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This an extended version of the material presented in the second part of the course (10h). This script
has not been seriously revised and contains typos and inconsistencies: use at your own risk. Also
I didn't tried to cite all the literature associated to the material presented. Sometimes I cite sources
where the reader can find more detailed discussions. These notes have been written with TXyscs-

1 Introduction

At the end of the first part of the course we introduced two measures ¢, v+ defined as follows.

Lete=2"Nand M=2"" Let A= (e¢Z)?cR?the square lattice in dimension d of side length ¢,
A=A T =(sZ)*n[-M/2,M/2)" a finite box of (M /& + 1) points which we think with
periodic boundary conditions in every directions.

Fourier transform on A is defined as

_ d —2mik-x -1 _ 2mik-x
Fof=e! Y foe?mh Flem = [ gt Tk,

xelA,

with A = (e71[-1, 1))? the dual of A . These definitions can be extended to the finite lattice in a
natural way, with A,y = ((Z/M)n[-g7'/2,71/2))? and

Femf(x)=¢ Z f(x) e 2mikx. ygj&g(x):L Z g(k) 2k,

xeAeum k€A,

The measure p is the law of a family of Gaussian r.v. (X EM(x)) e A,y With covariance
E [X*Mx) XM (y)] = (m*=Ap) 7' (xy),  xyeA,m

where A, is the discrete Laplacian with periodic boundary conditions, i.e.

A,gf(x)=8_2 Z (fx+ee)=2f(x)+f(x—¢€e;)), xeA;

where (¢;);-1

......
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and note that (V})* = —V;’i and A, = Zfl:] V;”Vé. Moreover
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A Fourier transform formula for the correlation function reads
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So M is an approximation of the GFF ¢. We denote p* its law, note that it is a law on R A=
which is a finite dimensional space. By abuse of notation I will also consider it as a measure on
R« by periodic extension.

Both our discrete versions of translation invariance and RP will converge nicely to their con-
tinuum counterpart. Finally

» Define the measure v on R**¥ (or by extension on R*?)

veM () =—exp[-s! Y Vit | M (dg) (M)
& XEA M

for some V: R — R bounded below.

Exercise. Prove that if V(¢) = 8 ¢ and  >-m? then we get another GFF with a different mass.

This approximation now is elementary and it has the advantage that it preserves discrete transla-
tion invariance wrt. the lattice A, and moreover a discrete and periodic version of RP.

Reference for discrete RP: S. Friedli and Y. Velenik, Statistical Mechanics of Lattice Systems: A
Concrete Mathematical Introduction (Cambridge, United Kingdom; New York, NY: Cambridge
University Press, 2017).

»Both our discrete versions of translation invariance and RP will converge nicely to their con-
tinuum counterpart as € - 0 (to get rid of discreteness) and M — oo (to get rid of periodicity).

The rest of the lectures will concern the analysis of these measures in order to prove the existence
of the limits above.

What is a proper choice of V? Any V (non-quadratic) is ok, as soon as it works. The problem
is that not so many choices are available. In d =1 one could take any V€ C(R,R.) (or even
unbounded with some conditions). In d =2 one can take polynomial functions, exponential,
trigonometric functions. In d =3 we know only how to take V a fourth order polynomial bounded
below, in this case we say we are looking at 3.

Definition 1. A <I)§ measure is any non-Gaussian, Euclidean invariant and RP accumulation
point of the family (v&M), y as & -0 and M — co where one can take as V any 4-th order
polynomial, bounded below and with £, M dependent coefficient.

One of the big successes of constructive EQFT in '70,'80 is the proof that this limits exists and has
many nice properties. It was proven by Glimm, Jaffe, Feldman, Osterwalder, Seneor, ...



For ¢ fixed and M — oo this is a problem of statistical mechanics: the infinite volume limit of a
system of unbounded spins with nearest neighbor interaction.

As I said at the beginning a stochastic quantisation (in these lectures) of a given measure p is a
map F, which sends a Gaussianr.v. to ar.v. with law p.

Even in the case v®M there are many interesting ways to do this.

1. Langevin dynamics / parabolic SQ : the Gaussian process W is a family of Brownian motions
and the map v ~ F,,(W) = ¢ (0) is given by the stationary solution

¢: R x AE,M% R,
of the SDE

de(t,x) = {[(=m*+ A,) ¢ (1)1 (x) = V' (¢p(t,x)) }dt + dW (1, %), xeA.pyteR

with V' the derivative of V. Here r € R is a fictious time (it is not the Euclidean time!!!)

2. Elliptic SQ: v ~ F,,(&) = (¢(0,x))xen,,, but now ¢: R2x A ¢ m— R is the solution to the
elliptic PDE

(m*=Ag2=—Ap,,) §(2X)+V ((z,x) =&£(z,x), xEAgmzER?

where £ is a space-time white noise.

3. Canonical SQ: the Gaussian process W is a family of Brownian motions and the map v ~
F, (W) =¢(0) is given by the stationary solution

¢:RXA€’M%R

of the SDE (discrete wave equation)
07 (1,X) ==y 0, (1.x) + [(=m>+ A,) p (1)1 (x) = V(¢ (1,x)) + O, W (1,x)

(approximatively). Without noise this is an Hamiltonian equation.
4. Variational representation (see Barashkov/G.)

5. There is even another possible approach which require to consider a stochastic evolution in
the Euclidean time and it looks like

Oue = (—(m>=A )29 -V (p))dr +0,W, xeRxAL.

In this case we cannot discretize the Euclidean time and also the measure v%" has to be
taken slightly differently. This is essentially the Markovian point of view wrt. the EQFT
we introduced in the first part of the course, where we perturb the OU process ¢ with a drift

-V'(¢).

Remark. While the measure v* is defined via a density wrt. to a Gaussian the goal of SQ is to
define it as the push-forward of a Gaussian measure. In infinite dimensions it seems that push-
forwards are more robust.



Example. Let (B;);>0 a one dim BM and let X; = B,+t. Then while there is no problem to see

the law of X as push-forward of that of B, they are not absolutely continuous as measures on
C(Rp;R).

Exercise. Prove it.

Historical note. Stochastic quantisation was introduced Nelson, Parisi & Wu. Rigorous con-
struction of EQFT with stochastic quantisation was done in d = 1 by Jona—Lasinio and Faris ('80),
Jona-Lasinio and Mitter (~'84) in d =2 bounded volume and then Mitter et al. in infinite volume,
this was done using probabilistic tools (martingale problems and Girsanov's formula). For P(®),
(polynomial interaction in d = 2) another approach was introduced by Da Prato and Debussche.
Only in 2013 Hairer managed to prove a local existence and uniqueness result for the parabolic
SQ of &% using regularity structures. And the we had many more results. .. still many problems
remain open.
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https://www.youtube.com/watch?v=RgQixyA2Gcs

It discusses the history and challenges in a mathematical theory of quantum fields.

2 Langevin dynamics

We start by constructing the parabolic stochastic quantization of the measure v for fixed &, M.
Since in this section these parameters do not play any role we will avoid to write the whenever it
does not lead to ambiguities. In particular here A will denote the finite set A . »s and A the discrete
Laplacian and take £ =1 sometimes.

