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1 Regularity of stochastic processes
We analyse here general conditions under which a family of random variables de�ned on Rk enjoys
a continuous version. Su�cient conditions are given by the theorem below, essentially due to Kol-
mogorov. However we will prove it by showing �rst a relation between the Hölder norm and an integral
norm which is related to the theory of Besov spaces. Kolmogorov theorem can be seen as an application
of an embedding of Hölder spaces into certain Besov spaces. From this point of view one can obtain
also useful informations about integrability of norms which do not enter the original formulation of
Kolmogorov theorem.

Theorem 1. (Kolmogorov) Let (Xt)t2Rk a family of random variables indexed by a k�dimensional
parameter t2Rk. Assume that for some p> 0; �>k/p we have

E[jXt¡Xsjp]. jt¡ sj�p t; s2Rk (1)

then there exists a random variable X~ with values in C(Rk;R) such that P(Xt=X~t)=1 for all t2Rk

and such that for all L> 0, and  <�¡ k/p,

sup
t;s2[¡L;L]k

jX~(!)t¡X~(!)sj
jt¡ sj �CL;(!)<1;

for P�almost all ! 2
.

The proof of this theorem relies on a lemma due to Garcia, Rodemich et Rumsey which allows the
point-wise control on the regularity of a continuous function via an integral quantity. This formulation
of the GRR lemma is taken from [4] with a slight modi�cation. See also [3].

In the lemma we consider a nice metric space (�; d) endowed with a measurem (on the Borel sets of �).
DenoteB(x;r)=fy2�:d(x; y)�rg the ball of radius r centered in x2� and with �(r)= infx2�m(B(x;
r)) the smallest volume of a ball of radius r according to m.

We need to assume that �(r)> 0 for all r > 0 and that if we denote

f(A) :=

Z
A
f(t)m(dt)/m(A)

the mean of f on the Borel set A we have f�(B(x; r))! f(x) as r!0 for all x and continuous function
f .

We will also �x a function 	:R>0!R>0 positive, increasing and convex and such that 	(0)=0 and
denote with 	¡1 its inverse : a positive, increasing and concave function.

To �x ideas one can think to �= [0; 1] with Euclidean distance d(t; s)= jt¡ sj, m Lebesgue measure,
in this case �(r)=2r. And take 	(x)= xp.

Lemma 2. [Garcia-Rodemich-Rumsey] Let f : �!R a continuous function on (�; d). Let

U =

Z Z
���

	

�
jf(t)¡ f(s)j

d(t; s)

�
m(dt)m(ds):
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Then

jf(t)¡ f(s)j � 18
Z
0

d(t;s)/2

	¡1
�

U

�(r)2

�
d r:

Proof. For Borel sets A;B �� we have

f(A)¡ f(B)=

Z Z
A�B

(f(t)¡ f(s))
m(dt)m(ds)
m(A)m(B)

=	¡1
�
	

�Z Z
A�B

d(t; s)
f(t)¡ f(s)
d(t; s)

m(dt)m(ds)
m(A)m(B)

��
Letting d(A;B)= supt2A;s2Bd(t; s) we can estimate the di�erence of the means as

jf(A)¡ f(B)j � d(A;B)	¡1
�
	

�Z Z
A�B

f(t)¡ f(s)

d(t; s)

m(dt)m(ds)

m(A)m(B)

��
;

and by Jensens' inequality and convexity of 	,

�d(A;B)	¡1
�Z Z

A�B
	

�
f(t)¡ f(s)

d(t; s)

�
m(dt)m(ds)

m(A)m(B)

�
:

Which is boldly estimated as

jf(A)¡ f(B)j � d(A;B)	¡1
�

U
m(A)m(B)

�
: (2)

Now let f�(t; r) := f�(B(t; r)) and �k= d(t; s)/2¡k for k=0; 1; ::: . Then

jf�(t; �n)¡ f�(t; �0)j=

�����X
k=0

n¡1

(f�(t; �k+1)¡ f�(t; �k))

�����6X
k=0

1

jf�(t; �k+1)¡ f�(t; �k)j

6
X
k=0

1

(�k+1+�k)	
¡1
�

U

�(�k+1)�(�k)

�

where we used eq. (2) noting that d(B(t; a); B(t; b)) = a+ b. We want to estimate this series via an
integral, easier to manipulate. So we note that

