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1 The Brownian martingale representation theorem

The aim of this note is to prove a nice and useful result about representation of martingales in a
Brownian filtration. In all the section we will assume that (Q, F, F,, IP) is a filtered probability
space endowed with a d-dimensional Brownian motion X and such that F, is the canonical
filtration of X (IP-completed, right—continuous) and that F = F.

We want to prove that

Theorem 1. Let ® € L*(Q, F,P) then there exists a unique predictable process F'€ Lp(R, x §;
RY) such that

t
IE[<I>|E]:IE[<I>]+/FS.dXS, t>0.
0

We will present a “Markovian” proof of this result taken from [6] and inspired by the work of
Meyer [5]. We need some preliminary result. Let P the transition operator of the Brownian
motion:

_lz—yl?
e 2t

€ Y gy, xeRLt>0
2mt)2Y

Pif(z):= Rdf (v)

and U“ the resolvent operator
Uo‘f(x)::/ e P, f(x)ds, reRY, a>0.
0

Note that if f € Cy(RY) then (o — A)U°f = f. Now recall the Stone-Weierstrass theorem.

Theorem 2. (Stone—Weierstrass) Suppose X is a compact Hausdorff space and A is a
subalgebra of C(X) which contains a non-zero constant function. Then A is dense in C(X) if
and only if it separates points.

The following key lemma, giving the density in LP(2, F, IP) of a special algebra of random
variables, is due to Meyer.

Lemma 3. Let CC LY, F,P) be the algebra generated by functions of the form

w(f)= [ e ) ds
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for a > 0 and f € C§°(RY) (compactly supported smooth functions). Then C is dense in
Lr(Q, F,P) forp>1.

Proof. Step 1. Restrict to Fr. Let F € LP(Q, F,P) and Fr=IE[F|Fr|. By Doob’s convergence
theorem Fr— I a.s. and in L? when T — 0o. So we can restrict ourselves to show that C is
dense in LP(Q, Fr,IP) for each fixed T > 0.

Step 2. Restrict to tensor cylinder functions. Now we want to prove that the algebra of functions
of the form

IT %) )

for g; € Co(R?) and t; € [0, 77, is dense in LP(Q, Fr,P). Indeed let {t;};>0 a dense set of times
in [0, 7] and G, the filtration given by G, = o(X;: 0 <i < n)V Fo. Note that Go, = Fr since
by continuity of the paths of the Brownian motion each event of the form {X; € B} for some
fixed ¢ and Borel B belongs to G. For F' € LP(Q, Fr,P) let F,, =E[F|G,]. Again by Doob’s
theorem we have F,, — F' a.s. and in LP, morever there exists a Borel function f, such that
F,= fu(X4y, ..., X3,). But any such r.v. can be approximated in L?($2, Fr,IP) by v, (X4,,..., X3,)
where ,, is . By the Stone—Weierstrass theorem this function can be approximated uniformly
(on its compact support) by polynomials for which it is easy to see that the factorization (1)
holds. In order to have a uniform approximation everywhere it is enough to multiply the
polynomials by an appropriate Cg° localization function which can be chosen in factorized form.

Step 3. To exponential integrals in time. By continuity of the Brownian paths we can find
functions h; € Co([0, T]; R) such that

H [) 9i(Xs)hi(s)ds

1=

approximate (1) arbitrarily well in LP. Again by Stone-—Weierstrass we can approximate each
of the functions ¢t — h; by linear combinations h; of exponential functions (s »—>~e_0‘5)a>0 since
these functions separate the points of [0,7]. This can be done so that |h;(t) — hi(t)| <& where

€ can be chosen arbitrarily small. Now

T ~
/ 02 (huls) — () )ds| < |||l TECHECK!!
0

This estimate allows to control the error in the integral. So we conclude that we can approximate
any element of LP(Q), FX P) by linear combinations of elements of C. O

Proof. (of Theorem 1) Step 1. Representation of elements of C. Conditional expectations of
elements of C can be computed explicitly. By the Markov property

t

E[o°(f)|F] = /0 o f(X) d s + et A Temer P (X)) d s = /0 s f(X) d s +
e~ U f(Xy).



