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Our goal in this talk is to make sense of the model in finite volume, and give a
derivation of the equation

n
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where the sum is over all ways to represent B as a concatenation B;+ ... + B,
and then over all ways to extend B; 's to A; D B;. The integration is over pomts
xg, B=B;+... +B,,B;=A;\ B;. A denotes the antisymmetrization operation.



Overview:

1. Model in finite volume
2. Effective action in finite volume
3. Norms on Banach space of interactions

4. Effective action in finite volume(Statement and proof idea of the main lemma)



1. Model in finite volume

We consider the model in the region V=[-V /2, V /2]¢ with periodic boundary
conditions, so the fields can be expanded into Fourier series

Z % k: ezk::z:
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where Ky, = (27 /V) Z¢Nsuppy and ¥ is our UV-cutoff whose suppy is compact
hence only finite non-zero terms in the sum. We truncate away all other momenta

because they have zero propagator. The coefficients of the Fourier expansion are
Grassmann variables.



Then finite volume gaussian measure dup v is a finite-dimensional measure over
Grassmann variables ), j

d pp v () = Pf! H d 52V ®)
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where
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where the normalization factor Pf > 0 is the Pfaffian of Sy .



This is a meaningful finite volume version of the formal Gaussian Grassmann
measure:

dpp(yp) =Dy e>¥)
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Then we can compute the propagator in this finite volume setting

(a() Pu(y)) = Qap Py (2 — y)

where

Po(s)=t 3 P(k)e, with P(k)= X(fjs
ke(2n/V)Zd k|2

For fixed z and V' — oo, we have Py (x) — P(x), since a Gaussian measure is
completely determined by it correlation function, in this sense we can say that

dpp,v— d pip.



The interacting Grassmann measure is then defined as

Zy d pp,v () eHV¥)

where

Hy() =Y /V dix Hy(A, x) ¥(A,

and

sz/d up v () eHv(¥) (partition function)

Here the factor s is for further convenience, eventually we will set s=1. The
model is well defined when Zy = 0. They are polynomials in s.(Thus analytic)



2. Effective action in finite volume

In the first talk we talked about the Integrating-out, we split the field ¢ as

) =1+ ¢ where 1), is the low-momentum component of 1), we also split the
Grassmann propagator as

= s
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and then definine the efective interaction by eliminating ¢,

o Hert(th) _ / d 11, ($) X+ 9)



Now we try to do it in finite volume.

Define d 11,/ (@) in the same way as d yip (7)) and then consider function

-

we see that I(s, 1)) = e*TV(¥) p(s. 1)) where p(s, 1)) is a polynomial in s, by the
special form of Hy and the rules of Grassman calculus.



As we see in the first talk we hope to find H(s, %) such that

20 ey

We define H (s, 1) by the perturbative expansion as we did in the second talk
e B V(B
Yals, ) Z/VB x H¥(s, B, xp) ¥(B, xp)

where H)i(s, B,xp) is given by

HY%(s,B,xp) = Z S—' (—)#/ d*%gCy(xp) | | Hv(Asxa)
n=1  Y'B;=B,A;DB V|B| i=1
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here Cy is the connected expectation with finite-volume propagtors

Cv(xg) = (2(By,x3,);...; 2(Bn, xB,))c



We claim that the so defined HY(s, 1) satisfies e<i(5%) = [ (s 1)), this is because:

1. The series of H)i(s,B,xp) converges and defines HY; (s, B, xg) as analytic
Ly -valued functions in the disk |s| <2 (from main lemma below).

2. Since, by perturbation theory, el (3:4) and I(s,1)) have the same Taylor series

in s, we conclude i) = [ (s 1)) is satisfied in the disk |s| < 2 where they are
both analytic, in particular at s = 1.

3. This concludes that above formula for H(s, B, xp) gives the correct effective
action in finite volume.



3. Norms on Banach space of interactions

First let me remind you the notations

l
s e A=a =5 ’
\IJA_ { a,LL 77DCL7 A a, :LL) 7 \Ij(ij) = H \Iin(xZ)
where A= (Ay,..., A)) and x=(x1,...,2;) are finite sequences. |A| will denote

the length of A, and d( A) the number of derivative fields in V(A x).



An interaction H (1)) is a sum of terms with some kernels H (A, x):
H(p)=S" / e
A

where the number of each |A| is even, each H(A, x) is antisymmetric by the
Grassman nature of the fields.

Examples are the local quadratic and quartic interactions in the first talk.



We can divide the kernels into groups(couplings) according to the length |A|
(which is also the number of the legs in Feynman diagram):

Hi={H(A,x)}a)=

For example the local quadratic interaction is in H5 and local quartic interaction
Is in Hy.

We will study these groups more carefully in later talks.



In order to study the infinite volume limit, we need norms on these groups of
coupling H;. The size of interaction kernels is measured by means of the weighted

L1 norm:

IHAo= [ dIHA ) w(x)

where w(x) is a translationally invariant weight function, by the translation invari-
ance property, here we perform the integral fixing one of the = coordinates to zero.

We also define

Hilw= H(A)||w
il = max | H(A)]



We have to choose suitable w(x) for our situation.

We should incorporate the information about the decay of the kernels H(A, x)
induced by the decay of propagator, whose decay property is induced from UV-
cutoff function x € G* s > 1(Gevrey class).

