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Note 11
Brownian motion.

(Lectures and notes by Francesco De Vecchi)

1 Definition and equivalent characterizations

Definition 1. A stochastic process B.: R, x Q —» R is a Brownian motion if
1. By=0,

2. forany 0<tij <ty <...<t,€ R, we have that B;,— By, B;,—By,,..., B;,—B,,_, are independent
random variables and B;,—B;,_,~N (0,t;—1;_1),

3. for almost every w € Q the function t — B(w) is continuous (i.e., in C%(R,,R)).

1.1 Brownian motion as a Markov process

We consider the following completed natural filtration of B; given by
Fi=0(Bs,s€[0,1]).
Theorem 2. A Brownian motion B, is a F; Markov process with transition kernel given by
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where 0<s<t.

Proof. We have to prove that for any 0 < s <t and any Borel set A C R there exists a version of
P (B; € A|F) which is ¢ (Bg) measurable.

By Definition 1 we have that B,— B, is independent of By—By= B and B,—B;~ N (0,1 —s)

P(B,€AlF,) = P((B,-B,) +B,€A|F)
—(x—Bs)z)
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Corollary 3. For any 0<t) <t <---<t, we have that the law of (B, ...,B;,) is given by
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where to=0 and x¢=0.

Proof. We prove the theorem for n=2. The general case can be proved by induction.

Let A, A, be two Borel subsets of R, then we have
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P(B; €A,B;,€A)) P(B;,€ A|B;, =x1)dx;

where to obtain the last equality we use Theorem 2. O

Corollary 4. Let B, be a Markov process with transition kernel (1), Bo=0 and such that for almost
every w € Q) the function t — By(w) is in C%R,,R), then B, is a Brownian motion.

Proof. We have only to prove that B, satisfies the second property of Definition 1. Using the same
reasoning of Corollary 3, we obtain that, if B, is a Markov process with transition kernel (1), then
it has finite dimensional marginals given by (2). This implies that for any 0<f <, <...<t, € R,
we have that By, - Bo, By,— By,,..., B;,—B;,_, are independent random variables and B;,—B;,_, ~N (0,
ti—ti-1). |

1.2 Brownian motion as a Gaussian process

Theorem 5. Brownian motion is a Gaussian process such that By=0 and

E[B] = 0 (3)
cov(B;, Bg) = min (t,s). 4

Proof. The fact that Brownian motion is a Gaussian process follows by the explicit expression of
finite dimensional marginals given in Corollary 3.

Using the definition of Brownian motion we have E[B;] = E[B;— Bg] =0 and, if s <t,

cov(B;, Bg) =cov(B;—Bg, By) + cov(By, Bg) = s. O

Corollary 6. Let B, be a Gaussian process with mean (3) and co-variance (4), and suppose that
By =0 and for almost every w € Q the function t — B;(w) is in C%R.,,R), then B, is a Brownian
motion.

Proof. We have only to prove that B, satisfies the second property of Definition 1. Since B; —
By, By, = By,,..., B;, — B;,_, are Gaussian random variables (being linear combinations of jointly
Gaussian random variables) we have to prove that cov (B, - B;,_,, B;-By ) = 0if i #j. Suppose
that 7;<7; then

cov(B;,—-B;, ,, B,j - Btj._] ) cov(By, B,J,) —cov(B;,_,, B,J,) —cov(By, B,J._] ) +cov(By, |, B,J.)

= l‘j—l‘j—l‘j_l +l‘j_1 =0,



which conludes the proof. O

2 Lévy construction of Brownian motion

2.1 Haar and Schauder functions

We define Haar functions h’,‘,(t) forn=0,1,...e N and k=0,...,2""' =1 in the following way: for
n=0 we put h8(t) =1 and for n# 0 we write

h],{,(l‘) 22%(11[& 2k+l)(t)—]I[2k+l 2k+2)(t)>.

onc on P

We define also Schauder functions as

ek) = fOS hs (s)ds.

Lemma 7. The set of Haar functions forms an orthonormal basis of L*([0,1]).

Proof. The orthonormality is a consequence of the fact that 4%(r) and h’,‘,/(t) are supported in

different sets when k # k’, and that hﬁ(r) has integral O on the dyadic set of the form [Zkf;, kz,n—t,l]
(for any k" € N).

In order to prove that the Haar functions form a complete basis of L?([0,1]) we have only to prove
that for any function f EL2([0, 1]) such that folf(t)hf;(t) =0 we have f=0.