For a more general element of C we have

H CI)O‘z Z /O ﬂsigt + 1[81'>t) e~ %o(i)Si fo‘(i)(XSi)] dsy---d Sn,

ves, J0<si<- <5" P

_Z Z / t,sk+1>tH [e™ % foi (X)) d sy dsy

k=0 o€S, 0<s1<<8n i

:Z Z Vta,k(X) /t H e~ fo’(i)(XSi)] dsppr---dsy,

k=0 o€S, SSRF1< T SSnj=f 41

where

e fa(z 5)]d sy d sy

::]w

VX = /
0<s1< <Sk<t1:1

An easy computation shows that, again by the Markov property,

E[/ H [e—ao(i)si fo’(i)(XSi)] d Syl d Snlﬂ] =
t<spy1< <S"Z k+1
=e =TT (fooan) U fo ey U (fom)))(X0)

where a (0, k) 1= (k41) + - + Qo(n). This gives the claimed explicit expression of the conditional
probability:

_ E[H Hoi |-Ft Z Z VO' k: —a(a,k)t Ua(a,k)(Ho,k) (Xt)

k=0 oc€sS,
where

HoOHM() 1= fo(rerny(@) UMNTFD (foepay - U fom)) ().

This formula in particular shows that M is a continuous martingale since t — V,7*(X) is
continuous and for any f € C§° the function z+— U f(x) is C§°. By It6 formula we have

dUCTB(HIR) (X)) =V USCR(HOF)(X) d X, +%A U (HoR) () dt.
This allows us to equate the two continuous local martingales :

t
Mt—MOZ/FSdXS, £>0.
0

with

Z VO' k —OC(UJf)tV Ua(07k)(HU’k)(Xt).
k=0 c€S,

This shows that M can be written as a stochastic integral wrt X. So we have proven the theorem
for any ® €C.



Step 2. General case. For a general ® € L% by Lemma 3 we can choose a sequence (®, € C),,
such that ®,,— ® in L2 Let M{*:=[E[®,|F;] and M:=E|®|F]. By Doob’s maximal inequality
(here we need cadlag, so the right—continuity of the filtration), and passing to a subsequence
if necessary, we can assume that M"™ — M uniformly on any finite time interval. By Step 1,
there exists a sequence of L% processes (F™),, such that

t
Mp:Mg+/F:dXS, t>0.
0

Therefore
t
E[(M} — M) = E([M" — M™),) = IE/ |Fn— Fm2ds,  ¢>0,
0
which implies that F™™ is Cauchy and converges in L3 (2 x [0, 1]; R?) to a predictable process
F' and that

t
Mt:MOJr/FSdXs, £>0. 0
0

Corollary 4. All local martingales in a Brownian filtration are continuous.

Exercise 1. Prove Corollary 4.

2 The variational properties of Girsanov transform

We assume that (2, F, F., 1) is the canonical d-dimensional Wiener space. That is 2= C(Rxo;
RY), F=B(Q), X is the canonical process which under p is a d-dimensional Brownian motion
and the filtration F, = F;*** is completed.

Definition 5. (Relative entropy) Let 3 be a Polish space endowed with its Borel o—field
B(X), let L®(X), My(X) resp. the space of bounded measurable functions and the space of
probability measures on X with the weak topology. Given two elements p,v € My(X) the relative
entropy of v wrt. p is defined as

H(v|p) = eiuogz) (v(p) —log p(e?)). (2)

The supremum in (2) can also be taken among continuous functions on ¥ moreover we have
the convex dual formula

log p(e?) = Vesﬁp(z) v(p) — H(v|p)].

Lemma 6. The function v — H(v|u) is non—negative, lower semi—continuous, convexr and
moreover

dv .
Hw|p):={ Jolosa v dfv<p,
+00 otherwise.



Proof. Since log(z) <z —1,

H(z/|,u):—/Wlogi—gdy>—/w%dy+1:0.

Moreover

lim H (vo|p) > lim (vi( ) — log pu(e?)) = (v () —log u(e?))

and optimizing over ¢ we obtain lim,, H (v, |p) > H(v|p). With a similar argument we prove
convexity. 0]

We state some elementary but interesting relations between relative entropy and the Girsanov
transform. In the following we call a drift a predictable function u: Rsg x 2 — R¢ such that

o0
lull3:= / g 2ds

is finite p—almost surely and denote Z(u):= |, Ot usds, t > 0. Note that equivalently we can see u

as a predictable function of X : uy(w)=u;(X.(w)). In order to stress the dependence on X we
will sometimes write u =u(X).

