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Will prepare a doodle form so that students can sign in.

Boué-Dupuis formula (continued)

We assume that (Q, ¥, (¥;);, P) is the canonical d-dimensional Wiener space, i.e. Q= €4=C(R,,RY,
X(w)=w(t), P is the law of the Brownian motion and (%;),>¢ is the filtration generated by the canonical
process (X;);>o in particular we have ¥, =% = B(Q). We will also use the notation u for the Wiener
measure P.

Theorem 1. (Boué—Dupuis formula) For any function f: Q — R measurable and bounded from below. We
have

1
log B, (/] = sup | Fot+1@O0) - uColk

where the supremum on the r.h.s. is taken wrt. all the predictable functions u: R , x Q — R such that
leel3g = fooo luPds< oo,  p—a.s. (1)

and we write u(w) =u(X(w)) to stress the measurability wrt. the filtratrion & generated by X and where

t

I(u) (1) = fo uy(X)ds, 0.

We call a function u as above, a drift (wrt. ).

Large deviations of diffusion

The goal will be now to understand what happens when we have a family of SDEs in R¢ of the form
dXf=b(Xf)dt+ &' 20 (XF)dB,,  X*=xoeR?

with & a small parameter and B a d-dimensional BM. Let's assume the coefficient b: R? - RY, ¢: RY -
£ (R4, R are nice (bounded and Lipshitz) so that we have a strong solution. We would like to understand
how the law p? of X? looks like as £ - 0.

Is not difficult to prove that (u?), converges in law (as probability measures on %4=C(R,;R9 with its
Borel o-field) to the Dirac mass ;i concentrated on the solution x° of the ODE

X2 =b(XD),  X{=xo.

(for example proving that E[sup;ejo,711X# —X%%1- 0 and conclude from this).

In large deviations theory one is concerned with the speed with which p® - 1, namely one would like to
quantify this convergence and usually it will happen that this convergence is exponential, in the sense that

P(X¢€A)=e &)W

where 7(g) - oo as € » 0 nd it is usually something like ¢™* and C(A) is a constant which depends only on
the particular set A.



For example we could ask A, 7 s={w € % supsefo.rylw(t) —y (1)| < 8} for given y € %4 5§>0and T>0.
In this case if sup;cfo, 7]l (¢) -X%#)|> & then X° Z£A, rsand pu®(A, rs)—0. We are going to prove that
what will happen is that

glogu®(A, r.s) =elogP(X* €A, rs)=— inf I(x)

XEA, 1.5

where [ is a function which is only depending on b, ¢ and on the original problem and is called a rate
function. They are called large deviations because they happen on an exponential scale. Otherwise stated
we have an explitic asymptotic formula for the probability which looks like

ﬂg (B) = e—&infxesl(x)

Large Deviation Theory is concerned in general in the study of such large fluctuations in a variety of con-
textes (deviations from the law of large numbers, deviations from the ergodic behaviour, deviations from
small noise behaviour like in this case, deviations from the large sample behaviour in statistics).

In order to properly speak about large deviations for the SDEs above we need some standard definitions
from large deviation theory.

Definition 2. A function I: € — [0, +o0] is called a (good) rate function on a Polish space & if the sets
I''M0O,M]={xe&:1(x)<M}C & are compact for all M < +co.

In particular, a rate function is always lower semicontinuous.

Definition 3. Let I be a rate function on a Polish space € and (Y *) .~ a family of random variables with
values in €. The this family satisfies the Laplace principle on & with rate function I (and rate 1/ ¢) if for
any function h € C,(€) (bounded and continuous) we have

lim - glogE[e™Y)/2] = inf [I(x) + h(x)]. )

xe€

-I(x)/&

A Laplace principle is telling us that the law p® of Y? is behaving like e , in the sense that

E[e "Y1 = f e‘h(")/“’",ug(dx) ~ f e M) /ep=T0) /ey = f e—(h(x)+l(x))/gdx=e—finfxsg[l(xnh(x)](l+u(l)).

