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Goal: Obtain effective representations for the RG map

Outline

» Reminder on the RG map
» Connected expectations and the iteration on the kernels

» The BBF formula
» The Gawedzki-Kupiainen-Lesniewski (GKL) bound and the Gram bound



The RG map 3125
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Decomposition of the propagator
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RG map: H—H’

oH'(§) _ JHe(9)) — f @Oy (dp),  ~P.

[0t )e™ Pup(dp) = [ pr(dp)O(p), el
=[ 1e(d) [ O())e™ PP (dg)

= [ r,(d) [ OW)H V() = [ Ol Ppup(cip)

provided O((),) = O(($)+ + ¢)



Compute the log 5725
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Hen() =log | ¢ #+Pp(dp)

b ¥
>'. {(ppr=¢ g/
“logy" =r(H(p+ @) Hp+ ?), v 1
120 o 2 4 T/ Y
_logz Z {Wick contractions for T’} q)/Z\ ¥ ¥
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>T" is a possible set of Wick contraction, it give rise to a graph over n vertices

Hegt(Y) :logz %Z Z {Wick contractions for I' compatible with IT}
n>0 I T



>Each graph has k connected components I'=17---I}. We split the sum according to
the associated partition I'l of the n vertices. We denote I' K I'T the compatibility relation.

Hegt (1) =logz %Z Z n {Connected Wick contractions for I’}

nz0  II I:T«IIj=1,...k

>Given k connected graphs I3, ..., I on ny,...,n, vertices H(P + @) we have

n!
k'nq!---n!

graphs I" on the n=n7+ --- + ny vertices with the same set of connected components.



Therefore

eff(tl))—logz ) Z N 'n conn. Wick contractions for I}}
12 2 o fl!

.....

k
—logz T Z {conn. Wick contractions for I'j}

—Z —{conn. Wick contractions for I}
it

1

Finally we can take the log (all this sums are finite for finitely many Grassmann vars)

He)= Y —(H(p+0)- H§p+0)),,

n>=1




In particular we had

<H(1|) +¢)---H(p + <|>)> = Z {Wick contractions for I'}
T

TZ

:Z Z n {Wick contractions for I} = Z H <H(¢ +¢); - H(P+ (P)>

IT I'I«IT j=1,..., k IT j=1,..., k

iy
One can use this formula recursively to express the connected functions:
(HY+¢)) o= (HW+ )¢,
(Hp+9)HW+ @)= (HP+ @) HY+ 9)lgc + (HW+9))p(HW +9))gc
(HY+@)HWY+9)HW+ )= (H+@); HY + ¢); HY + ¢) ) ¢,c

+3(HW+ @) HY + @), {HW + 9))g,c + (HW + ¢)) o, (HW + ), {HW + 9) ) c

Et cetera...
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Notations: Monomials
Ar=ay, (a, W), A=(A1,...,An), Palx)=da,(x1) - Pa,(xm), $u(®)=0uda(x)
Interactions
H) = Z f dxa Ha(xa)¥Ya(xa)
Simple expectations '

(@a,(x1)- - P, (x20)) = Z (=)™ @A, (1) P X7 2)) A Py (X (201-1)) PA, oy (X (20) )

. V .
Wick contractions

Connected expectations

(Da,(x1) - Da,,(x20))c = Z (=)™ P40, Xr(1) P, (X7t2))) -+ A Py X7 201-1) P Ay K7 2))

R\ . .
Only connected Wick contractions




Using the expansion with the kernels {H4(x)} we have

H(ll)-l—(P) Z Z fdxA HA(JCA)\PB(XB)CI)B(DCB)

A BCA
with B=A\B.

The new kernels for Hu¢ (before rescaling) are given by
B1+ +Bn—B AkDBk

This is the RG map on the kernels and we want “good” bounds for the quantity
(ITizy P3,(x5,))c in the r.h.s.



Connected expectations 1725
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We need a more efficient eXpreSSion ((Pal(xl)/ q)az(XZ)/ (Pal(xl)/ q)ﬂlz(xZ)) — (Y,l/ N2, M3, ”4)

<]‘] CIDAk(xk)> — det(Mb) = j dndije’, V=) nalilby,  Mbij={da(x)Pa(x)),
i,j

k=1

1 ¢ _
V=§Z Vi, V= Z Nl b+ (k1)

k,1=1 LJ: X EX, X EX]

1
XC {1/ ce ,Tl}, V(X) — 5 Z Vkl/ 1‘P()C) — eV(X)‘
kleX

PRy =ph =™, p= Y [] v

[TePart(X) YeIl



On the one hand

<]‘[ Sae)) = [ dndip(L,..ah)= Y D[] [, dndigy)
k=1

[TePart(X) Yell

and on the other

@j%NW: > O] ®adew)

[IePart(X) YEIl ‘keYy ¢

SO

([T ®a0) =1 [ dndijp(v)

key



Brydges-Battle-Federbush (BBF) formula
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Better representation for .(X). We can take Vi ;=0 (factor away).
Recall that, recursively,

PX)=p(X), 1XI=1, $X)= Y |[]wm.

[TePart(X) Yell

It follows from

PX) =) PX\Y)P(Y), = decoupling.