Lemma 7. Let u be a drift and v the law of X +Z(u(X)) under u. Then

1
H(v|p) <GB [[u(X)][

Proof. Assume that ||u||g is almost surely bounded. By Novikov’s criterion we can define the

measure p with density
:—p:c‘f(—/ uSdX5>
1 0 -

with respect to p. Under p the process X +Z(u(X)) is a Brownian motion, that is, it has law
. Then

E,(f(X) =E.(f(X +ZT(u(X)))),  Eu(f(X)=E,(f(X+I(u(X))))

and using the definition of entropy we have

H(v|p)= :Luf(m (v(¢) —log p(e?))

= {Eulp(X +Z(u(X)))] — log Eylexpp(X + Z(u(X)))]}

< sup (u(w)—logp(e“o))ZH(MI/))Z—Eu{log“:(_/O.“SdXs)J

pEL>()

o 1 1
=5, [ Tudx+ gl | = gl
0



In the case of unbounded drifts we can introduce a sequence of appropriate stopping times
(Tn)n>1 defined as 7,,:=inf (¢ > 0: ||u Ljp 4||% >n) and stopped drifts uf =u; I;<, so that ||u"||s is
bounded for all n>1 and ||u™||g 7 ||u||m as n— 0co. If ||u||gp= 400 with positive u—probability
we do not have anything to prove, so assume that ||u||g < 400 p—almost surely. Then 7, — 0o
as n— oo and Z(u") — Z(u) uniformly on compacts. As a result X + Z(u™) converges weakly
to X +Z(u) and, denoting v™ and v the respective laws, we have, by lower—semicontinuity of
the entropy

. .1 1
H (v]j0) < limint H(v,] ) < liminf 2, {|u”[3] = 2B,
(the last step by monotone convergence). O

2.1 Follmer’s drift

A natural question is in which condition equality is achieved in Lemma 7. We have the following
Lemma, taken from Follmer [3]|, which shows that any measure v < p is associated with a
specific drift.

Lemma 8. (Follmer’s drift) Assume v << u. There exists a unique drift u such that ||u||p< oo
almost surely, X —Z(u) is a v—Brownian motion and

H(v|) = 3B l[ul}3]

Proof. The density Z=dv /du defines a positive martingale via Z,:=1E,[Z|F;]. Let Z,=E(L),.
Let (7,,)n a reducing sequence for L (which may be just a cadlag local martingale). By the
martingale representation theorem we have L™ = f Ou dX, so in particular uil«, =u"li<r
for all m <n and ¢t > 0 and then L; = f us dXs is a continuous local martingale (since it is a
stochastic integral) where u;=lim,, ufl;, . Now,

Hv|p)=FE [logg] E[logf }—F]E[log(ilyn}

H(v|v™)20

BE{IOg dv ]:IE,,{/ nusdxs—l/ n|us|2ds]:lIE,,[/ n|us|2ds}.
dp 0 2Jo 2 0

By monotone convergence we have I, (||u||#) <2H (v|u). Assume H(v|u) < +oo. This implies

that under v the process L = L — [L] is an L? bounded continuous martingale since [L], =
L)oo =Jullf; and

1 1

Ml =B Lt §100 | =SBl

H(v|p) :IE,,{LOO—%[L]OO} :EV{EOOJF
If H(v|p) = 400 by lower semicontinuity of the entropy we have H (v,|u) — +oo and since
Vp = V|F,, we have also IE,| T"|u5|2ds] =E,, fOT” |us|*ds] = H(vp|p) — +00 so by monotone
convergence [, f o lus| |?ds] = lim,,[E f |us|?ds| = +oo which verifies the formula also in this
case.