For propagator P induced from UV-cutoff function x € G*, s > 1(Gevrey class),
we know the following inequality:

|P()],18: P(2)], 10,0, P(2)]| S M(z) = Crae” 2" (z € RY)

where 0 =1/5 < 1. The constants C';, C',» depend on  but are independent of
~v. Qur kernels are expected to decay with the same rate.



To incorporate the information about the decay of the kernels H (A, x), we choose

w(x) growing with a similar rate. A convenient choice turns out to be

w(x) = eCB/7)?

where St(x) is the Steiner diameter of the set x, it is defined as the length of the
shortest tree 7 connecting the points in x, and let C:% =

iy T4

i) £I3



4. Statement and proof of the main lemma

For any kernel H (A, x) we consider corresponding finite-volume interaction with
kernels given by periodization

Hv(A,(O,ZL‘Q,...,ZL’l)): Z H(A,(O,Qfg—l—TQV,...,ZEl—I—TlV))

TiEZd,iZQ. =



Lemma 1. [f there exists A >0 and 6 > 0 such that, for any infinite volume
interaction satisfying

‘Hl‘w = A(Smin(l,l/Q—l) (l = 2)

and defining the finite volume interactions by periodization for any VV > 1, we have

(a) the kernels of H.z and of Hly with s =1 are well defined (the series is
convergent in L1);

(b) the kernels of HYy (s) are well defined and analytic L, -valued functions in
the disk |s|<?2;

(c) for any B we have Hi( B,x) — Heg(B,x) as V — oo in the sense of L, norm
on any fixed bounded subset of (RY)".



We see that claim (a) for Hg is a consequence of (b).

For (b), the idea is to bound the L1 norm for n-th term of the series for HY, which
IS

‘S‘n/ d :
g dx A |Cv(XE | | i e
n! T ‘ ( B)‘ 11 ‘ ( )

ZBi:B,A—iDBi

where

e e

Cv(xg) = (®(By,xg,);...; 2(Bn, xp,))c

which is defined by propagator gy .



Here ¢y is periodization of ¢

gv(il?):w Z dhc = Z glz+rV)

ke(2r/V)zd rezd

A few facts:

1. By the Gevrey class property of ¢, and GKL bound:

Cv(x8)| < Canr)?=4S" T My (e —a)

T (zx)eT

where |A;| =1;, 7 is the set of all anchored trees.
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3. Since
B A oy and e e

then
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The last inequality partly comes from uniformly boundedness of 16 N (d+ 1) Ccl;/év
and | My |7 with respect to V.

See appendix E and F for various estimations.
For part (c),

Fix a bounded subset of (IR%)!, W.L.O.G, we assume to be centered in the origin,
and we call it V,. We need to show

n

A v = [ dixp| | dxpCy(xa) ]I Hv(Aixa) -

n! [,,Bl =
n=1 Yy B,=B,A>B; Vo V|B| i=1

n

| dixeCee) [T H(Awxa)

=




tends to 0 as V —oo. The idea is to bound each n-th term by spliting the integral.
We multiply the integrand in absolute value of integral w.r.t. V|B| by

1 =1 (Sty(xa) <V /4) +1 (Sty(xa) >V /4)

where finite volume Steiner diameter Sty(x) is the length of the shortest tree on
the torus which connects all points in x = (x1,...,x;), clearly we have the bound

Sty (x) < min St(x+rV)
reZ9

and do the same for the integral over RIBI4 with standard Steiner diameter.



Thus we can bound each n-th term in the above summation by |Vy| (Ry.,,+ Ro, +
Rg’n) where, Rl,n,RQ’n,Rg,n are

1 n
Y d?alCy (x5)| T [Hv(Asxa,)| (Stv(xa) >V /4)
SB,=B,A;OB; ' 7 VIAlLz1=0 i=1
1 n
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In fact all these three parts summation over n are bounded by functions of 1/ tends
to 0 exponentially fast.

Facts:

1. With the same method in part (b), one can get a bound for R, ,, in the form

e
< o=CulV/(47))
Hinse (1—05)

similar method and bound can be deduced for R ,,.

2. To bound the R3,. The idea is to write the integrand

n n

CV(XB) H HV( Aj XA@) 5 C(XB) H H( 2h XA@)

=k =i



in telescopic form as the sum of n + 1 terms, like

Cv(xa) | [ Hv(Aixa)(Hv( AL xa,) = H(Ayxa,)) +

=

n

Cy (xp) H( A1, xa) [ | Hv(Aixa,)(Hy( Az, xa,) — H( Az, xa,)) + -+

1=3



in each of which either a difference Cy (x5) — C(xg) or Hy (A, xa,) — H(A;,XA,),
the integral involve Hy (A, xa.) — H(A;,xa,) part can be bounded by a function
of V with from

A smin(L,/2-1) ,—Cw(V/(27))°

For Cy(xg) — C(xg), use BBF formula

C(XB):Z H g(x—x’)/d,uT(r)det/\/

SEER

Cv(XB):Z H gy (az—x’)/duT(r)deth

Tyl

where N =N (r) is a Gram matrix .



Again write the difference into the telescopic form and bound involving term
gv (x —2') — g (x — 2') or detNy — detN by exponentially decay functions of
V(also exponentially decay after sum up index n).

So the convergence in L is true.