�k+1+�k=32
¡k¡1d(t; s)=6(�k+1¡�k+2)

and that �(�k)>�(�k+1)>�(r) for all r6�k+1. Then

jf�(t; �n)¡ f�(t; �0)j6 6
X
k=0

1 Z
�k+2

�k+1

	¡1
�

U
�(r)2

�
dr=6

Z
0

d(t;s)/2

	¡1
�

U
�(r)2

�
dr

Now it is enough to take the limit n!1 on the r.h.s. and use the continuity of f to conclude that
the same integral gives a upper bound on jf�(t; �n)¡ f�(t; �0)j. Using again eq. (2) we have

jf�(t; �0)¡ f�(s; �0)j6 3�0	¡1
�

U

�(�0)2

�
6 6
Z
0

d(t;s)/2

	¡1
�

U

�(r)2

�
dr

from which we obtain easily the claim. �
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Let us now prove now Theorem 1.

Proof. Fix L> 0. For every integer N > 0 we consider the �nite set �N = (Z/2N)k \ [¡L; L]k �Rk

and apply Lemma 2 to the function Xt de�ned on �N and so trivially continuous. The measure mN

is the normalized counting measure on �N, d(t; s) = jt ¡ sj� and 	(x) = xp. We can show aht there
exists an constant c>0 such tha �(r)> crk/� for all r > 0 uniformly in N . A direct computation gives

jXt¡Xsj6CUN
1/p
d(t; s)1¡2k/�p:

So

E

 
sup

t;s2�N

jXt¡Xsj
d(t; s)1¡2k/�p

!p
6Cp

Z Z
�N��N

E

�
jXt¡Xsj
jt¡ sj�

�p
It=/ s

mN(dt)mN(ds)

jt¡ sjp(�¡�)

where we applied Fubini-Tonelli to exchange the integral with the expectation. This gives in turn

E(ZN
p )6Cp sup

t;s2[¡L;L]k
E

�
jXt¡Xsj
jt¡ sj�

�pZ Z
�N��N

It=/ s
mN(dt)mN(ds)

jt¡ sjp(�¡�)

where

ZN := sup
t;s2�N

jXt¡Xsj
jt¡ sj�¡2k/p

:

The double integral is uniformly bounded in N if p(�¡�)<k and in this way we obtain the uniform
integrability of the random variables (ZN)N. Moreover �N � �N+1 and as a consequence the family
(ZN)N is increasing. By monotone convergence we have that

Z1 := sup
N
ZN = sup

t;s2�0

jXt¡Xsj
jt¡ sj�¡2k/p

is almost surely �nite where �0=[N�N is a dense countable set in [¡L;L]k. Thanks to the condition
� > k/ p we can choose � < � + k/ p such that � ¡ 2k / p > 0. This implies that, almost surely, the
random function X: �0!R is Hölder continuous of index  = � ¡ 2k/p < �¡ k/p and it admits a
continuous extension to all [¡L;L]k which we will denote by X~ . It is now easy to see that condition (1)
implies the continuity in probability of X and then that P(Xt=X~ t)= 1 for all t2 [¡L;L]k: Being L
arbitrary, we can build a consistent family of such continuous versions of X for an increasing sequence
of values of L and then obtain a continous version of X over all Rk. �

Example 3. If B is a standard one�dimensional Brownian motion we have

EjBt¡Bsjp=Cpjt¡ sjp/2:

Then, after Theorem 1, there exists a version of B which is Hölder continuous for all  < 1/2. It is
easy to see that the Hölder index cannot be 1/2. Indeed

P

 
sup

0<s<t<1

jBt¡Bsj
jt¡ sj1/2

=+1
!
=1: (3)

Let us show this. We start by giving a lower bound on the Hölder norm. For all n> 0, we consider the
partition ftk= k/n: k=0; :::; ng� [0; 1] and observe that

sup
0<s<t<1

jBt¡Bsj
jt¡ sj1/2

> sup
k=0;:::;n¡1

Ak
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where Ak= jBtk+1¡Btkj/ jtk+1¡ tkj1/2. The r.v.s fAk:k=0; :::; n¡1g are an iid family with standard
Gaussian law, so

P

 
sup

0<s<t<1

jBt¡Bsj
jt¡ sj1/2

>L
!
>P

�
sup

k=0;:::;n¡1
Ak>L

�
=1¡P(A1<L)n! 1 for n!1:

Being L arbitrary, we obtain eq. (3).