For uniqueness just observe that if u and u are two drifts satisfing the properties of the claim
then B=X —Z(u) and B= X — Z(i) are two v~ Brownian motions so M = B — B=Z7(t —u) is
a continuous martingale. This implies that [M]., = [Z(1@ — u)]s =0 and thus that M; = M;=0
for all t. That is w(w) = 0(w) for almost all ¢, w. O

For a class of nice densities we have precise informations about the Follmer drift.

Lemma 9. Let v be a probability measure which are absolutely continuous wrt p with density Z
such that Z €C and Z > ¢< for some € >0. Under v the canonical process X is a strong solution

of the SDE
dX; =u(X)dt + dW; (3)

where W 1s a v—Brownian motion and u a drift such that
(@) —w(Y)| S Lz = yllooo, 2,y €C(Rog;RY) (4)

for some finite constant L. Moreover
1 2
H(v[p) =SB [[u(X)[
We will call S,, the class of such measures.

Proof. Let Z;(X) := E[Z|F, by the proof of the Martingale Representation Theorem 1 we
have that

t
Zt(X):1+/FS(X)dXS, t>0,
0

where Z(X) and F(X) are, respectively, linear combination of functions of the form

n n

Z Z ‘/ta,k(X)efa(a,k)t Ua(a,k)(Ho,k) (Xt)a Z Z ‘/ta,k(X)efa(a,k)t \V/ Ua(o,k)(Ho,k) (Xt)a

k=0 o€es, k=0 o€s,

for various choices of a >0, f € C§°. Moreover Z;(X) > ¢, so it is clear that if we let

w(x) = r € C(Rxo; RY)
we will satisfy (4) and moreover
t
Z(X)=1+ / Zy(X )uy(X)dX,.
0

This last relation implies that Z(X)=E&(u(X)). So by Girsanov theorem, the canonical process
is a weak solution of the SDE (3). Due to condition (4) this SDE has the pathwise uniqueness
property, so by the Yamada—Watanabe the canonical process X is a strong solution of (3)
depending on the r—Brownian motion W. Finally

[e.o]

HOvlp) = Buog(2) = .| [ (X)X, = a0 | =E.] [ u(x)aw s Flacol?



if E,|lu(X)]|? < +oo the process fOOOuS(X)dWS is a L? martingale so its expectation vanish. A
localization argument shows that the equality holds also in the case E, ||u(X)||* = +oo. O

2.2 The Boué—Dupuis formula

The aim of this section is to prove the following variational caracterisation of expectations of
positive functions over the Wiener space, due to Boué and Dupuis [1]. The proof is taken from
Lehec [4].

Theorem 10. (Boué—Dupuis) For any function f:Q— R measurable and bounded from below
we have

1ogAefdu=SIip1Eulf(X+/O.us(X)ds> —§|IU(X)||2}

where the supremum s taken over all the adapted drifts.

Lemma 11. Let f:Q2— R be bounded from below. For everye >0 there exists v €S,, such that

logAefdugﬁfdy—H(Vl,u)+8. (5)

Proof. By monotone convergence it is enough to consider bounded functions f and that
fﬂefdu —=1. Let F=e/ and let v be probability measure on . Using

zlog(z) |z — 1+ |z —1[/2, 220

we get

H(ym)—/fdygf'%—1‘pdu+%/‘%—1

where G is the density of v and C is some constant depending only on the lowe bound of f
(recall that f is bounded from below). Given F' and given the density of C in L*(pu) we can
find an element G € C such that

2
Fdp < ||F =Gl + Cf[|[F = Glliz

|1F =Gl + CoIF = G2 < I|F = Gllrauy + CrllF — G iz <e

and for which G > § for some § > 0. The proof is complete letting this G be the density of v
wrt p and observing that v € S, by construction. O

Proof. (of Theorem 10) Let u be a drift and v the law of X + [ us(X)ds. By Lemma 7 and
the variational caracterisation of the entropy (2) we have

B, 1+ [u0s )~ ol | < [ fav - o1 <tog [ etan



On the other hand, given € > 0 there exists a probability measure v € S, satisfying (5). Since
v €S, Lemma 9 guarantee the existence of a strong drift z for which dX = z(X)dt +dW with
a v—Brownian motion W. Moreover X is a strong solution, so there exists a measurable map ®
such that X =®(W). As a consequence, letting u(W)=z(®(W)) we have dX =u(W)dt +dV.

