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1 Introduction

We consider the Schroedinger equation

i@t�(t; x)¡�x�(t; x)= "
1¡

2 V

�
t
"

; x
�
�(t; x) (1)

where " is a small parameter, and 
 2 [0; 1). The interaction of V with � is small (of order "
1¡

2 ),

which means to see it in�uence the wave function signi�cantly we must consider large scales. Let
�"(t; x) = �

¡ t
"
;
x

"

�
.

We scale time and space in the same way, so we can leave the average velocity of the wave
invariant.

Then �" satis�es

i"�"(t; x)¡ "2�x�"(t; x)= "
1¡

2 V

�
t

"1+

;
x
"

�
�"(t; x): (2)

We want to study properties of �" in the limit "! 0, or in other words we want to study the
macroscopic properties of the system behaving microscopically according to (1). Let us give some
heuristics on what we should expect: Let us imagine for the moment that V is a smooth bump

constant in time, and 
 = 0. If we write H = �x ¡ "
1

2V scattering theory tells us that a wave
scattering at V splits into two parts: The free part that propagated as if the obstacle was not there,
and the scattering part. More precisely:

eitH'= eit�x'+ 'sc

such that k'sck=O("). So the probability to scatter at time t isO("1), which means the probability
to scatter up to time t is O("t). Since t2O

¡ 1
"

�
the number of collisions (scatterings) will remain

bounded. This means we expect a kinetic equation in the limit, since for a di�usive or hydrodynamic
limit in�nite collisions would be required. Kinetic equations are posed for the space-momentum
density, however j�(t; x)j2 is only a space density while the Fourier transform

���̂(t; x)��2 gives the
momentum density. By the Heisenberg uncertainty principle there is no space momentum density
in quantum mechanics however the Wigner transform will be a suitable replacement for us:

It is de�ned by:

W�(t; x; k)=

Z
eik �y�

�
t; x¡ y

2

�
��
�
t; x+

y
2

�
dy

We will drop the � in the future. Appropriate for us will be a rescaled version of this, de�ned by

W"(t; x; k)=

Z
eik �y�"

�
t; x¡ "y

2

�
�"�
�
t; x+ "

y
2

�
dy
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The advantage of the Wigner-transform is that it satis�es a closed equation, provided that the
wave function satis�es the Schroedinger equation. By product rule

@tW"(t; x; k) = ¡ i
"

Z
eik �y

�
"�x�"

�
t; x ¡ "

y
2

�
+ "

1¡

2 V

�
t

"1+

;
x
"
¡ "

y
2

�
�"

�
t; x ¡ "

y
2

�
:
�
�"�
�
t;

x+ "
y
2

�
dy

+
i

"

Z
eik �y� "

�
t; x ¡ "

y

2

��
"�x�"�

�
t; x + "

y

2

�
+ "

1¡

2 V

�
t

"1+

;
x

"
+ "

y

2

�
�"�
�
t;

x+ "
y
2

��
dy

= ¡ i
"

Z
eik �y

�
�y�"

�
t; x ¡ "

y
2

�
+ "

1¡

2 V

�
t

"1+

;
x
"
¡ "

y
2

�
�"
�
t; x ¡ "

y
2

�
:
�
�"�
�
t;

x+ "
y
2

�
dy

+
i
"

Z
eik �y� "

�
t; x ¡ "

y
2

��
�y�"�

�
t; x + "

y
2

�
+ "

1¡

2 V

�
t

"1+

;
x
"
+ "

y
2

�
�"�
�
t; x +

"
y
2

��
dy

= ¡k � rxW"(t; x; k) +
i

"
1+


2

Z
eik�y

�
V
�

t

"1+

;
x
"
+ "

y
2

�
¡ V

�
t

"1+

;
x
"
¡ "

y
2

��
�"

�
t;

x¡ "y
2

�
�"�
�
t; x+ "

y

2

�
dy

If we denote by V̂ the Fourier transform of V we have, by the Fourier inversion formula

V
�

t

"1+

;
x
"
+ "

y
2

�
=

Z
e
¡ipx

"
¡py

2V̂
�

t

"1+

; dp

�
Plugging this in we get

Z
V
�

t

"1+

;
x
"
+ "

y
2

�
�"
�
t; x¡ "y

2

�
�"�
�
t; x+ "

y
2

�
dy

=

Z Z
eik�ye

¡ipx
"
¡py

2V̂
�

t

"1+

; dp

�
�"
�
t; x¡ "y

2

�
�"�
�
t; x+ "

y
2

�
dy

=

Z
e
¡ipx

" V̂
�

t

"1+

; dp

�
W
�
t; x; k¡ p

2

�
Which implies the equation

@tW"(t; x; k) + k �rxW"(t; x; k) =
i

"
1+


2

Z
e
¡ip�x

" V̂
�

t

"1+

; dp

��
W"

