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Backward SDEs and non-linear PDEs (continued)

Recall notations from the previous lecture

d d
Bf(tx)=Y be.x)VEx)+ Y a"(tx)-VIVf(tx), 120,xeR?
ij=1

i=1

where f e C2(R,xR%4R)and b: R, xR¥5 R4 a: R, x R?Y—> R¥4 and b, a are sufficiently regular and

1
700T for some o: R, x R?—» R¥,

We consider here a special kind of PDEs, of the form

a=

ou(t,x) + Lu(t,x)+ f(t,x,u(t,x),o(t,x)Vu(t,x)) =0 (1)

where V =D, is the derivative with respect to the space variable (i.e. the gradient).

We argued that if (X/*),»; is the solution to
dX* =b(s, X ds+ o (5, X)W, s>t )
with
X*=xeR?
and if we let Y;=u(s, X", Z;= o (X"*) Vu(t,X*) for s >t the the pair (Y, Z) satisfies the BSDE:
dYs=—f (s, X", Y, Z)ds + Z,dW,. 3)
This was our motivation to look into the solution theory of a more general class of BSDEs of the form
-dY,=f(s,0,Y;, Zs)ds - Z,dW,, Yr=¢ 4)
where (Q, ¥, P) is the canonical d-dimensional Wiener space, & elX(Q, Fr,P;R" =L*(Fr;R" (le. &
takes values in R” and is %7 measurable) and Y, Z are adapted processes taking values respectively in R”
and R~ L(R? R"). Morever f: R, x QxR"xR"™ - R" (called the generator or driver) is an adapted
process, i.e. (y,z) ~ f(t, ,y,z) is measurable wrt. %;. Standard conditions are that
£(,0,0) €L5([0, T]x Q4 R") )
and there exists a constant L such that (Lipshitz condition)
If(t,@,y1.20) = f(t, 0,92, 22) | S L(y1=yal +lzi=2a),  yi.y2€R™z1,20€ R™

for almost every (f, w).

And proved a theorem guarateeing that under these conditions the BSDE (4) has a unique solution
(Y.Z) € LF(R") x LF(R"™9).

Representation formula for non-linear PDEs.
We let (X)™);s0 solving the (forward) SDE

dX{* =b(s, X, )ds+ o (s, X, ) AW, s>1, ©



for s>t and such that X)* = x for s<t. For given
fIR, xR4xR"x R™4 5 R"
and
¥: R4 R”,
let (Y;"*,Z)se[0.r) the solution of the BSDE (s € [0, T])
~dY = f(s, X Y 2 ds = 2 AW,, Ye = (XE) )

This system of a forward SDE and a BSDE is called a (decoupled) forward-backward-SDE (FBSDE), is
decoupled because the forward process (X5), does not depends on (Y'*,Z"*) (otherwise is called fully-
coupled).

We will assume that ¢, b are Lipshitz and of linear growth, that f depends in a Lipschitz way on Y, Z (like
in the general theory of the previous lecture) and moreover we have that

If (2,%,0,0)[ + ¥ (x)| < C(1 +[x),

for some p>1/2. In this case the generator f(z,X"*(w),y,z) satisfies the condition (5) and the final condi-
tion W (X}") is in L? because from the general theory of SDEs we can prove that solutions to (6) satisfy

sup E[IX{*PP1<K (1 +[x]*P)
5€[0.T]

for some K >0. This can be proven easily from a combination of BDG inequality (remember these are the
L? for the stochastic integral) and Grownwall's lemma, via the integral formulation of the SDE exploiting
the linear growth of the coefficients b, o.

From these assumptions it follows that the data of the BSDE satisfy the standard assumptions (those we
introduced the last lecture) and therefore by the Theorem we proved it has a unique solution (¥;**, Z{™)sc(0.71-

Observe also that the process (X st’x)sE[O,T] is a Markov process (exercise, it follows from the uniqueness of
solutions to the SDE) and one has for all t<u

X" tx
X =X, uss

almost surely.

We want to prove now that we can express Y;”*, Z.* as deterministic functions of X*. Namely that there
exists two functions u, v such that ¥ = u(s, X>*) and Z'* = o (5, X:*)v (s, X1).

Introduce (%, ;)= to be the completed right-continuous filtration generated by (W, —W,),5,, i.e. the future
filtration of W after time 7.

Proposition 1. The solution (Yf’x,Zé’x)se[o,T] is (%t s)serr, 1) adapted. In particular %, g is %; ; measureable
and therefore deterministic and (Y,"")sc(0. is also deterministic.

Proof. Consider the new Brownian motion WS =W, s—W; and let F its complected right-contrinuous fil-
tration. Let (X’,Y’,Z’) be the solution to the FBSDE:

dX!=b(t+5,X))ds+ o (t+5,X))AW/,  s=0, X{=x,
—dYy = f(t+5 X, Y/, Z))ds = Z{dW,, 520, Y7 ,=¥(X7).
By the general theory this FBSDE has a unique solution and then it is clear that X; = X/, for s€ [0, T -]
and similarly (Y, Z{) = (Y5}, Z;}) for s€[0,T-1]. However X', Y’,Z" are adapted to (%) which means

that (X[, /2%, Z175) s>0 is adapted to (F;)ss0 and therefore (X, Y;"*, Z{) 5.7y is adapted to (%) se(s.T]
and therefore (X, Y/, Z") is deterministic.