With this choice we can write

[ 1=t =) (W [woas)] - gEganin =g 1(x+ [uxa) -

0

1 2
HCOle]

since the law of X under p coincides with the law of W under v. Then

log/efd,u < Eu{f<x + / uS(X)ds> —§Hu(X)||2} e
Q 0
optimizing over u and letting € — 0 gives the claim. U

2.3 Some applications

A first consequence of Theorem 10 is a Gaussian bound on certain functionals of Brownian
motion.

Corollary 12. Let (E,d) some metric space and f:$)— E such that there exists an e € E for
which

d(f(x+Z(h)),e) <c(x)(g(x) +[|hllw),  heH
for p-a.e. x€Q where c€ L*(u) and u(cg) <+oo. Then for all A>0

E,fexpAd(f(X), e)]] Sexp(Ap(c?) /2+ Au(cg)).
In particular the random variable d( f(X),e) has Gaussian tails.

Proof. By the Boué-Dupuis formula we have
8. explAd(F(X), )] =sup,| N (X + Z(a), )~ gl
By hypothesis on f:
8 B fexplAd(1 (), )] < Sup, | (X)) + )~ 1l

Now we can take an unrestricted sup over the r.h.s. with respect to all measurable functions
0: Q2 — R, and obtain

8 B, explAd(/(X), )] < B, el X)g ()] + supE,| AcCORCY) - 20(XY]
<E,M(X)g(X)]+ 3 (X))~ JupB, (B(X) — AelX)) € A, ol X)g(X)]+ 5 B le(X)7]



O

Another application of these considerations is the derivation of a transportation cost inequality
of Talagrand in the case of Wiener measure.

Let p, v be two probability measures on €2 and define

To(v, p) :=inf {/
4 QxQ

where the infimum is taken over all the probability measures 7 on 2 x €2 with fixed marginals
v, p, i.e. such that w(-xQ)=v and w(2 x )= p.

2
w—w')

1/2
_ !/
dt( 7(dw X dw )}

Theorem 13. We have
To(v, ) < [2H(v| )],
Proof. It is enough to consider the case H(v|u) <+o0o. Then Lemma 8 state the existence of a

drift u and a Brownian motion B such that X = B+ Z(u) has law v and 2 H(v|p) =E, ||u||#.
Let 7 be the law of (X, B). The first marginal of 7 is v and the second is p so

2

E@mﬁéqW%MFB)

}=EWM@:2H@W»

H

3 Small noise and large deviations

In this section we investigate the behaviour of probabilities of certain functionals of Brownian
motion. Applications will be given to small noise limit of stochastic differential equations. Let
us first introduce some general tools from Large Deviations theory. In the following £ will be
a Polish space (separable completely metrizable topological space).

Definition 14. A function I: £ — [0, +00] is called a (good) rate function on & if the sets
I710, M| C & are compacts for all M < +oc.

In particular a rate function is always lower semicontinuous, that is lim,_,, I(y) > I(z), or
equivalently that level sets I7![0, M] are closed.

Definition 15. Let I be a rate function on E. A family (Y¢). of random elements of € satisfies
the Laplace principle on € with rate function I (and rate 1/¢) if for all functions h € Cy(E)
(continuous and bounded functions) we have

—limelogE[exp(—h(Y®) /e)] = inf [I(z) + h(x)]. (6)

e—0 ze€

By general results this Laplace principle is equivalent in the Polish setting to exponential
estimates of events for the family (Y¢).:

10



Definition 16. A family (Y¢). of random elements of € satisfies the Large Deviations principle
on &€ with rate function I (and rate 1/¢) if for any open set A€ E and closed set B € € we have

liminfelogP(Ye€ A) > —inf I (z), limsupelogP(Y*© € B) < —inf I(z).

e—0 x€A e—0 z€B

Exercise 2. Prove the equivalence between the Laplace principle and the Large Deviations
principle.

We will consider families of random variable (Y¢). obtained from a fixed Brownian motion X
via measurable mappings G=: Q2 — &, £ > 0.

Let Uy C L*(Rs0; RY) the subset of elements u such that |Ju|g< M and let Uy C LH(Rso x ;
RY) the subset of predictable L? processes u such that ||u|/m < M p—almost surely. Note that
U, is a compact Polish space with respect to the weak—topology of L?(IRso; RY).