Consider the probability space ([0, 1], B, dx) (where B is the complete o-algebra generated by

Borel sets and dx is the Lebesgue measure) and consider the filtration B,, = { % %] k=0,...,
2M — 1}, with n € N. It is clear that o( B,jn € N) = B. If folf(t)hl,‘,(t) = 0 for n < N then

f[ . ,M]f(t) =0 for n<N. This implies that

2m o

fn = ]E[f|Bn] =0.

On the other hand f 0] fnz(t)dt =(0and so f, is a B,, martingale bounded in L?([0,1]). Thus, by Doob
Convergence Theorem for martingales, we have that f, - E[f|B] = f in L'([0,1]). This implies
that f =1im f,=0. O

n—1

Lemma 8. We have that sup;co,1] lek(1)| <277 and the series

o 2n-1_q
[ > e,'i(t)e,'i(S)]=min(t,S) (5)

is absolutely convergent and it is equal to min (t,s).



Proof. The bound on |eX(¢)| follows by a direct computation. In order to prove equality (5) we
note that fol ]I[O,,](T)hﬁ(r)dr = eﬁ(r) (and a similar relation holds for e,’i(s)). Using Parseval
identity for orthonormal bases in an Hilbert space we obtain
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and the previous series is absolutely convergent. O

2.2 Lévy construction of Brownian motion

Let Z, x(w) be a sequence of independent random variables such that Z,, ; ~N(0,1). Consider the
following sequence of stochastic processes

N (2m'-1
BM(w)=) [ > Zn,km)eﬁ(r)].

n=0 \ k=0

From now on we restrict Definition 1, to processes of the form B:[0,1]x Q — R, i.e., defined only
on the set [0, 1] and not on the whole positive real line R ;.

If we have a sequence of independent Brownian motions E,], ...,B" defined on [0,1], we can easily
build a Brownian motion B, defined on the whole real positive line R in the following way: if

n—1<t<n (where ne€ N) we define B; = ,’;1] B¥+BM, ..

Theorem 9. The sequence of stochastic processes BY is almost surely convergent on [0, 1]. Let
B; be the limit ofov, then B; is a Brownian motion on [0, 1].

Proof. First we prove that the sequence of functions 7+ B{V (w) is uniformly convergent in c([o,
1], R) for almost every w € Q. In order to prove this, we use Weierstrass criterion for uniform
convergence in C%([0, 1], R), proving that, writing K, (w) = SUPre[0,1] |Z,f:0|'1 Zn,k(w)eﬁ(t) ,
have Y~ , K, < +oco almost surely.

we

Using the fact that for fixed 7 the functions e£(¢) have disjoint support, and exploiting the bound

n—1

SUPre[0,1] |e,’§(t)| <2 7, we have that

n—1

Kn(w) < 2_Tsup|Zn,k(w)|-
k

We want to prove that there exists a positive random variable C: Q — R, almost surely finite, such
that

SUp|Zy (@) <nC(w).
k
Define B, = {wlsupy |Z, (w)| > n} then C(w) < +oco whenever w ¢ limsup, B,. If we are

able to prove that P (limsup, B;,) = 0 then C(w) < +oco almost surely. In order to prove that
P (limsup, B,,) =0, we use Borel-Cantelli Lemma and the fact that ), P (B,) < +co.



Indeed

21 n 2
B,) < Z (1Zni(@)|>n) <
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where we used the fact that Z,, ; ~ N (0, 1). This implies that

n 2
Z P(B,) SZ n%exp(%) <+oo

n

which means that C < +oo almost surely. On the other hand we have that K,(w) <

n—1

2" 2 supilZ, k(w)| and so
-1
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Thus the sequence B (w) is almost surely convergent in C°([0, 1], R).

Let B, denote the limit of BY when BY is convergent and O otherwise. We have that B, satisfies
the condition 1 and 3 of Definition 1. In order to prove that B; satisfies property 2 of Definition
1 we prove that B, is a Gaussian process such that E[B;] =0 and cov(B;, B;) = min (s, ). Using
Corollary 6, this is equivalent to prove that B, is a Brownian motion.

First we prove that for any ¢ € [0, 1] the sequence of random variables BY converges to B; in
L*(Q). Since BY converges to B, almost surely it is sufficient to prove that BY forms a Cauchy
sequence in L*(Q). We have that
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when M <N and using the fact that Z,, ; are i.i.d. normal random variables with variance 1. On the

other hand, by Lemma 8, the series Zn 0 (eX(1))? =t < +c0 is absolutely convergent, this means

that
N
lim > (ef(n)*=
n=M

which implies that BY is a Cauchy sequence in L?(Q).