Exercise 1. Apply Lemma 2 to Brownian motion with the function 	(x)=e�x
2¡1. What estimation

this gives for �(�)= supt;s:jt¡sj6� jBt¡Bsj?

2 Regularity of SDEs and stochastic �ows

Let (Vk:R+�Rd!Rd)k=0;:::;m a family of time�dependent vector�elds on Rd and for s>0 and x2Rd

let t 7!�st(x) the solution of the SDE

�st(x)=x+
X
k=0

m Z
s

t

Vk(r; �sr(x)) dBr
k (4)

where (B�k)k=1;:::;m is a family of one�dimensional Brownian motions and where setting Bt
0= t gives a

compact way to include a deterministic drift. We will assume that the vector�elds (Vk)k are globally
Lipshitz and that it exists a constant M such that

jVk(t; x)¡Vk(t; y)j6M jx¡ y j and that jVk(t; x)j6M(1+ jxj)

uniformly in t > 0. In these conditions the SDE (4) admits a unique strong solution adapted to the
�ltration Fs�=(Fst=�(Bu¡Bs:u> s)) t>s generated by the increments of the Brownian motion after
time s. By construction the process t 7!�st(x) is almost surely continuous for �xed s; x.

We are going to investigate the pathwise regularity of the process (s; t; x) 7!�st(x) with respect to all
the variables (s; t;x) jointly. Out basic tool will be the Kolmogorov/Garcia-Rodemich-Rumsey Lemma,
Itô formula and the Burkholder-Davis-Gundy inequalities. A very nice reference on the subject of
stochastic �ows are the lecture notes and the book of Kunita [2, 1].

The main result will be the following:

Theorem 4. There exists a random function (s; t; x) 7!�st(x) which is Hölder continuous joinlty
in s; t; x of exponents �; �; � for all � < 1/2 and � < 1 and for which eq. ( 4) and the �ow property
�ut(�su (x))=�st(x) are veri�ed for all s; t; x almost surely.

Proof. The proof is a direct consequence of Theorem 1 and of the estimation

Ej�st(x)¡�s0 t0(x0)jp.jx¡x0jp+(1+ jxj+ jx0j)(js¡ s0jp/2+ jt¡ t0jp/2) (5)

which we will prove in Theorem 8. Indeed, given a compactK�Rd and T >0, the bound (5) is su�cient
to apply Theorem 1 from which we obtain a continuous version in (s; t; x)2 [0; T ]2�K of �st(x) such
that

j�st(x)¡ �s0 t0(x0)j6CK;T ;p;�;�(!)(jt¡ t0j�+ js¡ s0j�+ jx¡ x0j�)

uniformly in s; t; x for all �< 1/2 and � < 1. It is then easy to show the continuity of the stochastic
integral in eq. (4) and then deduce that the SDE is satis�ed for all s; t;x almost surely (the negligible set
does not depend on t; s; x). The �ow property follows from the regularity of �st(x) and Corollary 7. �
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Remark 5. A map (s; t; x) 7! �st(x) satisfying �ut � �su= �st for all s < u < t is called a �ow . We
proved that SDEs with regular coe�cients give rise to a map � which is a stochastic �ow .

Lemma 6. For all p2R, T>0 and "> 0 we have

E("+ j�st(x)j2)p6C";p;T("+ jxj2)p

E("+ j�st(x)¡ �st(y)j2)p6Cp;T("+ jx¡ y j2)p

for all 06 s6 t6T. The constant for the second inequality is uniform in ".