The law ,ug’M is Gaussian, we can therefore introduce a fictious time ¢t € R (this is !not! the
physical time) and a stationary OU process (X; M) o such that Xf’M ~ /f’M . There is not a unique
choice, however it is not difficult to guess that a suitable dynamics is given by

dXFM = (A, —m?) XFMdr +21/2dBEM, )

where (Bf’M (x))xeA, , is a family of independent standard Brownian motions.
Exercise. Check the invariance of 1™ under this dynamics, in particular pay attention to the normalization.
I want to construct now a dynamics which leave invariant the measure v instead. Let us guess

what this dynamics should be: we write something similar as what we had before but with an
unknown vector-field F (¢)

dX,= AX,dr + F(r)dr + 2'/%dB,.

with A = (A =m?). Then if we denote P the law of the solution X of this equation with Xo ~ &M
and independent B, we want to have

_U(w) 4 )—1IE (Xo)e —U(Xo 1 X) UKD
n(de) == E[f(Xo == E[f( 1,

[onf@rvide)= [ flo)
for all test functions f and all £ >0 with

=/ ) Vipk), U:RM¥SR.

)CE/\&M

Note that under the measure P defined as

PU(dx) =5 P(dX),

the process X is still solution to the equation and Xo ~ v,
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» By Girsanov's formula, we have, for two test functions f, g
1/2 2ds—
ELf (X)) eV g(Xp)] = Eq[ £ (X e i 2 Wil b=t o )] 3)
where under Q the process X satisfy the linear SDE

dX,= AX,dr+2V2dw,

where W is a BM under Q. Note that Xy~ . So under Q X is an stationary OU process.

» Note that Ito formula gives

U(X,) = U(Xo) fDU dX+fD2U ) ds

t
U(Xo) f DU(X, )21/2dW+f (D2U(X,) + DU(X,)AX,)ds
::Q(XY)

so we can rewrite (3) as

LUX) 35U (Xo) +5 [ (Q(X)ds—IF (s) dsefO’F(s)ZlﬂdWﬁ—%f(;DU(X;)Zl/zdm]

o|f XD g(Xo e
and then take F(s) = —%D U (X;) to cancel the stochastic integral in the exponent to get

1 pt 1
BLF(X,) eV g(X0)] = Bl £(X,) g(Xg) e =/ ™) 750X 13000 5DULX

and since Q is time reflection invariant (because under Q the process X is just a stationary OU
process) we can rewrite this as

_EQ[f(Xo) Xy e VXD =3 XO)+%fJ(Q(XY)ds-Tl|DU(Xy)g)ds]
- t
where we exchanged the two functions. Taking f =1 we have

l 1 pt
]EQ[ (X)) e ~5UX)~5U(Xo) +5 J (Q(X0)ds—7IDU(X,)?)ds ]:]E[ ~UXo0) o(Xo)]

and on the other hand, taking g =1 we have (taking g = f in the previous formula)

E[f(X[) e—U(XO)] — ]EQ[][(X[) e—%U(Xr) X0)+2_f0( [0]0.8)) ds——|DU(X5)\ ) ] — E[e—U(Xo)f(XO)]
that is what we were looking for.

Remark. All this is ok provided we can perform all these computations. The only problems are
related to the integrability of the exponential function involving the time integral. For example if
we require that U is bounded below and moreover that

H(p) =5 0(¢)~5IVU(p) =DU(p) +DU(g) - Ap~IDU ()P



satisfies

e H109%) <o
for some 7> 0. Indeed it is enough to establish invariance for small time and the for all times.
»We learned that the solution to

dX, = AX,dt—%DU(Xt)dt +21/2dB, 4)
leaves the measure v(dg) =Z'e V) 1 (dg) invariant provided U is nice enough.

We will take this equation as stochastic quantization.

Exercise. Note that the process X is time-reversal invariant (we essentially gave a proof of this above, you can fill
in the details).

We would actually like to have U which are unbounded, but bounded below, the relevant example
in these lectures being

0=2'Y (Fowt+Sow?)
for some 1 >0and g R.

We have two order of problems with such potentials. First

Ulp)=Lo(x)>+ B p(x)

is not globally Lipschitz and the solutions to the SDE (4) could explode in finite time.

Then we still have to worry about invariance (i.e. fixing the details of the argument above) of the
measure v on this dynamics.

The second problem is merely technical and could be handled via a careful control of approxima-
tions with nice U and the above invariance argument. The first problem seems more worrisome
but the key is to exploit the coercivity of the dynamics.

First method: one could use the invariance of the measure v to conclude that solutions of the SDE
do not explode, we will not do it here.

Second method: A direct approach is to test the equation with X, i.e. write

%dz 1, (x) 2 Z X,(x)dX, (x) + Z dr

=) [X/(x)(AX)) (x) - X,(x)Dy U(X[)]dt+21/ZZX[ )dB;(x +Zdt

X

GXtdt+ﬁZXt 2dt+21/2ZXt )dB, (x +Zdt



with in the polynomial case (summing by parts the Laplacian)

G(p)=) (IVep@)P+m?p(x)*+ L9 (x)*) >0.

By taking averages we could get some interesting estimates, for example
EY K0P+ [ Gxyds=Ep [ Y X025+ dr
t 0 s 0 N s

X X X

where now the r.h.s. can be controlled via the 1.h.s. or via Gronwall lemma. But this is not robust
enough for what is going on next week.

Third and last method: a more elementary and useful in the following approach which do not rely
on Ito's formula goes as follows (this essentially what is called the Da Prato—Debussche trick).

First one write X =Y + Z where Y is the solution to the linear equation
dY,=AY,dr+2'2dB,,
that is an OU process, and Z is what remains. Then Z must solve

dz 1
d—tf= (Az,-§VU(Y,+Z,)) (&)

which is an ODE with random coefficients, not a stochastic differential equation anymore since
the effect of the Brownian perturbation is completely taken into account by Y.

We can now test this equation with Z (without the need of Ito's formula) and obtain

%Z ZAX)P+G(Z) =) 2(Y(x)3Z,(x) +3Y,(0)2 Zo(x)? + 3 ¥,(x) Zy(x)°)

+B Y (Zi(x) Y(x) + Z,(x)?)
where
G(9) =IVli2+mAlgli2+ Alelfs,

with the natural Lebesgue spaces on A = A/ (with counting measure).

The key property being that in the r.h.s. we have all terms which we can bound via Holder
inequality as

d
52 Z0P +G(Z) < CollYlifs+ 5G(Zy),
X
for 6 >0 small as we wish, e.g. § =1/2. We conclude that
1 rt t
1Z132+ [, G(Zds<IZolia+C [ 1%lfds. (6)

This bound implies that solutions cannot explode and we have an explicit bound on its growth in
term of Y and Z.



Of the two we know very well Y (it is the OU process, it is Gaussian, I know everything I want
on it). On the other hand I do not know so well

Z():XO—YO"’ “1/—,[1”
because we do not really know very well v (which is actually the object we want to study). For
example we do not know estimates uniform in &, M.

Note that even if X is stationary and Y is stationary (because we take Xo~ v and Yy~ p and
independent). But they are not independent and more importantly Z is not stationary.

One would like to prove that there exists a coupling of Xy and Yj (i.e. find a joint law with mar-
ginals v and u respectively) so that the process (X, Y) is stationary (as a pair) from which would
follow that Z is stationary.

In any case what we have so far is that for any f and any ¢ we have

[F@)1vidp) =Elrx) =1 [ BLF o) 1ds == [ BIF 05+ 2 1ds

using stationarity. This is the stochastic quantization equation. Estimates on X are given via Y
and Z.

Let's construct a stationary coupling of Y and Z. One uses the Krylov-Bogoliubov argument. We
can construct a measure y7 on a pair of fields (¢, ) € R* x R” by the formula

1 rT
[fowidrro.w =5 [ Elf(%.Z0]as

for any bounded function f of the pair (¢, y) € R* x R where Y, Z are started as above.