Y1

Let F(X)=)" F(e) and write e - Z if the edge e connects Z and X\ Z.

e€E(X)
Interpolate

Hofo=i Tt FpJoo= 3 Fzfo

e€E(X)



Decoupling Z:

F{é}(X):F(X), F{S}(X):F(X\Z)+F(Z)

(X)

0 s
el”(X):eF{Z}(X)+L)1 dsoe Az )—eF(X\Z)+F(Z)+Z f F(e)e {2}

e—Z
Contine decoupling w.r.t ZUe, ... Start with Zg={1}, Z1=ZqUey,...

51
eV(X) — pV(X\Zo) 4. Z eV(X\Zl)f ds{V(e))e { }(X)

e1—1Zy -4
- LI)c(Zl)

bY Y [ aen{g e I

61—|ZO 62—|Zl



VX V(X\Z V(X\Z {Sl}(X)
(0= Vx\Z0 4 §7 Qv 1>f ds1V(er)e

61—|ZO )
=e(Z1)

Y Y f ] dsaviepv{3 fee I

el_|ZO 62—|Zl

+Z Z Z eV(X\Zz)f dslj dszf dS3V(el)V{ }(BQ)V{ }{;21}(83)61/{;10}{;21}{;32}(;()

e11Zg ex1Z; e3—Z,

In general:

S1 Sk

I i e PARR A o

e1_|ZO €3—|Z

oV (X) — Z eV(X\Y)q)C(Y)

Y=1



[ dsi [ dsvieneo-v{S ) {31 }(ek)ev{zz}---{ziz}<x>

k
1 1
:n V(el)fo dsl...fo dskf(s)ezer(e)v(e),
=il ;5
re) =sg---si—1, k<l

K
:n V(e) J w(dr)eZe@Ve,
=1

Reorganize wrt. T=eqU---Uek_1 spanning tree of Z=Z;351..



BBF formula:
Pel2)= Z n V(e) f P‘T(dr)eZer(e)V(e)inzkeszk

T eeT

» For each r €supp ur we have r(e) =s;: - -s; for some k<1 and numbers s;[0,1].

» The measure pur is a probability measure, i.e.

[ prtdr)=1.

Proof: Take V(e) =¢l,cr’ for e « 1, then from BBF:

P({1,...,n})= s”f wr(dr) +o(e")

and otherwise

1‘I”C({ll cos ,1’1}) ="+ O(Sn).




Remark: There is another standard formula

ch(Z) = Z 1_[ (er,l _ 1)1_[ e%Vk'k

GeConn, graph on Z (k,))eG kez

but the BBF is better since the number of trees on n points grows only as
while the number of graphs as

(for large n almost all graphs are connected).

The BBF is also true for Bosonic models.



Gawedzki-Kupiainen-Lesniewski (GKL) bound

<n <I>Ak(xk)>c= f _ dndij pe(X)

keX

=3 [ V@] ur(an] [, dnde>@" et ]

T eeT

=Y T] Gxi-=) f wr(dr) detA (r)

T (i,j)eT
where we can show that
N i(r)=r(i, j) Mo j= (ui, u){ fi, hj) = (u; ® fi,u; @ hy)

| det A (r) | = | det({F;, H;?)il



Gram bound 20/25
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| det({fi, hj)m)ij| < 1_[ | fil 2 | |l 2
I]
Fock space I(H) = ®,>0/\"H, Creation operator a*(f)fi---f,= ff1-** fu-
a(f)fifo=) (DU S fu), a(f),a* (@) =(f,g)
k

<a*(f1)' ’ 'a*(fn)lra*(hl)' ) 'a*(hn)1>
=Y (DN (f)--a*(f)1,a* () -a* ) -a* (h)1)
k

—.ee= d@t((fyh]»l,]



Now

(@ (f)e.a*(fe) +a(f)@,a(f)e) =@, (@()a*(f) +a*(Na(/)e) ={f, ¢, )

SO
la* (e 12+ la(Ne 12T F 12N @12 = Ta*(H1, la(HI <1 f]

and therefore

| det({fi, 1)) < |€a*(f1)---a*(f)1,a*(h1)---a™(hy)1) |

<Tre@a et <] 1A il
ij i,j



In our case

dk x(vk) = XK) ik (i
1ﬂ(xi_xf):f(ZTc)d |k |42+ O = (i ey

with g(k) = (x(vk) — x(k)) / | k| ¥/>*¢ and

fl(k) =S Lk)e—ik-xi’ ]’l](k) — | g(k) | 1/26_ik.x]-

| g(k) [ /2
so for Ree <d/6.
1/2 dk 1/2
Gl2 = _ _ <
=15l =1l = (j o |g<k>|) (fcslk@ |k|d/2+Res) =
One can take |u;| = |u;| <1, so, m total # of points and n vertices in the tree T:

|det A" ()| <(Gon),  s=(m—2(n—1).



Lemma. GKL bound

<n q>Ak(xk)> <Gaw’), || IT@i-x)l

key I along &

1
wheres=>> .\ |xx| = (| Y[ =1).

Figure D.1: This illustrates the n = 3 case of the connected expectation. (a) Three groups of points.
(b) A particular connected Wick contraction. (c) Red: an anchored tree con31st1ng of n—1 propagators.
Blue: remaining s propagators.




Bound on the # of anchored trees 24125
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The number of anchored trees on n groups of points x,...,x, is

Ng < nl4Xi=lxl,

Indeed: one has (admit)

(n—1)!
(di—1D)!---(d,,—1)!

labelled trees with specified degrees dy,...,d, at each vertex. For each edge (k,I) one
has at most | x| * | x;| propagators, so in total at most [, | x| A