Proof. Let f(x) := ("+ jxj2) and F (x) := f(x)p. An easy computation gives

riF (x)=2f(x)p¡1x rij
2 F (x)=2pf(x)p¡2(f(x)�ij+2(p¡ 1)xixj); i; j=1; :::; d

and if we denote Zt := �st(x) then, by Itô formula applied to the semimartingale F (Zt) we have

F (Zt)=F (Zs)+
X
i=1

d Z
s

t

riF (Zr)dZr
i+

1
2

X
i;j=1

d Z
s

t

rij
2 F (Zt) dhZi; Z jir

where

dZr
i=d�sr

i (x)=
X
k=0

m

Vk
i(r; �sr(x)) dBr

k;

dhZi; Z jir=
X
k;l=0

m

Vk
i(r; �sr(x))Vl

j(r; �sr(x)) dhBk; Blir=
X
k=1

m

Vk
i(r; �sr(x))Vk

j(r; �sr(x)) dt

since hBk;Blit= t if k= l=1; :::;m and 0 otherwise (in particular if k=0 or l=0, since Bt
0= t). Then

F (Zt)=F (Zs)+
X
i=1

d X
k=0

m Z
s

t

riF (Zr)Vk
i(r; Zr) dBr

k

+
1
2

X
i;j=1

d X
k=1

m Z
s

t

rij
2 F (Zt)Vk

i(r; Zr)Vk
j(r; Zr) dr:

Let us take the expectation of this last quantity: the stochastic integral vanishes (easy to see) and
Zs= �ss(x)=x a.s., so

EF (Zt)=F (x)+
1
2

X
i;j=1

d X
k=1

m Z
s

t

E[rij
2 F (Zt)Vk

i(r; Zr)Vk
j(r; Zr)] dr

To stimate the quantity in the integral we note that, by assumption jVk(r;x)j6M(1+ jxj)6C" f(x)
p

(where the constant C" depends on "). So

jrij
2 F (Zt)Vk

i(r; Zr)Vk
j(r; Zr)j6C"F (Zr)

and

EF (Zt)6F (x)+C"

Z
s

t

EF (Zr) dr:
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By Gronwall inequality we can conclude and obtain the �rst bound in our statement. For the second we
proceed similarly. This time however we let Zt := �st(x)¡ �st(y). The process Zt is still a semimartingale
such that

dZt=
X
k=0

m

[Vk
i(r; �sr(x))¡Vki(r; �sr(y))]dBr

k;

dhZi; Z jir=
X
k=1

m

[Vk
i(r; �sr(x))¡Vki(r; �sr(y))][Vk

j(r; �sr(x))¡Vk
j(r; �sr(y))] dt:

This time we have that

jVki(r; �sr(x))¡Vki(r; �sr(y))j6M j�sr(x)¡ �sr(y)j6Mf(Zr)
1/2

independently of ". Again by Gronwall we can conclude. �

Exercise 2. Show that we have E [supt2[s;T ] ("+ j�st(x)¡ �st(y)j2)p]6Cp;T("+ jx¡ y j2)p.

Corollary 7. For all 06 s6u6 t6T we have almost surely �ut(�su(x))=�st(x) for all x2Rd.

Proof. Lemma 6 and the Kolmorov theorem imply that for all �xed s; t, the map x 7! �st(x) is almost
surely continuous (the exceptional set depending on s; t). Moreover it is easy to see that we can choose
the family of random variables

x 7!
X
k=0

m Z
s

t

Vk(r; �sr(x)) dBr
k

continuous in x. Indeed

E

�Z
s

t

Vk(r; �sr(x)) dBr
k¡
Z
s

t

Vk(r; �sr(y)) dBr
k

�p
6CpE

�Z
s

t

jVk(r; �sr(x))¡Vk(r; �sr(y))j2 dr
�
p/2

6Cp(t¡ s)p/2¡1E
�Z

s

t

jVk(r; �sr(x))¡Vk(r; �sr(y))jpdr
�

(by Jensen)

6CpM(t¡ s)p/2¡1E
�Z

s

t

j�sr(x)¡�sr(y)jpdr
�

(by assumption)

6Cp(t¡ s)p/2jx¡ y jp (Lemma 6)

and so we can use Kolmogorov again to obtain a version of the stochastic integral which is continuous
in x and show that, for �xed s6 u6 t, the integral equation

�ut(x)=x+
X
k=0

m Z
u

t

Vk(r; �ur(x)) dBr
k

is satis�ed for all x2Rd almost surely. If in this relation we replace x by the random quantity �su(x)
we obtain

�ut(�su(x))= �su(x)+
X
k=0

m Z
u

t

Vk(r; �ur(�su(x))) dBr
k

Let now �̂st(x) = �ut(�su(x)) if t > u and �̂st(x) = �st(x) otherwise. The process �̂st(x) satis�es the
equation