We will follow closely [2] and make the following general hypothesis on the family (G°)..

Hypothesis 17. There exists measurable mapping G°: Q — £ such that the following holds
i. for every M < oo and any family (u®). C Uy such that u® converges in distribution
(as random elements of Uyr) to u we have that G5(X + e Y2 T(u®)) — GUZ(u)) in
distribution (as random elements of £);
ii. for every M < oo the set Tpyr:={G%Z(u)):u € Uy} is a compact subset of E.

For each z € £ define

I(2) == infJullh (7)

2ueF(J:

where the inf is taken over the set I'(x) CH of all u € H such that x =G°Z(u)) and is taken to
be 400 if this set is empty. Under Hypothesis 17 the function [ is a rate function on &.

Theorem 18. Under Hypothesis 17 the family (Ye=G°(X)). satisfies a Laplace principle with
rate function I as defined in (7).

Proof. We need to show that (6) holds for all h € Cy(E).

Step 1: Lower bound. By the Boué-Dupuis formula
elog,fexp(~h(Y ) /)] =infE,| 5! ulf-+ MG X+ Z(w)|
:irjﬂEu{%Hu 13+ h(GE(X + L (u))) } .
Fix 6 > 0. For every € >0 there exists u® such that

elog,fexp(~h(Y ) /)] B 1l + A(GCX +e72(w)) | -0,

11



Moreover

1
B | Sl | < 1l —clogElexp(— (X% /)] + 5 <20l +.

Modulo taking N large enough we can replace u by the stopped process uf’N =uilly<,, y where
7e,n = inf {t > 0: [|[ulo 4|lm > N }. Indeed observe that

< Bullwl3] _ Allhll+ 26

P(uf #u") <P([[uln> N) N N

uniformly in €. This implies that we can choose N large enough uniformly in € so that
EL(G5(X +e72L(w)))] = Eu[(G5 (X +eZ(uN)]] < [|A]|ocP (u # usN) <6

and of course E,,[||u||f] = E,[||u®"||f], so we have
elog,fexp(~h(Y ) /)] | 1 [+ h(G(X +71 /22 ) | - 2.

In this situation ||u®||g< N almost surely for every € >0 so we can extract a weakly converging
subsequence (still denoted u) and let v € Uy be its limit. Using Hypothesis 17 we have

i — log fexp () /<) > B, Hlulfi-+ HG'(Z(w) | 2

e—0

>inf inf | {%HVH%{—F h(x)} =202 inf [I(2) + h(z)] —20.
xre

zefvel(x

Since ¢ is arbitrary this completes the proof of the lower bound.

Step 2: Upper bound. Using that h is bounded we have I(h):=inf,cg [I(z) 4+ h(z)] < +00. Let
§ >0 and choose zg € € such that I(xg) + h(xe) <I(h)+§/2. Moreover choose v € L?(Rso; R?)
such that ||v||#/2 < (x) +6/2 and 2o=G(Z(v)). By the Boué¢-Dupuis formula

limsup — elogE, [exp(—h(Y®) /)] = limsup inﬂEHl%Hu 13+ h(G5(X + 6_1/21(u)))]

e—0 e—0 w

glimsupEu{%Hv 1%+ h(G5(X + 5—1/21'(1))))}

e—0

—timsup { Lo+ BG4 T |

e—0

By assumption G*(X +¢7/2Z(v)) weakly converges to G(Z(v)) =z s0

limsup — elogE,, [exp(—h(Y?) /e)] < %Hv 131+ h(wo) < (o) + (o) +0/2=1(h)+ 4.

e—0

Since ¢ is arbitrary the proof is complete. OJ

12



Example 19. The simplest situation is when £ =Q and Y*=¢'/2X . In this case G*(Z(u)) =Z(u)
and we leave to the readed to check that Hypothesis 17 holds. Then we have established that

limelogE exp(—h(eY2X) /) = inf | ~fulE+h(Z()|. (8)
e—0 u€L2(Rx0;RY) 2

which is the Laplace version of Schilder’s theorem about large deviations of Brownian motion.
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