We have that

1 T 2 ’ T
[ 16w) +leltadrrip.p) == [ BIGEZ) + INiislds <= ( BIZol2+C' | | EIYiiads),

0
2 2 / 4
<<7]E||ZOIIL2) +2C BVl

which is uniformly bounded in 7". This implies that the family (y7)7 is tight on RA xR and one
can extract a weakly convergent subsequence to a limit . Note also that

[Flo+widrro.p) == [ Elf i+ Zolds=x [ ELF(X)1ds=ELf (Xo)].
Therefore the law of ¢ + yw under y7 is always given by v for any 7. As a consequence the law
of ¢ +y under y is v.

The measure y is stationary under the joint dynamics of (Z,Y), i.e. if (Zy, Yo) ~ y then (Z,,Y;) ~ v .
Exercise. Prove it. Also try to understand if the dynamics of the pair is time-symmetric.

In this way one can construct a stationary coupling of (Z, Y) which gives a useful representation
of the stationary process X.



3 Infinite volume limit

What happens when we want to take the limit M — co? The estimate (6) is not good enough
because both Zoll;2(4, ,,) and [¥llz4(a, ,,) cannot remain finite since both random field are sta-
tionary and one expects that

1Zoll2cn, ~ M I¥llzsa, ) ~ M

In this section we explicit the dependence on M and use A, for the full lattice. Moreover we
extend any periodic field to the full lattice periodically. (we fix an origin)

However we can modify our apriori estimate introducing a polynomial weight p: A = (¢ Z)¢ > R
p(x)=(1+€ix)~"

with €, o0 >0 large enough, where |x| is the distance from the origin of A = A..

Now we test the equation for Z with p>Z summing over the full lattice A and we get

Y Pz GZ) <=1 Y p 320 +3Y(0)* Z4(x)* +3 () Zy(x))

XEA, xeA,

+8 Y p)ZX) K(x) +Z(0)D) +Cp Y p(x) Zy(x)?

xeA; xeA,

where C, (and the inequality) is term coming from the integration by parts which can be made
small by choosing ¢ small and where

G(p)=lpVelin, +mp@liaa,+ Ap 2 plijss -

And using similar estimates as above we obtain the apriori weighted estimates:

d
TP ZiEa )+ G(Z) < Csllp' Yl + 5G(Z1)
indeed

2 P Y3 Zi)| <A

xelA,

Y (p)Y()?) (p ()2 Zi(x))

xelA,

C C
<25lp" 2 Yila+ 8 p P Ziia< A5l P Yillja+ 8G(Zy)

for any small § >0.

As a consequence one get the estimate

10 Zisn) 3 [} GZ)ds <1 ZolRsin, +C [ 102 Vil ds @

We have seen that we can construct a stationary coupling of (Y,Z), so we can use there this
stationary coupling and take the average of this inequality to get

1 rt t
EllpZixa, +75 [, EGZds<ElpZoliza, +C [ Ellp" ¥ilfsn ds

10



but by stationarity we also have ]EIIpZzlliz(A) = EllpZolliz(A) so the initial condition disappear!!!
So

L "Eio 12y
5 |, EGZ)ds<C [ Bl 2¥lsn,ds

and again by stationarity one get

E G(Zo) <2CElp' Yollja(n,

Which give us very good apriori estimates on the law of Zy which are independent of M, indeed

Elp'? Yollfany=E Y. p@A%@F= ) px)*EH®iF=C Y px)?<co

xeEA, XEA, xeEA,

uniformly in M provided ¢ >d and the law of Y;(x) is translation invariant so does not depend on
x and actually one can easily show that

(E|Yo(x)[H'2< CEYo(x)?

1 1
Sm*=A)~ (x,x) s — Z 2 T )
M ke((Z/M)n[-&!e1))d (m=+3; (27 sin(rek;))?)

1
<+
%f[-g—l,g-l)d 2+Y . (2¢e " sin(rek;))?) Oo

uniformly in M.

Lemma 2. For any M >0 we have that vM ~ X3! ~ YM + 2! where Y ~ ™ and Z} is a r.v. such
that

supf . G(p)vM(dp) =sup EG(Z(") < o0
M JR M

This is a key estimate to take the infinite volume limit since it allows to use tightness on the family
(vM)4; on R” in the topology of local convergence.

Remark. Integration by parts with a weight was treated a bit sloppily above. Let us make these
considerations more precise: we have

VifR) ) =f(x+ge) g(x+ge) = f(x) g(x) = (Vif (x) + £ (x)) g(x + £€1) = f (x) g (x)

=Vif(x) g(x+ee) + f(x)Vigx)

SO

_ZPZZAZ:ZZVi ZZ ViZ= Zzp2|vtz|2+zzv(p VZ(+ee)V
-ZZPZIV’ZIZ+ZZV (PDZ(+ee)V ®)

11



and the second term can be bounded by

Y Y VipH Z(-+£e)VZ|<CIVi(p?) p ALV ZIAIZI2 < CoIVZI7 + ColZIT
X i

with C,=C "IV p2) p'2|| 1. Note that this constant can be made as small as we want (uniformly
in £, M) by taking ¢ small, indeed this is essentially a discrete version of the fact that in the
continuum (& — 0) one has

IV(p) pA=1p"Vpl=(1+ax) ' e<e.

This argument shows however that one has to be careful with weights which are compactly sup-
ported since the term p~'V p is then more tricky to estimate. For example, in one dimension if
one has a function p(¢) = t* with goes to zero as ¢t — 0 then

p—lvp oct—ata—l oct_l

so the above L estimate is not true anymore. For our purpose here polynomial weights are
enough.

More estimates can be obtained by testing with other functions. For example, testing (5) with
p(pZ)P~! one gets

18,5 (pZ0P+ Y mApZoP+ p(pZ)P N AZy+ 2 (pP! P 7,042
p A A

==Y p(pZ) ' [(Y+Z)*-Z}]
A

and by proceeding as above one obtains uniform weighted L”(A) estimates for v,
Remark 3. It is also possible to obtain weighted L™ estimates.

These weighted estimates are uniform in M and allow to prove tightness of the family (v&M),,
for fixed £ >0 and M — oo, in the topology of local convergence (i.e. convergence by testing with
continuous functions on R*¢ which depends only of finitely many points of A ). In particular
we understood that the local (or weighted) L (A ;) norms of ¢: R 2+ R under the measure v
have finite moments:

supf lp @llf,vEM (dep) < oo
M

for any p>1. Actually by working a bit harder one can prove uniform integrability of functions
like exp(llp @llz2).

4 Convergence to equilibrium

At this point we want also to probe the behavior of the dynamics for long times and also large
distances.

12



The appropriate way to look at this problem is to imagine that we have two solutions Z' and Z?2
both driven by two OU processes Y !, Y2 and with arbitrary initial conditions VAN/?

We will fix later the specific ways we choose these data, according to the property of the measures
we would like to establish.

For the moment the only thing we care about is that their difference H =Z ' - Z? solves the equa-
tion

OGH-AH=—=[U'(X")-U'(X'+H+K)]=0Q

1
2
with K:=Y'=Y2and X' =Y'+Z! as usual.

The r.h.s. can be Taylor-expanded as
1 1 ’7 1
Q=-§f0 dtU” X'+ T(H+K))(H+K).

Note that for our usual expression of U we have
Ul (@)= (4-3) Ap* +2 B.

However we will not need here this specific expression. We can deal with a more general situa-
tion.

We need however to concentrate on estimates which are good when H, K « 1, since we want to
show that the two solutions are near when the difference in the data, i.e. in K and Hj is small.

We will make there the key hypothesis that

U'(p)=-2x

for some constant y € R.