�̂st(x)=x+
X
k=0

m Z
s

t

Vk(r; �̂sr(x)) dBr
k
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for all t> s and all x 2Rd and then by uniqueness of the solution we must have �st(x) = �̂st(x) a.s.
and the statement is proved. �

Theorem 8. For all p> 2, 06 s6 t6T, 06 s06 t06T,x; x02Rd :

Ej�st(x)¡ �s0 t0(x
0)jp6Cfjx¡x0jp+(1+ jxj+ jx0j)p(jt¡ t0jp/2+ js¡ s0jp/2)g

Proof. For simplicity we consider only the case 06 s6 s06 t6 t06T , the others can be obtained via
similar reasoning. Using the SDE and Corollary 7 we have

�s0 t0(x
0)=x0+

X
k=0

m Z
s0

t

Vk(r; �s0 r(x
0)) dBr

k+
X
k=0

m Z
t

t0

Vk(r; �s0 r(x
0)) dBr

k

�st(x)=�ss0(x)+
X
k=0

m Z
s0

t

Vk(r; �s0 r(�ss0(x))) dBr
k

So

j�st(x)¡ �s0 t0(x
0)jp6 (2m+3)p¡1

(
j�ss0(x)¡x0jp|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

A

+
X
k=0

m ���� Z
s0

t

[Vk(r; �s0r(x
0))¡Vk(r; �s0 r(�ss0(x)))]dBr

k

����p||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
B

+
X
k=0

m ����Z
t

t0

Vk(r; �s0 r(x
0)) dBr

k

����p|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
C

9>=>;
where we used the inequality: j

P
i=1
N aijp6N p¡1P

i=1
N jaijp, which follows from Jensens' inequality. We

are going to estimate each of the terms A;B;C separately.

Let us start by an auxiliary result:

Ej�ss0(x)¡xjp 6(m+3)p¡1
X
k=0

m

E

����Z
s

s0

Vk(r; �sr(x)) dBr
k

����p
6CpME

�Z
s

s0

(1+ j�sr(x)j)2dr
�
p/2

(by BDG and the ass. on Vk)

6Cp(s
0¡ s)p/2(1+ jxjp) (by Jensen and Lemma 6)

With this estimation we have easily that

E[A]6 2p¡1fjx¡ x0jp+Ej�ss0(x)¡ xjpg6Cp[jx¡x0jp+(s0¡ s)p/2(1+ jxjp)]

Similar computations leads to

E[B]6Cp[jx¡x0jp+(s0¡ s)p/2(1+ jxjp)]; and E[C]6Cp(t¡ t0)p/2(1+ jx0j)p:

This is enough to conclude. �

Remark 9. If on the second bound of Lemma 6 we let "! 0 we obtain, by monotone convergence,

Ej�st(x)¡ �st(y)j2p6Cp;T jx¡ y j2p
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so if we take p < 0 we can conclude that if x=/ y then for all t; s we have P(�st(x) =/ �st(y)) = 1. We
can also show (try) that P(inft2[s;T ] j�st(x)¡ �st(y)j> 0)=1.

Lemma 10. Let

�s;t(x; y)=
1

j�s;t(x)¡ �s;t(y)j

then for any p> 2 there exists a constant Cp such that

E[j�s;t(x; y)¡ �s0;t0(x
0; y 0)jp]6Cp�

¡2p[jx¡x0jp+ jy¡ y 0jp+M(jt¡ t0jp/2+ js¡ s0jp/2)]

with M =1+ jxjp+ jy jp+ jx0jp+ jy 0jp.

Proof. A simple computation shows that

j�s;t(x; y)¡ �s0;t0(x
0; y 0)jp6 2p�s;t(x; y)p�s0;t0(x0; y 0)p[j�s;t(x)¡ �s0;t0(x

0)jp+ j�s;t(y)¡ �s0;t0(y
0)jp]:

The reader is invited to complete the proof after taking the expectation of this expression. �

Exercise 3. The previous lemma allows to prove that x 7! �s;t(x) is injective for all s<t almost surely.
This is left as an exercise to the reader.