When ¢’ <1 to see that (Y*,Z/") is deterministic one can just take W= W, ,,— W, and repeat the above
argument by replacing there ¢ with ¢’. Indeed the crucial remark is that X/ = x for any " <. O

Proposition 2. There exists two deterministic measurable functions u,v such that Y, =u(s,X}"*) and Z\* =
o (s, X )v(s, X

Proof. By induction, as follows. Assume first f does not depends on y,z. Then in this case

Y/ = IE[LTf(r,Xﬁ’x)dr+ (X7 = ]E[LTf(r,Xﬁ'X)dr+ W (X5)

Xj"‘] —u(s, X"

because (X!™),so is a Markov process and we can use the Markov property in the 2nd equality and the
3rd equality is just the statement that there exists a measurable function which represents the conditional
expectation wrt. ¢ (X)¥). Similarly one can show that Z* = o (s, X™*)v(s,X}"*). (See Perkowski).

In the general case we introduce an iterative procedure. Define ¥© =Z® =0 then define (Y *+1, Z*+D)
and the solution of the BSDE with driver f(r,X*,Y®,Z®)) We know from the proof of existence and
uniqueness that there exists only one fixed point for this iteration and therefore (Y®,z®y 5 (Y 25 (if
you want this is the Picard iteration to construct the solution to the BSDE). From this we deduce that there
exists functions uy, v such that ¥,*) = u; (s, X!) and Z*) = o (5, X"*) v (5,X"*), and the is not difficult to pass
to the limit by letting u/(s, x) := limsupy_ « (1x(s,x))’ (componentwise) and then u'(s, X*) = limy . ¥,X' =
Y/"* by convergence of the Picard iterations. Similarly one reason for the sequence Z*’ to deduce that

zy* = limZ" = o (s, X limvi (s, X0) = 0 (5. X0%) v(5. X)),
This concludes the proof. O

Finally it remains to identify the functions u, v as associated to a nonlinear PDE.

We reason as follows: let u# be the solution of the semilinar parabolic PDE
ou(t,x) + Lu(t,x)+ f(t,x,u(t,x),o(t,x)Vu(t,x)) =0, te[0,T],xeR?

with final condition u(T,x) =W (x).

Theorem 3. (Generalised Feynman-Kac formula for quasilinear equations) Assume that u e C*([0,T] x
R% R") is a solution to the PDE (2) such that

lu(s,x)|+|o(s,x)Vu(s,x)|<C(1+ |x|k)

for some k> 1. Then if (X\*, Y, Z")sci0.1) is the unique solution to the FBSDE with final condition ¥
and driver f then we have

Y =u(s, X)),  ZF=o(s,X)Vu(s, X)), s,t€[0,T],xeR4

In particular
ult,x)=Y"*, te[0,T],xeRY,
and therefore the PDE has a unique solution.
Proof. We apply Ito formula
du(s,X) = (05+ By)u(s, X, )ds+ o (s, X0") Vu(s, X0 ) dW;

=f(5, X", u(s, X5), 0 (5, X)) Vu(s, X)) ds + o (5, X2%) Vu(s, X5 dW,

which means that the pair (u(s,X!™), o (s, X*) Vu(s, X)) is a solution to the BSDE, the final condition is

ok since u(T,X7") = ¥ (XF*) and by uniqueness we have (u(s,X!), o (s, X") Vu(s, X)) = (Y, Z) for
all se[0,T]. O



Remark 4. With stronger conditions on the coefficients of the PDE one can prove directly that given
a solution to the BSDE which then, as we have seen can always be represented as Y, = u(s, X*) and
Z = o (s, X)v(s,X!™) for some functions u, v, then one necessarily have that u € C'?> and v=Vu and u
solves the PDE. (see the notes of Perkowski for some literature on this).

(the following is not in the exam)

Rough path theory

Rough path theory is a way to make sense of SDEs without using stochastic integrals.

Imagine you want to give an “analytic”’ meaning to the equation (let's ignore the drift b)
dX[=a(Xl‘)dVVt’ X0=-x’

where W is a Brownian motion or possibly a similar process which is nowhere differentiable and maybe not
even a semimartingale.

Recall that stochastic integrals are only defined almost surely (or a limit in probability).
+ Extend SDE theory beyond the semimartingale setting
¢ Have arobust theory of SDEs (meaning that I can reliably approximate a stochastic integral)

e Prove Wong-Zakai type theorems, i.e. let W¢ — W (as ¢ — 0) to be smooth approximations of Brow-
nian motion and let X* be the solution of the ODE

0.X7 =0 (X,)0,W?, Xo=x.
Then we want to prove that X® — X where X solve the SDE above. In general this is false!!.

For example Wong-Zakai ('70) proved that if
we=[ & p((-5)/ ) Wids

where p: R - R, smooth and with integral one. Then W;* - W; as ¢ — 0 for all 7 almost surely (and actually
almost sure convergence takes place in any Holder space with index less that 1/2), but nonetheless one as
that X* - Y where Y is the process which solves the SDE

n n d
dy/=3%" a,i(Y,)dW,M%CpZ Y ol (W)Viei(Yydt,  t20,i=1,....d

a=1 a=1j=1

where here I'm assuming that W takes values in R” and ¥ in R¢ and ¢,: R¢— R for a = 1,...,n smooth.
The constant C, depends on p.
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