This a convexity assumption since it implies that ¢ = U(@) +2 y >, @2 is convex. (I'm a bit
sloppy here about the precise meaning of the derivatives, but we are dealing with local func-
tionals, so I leave to you to fill out the details)

We also let

- 1 1 144 1
G.—§I0 deU”" X'+ T(H+K)) >~ 1.
We test the equation with p? H for some weight p. The r.h.s. can be bounded by (8 is small)
Y p?’HQ=) p*GKH-) p>GH>
A A A

<CslpGKlj2+ 8lpHIf2- ) p?GH?
A
> xllpHI}

<CslpGKl|Z2+ (x +8)lpHI?:

13



So we have now, taking any 6 < y,

1
SUlpHIfa+ ) p*H(m*~A)H<ClpGKI}+2 1l pHl:
A

Consider furthermore F(t) =e“|pH ||i2, then
Lo et a2y - S ety a2y o €5 2
F0u(e!l p HIZ2) =5 (e pHIF) + 53, p H-

't 2 2 ¢ ' 2
<-ef ; p H(m -2Z-§-A)H+e6 Cllp GK|2.
Let
0(1) =CllpG (K (0)Ifx-
Choose a different kind of weight here, exponential, in the form

p(x)=e "M,

then for €6 <1 we have

—0O|x+eej| —0|x| L
—-e et’—-1 _ _
<——e O <20 e~

|V"<p2>|=|e 1

and using (8) we get

Y PPHEMHY Y pAViHP=) Y 40 p’H(+se)|[V'H|
A A i ]

A i
>3 N pAVHP-C6?) plelz—%Z Y pAViHP?
A i A A i

1
>3 Y pAVHP-CO Y p?HP.
A i A
Putting all together this gives

%a,(e“anniz) +e“(m2—2)(—%—C02) Y P2H? 4 o1k SN pAvHP
A A i

8]

%a,(e“annfz) rey sz(mZ-%-z;{)HJre”Z p2H (~-AH< e Q).
A A

Assuming that
mz—z;(—%—cebo
we have

1 . Lo~
50/(e“lpHIj2) <e O(n).

14



Integrating this we conclude

SV HIE< [l ol + [ e 0(5)as]
that is
2 —ct 2 ! —c (t=5) )
IpHiZ<e™Np Hollf2+2 [ €70~ O(s)ds
where

~ 1
0(5)=CllpGyKif2=C [ dwlp> U (X! + 7 (Hy+ K;)* KElpia

For example, taking averages of this source term we can estimate it as
~ 1 172
BI0wI< Y. [ arp2w{BlUlod+ vk} (Bkd)"”

From our estimates above for Z1,Z2, Y, Y2 is not difficult to deduce that

E[U(X; +T(H;+K))*| < C
uniformly in M for any polynomial U"’. When K is stationary in time we have the simpler expres-
sion

<> PPOEBEI )2 Y p2)(EKg(x) V2

xeA xXeEA

We summarize these computation as

Lemma. Uniformly in M and provided m*-2 y —%— C02>0 and K is stationary in time we have

lpHil72<e™lpHollj2+C Y p?(x) (EKG(x))"/2.
xeA

Remark. This estimate shows that as t — co and provided

> PP@(EKI)' =0 ©)

xeA
we have

lp Hyll72 0.

Lemma 4 can be used in two different ways: by coupling two different invariant measures via a
common dynamics one can show that the two measures are equal. This gives uniqueness. On can
use noises which coincide in a bounded region to drive two different dynamics, e.g. started from
the same invariant measure. Then one obtains that the quantity (9) can be made small choosing a
large region, which shows that one has a certain decay of correlations, i.e. what happens outside
a given region does not influence much the dynamics.

15



5 The small scale limit and renormalization (d =2)

In this section we address the £ — 0 limit at M fixed (let's say M =1). This is the ultraviolet limit
(UV limit). Obtain uniform estimates in this limit is more difficult are requires new ideas. There
are various possible approaches: regularity structures (Hairer), renormalization group ideas (Kupi-
ainen), or paracontrolled distributions (GIP, Catellier & Chouk). I will follow this last strategy.
The main reference for us here is the paper I mentioned by Hofmanova & myself:

M. Gubinelli and M. Hofmanova, “A PDE Construction of the Euclidean
<I>§1 Quantum Field Theory', ArXiv:1810.01700 [Math-Ph], 3 October 2018,
http://arxiv.org/abs/1810.01700.

The main problem is that as & — 0 the process Y becomes a distribution. Recall our context. We
had a dynamics on X which can be decomposed on a linear part

dY,= (A, —-m?) Ydr +2'/2dB,,

and the non-linear part Z:

4}

Ly
o7 %=(Ae=m) Zi=5 V' (Yi+ Zy), (10)

2
with V/(9) = 1 ¢>+ B ¢. The computation of V'(Y,+Z,) is point-wise in space:
V' (Y+Z0) (x) = V' (Y(x) + Z(x)) = A (Y(x) + Z,(x)) + B(Y;(x) + Z,(x))
=Y, (x)3+3 1Y) Zi(x) + 3 AY,(x) Zi(x) 2+ A Zo(x)3 + B Yi(x) + B Zi(x).

The main problem is the following: (M =1) as e =0

1

B[%(n)°]= (m* = As) (x.x) = M2+ Y (2 e Tsin(rek))?)

ke(Zn[-e,e71))d

: g2 d>?2

=) 2k

keZn[-e~ L&)

log(e‘l) d=2

Which tells us that the typical size of Y;(x) is £274 5 co. The estimates from last week are useless
in this limit, because they depend on L”(A ;) norms of Y.

This is a problem of small scales. It hints to the fact that Y # is not converging to a function on
T9=[0,1]¢ not even locally.

For convenience we define T¢= A, = (sZNn[-1/2,1/2))%
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5.1 Besov spaces

One way to deal with this problem and analyze what is going on in the equation (10) is to split all
our functions in “blocks” which are nice.

This is accomplished via Littlewood—Paley decomposition, i.e. a nice partition of unity in Fourier
space. We split every function f: T¢ - R in very nice pieces (A;f);>_; as follows

fE =) (Aif)(x)

iz-1

where

Aif(x):= Z p(z—lk)f(k) p2mikx i>0,
e(Zn[-g1,e71))d

and

Aaf= Y gk fk)ermi,

where p: R? - R and is such that

x(K)+Y p27k) =1,

iz0

for a nice function y: R¢ - R with support in a ball % of radius =1 around k =0 R¢ and
p is supported on an annulus A4 of radius ~1. All these functions are smooth (and some other
properties we don't care about right now).

Therefore the Fourier transform of the LP block A;f is supported on an annulus of size 2/ and that
of A_; f in a ball of radius 1.

Remark. For ¢ >0 we have A,;f =0 if 2/> &', so we sum over i up to =log, £~!. Let us define
N, to be this bound. So

Ne
£=Y (Af),

i=—1

there is a technical subtlety here on how one handles the last last block but we will ignore it.

Now:
(27 k)?
E[(A;Yi(x))*] = Z p &
ke(Zn[-g-1,e71))d +Z (2 tsin(mek;))?)
P2k P _ iaa
=~ Sl FACRLI 2l
k€2l AC(Znl-ee7))? ke2iAC(ZA[-e"l e ))d  ZL

:(21')2
Which says that A; Y; =~ (2 )(d-2)/2 \which is uniform in &! (but of course not in i, and i can be large)

One can prove actually that A;Y? converges to a nice C™ random function on T¢ as & — 0.

17



This decomposition shift the problem of dealing with distribution to a problem of dealing with
large sums.

Definition 4. Let a € R and p,q€[1,+c0]. We say that f € B; , (a Besov space) iff

1/q
< oo,

g, = 1> =1 2 Ay ol oo = [Z (2 Aif )

i

These are Banach spaces.

In particular we will use € “=B& o with norm | f]lz« such that

IAifllLs <27 flge.

When «a >0 there are spaces of regular functions, when a <0 these are just distributions (of course
when ¢ =0).