Lemma 11. Let R̂d=Rd[f+1g be the one�point compacti�cation of Rd. Let x̂=x/ jxj2 and de�ne

�s;t(x̂)=

(
1

1+ j�s;t(x)j
if x̂=/ 0;

0 if x̂=0:

Then for any p> 0 there exists a constant Cp such that

E[j�s;t(x̂)¡ �s;t(ŷ)jp]6Cp[jx̂¡ ŷ jp+ jt¡ t0jp/2+ js¡ s0jp/2]:

Proof. We note that if x; y are �nite

j�s;t(x̂)¡ �s;t(ŷ)jp6 �s;t(x̂)
p�s;t(ŷ)

pj�s;t(x)¡ �s;t(y)jp

which can be used to prove the inequality. When x=1 we have

E[j�s;t(ŷ)jp]6Cp(1+ jy j)¡p6Cpjŷ jp

so the full inequality follows. �

This lemma allows to prove the onto property for x 7! �s;t(x). Indeed by Kolmogorov theorem x̂ 7!
�s;t(x̂) is continuous in a neighborhood of x̂=0. Therefore �s;t can be extended as a continuous map
from R̂d to itself for any s<t a.s. Fix one good realization !, the map �:x 7! �(!)s;t(x) is homeomorphic
to the identity map R̂d'Sd! R̂d'Sd. By homotopy theory therefore � has to be surjective. Moreover
since �(1)=1 also the restriction to Rd is surjective. The map �¡1 is continuous bijective since R̂d

is compact. Then we proven that � is an homeomorphism.
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3 Di�erentiability of the stochastic �ow

We say that a function de�ned over Rd belongs to C1;�(Rd) if it is di�erentiable and its derivative
is locally Hölder of index �. We denote Cg

1;�(Rd) � C1;�(Rd) the set of functions whose derivative is
globally �-Hölder.

Theorem 12. Let us assume that the vector�elds Vk belong to Cg
1;�(Rd) uniformly in time and that the

derivatives are bounded. Then for all � 0<�, x 7! �st(x) is almost surely of class C1;� 0(Rd) uniformly
in s; t and the derivative r�st(x) satis�es the SDE

ri�st
j (x)=�ij+

X
k=0

m X
l=1

d Z
s

t

rlVk
i(r; �sr(x))ri�st

l (x)dBr
k (6)

for all s; t; x a.s.

Proof. Let

�st(x; y)=
�st(x+ y)¡ �st(y)

jy j

An application of Taylor's formula gives

�st(x; y)=
y
jy j +

Z
s

tZ
0

1

d�rVk(r; �sr(x)+ � jy j�sr(x; y))|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
Vsr(x;y)

�sr(x; y) dBr
k :

We want to show that �st(x; y) is a continuous function of s; t; x; y for all y=/ 0 and thus that the limit
y! 0 exists and that ri�st(x)= lim�!0�st(x; �ei) is an Hölder function of x; s; t. All these properties
will follow from the following estimation

Ej�st(x; y) ¡ �s0 t0(x
0; y 0)jp 6 Cpfjx ¡ x0j�p + jy ¡ y 0j�p + (1 + jxj�p + jx0j�p)[jt ¡ t0j�p/2 + js ¡

s0j�p/2]g: (7)

Let us prove eq. (7) step by step. First step, boundedness of �st(x; y) in Lp:

Ej�st(x; y)jp6Cp

"
1+ jt¡ sjp/2¡1 sup

z;u;k
jrVk(u; z)jp

Z
s

t

Ej�sr(x; y)jpdu
#

(8)

by Gronwall we have Ej�st(x; y)jp6Cp e
CpT

p/2

for all 06 s6 t6 T . Consider now the case t= t0 and
s6 s06 t0

�st(x; y)¡ �s0 t0(x
0; y 0)=

Z
s

s0

Vsr (x; y)�sr(x; y) dBr||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
A

+

Z
s0

t

[Vsr(x; y)�sr(x; y)¡Vs0 r(x0; y 0)�s0 r(x0; y 0)]dBr|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
B

:

Then

E[jAjp]6Cpjs¡ s0jp/2¡1
Z
s

s0

Ej�sr(x; y)jpdr6Cpjs¡ s0jp/2:

9



The integrand of B is estimated by

jVsr(x; y)¡Vs0 r(x0; y 0)j j�sr(x; y)j+ jVs0 r(x0; y 0)j j�sr(x; y)¡ �s0 r(x
0; y 0)j