The fact that (B{Y , ...,B{X ) converges to (B;,,...,B;) in L*(Q) implies that B, is a normal stochastic
process (being the L? limit of a normal stochastic process), with E[B;] =limyE [BN] and cov(B,,
B;) =limy cov(B{V,B?[). On the other hand we have that limyE [B{V] =limy 0 =0 and, by Lemma
8,

N 2)11 1
lil{,ncov(B,, s)_hm]E[vaBN —hmZ[ > e,’;(z)e,’;(s)]zmin(z,s). O
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3 Regularity properties of Brownian motion

3.1 Non differentiability of Brownian motion
Let M c Q be the measurable set

M ={w € Q,thereexists T € [0, 1] suchthat f — B;(w) is differentiablein 7 }.

We want to prove that P (M) = 0. This implies that the function ¢ — B;(w) is everywhere non
differentiable for almost every w € Q.

Theorem 10. Using the previous notation, if B; is a Brownian motion then P (M) = 0.
Proof. We introduce the set

N= {a) € Q,therearer € [0, 1]and L, k € N suchthat|B;(w) — By(w)| < L|t —s|forany s € [t,t+%]}.

Obviously M C N, so if we are able to prove that P(N) =0 we have proved P (M) =0.

If n>4k we can find /€ (1,2, ...,n} such that (<, f—) [z‘t+ | for j=i,i+1,i+2. If @ €N we
have

|B%.(a,)_3,.’i(w\ |B,(w ~B/(0)|+|B(w) Bm(w)‘ 8nL (6)

Let ]\~7L,k be the set defined as follows

n
Ne=( U {Bi(a))—Bﬁ_l(a))|387L,f0rj:i,i+1,i+2}.

n>4k i=1 "
We have that
373
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where Z ~N (0, 1). This means that
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Since, by inequality (6), N C Uy, LeNNL k> we have that P(N) <), keN P (1\7L’k) =0. O
3.2 Holder continuity of Brownian motion

Definition 11. A function f € C°([0,1],R) is called Hélder continuous of index a € (0,1) if

If (1) =f ()]

sup T < o0,
0ss<r<1 1E=SI%



In this case we use the notation f € C*([0,1],R).

Theorem 12. If B, is a Brownian motion we have that the function t — B,(w) is Holder continuous
of index a for any a € (0,%) and for almost every w € Q.

Proof. From Theorem 9, we have that the series Z;’O: 0 (Z,f:ol_l Zn,k(a))e,'i(t)) is uniformly and

absolutely convergent to the Brownian motion B;(w) almost surely. Let @ be an element of 2 for
which the previous series is convergent, then we have that

o 2m1og

Bi(w)=Bs(@)ISY Y |Zni(w)lleh(t) —ek(s)].

n=0 k=0

Using the proof of Theorem 9, we have that there exists an almost surely finite and positive
random variable C(w) such that supy |Z, x(w)| < n - C(w). Furthermore, by the definition of
Schauder functions, we have that
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Fix 0<s<rt<1 and let N €N be such that

27N <p—s|<2- W=D,

n—1_
Using the fact that in the sum Z/f:o ! |e,’§(t) - e’,i(s)l only at most two addends are non zero, we
obtain

N n—1 oo n-3
1B,(w) —Bs(w)]| <2C(w) 1+anT|r-s|+ Z |
n=1 n=N+1

On the other hand we have that

N n—-1 N n—-1 N 1
Z n22 |t—s|< It—slaz n2 2 2-U-a)(N=-1) < It—slaz n2_(5_a)(n_1).

n=1 n=1 n=1

Furthermore we obtain
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This implies that

n-1

|Bi(w) = Bs(w)|

N
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T <4C(w) 1+Zn2 <400
n=1
almost surely. Taking the sup over 0 <s<¢<1 the thesis follows. O



3.3 The law of iterated logarithm

Khintchine's version of the law of the iterated logarithm is a more precise statement on the local
regularity of a typical Brownian path at a fixed time. It implies in particular that almost every

. . . . . 1
Brownian path is not H6lder continuous with parameter > .

Theorem 13. For s >0, the following statements hold almost surely

limsup |Br+s— Byl =1 liminf |Br+s— Byl =-1.

o0 2tlog<log<%)> 1o 2tlog<log<%>)

4 Donsker's Theorem

In this section we show how it is possible to approximate a Brownian motion through a random
walk. Let Xi,...,Xp, ... be a sequence of random variables independent and identically distributed.
We introduce the random walk S, as the stochastic process defined as follows

It is possible to extend the discrete time process S, to a continuous time process S;, pathwise
continuous, as follows

g = S ift=neN
1 Suc1+ (t=n+1)(S,=S,—1) ifn-1<t<n’

If the random variables X; are in L?(Q) with mean 0 and variance IE[X,Z] = ¢2 we define the
following stochastic process

5;1 = Lsnt-

oln

Definition 14. A stochastic process Y:[0,1] x Q — R is said to be defined on Cc%(0,1],R) if the
functions t — Y, (w) are continuous for almost every w € Q.