Moreover note that

IFI3s,= D 22 “IAif o ey =8 D D 22 Aif (0P=e? Y 1(1=A) 2 fP=Ifle.

iz-1 xeTd iz-1 xeT?

From the estimate above on Y one can prove that almost surely for any € R, ¥, € € (¢-2/2-*
for any small x >0 uniformly in €. One can also prove that as a function of ¢ is continuous and
actually uniformly in &

Y¢eC(R; &2/ x)

almost surely.

In the following % will always denote an arbitrary small positive quantity. (this is a small loss of
regularity due to the fact that we want almost sure statements).

Note that when d =2 we have Y€ C(R; € ) and when d =3 Y¢ € C(R; € ~'/27%).
Take f € €%, g€ €* then

fg= Z Ale Ajg=> AifAg

i.j

to give a sense to this product one has to control the two (large) sums. The good way to do it is
to split it in three pieces:

fg= ZAlfA,g— Y OAifAig+ Y AifAjg+ Y AifAg

i<j-K i>j+K li—jI<K

=(f<g)+(f>g) +(fg)

and call them the paraproducts (f < g), (f > g) = (g<f) and the resonant term (f o g).

18



Theorem 5. The paraproducts are always well defined and
If <gles<lflzalgllgs, — a>0,
If <glgars <lfllzalglles, — a<O.

The resonant product is well-defined only if a + B >0 and in this case

If o gllga+s <Ilflzelglegs.

Therefore fg is well defined (and continuous) if a + B >0 and in this case

178l < If iz <llgllg -

We are allowed to multiply things only if regularity is ok, and the problem is in the resonant term.

5.2 Renormalization
Let's go back with these tools to our equation (10). In the r.h.s. we have
V(Y+Z)=AY +3AY?Z+3AYZ*>+ 223+ BY + B Z.

By the product theorem we see that ¥? is problematic since the regularity a = (2—d) /2 -« of ¥
is negative. However Y is explicit, and we can do a probabilistic computation to prove that ¥>
converge as € — 0 to a well defined distribution provided it is renormalized.

Theorem 6. There exists a constant c. such that the random field (renormalized square)
Y200 = (5 (0)2-cs,

converges (inlaw) as € —» 0 to a random field Y2in C(R;€2%) witha=(2-d)/2-x <0 (ifd=22).

Similarly if d =2 the renormalized cube
Y20 = (4 (0)* =3¢, Y (),

converges as € -0 to a random field in C(R; €3%) while if d =3 then convergence holds C™*(R;
€3%) (where C™" is a space of distributions in the time variable with negative regularity).

Moreover one can take
ce=E[(Yf(x)H] =D,

With this choice the renormalization corresponds to “Wick ordering”.

Now we see that replacing

B=p:=p"~32cs
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on has (with Y'=Y)

VIY+Z)=A(Y? =3¢, Y)+3A(Y?=c)Z+3AYZ>+ 223+ 'Y+ B’ Z
N———
Y3 Y2

=AY3+3AY2Z+3AY'Z22+ 223+ 'Y '+ B’ Z.

Magic: one constant works for both problematic terms... (there are reasons for that, namely sub-
criticality of this model).

Next problems: the products

vz, iz’
©2a €

Let's try to get some estimates for Z: we test the equation (10) with Z and integrate in space T¢

10 2 2, 272, A
5% o 22+ [ | Vez iz P+ 512

:_% VS SARYA S AN O AN I AN 1A

The Lh.s tells me that I have control of the L2, L* norm of Z but also of the H! norm of Z, this
means we have some regularity for Z.

Note that we define:

Tddx::&:d Z .

xeT¢

Also remark that H'! = Bé,z. In the Besov scale we have Sobolev spaces. The theory of products
and paraproducts extends naturally to Besov space with indexes p, g other than oo, co.

When d =2 we have that Y€ €% with k= 1,2,3 and a =—x a small negative quantity. There-
fore all the products in the a-priori r.h.s. are well defined assuming Z € H' (the sums of regularities
is positive!). For example one has estimates like (for some small § and some large K)

[ 2| I sl < Cl Y e + SIVZEE + SIZIE-
[ 02220V 222255 < Co Y o+ SV ZIE + S12IE,

‘ deylz3‘ SIY gl Z3 g2 S Coll Y W+ SIVZIZ2+ SIZII s,

So overall we can obtain (via PDE methods only, no probability here)

10

2 2, 272, Ao
73 7 (=00 [ [ Vo2 ez + Sz, <00,

20



where

QYY) =1+C Y 1Y I,
k=1,2,3

for some power K. This estimate holds for all paths of Y since note that Y* e C(R xRT ; R) SO
it is clear that Q(Y,%) < co.

The real problem is: what happens when & = 0?

Remember that we constructed a stationary coupling P ? such that under P ? the processes Y and
Z are stationary and

X=Y+Z

is also stationary and such that X; ~ v? (recall M =1 here).

Under this coupling this estimate implies that

20t

—_———
=0 (by stationarity)

19 A . .
i R |1V.22 w22+ 512, < EQ(¥) - E QY.

but again, using some probability theory one can prove that

supE Q(Yy) < o0,

since again Y is well known and estimates are relatively easy. As a result one obtain uniform
estimates of the form

A
2 21712 4
sgp]Eng [|VgZo| +m=|Zy +7|Z0| < 00,

This estimate is a key point because from that one can derive tightness of the family (v#).-o.
Indeed let y © the law of (Y, Zp) under P#, we have

sup j (W lZ=a+ IV IR+ 112+ 12150 75 (dy xdE)

=sup Epe[|Yol%-« + |V Zoll 72+ 1 Zol72 + | Zolls] S sup E Q(Y§) < oo,
E £

note that ||Y()||26g—a <Q(Yy) if K large enough.

This gives tightness of (7 ?),50in €72% x (H'™* nL*) (some loss of regularity to guarantee the
required compactness). Projecting down to (v?), (taking the sum of the two factors) one get
tightness of (v?), in H™2¢ =B£22”:

[ Ntz ve(dg) = [y + £lsg 7 *(dy <d2) <2 [ (g +1¢1E55) 7 *(dy xdg)
<2 [ (I lB-e+ 1C17) 7% (dy xd),
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which is uniformly bounded in ¢. So we can extract an accumulation point v (a measure on
H—Za(TZ).

Theorem 7. Provided d =2 and we take p=-3 Jc,+ B’ for some constant B’ €R and c, =
E[Y/?(x)?] then the family (v). is tight in H™2%(T?).

6 UV limit in three dimensions

What happens in d = 3. Let us go back to the a-priori estimates: test the equation (10) where

V'(¢)=2¢>+ B ¢ (and as in two dimensions we take 8 =-3 Ac,+ ') with Z and integrate in
3

space T';:

1 2 2 2,02, A4
57 o 22+ [ | VeZP iz 512
:_% DYPZ432YPZ2432Y 23 Y 2+ 20,

But now Y 2 has regularity —1 -2« and Y 3 even worser than -3 /2 -3 1. For Z we can hope only
for H' regularity from these estimates. Big problem!!

The term Y 'Z3, Y ! Z are still ok because Y ! has regularity —1/2— .

We go back to the equation (10) and write it more explicitly

3

iZ,+(m2—Ag)ztz—%mﬁ—imﬂz+---

ot

—_—
cg—3/2—31<

From the theory of parabolic equations one sees that Z cannot have better regularity that 2 +
-3/2-3%x=1/2-3%x >0 surely it cannot be H I Moreover in this case we even have a worser
problem for the term Y 2Z which is a prod. of something of reg. —1 —2 1 and something of reg.
1/2 -3 % which do not sum up to a positive quantity. The first step is to separated the problems
in the product Y?Z via a decomposition, we write

Y2Z=Y?*>7Z+Y?*<Z,

where Y25 Z=Y?<Z+ Y?oZ. By paraproducts estimates one has that Y2 > Z has regularity
of Y? that is —1 =2 x and it is well-defined. The term containing the resonant product Y?< Z is
however not well defined.

