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Closed martingales (II)

Definition. A martingale (My),>0 is closed (by Z) if there exists ar.v. in Z e L' such that
M, = E [Z|-O}‘n]

for all n>0. We say that the martingale is closed in L? forp>1if Z € L?.

We saw already that a martingale bounded in L? is closed (and this is an iff).

Then on Tuesday we proved Doob's maximal inequality and in particular Doob's L? inequality
which controls the size of the running maximum X,; = sup<r<,Xy: if (X,,),>0 is a positive sub-
martingale then for all p > 1

Il <5 Ep Xl
Martingales in 1?
We look not at martingales which are bounded in L? for p > 1 and use Doob's inequality.

Theorem. Let X, = (X,,),>0 be a martingale and p > 1. Then the following statements are
equivalent:

a) X. is bounded in L? (i.e. sup,>o|lXylrr < o0);
b) X. converges a.s. and in LP;

¢) There exists a random variable X € L? such that X, = E[X«|%,] for alln >0, i.e.
X closes the martingale X..

Proof. a) = b). Being bounded in L? implies being bounded in L' and therefore by Doob's sub-
martingale convergences theorem we have that X, » X, € L' a.s.

By Doob's L? inequality (|X|;;),>0 satisfies (recall that |X|; = sup<r<, [Xnl)

X 12llr < 1Xallzr < sup [ Xl < oo.
n

Note that |X[;,; >|X];; for all n>0. By monotone convergence we have therefore that

XISz = || im X5

n—>oo

< lim ||IX [z <
Lp\n%olll |n||L \p_l

sup||Xyllzr < oo
n
and in particular

X0 = Xool S 1X| + 1Xool = Xl + Lim X, <2IX[S € LP
m- oo
for all n > 0. By dominated convergence we conclude that

1/
lim X, ~ Xoollzp = { lim ]E[|Xn—Xoo|P]} ? o,
n—o0 n— oo



which means that X,, - X in L?. (note indeed that |X,, — X[’ < (2|1X|%)P € L' and X, > X a.8.).
b) = ¢). Let X :=1lim, X,, when X,, coverges and let's take X., =0 when the sequence do not
converges. Let Z, = E[X.|%,] and consider

”X%"Zﬁ”LP:|pgi_]E[)(w|9iJ”LP=|HE[)Cn“?h]_]E[)(w|9iJ”LP<|pgn'ﬂxaﬂhf

which is true for all m > n by the martingale property of X. and by the contractivity of the cond.
exp. in LP. Now we just take m — oo to see that [|X,,,— X[z — 0 and therefore that |X,,—Z,[;r=0
for all n which gives us that X, = E[X| %,].

¢) = a). Easy again by contractivity of the cond. exp. in L?:

sup [Xyllrr = sup | B [Xoo| Flllr < [ Xoollr < 00.

n=0 n=0

Corollary. Let (X,),>0 a martingale closed in L? (i.e. X,=E[Z|%,] for some Z € L?). Then
)(n_e)(a>=:ﬂi[zz|9im]

almost surely and in L”.

Recall that ¥, = 0 (%,:n>0), the smallest o-algebra which contains all the %,,. In general
is not true that ¥ = ¥, o could be strictly smaller than . Example: take %#,=% Cc ¥
foralln>0then .. =% + % .

Proof. By the previous theorem we know that X,, » X, =1lim,X, a.s. and in L” and moreover that
X, = E[X|%F,]. Let A€ ¥, C F for some n >0, then by def. of cond. exp. we have

E[la(Xeo=2Z)] = E[1AE[(Xeo = 2)|Fn]] = E[14 (X, — X,,)] = 0.
Therefore we have
E[laXo]=E[14Z] = E[14E[Z|%]]

for all A€ U,>0%,. Now note that IT=U,>0%, is a r-system which generates ¥ = 0 (U,;50%,).
Then the family A ={A € ¥F: E[14X]=E[I4E[Z|%]]} is also easily seen to be a A-system
such that ITC A. Then by Dynkin's ;7 — A theorem we have I1 C o (I1) C A so we have that the
equality is true for all A € F.