Definition 15. Ler Y, Y,!,....Y",... be a sequence of continuous time t € [0, 1] stochastic processes
defined on C°([0,1], R). We say that the sequence of stochastic processes Y converges to Y in
distribution on C°([0, 1], R) if for any bounded and continuous functional F: C°([0,1],R) - R
(where C°([0,1],R) is equipped with the topology induced by the uniform convergence) we have
that

E[F(Y")]->E[F(Y)]

as n— +oo.



Remark 16. It is important to note that the convergence in distribution of the finite dimensional

marginals (Y/l, - Ytj;), of the sequence of processes Yf, to the finite dimensional marginal (Y, ...,
Y;,) of the process Y, is only a necessary but not sufficient condition for the convergence in distri-

bution on C°([0,1],R) of ¥/ to Y.
In the rest of the section we want to prove the following theorem.

Theorem 17. (Donsker's Theorem) Suppose that X; € L*(Q), then we have that S!' converges to
a Brownian motion B, on C°([0,1],R).

Remark 18. The actual Donsker theorem requires only that X; € L*(Q). We assume X; € L*(Q)
in order to simplify the proof.

4.1 Convergence of finite dimensional distribution

Lemma 19. Under the hypotheses of Theorem 17, let 0 <t < ... <t; < | then (5,",, Se ..., 5,’i)
converges in distribution, as R* random variables, to (B, ..., By,), where B, is a Brownian motion.

Proof. We give the proof only for the case k =2, being the general case a simple generalization.

For k =2, the thesis of the lemma is equivalent to prove that (S7',5. - S1) converges in distribution
to a pair of independent random variables with Gaussian distribution and variance ¢, and ¢, — 1,
respectively.

First of all we note that S! — %Slnm and S}, - S} — %(slnm — S{ury1) converges to 0 in L%
ag°n agn

2
& 1 2 2 . .
Indeed ]E[(S,",—ﬁSlm]O ]: mE[(n—%) X[z,ln]] sﬁao, and a similar relation holds

for S}’;—S}”,—(SMQJ—S[nrn)-

This implies that if ( —=(S|n12) =St )) converges in distribution to a pair of indepen-

J_ il J_

dent random variables with Gaussian distribution and variance ¢; and #, — 1, the lemma is proven.

By the Central Limit Theorem, we have that

|nty]

ZX

—4N(0,11).

S[nt lnn1]
Vo : n Va2lnn]

In a similar way it is possible to prove that (Snts) = S1nr1) —aN (0,12—t1). Furthermore since

1
Voln

%Slml | is independent of %(S lnt2] = Sint;1), the limit of these two random variables is a pair
on on
of independent random variables. O

4.2 Convergence in distribution on C°([0,1], R)

Definition 20. A sequence of stochastic processes Y" defined on C°([0, 1], R) is tight if, for any
£ >0, there exists a compact set K < C°([0,1],R) (with respect to the topology induced by uniform
convergence) such that P(Y" € K) > 1— & uniformly on ne N.



Theorem 21. (Prokhorov's theorem) Let Y.V, ..., Y/",... be a sequence of stochastic processes

defined on CO([O, 1], R), then the sequence Yt], .., Y, ... converges to Y in distribution on
C°([0,1],R) if and only if the finite dimensional marginals (Yt’1 Ytjf) of the sequence {Y}}ien,
converge to the finite dimensional marginals (Y;,, ..., Y,) of the process Y and the sequence Y' is
tight.

Definition 22. Consider K c C°([0, 1], R), we say that the functions in K are equibounded and
equicontinuous if there exists a M >0 such that for any f € K sup,c[o,171f (t)| <M and for any ¢
there exists a 8 >0 such that supj—s<s,isefo,11f (1) = f(s)|<e&.

Theorem 23. (Arzela-Ascoli Theorem) A set K c C°([0,1],R) is compact (with respect to the
topology induced by uniform convergence) if and only if K is closed and the functions defined on
K are equibounded and equicontinuous.

We introduce the following notation, for f € C°([0,1],R) and & >0 we write

wr(8) = sup |f(1)=f(s)I.

[t-s|<8,t,5€[0,1]

We also write, forany r€[1,1-68],

Wr(8)= sup |f(s)=f(1)l.

se(t,t+85]

Lemma 24. Let V', ..., Y/, ... be a sequence of stochastic processes defined on C°([0,1],R) such
that Y§' =0. If, for any & >0, we have

lim <1imsup]P’(Wyn(5) >g)) =0 (7)

n—+oo

then Y;',..,Y", ... is tight.