Definition 4. A family (Y ?) .- satisfies the Large Deviation principle on € with rate function I (and rate
1/ ¢) if for any open set A€ € and closed set B & we have

limi(l)lfglogP(Yg €A)>—infl(x),

xeA

limsupelogP (Y?e B) < - ingl(x).
xe

£-0

Remark 5. Recall that if u® — u weakly, then the Portmanteau theorem asserts that for any open set A and
closed set B you have

liminf p®(A) 2 u(A), limsup p®(B) < u(B)

£-0 £-0
while if f € C,(%) the of course
lim [ £ (o) = [ £x) ().

There are very strong similarities between weak convergence and large deviations.

Theorem 6. The Laplace principle is equivalent to the Large Deviation principle.



Proof. Exercise. m]

Now we are going to use the Boué—Dupuis formula to prove large deviations for a large class of problems
which in particular include the small noise diffusion problem introduced above.

Let (Y?).>0 a family of random variables defined on a Wiener space (Q, ¥, W, X) with W the Wiener
measure and taking values in & which are obtained from X using a family of mappings ¥%: Q - & i.e.
Y =%94(X).

Let Uy CL*(Rs0; R?) the subset of elements u € L?(R 5o; R¥) such that ulp <M and let %y C L3 (R 50 x Q;
R9) the subset of drifts u € L3 (R0 x Q; RY) such that [u]g < M holds p-almost surely, i.e. u(-, w) € Uy
for p almost every w € Q.

Note that Uy, is a compact Polish space with respect to the weak topology of L*(Ro; R¢) (by Banach-
Alaoglu theorem).

We define J (u) (1) := fotu(s)ds for any ue H=L*(Rso; R? and then J: L>(R50; RY) = C(Rsp; RY) = Q.

We will make the following assumptions on the family (%), .

Hypothesis 7. There exists a measurable mapping §°: Q — € such that the following holds

a) forevery M < oo and any family (u®). C 2y such that (u®) . converges in law (as a random element
of Uy, and with the weak topology of L*(R s0; RY)) to u we have that

GE(X+e72Tw?)) - G0 (u)
in law as random variables (on (Q, ¥ , W)) with values in & (of course as € - 0).

b) for every M < oo the set [y;:= (¢°Ju):ueUy)isa compact subset of €.

For each x € € we define

1 .
I(x):== inf [ul; 3)
2uel"(x)

where the infimum is take over the set I' (x) C H = L>(Rso; R?) such that x = €°(J (1)) and is taken to be
+oco if this set is empty.

Lemma 8. Under the Hypothesis 7 the function 1 is a rate function.
Proof. (exercise) o

Theorem 9. Under the Hypothesis 7 the family (Y? =% %(X)) .o satisfies the Laplace principle with rate
function I as defined in (3) and speed 1/ €.

Proof. We need to show that
lim - glogB[e™"Y)/¢] = ing [(x)+h(x)]
Xe

e-0

holds for any h € C,,(€).

Lower bound. By Boué-Dupuis formula we have

—glogE[e™"Y")/#] = —glogE[e (¥ (X))/¢] =n;f E| (%X +J(u))) +%I|£1/2ullﬁ]

1/2

By renaming u — £~ /“u we have

—glogE[e "Y")/2] =inf ]E[h(?”"(x +e V21(u))) +%||u||ﬁ].



Fix & >0. Then for any & > 0 there exists an approximate minimiser #* such that
~elogBle™ ")) > E| (% (X + 572 w))) + 51l | - 5.
This implies in particular that
1 e
E[?”’/ﬁ”%ﬂ] <8 —elogE[e™ YD/ + lhlic,5) < 8 + 2llhllc, %) < oo,

and this bound is independent of ¢.
Moreover taking N large enough we can replace u® by the stopped process uf" = uf Li<e,,, With
TeN = inf {r>0: ||u£]l[0,[]||]}]1 >N}

In this case u®" € 2%y and morever we have that

[l _ 26 +4lhlcyce)

E
P #u™N) <P (Jullis > N) S = 7

uniformly in &.

Next tuesday I will finish this proof and give some applications, to SDEs. And then the rest of the week we
will discuss Backward SDE and representations of non-linear PDEs.
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