�
t; x; k ¡ p

2

�
¡ W"

�
t; x;

k+
p
2

��
(3)

In this thesis we will study solutions of this equation with initial condition

W"(0; x; k)=W0;"(x; k)

such that for every �2Cc1(R2n)

lim
"!0

hW0;"(x; k); �iL2(R2n)= hW0(x; k); �iL2(R2n)

for some weak limit W02L2(R2n). Our main theorem will be the following:

Theorem 1. Let W" be a uniformly bounded sequence in Cb(R; L
2(R2n)) such that W"(0; �; �) as

above and ,W" satis�es equation 3. ThenW" converges in probability, uniformly in time and weakly
in space to some function W which satis�es the equation

@tW (t; x; k)+ k �rxW (t; x; k)=

Z
�(p; k)(W (t; x; k¡ p)¡W (t; x; k)) (4)

Where � will depend on the distribution of V in a manner we will make more precise later.
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Let us say a few things about the structure of this thesis. We will mainly follow the proof proof
of [5]. In Sections 2,3 we develop some tools. Then in section 4 we prove that theW" is tight, and
in section 5 we characterize the accumulation points of the sequence as solutions of (4). Finally in
section 6 we prove that (4) has a unique solution which implies convergence of the whole sequence
to that deterministic limit. Our contribution to the proof in [5] is that we prove path wise estimates
for the operators in section 3 and 4. Even though it is not necessary to prove the �nal statement
we believe it provides an interesting proof of concept for how modulation spaces can be used to
obtain path-wise estimates for the operator norm of random operators. We also believe that the
convergence of (1) is interesting not only conceptually but numerically as well. In such a context
almost sure estimates on the necessary operators might be useful.

Let us introduce some notation
I would like to take this moment to thank Professor Gubinelli for his excellent supervision of my

thesis.The time and e�ort he put into this thesis goes far beyond anything that can be reasonably
expected.

2 Modulation spaces

In this section we give a brief exposition of modulation spaces, and prove how they can be used
to get almost sure bounds on norms of random operators. This section mainly follows [6]. For a
more detailed exposition we also refer to [6].

De�nition 2. Fix a Schwartz function '=/ 0,which we will call the window. We de�ne the short
time Fourier transform, or STFT for a function f 2Lloc

1 (Rd), and set z=(z1; z2)2R2d,

V'f(z)=

Z
eiy�z2f(y)'(y¡ z1)dy= f(�)'(�¡z1)(z2)

The STFT satis�es the following orthogonality relations:

Lemma 3. Let '1; '2 be Schwartz-functions and f1; f22L2(Rd) thenZ
V'2f1(z)V'1f2(z)dz=

Z
f1(y)f2(y)dy

Z
'1(z1)'2(z1)dz1= hf1; f2iL2(RN) h'1; '2iL2(Rd)

In particular the STFT is an isometry L2(Rd)!L2(R2d), provided that k'kL2=1

Proof. By Parservals identityZ
V'2f1(z)V'1f2(z)dz =

Z Z
dz1dz2f1(�)'1(�¡z1)(z2)f2(�)'2(�¡z1)(z2)

=

Z Z
f1(y)'1(y¡ z1)f2(y)'2(y¡ z1)dydz1

=

Z
f1(y)f2(y)dy

Z
'1(z1)'2(z1)dz1

�

The reason the STFT is interesting to us is the following fact: Introduce the notation 'z(�) =
ei (�)�z2'(�¡z1). Then we have the following

Lemma 4. Let '1; '2 be Schwarz-functions, if f 2L2 the

f(�)= 1
h'1; '2iL2(RN)

Z
V'1f (z)'z(�)dz
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Where the Integral is to be interpreted as a Bochner Integral with values in L2(RN).

