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SDE techniques: Doob's transform/Conditioning (II)

1 Conditioning Brownian motion to stay positive

(By)i>o BM. R>0 T, :=inf{r>0: B,=x} and Sg:=Tgr A Ty. Bo=xp€ (0,R). Note that P(T, < o0) =1 for all
x € R. We introduced the measure

QR(A) = E(14h(Bsnsy)), A€ ¥
with h(x) =x/x¢. By Girsanov's theorem we have that under QR (B,);s0 solves the SDE

1

dB, =

t<Sg >
B, dr+dW;, t=0

where W is a QR Brownian motion. Important observation
Q*(Ty<Tg) = E(1g,<131(Bs,)) = E(lg<1;h(Br,)) =0

so under Q¥ we will never touch 0 before R and therefore under Q¥ we have Sk = T almost surely and that
B,>0 for all r€ [0, Tg].

Now we want to take the limit R — co. Observe that if A € ¥y, then Q*A) = QR'(A) for any R’ > R since
Tr' > Tg and

Eqr[1a] = Ep[1ah(Brynse) 1 = BEp[LAE[A(Bryns,) | Fr]] = Ep[Lah(Bryas,) ] = Eqr[1a].

Thefore for any R>0 and A € Fr, we can define a measure Q by letting Q(A) := limRr_)ooQR,(A). Therefore
the measure is well defined on Vg %r,. Observe that limg_,Q(7Tz < s) =0 by continuity of B. For any
A € ¥; we can define Q (A) :=limg.,Q (A, Tg > s) and check that it is the unique extension of Q which is
consistent with it on Vg0 %y,

Under Q the process B satisfies the SDE
1
dB;=—-dt+dW;, t>0.
B,

Therefore we discovered that under Q the process B satisfies the SDE defining the Bessel process R of
dimension d = 3:
d-11
th:TEdt'FdVVt: t=0.
Recall that the Bessel process R, =|X;| is defined as the modulus of a d-dimensiona Brownian motion

(Xt) >0

Theorem 1. The law of a one dimensional Brownian motion conditioned never to hit zero is the same as
the law of the modulus of a 3d Brownian motion.

From this identification we can derive the corollary that the BM conditioned not to hit zero is transient and
go to infinity with probability 1.



2 Condition a diffusion not to leave a domain

In the previous argument we relien on many properties of the problem (i.e. Brownian motion, one dimen-
sion). We would like now to sketch how to solve the conditioning problem for more general processes and
more general domains. We will not give all the details or all the necessary assumptions.

Assume (X;),( is a Markov diffusion process in R¢ (think to the solution of an SDE with nice coefficients)
andlet DCR%be a open, connected domain and bounded and let Tp=inf{r>0:X, & D}. Let P, be the law
of the Markov process starting from x € R and let % the generator of the process.

Let us assume that P(tp< oco) =1. If we want to force the process to stay in D forever we are asking
something which has probability 0 under P. So we start by approximating the event we want and just ask
that the process stay in D up to time 7 >0 and define Q7 as the corresponding conditional probability:

_ Ex[laleys7]

T .
QA ==Fm

By reasoning as in the previous example we obtain the formula: for any A€ ¥;and s<T

_ Exo[]lA gT_X (XS/\ Tl)) ]

T
A
Q) g7 (xo)

=E,,[14Z]]
where

8" (x) = Ex[Lepsr].

The formula follows by a simple application of the Markov property. It also holds that Z! := g7 =(X,..,) /
g7 (xp) is a martingale up to time 7" and Z& =1. Note that we have Q7 (tp<T) =0 so the process X will
never hit the boundary before T under Q7. We will assume that (7', x) - g7 (x) is C'-2, under this condition
we can perform Doob's transformation and deduce that if under P the process X satisfies the SDE

dX;=b(t,X;)dt+ o (t,X;)dW;
then under Q7 it will satisfy the SDE (we denote here o (#,X;)* the transpose of o (,X;))

* VgT_t (Xl)

dX[=b(t,Xt)dt+ O'(t,Xt)O'(t,X[) gT_t(Xt)

dt+o(t,X)dWT, te€[0,T]

provided g’(x) >0 for all >0 and x € D. Note that g7 (x)=0if x€dD. To take T — oo in this SDE is now
a bit more difficult that in the BM case because the drift depends on T (and therefore the Brownian motion
WT depends on T). So assumptions have to be made and essentially the most important is to require that
the existence of the limit
Vg’ (x)
T-oo gT(x)

and moreover that it is given by

Ve'(x) _ Vo)
Toeo gh(x)  @olx)




where ¢ is the eigenfunction of (-%) with Dirichlet boundary conditions on D and with lowest eigenvalue
20> 0. The idea is that the function g7 (x) for 7 — co has the asymptotic expansion
T

— e—l()T —l(]T)

X) @o(x) +o(e

uniformly in x € D and the same for the derivative VgT(x). Moreover note that the function g if it is
C"2(R, xD) n C(D) then it is a solution to the parabolic PDE

0g'(x)=£g'(x), x€eD,
g'(x)=0, xeoD.
In order to be sure that these conditions are met one has to make more precise assumptions on b, o and on D.

-Epo= Aopo
and ¢((x) =0 for x € 0D and ¢((x) >0 for x € D.

In this setting one can prove that the family (Q7)7.o weakly convergence to a measure Q such that the
process X is a weak solution to the SDE
V(PO(Xt)

dX;=b(t,X;)dt+ o (t,X;) o (t,X;) —————dt + o (t, X;)dW;, te[0,T].
o(X;)

So in general one can expect that a diffusion conditioned to stay inside a given domain satisfy this SDE as
soon as we can solve the Dirichlet problem and the solution is suitably regular.

For details see the work of Pisky on Annals of Probability ('80).

Remark 2. This approach cannot be directly used for conditioning BM to stay positive because in this case
the function g7 (x) does not decay exponentially in T as T — co. The Brownian motion can stay away from
zero by going very far out, and this happens with algebraically decaying probability.

Example 3. Take (X;);>0 to be Brownian motion in d =1 and D = (0,L). In this case we can make even
precise the above discussion. However the conclusion is that if we condition the BM to stay in D forever it
will statisfy the SDE

Vo(Xr)
dX,=————dr+dW,, =0
! @o(X;) !

where ¢ is the lowest eigenfunction of —A with zero b.c. on [0, L], namely ¢o=sin(sx/L). The eigen-

value o= (a7 /L)?* describe the exponential decay of the probability P,(tp>T) = e *7 ¢((x). Therefore
we have

_lcos(er;/L) L

dX;= L sin(7X, /L) dr +dWr-, t=0.

Now if we take (formally) the limit L — co we have

dX,:XithdW,, 1>0.

as we expect from our previous computations for the BM conditioned to stay positive.

Example 4. (Brownian motion in the Weyl chamber) Let X = (X',...,X") be a family of n independent
one dimensional BMs and let S = {xe R%: x! <x?<--- <x"} (Weyl chamber) and take xo S and X, =x,. I
want to condition X to stay inside S. Consider the function

(=Xt
h(x):M, xeS
Hi<j (XO_X(Z))



which is strictly positive in S and 0 on the boundary of S. One can check that this function is harmonic in S,
i.e. (~Arn)h(x)=0 where Ag-»is the Laplacian in R"” which is the generator of X. Assuming that this is the
relevant eigenfunction for describing the conditioning, we get that X conditioned to stay in S solves the SDE

. 1 )
Xm:Z —dr+dW, >0,
jE AT
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