6CkrV k1j�sr(x; y)¡ �s0 r(x
0; y 0)j

+C(j �sr(x)¡ �s0 r(x
0)j�+ j �sr(x+ y)¡ �s0 r(x

0+ y 0)j�)j �s0 r(x0; y 0)j:

We can then control E[jB jp] by

C[(1+ jxj�p+ jx0j�p)js¡ s0j�p/2+ jx¡x0j�p+ jy¡ y 0j�p] +C

Z
s0

t

Ej�sr(x; y)¡ �s0 r(x
0; y 0)jpdr

and applying Gronwall we deduce that

Ej�st(x; y)¡ �s0 t0(x
0; y 0)jp6D+C

Z
s0

t

Ej�sr(x; y)¡ �s0 r(x
0; y 0)jpdr

where D :=C 0[(1 + jxj�p+ jx0j�p)js¡ s0j�p/2+ jx¡ x0j�p+ jy ¡ y 0j�p]. This gives us eq. (7). We need
now to control the case t < t0 (all the others can be dealt with similarly). We have

�st(x; y)¡ �s0 t0(x
0; y 0)= �st(x; y)¡ �s0 t(x

0; y 0)+

Z
t

t0

Vs0 r(x0; y 0) �s0 r(x0; y 0) dBr

and thanks for the bound (8) the stochastic integral can be bounded in Lp by C jt ¡ t0j1/2 and we
conclude easily. �

Remark 13. If we assume that Vk 2Cg
n;� then, by similar methods, we can obtain �st2Cn;� 0 for all

0<�'<�.

Theorem 14. Almost surely, the Jacobian matrix r�st(x) is not singular for all s; t; x.

Proof. By Theorem 12 the matrixr� satis�es the integral equation (6). We consider then the following
equation for the process t 7!Kst(x) with values in d� d matrices:

dtKst(x)=¡Kst(x)rVk(�st(x)) dBt
k¡Kst(x)rVk (�st(x))rVk(�st(x)) dt; t > s;

with initial condition Kss(x) =Id�d. It is easy to see that this equation has a unique solution which
is global in time and continuous in s; t; x if V 2Cg

1;�. Itô formula gives

dt[Kst(x)r�st(x)] =[dtKst(x)]r�st(x)+Kst(x) [dtr�st(x)] + dthKs�(x);r�s�(x)i=0

and then Kst(x)r�st(x) = Kss(x)r�ss(x) = Id�d for all t > s and x. This shows that the matrix
r�st(x) is not singular and that [r�st(x)]¡1=Kst(x). �

4 Backward Stochastic integrals

We already seen that the �ow � driven by B and Vk satis�es the Itô formula

F (�st(x))=F (x)+
X
k=0

m Z
s

t

Vk(r)F (�sr(x)) dBr
k+

Z
s

t

L(r)F (�sr(x))dr

10



where

Vk(r)F (x)=
X
i=1

d

Vk
i(r; x)

@F (x)
@xi

; L(r)F (x)=
X
i;j=1

d X
k=1

m

Vk
i(r; x)Vk

j(r; x)
@2F (x)
@xi@xj

:

Note that the coe�cients of the vector�elds are computed along the �ow and that the variable s is
kept �xed while the variable t is subject of the stochastic calculus.

We are going now to obtain another representation of F (�st(x)) as a backward semimartingale in the
variable s, keeping t �xed.

Theorem 15. If Vk2C2;�(Rd;Rd) and F 2C2(Rd;R) then

F (�st(x))¡F (x)=
X
k=0

m Z
s

t

Vk(r)(F � �rt)(x)d̂Br
k+

Z
s

t

L(r)(F � �rt)(x)dr:

Proof. We �x a partition �= f0= s0<s1< ���<sn= tg of [0; t] and we assume that s= s` for some
06 `6n. Then

F (�st(x))¡F (x)=
X
k=`

n¡1
[(F � �sk+1 t)(�sk sk+1(x))¡ (F � �sk+1 t)(x)]: (9)

A Taylor expansion gives the this quantity is equal to

X
k=`

n¡1 X
i=1

d

ri(F � �sk+1 t)(x) [�sk sk+1
i (x)¡xi]

+
X
k=`

n¡1 X
i;j=1

d

rij
2 (F � �sk+1 t)(x+ �k) [�sk sk+1

i (x)¡xi][�sk sk+1
j (x)¡xj]

where �k are r.v. on Rd such that j�kj6 j �sk sk+1(x)¡ xj. We will show the following convergences

A�=
X
k=`

n¡1 X
i=1

d

ri(F � �sk+1 t)(x) [�sk sk+1
i (x)¡xi] !