Proof. Set

f~=
1

h'1; '2iL2(RN)

Z
V'1f (z)'2;z(�)dz

This is well de�ned, since V'1f (z) is in L
2. For a function g 2L2 we can compute


f~; g
�
=

1

h'1; '2iL2(RN)

Z
V'1f (z)h'2;z ; giL2dz

=
1

h'1; '2iL2(RN)

Z
V'1f (z)V'2g(z)dz

= hf ; gi

Which proves the statement. �

Much like the Fourier inversion formula this lemma enables us to write a function f as a super-
position of the functions 'z. However the advantage is that 'z are signi�cantly better behaved,
then in the fourier transform case since the fourier inversion formula writes uses superposition of
eip�x which has no decay.

Now we are ready to introduce modulation spaces. Modulation spaces are associated with the
STFT in the same way that Sobolev spaces are associated with the Fourier transform.

De�nition 5. We say that a function f is in the space Mp;q
s if

kf kMp;q
s =

�Z �Z
jV'f(z)jphzipsdz1

�q

p
dz2

�
1

q

is �nite.Here hi denotes the Japanse Bracket, which is de�ned by hai=(1+ a2)
1

2

It can be proven that Mp;q
s is a Banachspace, and it is independent of ' up to equivalence of

norms.

The reason we are interested in modulation spaces is the following lemma:

Lemma 6. Assume we have random operator A! , ! 2P, mapping S (Rd)!S 0(Rd) such that

EjhA'w; 'zij2�hwiaK(z¡w)

with H 2L1(R2N),a2R then A is almost surely bounded from M2;2
s toML2 provided that 2s>d+a,

such that E
�
kAkM2;2

s !ML2

2
�
�CkKkL1(R2N)

Proof.

jhAf ; gij2 =

����Z Z V'f(w)V'f(z)hA'w; 'zidzdw����2
�
�Z Z

jV'f(w)V'f(z)j jhA'w; 'zijdzdw
�

Applying Hoelders inequality we get�Z Z
jV'f(w)V'g(z)j jhA'w; 'zijdzdw

�
2

�
Z
jV'f(w)j2hwi2s+adw

Z
hwi¡2s¡a

�Z
jV'g(z)jjhA'w; 'zijdz

�
2

dw

�
Z
jV'f(w)j2hwi2s+adw

Z
jV'g(z)j2dz

Z
hwi¡2sjhA'w; 'zij2dzdw
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Taking expectation we get

EkAkM2;2
s !L2=E sup

f ;g

jhAf ; gij �
Z
hwi2sEjhA'w; 'zij2dzdw�CkKkL1(R2N)

where the supremum is taken over f with kf kM2;2
s � 1 and g with kgkL2� 1 �

3 Construction of the random potential

This section mainly follows [1].

De�nition 7. Let � be a �-�nite measure on Rd and let B be the collection of Borel measurable sets
of �nite �-Measure, and P be a probability space. We say that a map W :P 7!RB is a Gaussian
�-noise, if for any A; B 2B

W(A)�N (0; �(A))

W(A[B)=W(A)+W(B) if A; B are disjoint

W(A);W(B) are independent ifA; B are disjoint

Lemma 8. For every �-�nite measure � there exists a Gaussian �-noise.

Proof. We need to specify a correlation function on B�B,which will determine the �nite dimen-
sional distributions, then the statement will follow by the Kolmogorov extension theorem. De�ne

C(A; B)= �(A\B)

A necessary and su�cient condition is for C to be positive semi-de�nite, meaning that for any
Ai2B �i2R X

i; j

�iC(Ai; Aj)�j � 0

X
i; j

�iC(Ai; Aj)�j=
X
i; j

�i�j

Z
1Ai1Ajd� =

Z �X
i

�i1Ai

�
2
d� � 0

�

We now want to construct a random �eld from a gaussian noise. To do that we need to give
meaning to the expression Z

f(�)W(d�)

for some function f 2L2(RN).

Proposition 9. Let � be �-�nite measure on Rd.Let S(Rd; �) be the space of simple functions(mea-
surable functions with support of �nite measure taking �nitely many values). We claim that the
map

S(Rd; �) 7!L2(P)X
ai1Ai!

X
aiW (Ai)

extends to an isometry

L2(Rd; �) 7!L2(P)

6 Section 3



Proof. We prove that the map preserves inner products. The statement of the theorem then
follows by density of simple functions. By Fubini's theorem

E
�X

aiW(Ai)
X

bjW(Bj)
�
=
X
i; j

aibjE[W(Ai)W(Bj)]

X
i; j

aibjE[W(Aj)W(Bi)] =
X
i; j

aibj�(Ai\Bj)=
X
i; j

aibj

Z
1Ai1Bjd�

X
i; j

aiaj

Z
1Ai1Ajd� =

Z X
ai1Ai

X
bj1Bjd�

�

Now we are ready to de�ne our random �eld. Choose � to be absolutely continuous with density
R̂(p)g(p)

g(p)2+!2
2L1(Rd�R). We will specify the assumptions on R̂(p); g(p) below. For t� 0; x2Rd we

set

V (t; x)=

Z
ei!teix�pW(dpd!)

