported in RA™1 = (R,)*! ie. T(f) =T (f’) when f=f" on RA"!, iee. functions
which behave on R%~! but arbitrarily elsewhere. For example s+ ¢~ belongs to . (R ;) and

(S1s.nn,Sk_q) o> @81~ lh=18k-1
is in .# (RX-1). We define the Laplace transform B(T) =G(ty,...,tk-1) as

Gl tic)) =T (S, ..., Sp_y) P> @51 = le18ke1)
If fel

L)1) = f e™5f(s)ds.



Definition 4. Let (Sy); as before. We say that they satisfy Axiom S2 (or that they are Laplace transform of
a tempered distribution) if 3Ty a, such that Sx,a,= B(Ti.a,) and for all gi,...,gk-1€ F(R})

k-1 k-1
[t Senatn s tiog )+ gt (- -dir | < [T 18 8dr o [ ] laslae M
* e=1 =1

Theorem 5. The inequality (1) implies that 5‘/(, A, IS the Laplace transform of a distribution.

Proof. For a proof see the book of B. Simon “The P(¢), Euclidean Quantum Field Theory”, Chap. 2
Sect. 2.2. m]

Lemma 6. The Schwinger functions, satisfy Axiom S2.
Proof. Similar to the analogous statement for Wightman functions. The essential step is to observe that
IRH Sk, Aty 1) (1) -+ g1 (tk-1)dty- - -digy

=(Qo(a) Xk (£g1)- - X (Lgr-1)Qolar)ho, ho)

where Xk is the homomorphism generated by K as we introduced few lectures ago. O

Remark 7. We proved that S a, = £ (T, a,), moreover Ty 4, for k=2 is a measure (easy to see) from the
definition. For k > 2 is not a measure but a poly-measure (i.e. is a measure in each components, but not
jointly).

Remark 8. We have that the reduced Schwinger functions S, 4, are holomorphic in {Re(#;) >0:i=1,...,
k} c C* and continuous in {Re(#;) >0:i=1,...,k}, moreover we have

Wi a (1,0, 80-1) =Sk A, (i51, ..., isk-1)
where the r.h.s is defined as the limit

Sk’Ak(l'Sh...,iSk_]): 11)m

Irewes Ak=17>

0 Sk,Ak(ll +l'S],...,lk_1 +iSk_]).
+

This follows directly from the fact that Sy 4, is the Laplace transform of a tempered distribution supported
on R¥- 1,

Definition 9. Let (gk)k as before. They satisfy Axiom S3 (or reflection positivity) if forke N, ji,...,jreN
and Tn—l,j= (tl,(n—l,_/‘),~ . -’tn—l,(n—l,j)) € Rﬁ_l and /lnyje C (n<k Onjéjn)

1 Jm

k Jn
Z Z Z Ay Ana oSy +n3=1,0 Ay ) Ay iy (0 (Tra=1.) s Tay=1,0,) 2 0

ny,np=1 h1=1 hy=1

This property derives from the fact that the Hilbert scalar product is Hermitian and positive definite, that Qg
is a representation and that K is self-adjoint (which is linked with the form of 0).

Lemma 10. The Schwinger functions satisfy Axiom S3.



Now the important result, the reconstruction theorem.

Theorem 11. Assume that (kak)k satisfy Axioms S1,52,S3. The there exists (96, Qo, (K(t));, ho) such that
(Sk.a,)k are the Schwinger functions generated by (36, Qo, (K(t));, ho).

Remark 12. An analogous theorem holds for families (Wk, Ak satisfying W1, W2, W3, from which one can
construct data (94, Qo, (U(1));, ho) for which they are the Wightman functions.

Proof. Let ¥ be the free algebra generated by the symbols Qo(a) and K (t) where ae A and te R,
equipped with the relations

i. Qo(a)Qo(b) =Qo(ab), 1Qo(a) + nQo(b) = Qy(Aa+ ub) for a,be A and A, peC
ii. Qo(1e) =15
iii. K(1))K(ty) =K(t, +12)
iv. K(0)=15

By definition % is the complex vector space generated by the words of the form
Qo(a)Qo(b)I% (£)-- 'QO(C)I% (t) which then is extended to an algebra by justapposition of the linear gen-
erators and then we take the quotient wrt. the relations listed above. Introduce a useful notation: if T;_; =
(t,..., ti-) € REVand Ay = (ay, ..., a) € AF, we call Fy(Tie1, Ay) = Qo(a)K(t1)- - K(tx-1)Qolax) €
¥ . Using the previous relations we have that if Ae % then

k  jn
A= Z Z Anh BTzt s Ani )
oy |

for some A, T—1.5, Ap—1,4 (in general not in a unique way). On ¥ we define the scalar product (x, )& by

(Fi(Tiem1, Ag), B (T -1, Al) Y g = §k+k’—1,6(A,ﬁr)-Ak(é(Tk’/—l)» Ti-1)

and extend it by linearity to all ¥ in the first component and by antilinearity in the second component.
This definition is well posed since (.§ Ak satisfy the compatibility conditions of Axiom S1 and moreover
by the last of the property in Axiom S1 we have that the form (*, %) is Hermitian and for Axiom S3 that
this scalar product is positive definite. We define the linear subspace /" ={A € ¥ ,(A,A)gy =0} and we
define 96¢= ¥\ as a vector space. On 38, we define ([A], [B])9 = (A, B)# which is well defined by
the Cauchy—Schwartz inequality and where [A] € 36 denotes the class of A € . Moreover we let 36
the completion of 94 with respect to this non-degenerate scalar product (, ) g4 (Which is stricly positive on
960—-{0}). Welet hop=[1g]. We define K,: ¥ - & linear such that

K (Fi(Tiw1, Ap)) 2= K (O Fi(Tio1, Ag) = i1 (6, Tieer), (1, Ag)).

We have that K, K;=K,,;and Ky=1. Moreover K, is symmetric wrt. the scalar product on % (this is a
consequence of Axiom S1), indeed

(K (Fi(Tro1, A) Fr(Ti-1, Ap)) = (Froar (1, Tim1)s (L Ag)), Fa(Ti-1, Ap))
=Sk+h—1,a(A;l)(1,4,,Ak)(é(Th’—l), (t,Ti-1)) =5k+h—1,e<(1ﬁ,A;l)>Ak(é(l, Ty-1), Ti-1)

=(Fi(Ti-1, Ap), K Fu(Ti-1, Ap))



and this extends by linearity to deduce the symmetry for K,. (We continue next week)