Define a new stochastic object Y )¢ to be the solution of the equation

% YR+ m?-A,) Y = —% Y,

(for example, take the stationary solution). Again this is a very explicit functional of the Gaussian
process Y ¢ and will be easy to analyze, in particular one can show that uniformly in ¢ it belongs to

Y[3],£ e C(R, <€1/2—3K(T3))’
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in the sense that, for example,

supE| sup ||Yt[3]’g||lé1/2-3x(qf3) < oo,
£ t€[0,T]

for any K, T.

Now define H as the solution to

0 1
EH,+(m2—AE)H,:—§AYt3—

3

§AY3>H,, (1)

this is a linear equation which can be easily solved and analyzed and its solution H does not looks
much different than Y B¢ and lives also in C(R, € '/273%(T?)).

Define & as
Z=H+®
which solves

%rb, =(A,—m?) <I>,—%[—3,IY2>]HI+3Y2>Z+3Yzoz+3Y2<Z+3YZZ+Z3]
(12)

—(A,—m?) @t—%[3Y2>¢+3Y20<I>+3Y20H+3Y2<Z+3YZZ+Z3

VvV
dangerous terms!!!

This is the right equation to get a-priori estimates for (almost since ¢ cannot be expected to be in
H' exactly due to this equation). Let's test it with ® to get

10 2 2 A 4

79 0 ® +ng<I>(m —A8)<1>+7ngn1>
— Bovree 32 e 3 2oL gyl
_Lrgq)[ SAY > @-32Y 0 0= AV H-5 /(Y +Z)]

3

3.2 152] 4 343
+ng<1>[-§,1¥ <Z-52Y'Z ]—TITS¢((H+<I)) —$3)

We have now to cross fingers and check that all the terms in the r.h.s. can be controlled with the
Lh.s.

The term
-if &,((H,+&,)3- )
2 Tg t t t t/»
is not scary at all since H is a nice function and it contains only powers less than 4 of ® so it can
be controlled via the [ ®* is the Lh.s. (like in the infinite vol estimates of last week). The term

3 152 3 1 2
—E/IITS ®,Y'Z _—E/IITQ &Y' (H+a,
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is also fine since Y ! is only —1/2 - irregular and we have the H' norm of ® and it is at most
cubic in ®>. With some work one can get a nice estimate. Note however that this term will contain
products

Y'H, Y'H?
which are not well defined because H is only of regularity 1/2 -2 % so the reg. do not sum up to
positive number. However these terms can be analyzed with probabilistic estimates and shown to

be well defined and not needing renormalization. We will assume in the following that they have
uniform estimates as € - 0 in

Y'H,Y'H?eC(R; €~ V2*(T3)).

We are worried about the terms:

3
-3 2 Lrg O[Y2>d,+ Y25 &,]

since ® is not regular enough for Y 2. Here we use the following fact.

Lemma 8. We have

D(fug.hy= [ flg>m =  (gof)h

is well defined and continuous when the sum of the regularities of f, g, h is positive. For example

ID(f. & WI<|flualblla7lgles

whenever a +  +y >0.

Using this lemma we have

fw O [Y2> b+ Y20 d,]= fTS ®,[2Y2> b1 +D(®,, Y2 &,)

£ &

We got rid of the resonant product but the term

fT3 S 2Y2>d,]

is still dangerous.

Going back to the a-priori estimate we focus on two terms
o fT3 ®,(m>~A,) &, = -3AIT3 O [Y2> ] 4.
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and try to cancel the one in r.h.s. using that in the Lh.s. This is possible by defining

Wm0+ QY2 @]

where
@ :=(m*-A,).

Substituting the estimate (i.e. we are completing the above square). One get
f <1>,@<1>t+31f ®,[Y2> &,]

32

:Lrg[\Pt_%@-1[yz>¢t]]@[\pt_7@ Y?>®,] ]+31f AY2>®,]

9,2 _
=LF3 \Ilt@lllt—3lLr3 W[Y2> <I),]+TIT3 (Y2>®,) @ 1(Y2>r1>t)+3,1fT3 ®,[Y2> ]

922

f v,Q¥,- J.T3(Y2>(I)t) @_1(Y2>‘I’t)

6.1 The paracontrolled a-priori estimate
To recap, we defined H to be

H[+(m2—Ag) H[:——Y3—3_1Yt >H[,

9
ot 2

(solve this equation by a fix-point) and defined ® :=Z — H which satisfies

0

8= (Ag=m?) @t—%[—3AY2>H+3Y2>Z+3YzoZ+3Y2<Z+3YZZ+Z3]

=(A,-m?) ®,-Z 3Y2><I>+3Y20<I>+3Y2 H+3Y2<Z+3YZ2+Z3|.

dangerous terms!!!

Recall the various regularities (we use % for an arbitrary small >0 which can be different from
line to line)

term reg
Y! -1/2-%x
Y? -1-x
Y3 “—3 /2 — " (as space-time distribution)
H 1/2-%
Y2> & -1-x
d 1-%x
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Then we tested with ® to get
1 a 4

_ 3 2 3 2
- ngq)[-sz >®-51Y ofb]

3 2 1 7 1
+IT3<I>[—§,1Y H-5 (Y +Z)]

——zf ®(Y2<Z+Y'Z? f ®((H+d)3-3)

and we did a transformation to the combination (in which all the terms are “ill defined”, i.e. I
cannot hope to control them separately in the limit)

3

3
— 2_ = 2 = Z,
A._‘[Tg(b(m Ag)(I>+ng(I>[2/1Y ><I>+21Y ¢

we use a “commutator lemma” to replace [ ® (Y20 ®) with [ (Y?> ®) ® modulo nice error term:
A=f <I>(m2-A£)<I>+f B[31Y2>d]+AD(®, Y2 &)
T; T;

Then we defined ¥ so that

@:—%(mZ A NY?>d]+ W,
A—f W, (m2-A,) ¥ +9—’1f (Y2>®,)(m>=A,)" (Y2>®,) + AD(®, Y2 &)
- Tz t t 4 Tg t £ t s s

At this point we have decomposed X as

X:Yl+H—37'1(m2—A8)“[Y2>fI>]+\II (13)

where

¢=X—Y1—H:—3%(m2—A8)‘1[Y2> o]+ ¥

with these different functions satisfying the a-priori equation

10 2 2 A 4
26th3<1> +ngql(m AE)\IJ+2IT3<I>

ITS[ 1 (Y7802 SA)TNY?> B2 A0 Yo H - B/ R(Y ! +2)

+AD(®, Y2 ® ——AI (Y2<Z+Y'ZY f ®((H+®)3-d3)
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The good guys are on the Lh.s and the bad guys on the r.h.s., with the ugly guys in orange.

The terms in orange are still out of control, in particular they contain products which are not well
defined (because the regularities do not sum up to positive).

Let us pause a moment and try to understand the meaning of the decomposition (13): this is the
key point of these new approaches to singular SPDEs (i.e. regularity structures or paracontrolled
distributions). The message is that we cannot just look at generic functions in a given vector
space (like in classical PDE theory) but we need to specify the solution as an “expansion” in
terms (explicit or implicit) of different character. In the paracontrolled approach this involves the
regularity of the various terms

X=Y!' + H —%(mz—Ag)‘][Y2>¢]+lg,

-1/2-x  1/2-x -~ H!
1-x

(actually ¥ is even better than H', if I remember correctly it has regularity 3/2).