For V we have the correlation functions:

E[V (t; x)V (s; y)] =

Z
ei (x¡y)�pei(t¡s)!

R̂(p)g(p)
g(p)2+!2

dpd!

=

Z
ei (x¡y)�p e¡g(p)jt¡sjR̂(p)dpd!

We also introduce the �elds V̂ (t;dp)
given by

V̂ (t;dp) =

Z
R

ei!tW(d!)

E
�
V̂ (t; p2)V̂ (s;dp1)

�
= e¡g(p)jt¡sjR̂(p1)�(p1+ p2)

E
h
V̂ (t; p2)V̂ (s;dp1)

i
= e¡g(p)jt¡sjR̂(p1)�(p1¡ p2)

We will need the following

Proposition 10. Let F t=�
¡
V̂ (s; �); s� t

�
be the �-algebra generated by

¡
V̂ (s; �); s� t

�
. We have

E
�
V̂ (t+h; �)jF t

�
= e¡g(p)hV̂ (t; �)

E
� 

V̂ (t+h; �); '

�

V̂ (t+h; �);  

�
jF t

�
= E

� 

V̂ (t+h; �); '

�
jF t

�
� E

� 

V̂ (t+h; �);  

�
jF t

�
+

Z
'(p) (¡p)R̂(p)

¡
1¡ e¡g(p)h

�
dp

Proof. This follows [4]. De�ne Y = V̂ (t+h;dp)¡ e¡g(p)V̂ (t; dp). Then Y and V̂ (t) are centered
gaussian variables and they are uncorrelated since

E
� 

V̂ (t); '

�
hY ;  i

�
=

Z
'(p) (¡p)R̂(p)

¡
e¡g(p)h¡ e¡g(p)h

�
dp=0

Which means they are independent. This means that

E
�
V̂ (t+h;dp)jV̂ (t)

�
=E

�
Y
��V̂ (t)�+E

�
e¡g(p)V̂ (t;dp)

��V̂ (t)�= e¡g(p)V̂ (t;dp)

Construction of the random potential 7



Now we want to prove by induction that for any i� 1

E
�
V̂ (ti+1; dp)jV̂ (ti); ���; V̂ (t1)

�
= e¡g(p)(ti+1¡ti)

We assume we have already proven

E
�
V̂ (ti; dp)jV̂ (ti¡1); ���; V̂ (t1)

�
= e¡g(p)(ti¡ti¡1)V̂ (ti¡1; dp)

Then write again Y = V̂ (ti+1;dp)¡ e¡g(p)(ti+1¡ti)V̂ (ti;dp). Again Y and V̂ (ti) are independent so

E
�
V̂ (ti+1; dp)jV̂ (ti); ���; V̂ (t1)

�
= E

�
Y jV̂ (ti); ���; V̂ (t1)

�
+ E

�
e¡g(p)(ti+1¡ti)V̂ (ti; dp)jV̂ (ti); ���; V̂ (t1)

�
= E

�
Y jV̂ (ti¡1); ���; V̂ (t1)

�
+ e¡g(p)(ti+1¡ti)V̂ (ti; dp)

= e¡g(p)(ti+1¡ti¡1)V̂ (ti¡1; dp)

¡ e¡g(p)(ti+1¡ti)e¡g(p)(ti¡ti¡1)V̂ (ti¡1; dp)

+ e¡g(p)(ti+1¡ti)V̂ (ti; dp)

= e¡g(p)(ti+1¡ti)V̂ (ti; dp)

Now our claim follows by induction.
For the second part we proceed similarly: We will to show that

E[


V̂ (ti+1; �); '

�

V̂ (ti+1; �);  

���V̂ (ti); ���;
V̂ (t1)

�
= E[



V̂ (ti; �); '

���V̂ (ti); ���; V̂ (t1)�
� E[



V̂ (t~i+1; �);  

���V̂ (ti); ���; V̂ (t1)�
+

Z
'(p) (¡p)R̂(p)

¡
eg(p)(t

~i+1¡ti+1) ¡

e¡g(p)(t
~i+1¡t~i)¡ e¡g(p)(ti+1¡ti)