X
j=0

m Z
s

t

Vj(r)(F � �rt)(x)d̂Br
j

B�=
X
k=`

n¡1 X
i;j=1

d

rij
2 (F � �sk+1 t)(x) [�sk sk+1

i (x)¡xi][�sk sk+1
j (x)¡xj] !

Z
s

t

L(r)(F � �rt)(x)dr

and moreover

C�=
X
k=`

n¡1 X
i;j=1

d

[rij
2 (F � �sk+1 t)(x+ �k)¡rij

2 (F � �sk+1 t)(x)] [�sk sk+1
i (x)¡ xi][�sk sk+1

j (x)¡ xj]! 0

when the size j�j of the partition � goes to zero. This is enough to prove eq. (9).

We have

A�=
X
j=0

m X
k=`

n¡1 X
i=1

d

ri(F � �sk+1 t)(x)
Z
sk

sk+1
Vj
i(r; �sk r(x)) dBr

j=
X
j=0

m X
i=1

d

Aij
�

11



For r 2 [0; t] and j> 1 let Ir� the process

Ir
� :=E[Aij

� jFrt]

which is a continuous and square integrable backward martingale. Let now Mr
� the continuous and

square integrable backward martingale de�ned by

Mr
� :=E[A~ ij� jFrt]

where

A~ ij�=
X
k=0

n¡1
ri(F � �sk+1 t)(x)Vji(r; x)(Bsk+1

j ¡Bsk
j )

A direct computation shows that the quadratic variation of I�¡M� along the partition � is given by

hI�¡M�it�=
X
k=0

n¡1

jri(F � �sk+1 t)(x)j
�Z

sk

sk+1
[Vj

i(r; �sk r(x))¡Vji(r; x)] dBr
j

�
2

which is going to zero in L1 when j�j !0. So Ir�¡Mr
� converges to zero uniformly in L2. But now

Mr
�!Mr where

Mr :=

Z
r

t

ri(F � �rt)(x)Vji(r; x)d̂Br
j:

It is easy to show the convergence of the terms with j=0.

Let

Jr
�;v=E

"X
k=`

n¡1

rij
2 (F � �sk+1 t)(x)

Z
sk

sk+1
Vv
i(r; �sk r(x)) dBr

v

�����Frt
#

and

Kr
�;v=E

"X
k=`

n¡1 Z
sk

sk+1
Vv
j(r; �sk r(x)) dBr

v

�����Frt
#

then B� =
P

v=1
m [hJ�;v; K�;vit� ¡ hJ�;v; K�;vis�]. Again, it is easy to show that J�;v and K�;v

converge to Jrv and Kr
v respectively, where

Jr
v :=

Z
r

t

rij
2 (F � �rt)(x)Vvi(r; x)d̂Br

v

Kr
v :=

Z
r

t

Vv
j(r; x)d̂Br

v:

We are going to show that hJ�;v;K�;vit�!hJv;Kvit giving the convergence we are looking after. We
have

j hJ�;v;K�;vit�¡hJv;Kvitj6 j hJ�;v; K�;vit�¡hJv; Kvit�j+ j hJv;Kvit�¡hJv; Kvitj

and it is clear that the second term is going to 0. For the �rst we use that

j hJ�;v; K�;vit�¡hJv; Kvit�j6 (hJ�;v¡Jvit�hK�;vit�)1/2+(hK�;v¡Kvit�hJ�;vit�)1/2:

12



If we now observe that jJt
�;v¡Jtvj2¡hJ�;v¡ Jvit� is a continuous martingale, we have

E sup
t
hJ�;v¡ Jvit�6 17EjJt

�;v¡ Jtvj2!0:

Moreover

jC�j6sup
k
jrij

2 (F � �sk+1 t)(x+ �k)¡rij
2 (F � �sk+1 t)(x)fhK�(i)it�hK�(j)it�g1/2! 0

and we are done. �
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