For example one could see from this that for the LP blocks one has

A X - (21)1/2+x,
A,‘X—A,‘YI - (21)—1/2—1c
AX-ANY'-AH ~ (2071

A,-X—A,-YI—A,-H+3%Ai{(m2—Ag)-l[Y2>q>]} ~ (2h!

which can be interpreted by saying that my solution lives in a very particular subspace of the space
of Besov functions of regularity —1 /2 (we could take for example H~!/27%),

In particular the stochastic objects Y ', H, Y2 do not have better regularity as those stated (i.e.
they are almost surely not in €1/2, € 1/2, € (think about Holder regularity of BM).

6.2 The second renormalization

We need to understand what is going on with the red term
97 2 7 ~1/572 3 7 1 1
ITS [_qurg (Y°>@)(m =A,)" (Y>> ) —jid) Y-o H—jﬁ (Y '+2)

which contains not-well defined products.

Start with Y20 H: use the definition of H (where =0, + (m*-A,))

31

_ Ay 34 oo1y2
H= 2Y 5 ELH(Y >H),

recall also that Y B! = £71 Y3 (with reg. 1/2-1x), and write it as

32

2 - A2,y B1_3 4
Y2 H=-5 Y2 Y -

Y20 £ 1(Y2>H).
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For Y20 YB! we can show by probabilistic arguments involving Wick products (i.e. explicit
formulas for polynomials of Gaussian) that one can define other polynomials Y 2°B! and Y 2°[?]

Y2 YPI=Y2e £ Y = [¥?]o £7'[¥) = Y*Pl+34, Y,
Yzo fg_] YZ: YZo[Z] +d£
where d. is a constant which diverges logarithmically with €. This is not much different from

what we did in d =2 and in d = 3 for the products Y3, Y2, The random field Y?°[3] and Y?2°[?]
converge as € — 0 to well defined random field such that

Y2Bl=Y2o YBI-34, Y'eC(R,, €V/* ™)

Y20lo Y20 571 Y2-d, e C(R,, €™)

In terms of Feynman graphs one could write

X (), e (9

which can be decomposed in orthogonal terms

- +32 +322

=[Y*ooB Y3 +32[Y?]01 L~ [Y3] +322[Y 0B~ Y]

and one has that the last one is diverging while the other two are well defined

1
~ 2 _
(Ol | = [Py Gy Y= [ derzr ()
%1 two contraction lines N——
od,
since the correlation function
eik(x—y) 1
Gx-y)=BlYmY(ml=~ )

k2+m? " |x-
keZ3n[-e e 13 b=l

and the kernel P of %! behaves in the same way

P(x-y) = -yl
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For Y20 £7!1'Y? one can do the same:

S RICWIC

where Y 2°1?! denotes the sum of the first two graphs.

Let us go back to Y2o H. The first step is to use commutator lemmas for paraproducts and
resonant products:

Commutator lemmas roughly say that one can usually write

fo(g>h)=(fog)h

modulo “nice terms”. Similar statements can be made when there are other nice linear opera-
tions in between, e.g.

foB N g>h=(foB oh, fo(m*~A)Ng>h)=(fo(m*~A)g)h

This is enough to show that

Y20 B N Y2>H)=[Y?e £ H(Y?)H+C(Y?% Y% H)
N—————

ugly guy! nice commutator
=(Y>*Pl4d )H+C(Y%Y? H)

Therefore we can handle the full term Y 2o H as

Y2eH=-2Y20YBI- “
2 ——

uglyguy!

“2Y?o £ H(Y2>H)

32 32

=2 (Y0434, Y ) -2 P d) H- 2L (Y2 Y24 H)

3’1 34y H-3—’IC(Y2,Y2,H)-3—% (Y!'+H)

__ A 2031
=5 ¥ 2

and we see precisely how Y 2o H diverges as & — 0, due to the presence of d,.
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Now our task is to handle the other dangerous term (highlighted in red):

[ (¥*>e)@7 (Y2 > @)

£

with @ = (m*— A,). We can decompose it with paraproducts and some commutator lemma as

B= [ (¥>e) @ '(¥?>0) = [ (¥Y?>@)0@7 (Y>>0
T; T

&

(only the resonant term counts in integrals)

B= [ (Y20 ¥2)8% . C'(v2. Y2 0.9)

X N~
nice commutator

The same considerations as above apply to the explicit polynomial Y20 @~! Y? and one defines
Y2o{2) = YZO @—1 YZ_dE

with the same constant as above. It is very similar to Y20 %! Y2, in particular the divergent part
is the same! (very important). So the analysis of B gives

o 2
B:ngYz 224 (Y2 Y2 ®, )+ ngdgé .

Putting all together we have

ITS

oz
i

Lﬁ (Y2>®,)(m*=A,)" (Y2 > @,)-%M(Y%H)-%ﬁ’@(YMZ)

_ 99X 200 52 QA ~rixs2 2
"TngY P2-—LC/(YL Y29, @)
34 A r2031_3 4 221y _3 A (2 2
e qu’[_TY = Y*PIH-S2C(Y2 Y2, H)
92

4 2

1
fT3 O[d,(Y'+H+®)] - &(Y'+2),
and now the remarkable fact is that we can choose " =-9 J2d. /2 in order to cancel the divergences
coming from d.. This means by choosing appropriately g we can remove all the divergences
coming from ill-defined products of irregular Gaussian polynomials.

This is possible because this model is “superrenormalizable”, or also called “subcritical”, i.e. the
linear part of the equation dominates the irregular terms in small scales, or said otherwise the non-
linear irregular terms can be treated as a perturbation of the linear part.
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We are at the point where in our a-priori estimate we do not have any more ugly term, all the
products are well defined with the available regularity and the only step remaining is to check that
we can close the a-priori estimates, i.e. estimate every term in the 1.h.s. with the good terms in the
r.h.s.

Let's summarize the discussion of this morning by writing down the final equation which will give
rise to our a-priori estimates.

10 2 2 4 _
35,9 f[|vql|+m\1: f@
J%“—LNW 29222 C/(Y2 Y2 8, 9)
34 [——Y2°] “Yb H—QC(YZ,YZ,H)]
2 2 (14)
+2D(®, Y2 & ——ﬂ,f (Y2<Z+Y'Z? 2f O((H+6)3-3)
2
[9j 2ﬁ” Bd(Y'+H+d)]
=0
where we have a series of explicit probabilistic objects
YIZY e%—lﬂ—x Y2°{2)::Y20@_1Y2—d£ =
Y2=Y%-c, g~ | Y*¥Pl=Y?0£'Y?-d, €¥€°"
YOI = £71(y3 -3¢, v) gl | Y*Pl=Y20 £7'Y3-3d, Y €€7V/2F
H=-2v0-3L g-1(y2> ), ep!i2

(meaning that we can have uniform estimates in the corresponding spaces which do not blow up as
&£ - 0). The unknowns X eH V% 7eHY?* dcH'"* ¥eH!, satisfying the decomposition

32

X:Y1+H—T(mz—AE)‘l[Y2><I>]+\If (15)
where
Z=X-Y',
P:=X-Y'- ]HI———( Z-A)TNY 0]+ W
€H'=B},
e%"“:Bo';’;'o ’

With this decomposition one is able to prove that for small § >0 there exist an explicit function
O(Y) such that
AI<Q(Y)+8| [ IV WP W)+ L[ e (16)
h T3 "¢ 2J13

&
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(at this point this kind of argument proceed as in d =2, i.e. via functional analytic estimates). The
function Q(Y') depends only on

Y= (Y, Y2, YB3, y2o @ y2el2 y2enly
via norms of the kind
Q(Y) =0UY e (o.rr.e-12-%) 1Y e ro.r7.5-1-5 - - )
in particular
sup E[Q(Y,)*] < o0

>0

for any power K > 1.