The last ingredient given by the fact that X, if ¥, measurable, this come easily form the fact
that X,, € F. for all n>0 and that L* = limsup,X,, € F~ and L~ = liminf,X,, € ¥.. Therefore
{L*=L"} € F~ and as consequence Xoo = L* 11+ is F * measurable and X, = X, a.s. So we
can actually choose X, to be ¥ measurable and conclude that

X =E[Z|F], a.s.

using the above equality. O

Uniformly integrable martingales

We now understand quite well the case of martingales in L” for p> 1. What happens when p=1?

We already know that boundedness in L' is not enough for closedness in L'. It turns out that the
right property in this case is uniform integrability.



Recall that
e A family (Y,), is UL iff for any £ >0 there exists L >0 such that

supE[|Y, 1y, >.]<e.

o A UI family (Y,), is also bounded in Ll
supE[|Y,]] = supE[|¥,|Ly,<c] + SupE[|¥o|Ljy, > ] L + & < oo.
a a a
e A family of r.v. bounded in L? is automatically uniformly integrable (see the exer-
cise sheet on uniform integrability).

e The family (E[Y|¥])¢cg of conditional expectations of a given L! random variable
Y is also a UI family.

Theorem. Let (X,),>0 be a martingale, then the following are equivalent statements:
a) (Xy)n>o is uniformly integrable;
b) X, - X« almost surely and in L'

¢) There exists Z € L' such that X, = E[Z|%,,] foralln=0 (i.e. X, is closed);

Proof. a) = b). From UI we deduce that X, is bounded in L' and therefore by the submartingale
convergence theorem we have X, - X, a.s. and that X,,e L.

From UI and almost sure convergence we deduce that X, - X., converges in L!. (This is the key
point where we use UI!!!).

b) = c¢). The argument we used in L? works also in L': define Z, := E[X|%,] and observe that
for all m>n, as m — co we have

”Xn_zn”L' = ”Xn_ IE[XOOL%JHL' = ||E[Xm|yn] - ]E[Xoo|-%1]”L] < ”Xm_Xoo”L' -0

and therefore X,,=Z7,,.

¢) = a). This is a basic property of the family of conditional expectations (X;),>0= (E[Z|%.]) >0
(E[Z|¥])wcg which is UL

Lemma. If (X,),>0 is a Ul supermartingale (resp. submartingale) then X,, —» oo almost sure
and in L' and moreover E[X«|%F,] <X, (resp. B[ X|F,]2X,) for all n20. This means the
supermartingale property (resp. submartingale) can be extended to the index set N*=N U {+ o0},

Proof. (Exerice using argument as above). O

Definition. If X is a Ul martingale, then it is natural to define for any stopping time T (not neces-
sarily finite)

XT = Z XnILT=n +XOOILTZOO,

n=0

where Xo =1im,X,, and X,, = E[ X | %,].



We have then the following extension of the optimal stopping theorem.

Theorem. (Opt. Stop. for Ul martingales) Let (X,,)neN* be a Ul martingale and S <T two
stopping times, then X7,Xse L' and

E[X7|Fs] = Xs.
(In particular X7 = E[X|F7])

Proof. Note that

X71< Y Xl L=+ Xeol I7—co
n=0
and

ElX711< Y ElXallr=n] + E[IXoolL7-c0]

n=0

< BlIE[XaolFall 7] + B[IXacl 17-cc]

n=0

< ) EIE[XolFa)lr=n] + E[IXwcl17=o0]

Jensennzo
<3 Bl E[|Xoo|ﬂrzoo]Fu§imlE[|Xoo|(;) L+ ﬂT:oo)] = EllXl] <cv.

Moreover for A € 1 we have

E[X 14l = Z E[Xeolanir=n]+ E[Xxlan(r=c0]

n=0

=) ElE[XalF)Lanr=nm] + E[XaTan(r=o)]

n=0

=Y E[X Lanr=m]+EXelanr=c)] = E[Xr1al,

n=0
so in particular we have proven that X7 = E[X.|%7]. Then it is easy to see that (¥5C %r)

E[X7|%s] = E[E[Xool Frl|Fs] = B[ X« Fs] = Xs.
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