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Markov Processes — Problem Sheet 7.

Tutorials by Nikolay Barashkov <sénibara@uni-bonn.de>, Robert Crowell <crowellr@googlemail.com>.
Solutions will be collected Tuesday December 12th during the lecture. At most in groups of 2.

Exercise 1. (ERGODIC TRANSFORMATIONS) [5pts| Let (£2, F, IP) be a probability space and 6 a
transformation of {2 which preserves IP.

a) Consider the circle Q@ =T =R /Z with Lebesgue measure IP. Prove that the doubling transfor-
mation #(x) =2xmod 1 is ergodic.

b) Given an example showing that the tensor product of two ergodic transformations is not nec-
essarily ergodic (in the product space, with the product measure).

c¢) Consider the two dimensional torus 2 =T?=1R?/Z? with Lebesgue measure P and for a € R?
the transformation 6: Q — € given by 6 (x) = (1 + a3 mod 1, 2 + aamod 2). Find an arithmetic
condition on a which guarantees ergodicity of 6.

d) Prove that the operator Uf = f o6 on L?(IP) is unitary and ergodicity is equivalent to the fact
that U has a unique eigenfunction with eigenvalue 1.

e) Prove that 6 is ergodic if and only if any measurable function f: Q—R with f(f(w)) > f(w)
almost everywhere is equal to a constant almost everywhere.

Exercise 2. (POINCARE RECURRENCE) [5pts| Let (2, F,P) be a probability space and 6 a transfor-
mation of {2 which preserves IP and let B € F.

a) Prove that there exists a measurable set F' C E such that P(E)=IP(F) and for which we F =
0"(w) € E infinitely often.

(Hint: consider the set B={w € E:0™(w) ¢ E for alln>1}. Show that the sets By =0~%(B)
are disjoint and conclude that P(B)=0. From this deduce that we have to come back to E at
least once. Repeat the argument for iterates of 0 and conclude.)

b) Show that P being a finite measure is a necessary condition for the existence of such a set F'.

Exercise 3. (BROWNIAN MOTION ON T) [5pts|] A Brownian motion (X;): on the circle T=R/Z can
be obtained by considering a Brownian motion (B;); on R modulo the integers, i.e.

Xy=By—|B|€[0,1)~R/Z.
Prove the following statements:

a) The process (X3); is a Markov process with transition density w.r.t. the uniform distribution
given by
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e 2t for any ¢t >0 and x,y €0, 1).
2mt

(T, y)=



b) For any initial condition, (X;); solves the martingale problem for the operator L f = f” /2 defined
on C*°(R/Z). (Observe that there is a one to one correspondence between smooth functions
on R/Z and periodic smooth funcitons on R)

c¢) The uniform distribution p is an invariant probability measure for (p;); and the process with
initial distribution p is stationary and ergodic.

d) The generator £ has smooth, real valued eigenfunctions (e, )nez, with corresponding eigenvalues
A = 27202, Moreover pe, =exp (—Ant)e, for any t > 0.

e) For any f € L?(u)

1pef — 1(F) |l 22 < €27 Var,(f).

f) Conclude that, for the process with initial distribution g,

| (4] rxas—u(n) ) | < pvan,()

for any t >0 and f € L?(u).

Exercise 4. (METROPOLIS-HASTINGS METHOD) [5pts| Let u(dz)=pu(z)dx be a probability measure
on R¢ with strictly positive density, and let ¢(z, dy)=q(z, y)dy be a probability kernel on R with
strictly positive density. The Metropolis-Hastings acceptance probability is given by

ol o) — min [ 1. #@a(y, ) . d
(=i (1LEGEES ). mvent

Metropolis—Hastings algorithm

For n =0 choose a point Xg€ R%. For n >0 sample ¥}, according to ¢(X,,_1,-) and U,, uniformly in
[0, 1] independently and let X,, =Y, if U, < a(X,,—1,Y;,) otherwise let X,, = X,, ;.

Show that for any bounded measurable function f: R?— R we have

n—1
%Z f(Xk) = p(f), almost surely.
k=0