Using (16) in (14) we get that for § small enough

Theorem 9. We have

2. (1 2, 2021, 4
2azf‘1’ (1 UT;“VE‘I"*m‘I’“zTg¢]<Q(Y£)

provided B is chosen depending on ¢ in a precise divergent way

B=Cie™ ' +Cy2log(s™h,

with constants Cy, C, which we computed above.

As in d =2 this can be now used to obtain a-priori estimates for the measure by taking the average
and use “stationarity”.

Remark. I'm ignoring some technical problem which need to be addressed, in particular one
cannot construct stationary solutions to the equation for H, as a consequence both ¢ and ¥ are
not stationary and the argument to get the appropriate estimates in average has to be modified. But
the changes are minor.

Anyway one obtain at the end that for any t € [0, T],

]E“T [V, W12+ m? W] + 2f q>4] EQ(Y

&

which given the relation of ¥, & with X allows to obtain tightness, i.e. one can prove that

sup E[IX§11”

&

y-12 T3)] < oo,
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for any p>1. And even better, with some more care one can prove that
sup ]E[exp(ﬂ||X(§||,1;_'f/z(Tg))] =sup f exp(ﬂ||(p||,11'_'f/z(Tg)) v&(dep) < o,
€ €

for small « >0 and B >0. So the measure v® allows uniform exponential integrability for some
power less than 1 of the norm || ;-1 12(T3)- This is more than enough to obtain tightness.

6.3 The 3 measure without cutoffs

We must now combine the & — 0 proof with the M — co proof. This is not difficult but one needs
to pay attention to some subtle detail.

Let us start by noting that the above a-priori estimates works also with weights, i.e. instead of
testing the elaborated equation with ® one tests with p? ® for some polynomial weight p. This
make appear weighted Besov norms of the type

107 Y e qo.r1.6-125 (A i 107 Y2l o151 (A pap) -+
for some ¢ >0, and also norms like
||p1/2<I>||L4<A£,M), lpVe®lz2a, s 1o Rlr2(A, L
for the solution. The first point is to make sure that norms like
lp® Yl||c<[o,T],%-l/z-”(Ag,M))

are uniformly bounded in M as M — co. The idea is that all the processes (Y 7). growth at infinity
at most polynomially with a small power, e.g. one can prove

A Y ISC A+ (L+1)%, reR.x€A,m
uniformly in M and & for some finite random constant C. It is somehow clear that one cannot get

better estimates, in particular this kind of stochastic processes cannot be bounded in the full space
without weight.

Example. A discrete model. Let (G,),> a family of i.i.d #7(0, 1), then one can prove that there
exists a random constant C < co almost surely such that

IGu()|<(C(w) +clog'?n), n>1

almost surely for some deterministic constant c¢. To prove this one shows that

1
0(w)= Y Leruon

33



is integrable for small B. This implies that it is finite a.s. and then of course that

eﬂ‘G"(w)‘2<n2Q(a}), N |Gn(a))|<(%10gn+%10gQ(w)>]/2

foralln>1.

However the biggest problem come from the equation of H:

34

> L UY?>H),

__ A
H = 5 Y

since it cannot be solved in weighted spaces: indeed there is a loss of weight in the estimate of the
second term. One can then use a trick to solve this problem. See the paper.

At the end one obtains estimates of the form

sup B#M[exp(Bllp X§l;-F 2 ,))] = sup f exp(Bllp @l n ) vEM (dg) < 0. (17)
&M &M

It is well enough to have full tightness both in the ¢ - 0 and in the M — oo limit, irrespective of
the size of A (can be arbitrary large). This is a fully non-perturbative technique.

In conclusion one obtain accumulation points of the family (v#*) and then it is easy to prove

that any of these acc. points is translation invariant and RP, moreover the estimate (17) allow
to prove the technical condition required by the OS reconstruction. Any limit point v give rise
to a translation invariant (no rotation so far), RP and “nice” measure and then to a QFT by OS
reconstruction.

We do not have uniqueness, nor rotation invariance. If one can prove uniqueness it should be
“easy” to prove rotation invariance.

6.4 Some properties of 3

Let's now prove some properties of this measure. First of all that for any A >0 any accumulation
point is non-Gaussian.

Remark. Ideally one would like to have non-triviality, i.e. that the corresponding QFT describes
interacting particles. A Gaussian measure is trivial.

Let us call v a arbitrary accumulation point. The first remark is that one can actually prove tight-

ness for the triple of stationary processes (X v, Ye m, Yg[?,d,)g, - Letus call

(X,Y, Y3,
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a limit in law of the family. Of course Xo~ v (i.e. is an accumulation point for (voM )e.m). But
we have also the dynamics and a coupling of X, Y, in particular this coupling satisfy the same
estimates as we have before the limit, that is

{=X-Y! +%Y[3]€H1_K

in particular we have that

A

AX-A;Y! +7A,~Y[3] ~ (2071w,

This estimate tells us that there exists a coupling between the interacting field X and the free field
Y so that X is in “first approximation” given as above. In this very precise sense that if I look
at the interacting field A; X at high-momenta, then I see essentially the free field A;Y and then
a correction %Ai Y ) coming from the interaction (first-order in perturbation theory) and the
something else whose size is well controlled. This is not perturbation theory because A can be
very large.

This is an expression of asymptotic freedom in the UV of the theory.

In order to show that X is not gaussian one can show that the 4-th moment is not given by the
usual formula for Gaussians. So we look at four-point function

ULX, X, X, X) = E[A; Xo(x) A Xo(x) A; Xo(x) AiXo(x)]=3(E[A:Xo(x) A;Xo(x)])?
and we want to prove that
Us(X, X, X, X)#0
because this implies that X is non-Gaussian. Note that
Us(Y,Y,Y,Y)=0

since Y is Gaussian. Moreover Uy is a multilinear function, so we can use our decomposition of
X to write

X:Y—%Yﬁug,
and

Us(X, X, X,X)=Usg(Y,Y,Y,Y) =2 2Us(Y,Y,Y, Y )
=0

+eUy(Y, Y, YBLYBY) 4 ey, YR, YBLYBY) + cU(Y, Y, Y, )+ -
An explicit computation shows that (both upper and lower bounds)

Us(Y, Y, Y, YBY) = BIA; YPIA; Y Bl = (20)3/27 172 2 20
(2[)3/2 (2[)—1/2
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and rough bounds show that
|Us(Y,Y, Y [3]’ Y [3])| ~ [(21') 1/2+’<]2[(2i)—1/2+1c]2 - (21.)41(

and all the other terms are as small and cannot compensate for Us(Y,Y,Y, Y B so finally one
deduce that

Us(X, X, X,X)==2 2 Us(Y,Y,Y, Y B + 0((21)1/2+3%)) 2.0

for i large enough and A #0. This proves non-Gaussianity of Xop. And actually shows that the
correlation functions in the UV are given by first order perturbation theory.

7 Conclusion

The lectures end here. My main goal was to present several topics:

o The basic conceptual structure of QM and link with probability theory via the Euclidean
approach

o The meaning of RP as the bridge between QM and EQM or QFT and EQFT.

o How stochastic quantization via a Langevin equation allows to study certain “difficult” mea-
sures as push-forward of “easy” Gaussian measures.

* How to control the infinite volume limit via PDE arguments involving weighted spaces.
e How to control the UV limit via paraproducts and decompositions involving paraproducts.

+ How divergences can be extracted and matched with local counter-terms in the “bare” inter-
action.

o How the resulting measure can be analyzed via the decompositions obtained and the coupling
with the free theory (despite the fact that $4 is not absolutely continuous wrt. the free field).
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