Proof. If the limit (7) holds, then for any sequence ¢;— 0, as k — oo, and for any 7 >0 there exist
two sequences & — 0 and n; € N such that

P (wyn(8r) > £1) <27
when N >n;. Consider the sets A, C CO([O, 1], R) defined as
Ar={f,f(0)=0andwy (k) < &x}.

We have that A are closed, and thus the set A = N;enAy is closed. Furthermore the functions in
A are equibounded. Indeed if f € A we have that

5] . |
sup |f(t)|:Z sup ‘f(t)_f<5L1>‘S[5LJ81'

te[0,1] i=0 re[ L5



By construction A is formed by equicontinuous functions. Thus, by Arzela-Ascoli Theorem, A is
compact. On the other hand

P(Y"eA)z1-) P(Y"€Af=1-) P(wyn(s)>e0) 2 1-1.
k k

Since 7 is arbitrary the sequence Y,', ..., ¥/", ... is tight. O

Lemma 25. Let Ytl, ..., Y', ... be a sequence of stochastic processes defined on CO( [0,1],R) such
that Y5' =0. If, for any & >0, we have

lim (limsup(l sup P(Wyn’t(5)>8))]=0 (8)
-0\ 540 6te[0,1—5]

then Y,\,..,Y", ... is tight.
Proof. We want to prove that

]P’(an((S)>3e)SllJ sup P(wyn(8)>¢).
8 lier0.1-5)

Fix § >0 and ¢ >0, and consider the set
B,={f.f(0) =0 and iy, () > &)

and consider

B=|J Bis

i<s!

then we have that {f, ws(8) > 3¢} C B. Indeed suppose that s <t € [0, 1] realizes the sup of for

wy(8), then there are two i, i € N (equal or one next to the other) such that ¢ € [l—' d - 1] and

)5 5 %
2 ’2”]. Then we have that

s’ 68

el

rw-r(3)|+[ro-£(2)|+ [1(3)-#(5)|prro-ri=3

which implies that one term among |f(t) —f(%) , |f(s) —f(%)l, and ‘f(%) —f(%')l is greater than

&, which means that {f,wr(8) >3¢} CB.

On the other hand we have

P(Y"eB;.s) < sup Pwyn(5)>e).
t€[0,1-5]

Thus we obtain

P(wyna(8)>¢) < Z P(Y"eB;.s) < Z sup P(Wyn,,(6)>s)sllJ sup P(Wyn (8)>¢)
oyt 12501 1€[0,1-5] S Jier0,1-61

and, using Lemma 24, the lemma is proved. O
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4.3 Proof of Donsker's Theorem

Proof of Theorem 17. By Prokhorov's Theorem we have to prove that the finite dimensional mar-
ginals converge and that the sequence S', ..., S" is tight. The convergence of finite dimensional
marginals is proven in Lemma 19. For proving the tightness of the sequence S', ..., S" we use
Lemma 25.

First of all we note that for any r €[0,1- 6]

- 1
Wgn (8) < sup ISk—S[anI),

voin (ke{[ntj,...,[n(HzS)]}

since the S; is the straight line interpolation between {Si}xenN. This means that

P(\Zzgnt(é)>€)SP( sup |Sk—SlntJ|>\/a2n-s).
’ ke{|nt],...[n(t+8)1}
Since X; are i.i.d. we have that

]P’( sup |Sk—S[mJ|>\/a2n-g]:P( sup |Sk|>\/02n-g).
kel{lnt|

s [ (24 8) 1} ke{l,...,[n81}

The sequence S, ..., S,, ... is a martingale with respect to its natural filtration, since it is the sum
of i.i.d. random variables with zero mean. Thus, by Doob inequality for martingales, we have

—= E[Sihs1]
P sup ISel>Von-g| < T2
ke(l,...,[n81} o'n-e

On the other hand, since X; are i.i.d. random variables with zero mean we have

E[S{1= ) EIX?X/1<k*E[X{].
i,j<k
This implies that

4
IP’[ sup |Sk|>\/02n-e) Sm.

ke(l,...[n81} o%n2et
Thus
. . 1 -
lim [limsup [ sup P (W (5)>¢)
-0\ 5400 5te[0,1—6] ’
< lim | limsup l]P’( sup |Sk|>\/a2n-g])]
50 nsreo \ 0 \keqi,..imon)
. 1 [n81*E[X{]
] Vel e
= 0.
So, by using Lemma 25, the thesis follows. O
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