�
dp

We write again Y = V̂ (ti+1; dp)¡ e¡g(p)(ti+1¡ti)V̂ (ti; dp) , Y~ = V̂ (t~i+1; dp)¡ e¡g(p)(t~i+1¡ti)V̂ (ti;
dp), then Y ; Y~ are independent from V̂ (ti; dp), so

E
� 

V̂ (ti+1; �); '

�

V̂ (ti+1; �);  

���V̂ (ti)�=E
�
hY ; 'i



Y~;  

� �
+

Z
dpe¡g(p)(ti+1¡ti)V̂ (ti; dp)'(p) +Z

e¡g(p)(t
~i+1¡ti) (p)V̂ (ti; dp)

E
�
hY ; 'i



Y~;  

� �
=

Z
dpR̂(p)

�¡
eg(p)(t

~i+1¡ti+1)¡ e¡g(p)(t~i+1¡t~i)¡ e¡g(p)(ti+1¡ti)
�

Now we want to generalize this to

E
� 

V̂ (ti+1; �); '

�

V̂ (ti+1; �);  

���V̂ (ti)V̂ (ti¡1)���V̂ (t1)�:
Assume we have already proven

E
� 

V̂ (ti+1; �); '

�

V̂ (ti+1; �);  

���V̂ (ti¡1); ���; V̂ (t1)� = E
� 

V̂ (ti+1; �); '

���V̂ (ti¡1); ���; V̂ (t1)� �
E
� 

V̂ (t~i+1; �);  

���V̂ (ti¡1); ���; V̂ (t1)� + Z '(p) (¡p)R̂(p)¡eg(p)(t~i+1¡ti+1) ¡ e¡g(p)(t
~i+1¡t~i¡1) ¡

e¡g(p)(ti+1¡ti¡1)
�
dp (5)

Now by the de�nition of Y ; Y~ and the fact that Y ; Y~ are independent of V (ti)

E
� 

V̂ (ti+1; �); '

�

V̂ (ti+1; �);  

���V̂ (ti)V̂ (ti¡1); ���; V̂ (t1)� = E
� 

V̂ (ti+1; �); '

���V̂ (ti); ���; V̂ (t1)� �
E
� 

V̂ (t~i+1; �);  

���V̂ (ti¡1); ���; V̂ (t1)�+E
�
hY ; 'i



Y~;  

�
jV̂ (ti¡1); ���; V̂ (t1)

�
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By de�nition of Y ; Y~ we have

E
�
hY ; 'i



Y~;  

�
jV̂ (ti¡1); ���; V̂ (t1)

�
= E

� 

V̂ (ti+1; �); '

�
;


V̂ (t~i+1; �);  

�
jV̂ (ti¡1); ���;

V̂ (t1)
�
¡ E

� 

e¡g(p)(ti+1¡ti)V̂ (ti; �); '

�
;


V̂ (t~i+1; �);  

�
jV̂ (ti¡1); ���; V̂ (t1)

�
¡ E

h 

V̂ (ti; �

); '
�
;


e¡g(p)(t

~i+1¡ti)V̂ (ti+; �);  
�
jV̂ (ti¡1); ���; V̂ (t1)

i
+ E

h 

e¡g(p)(ti+1¡ti)V̂ (ti; �); '

�
;


e¡g(p)(t
~i+1¡ti)V̂ (ti; �);  

�
jV̂ (ti¡1); ���; V̂ (t1)

i
=I+ II

Where I contains the terms coming from the conditional expectations on the r.h.s of (5), and II
contains the deterministic terms coming from the r.h.s of (5).

I =


e¡g(p)(ti+1¡ti¡1)V̂ (ti¡1; �); '

�

e¡g(p)(t

~i+1¡ti¡1)V̂ (ti¡1; �);  
�

¡

e¡g(p)(ti+1¡ti)e¡g(p)(ti¡ti¡1)V̂ (ti¡1; �); '

�

e¡g(p)(t

~i+1¡ti¡1)V̂ (ti¡1; �);  
�

¡

e¡g(p)(ti+1¡ti¡1)V̂ (ti¡1; �); '

�

e¡g(p)(t

~i+1¡ti)e¡g(p)(ti¡ti¡1)V̂ (ti¡1; �);  
�

+

e¡g(p)(ti+1¡ti)e¡g(p)(ti¡ti¡1)V̂ (ti¡1; �); '

�

e¡g(p)(t

~i+1¡ti)e¡g(p)(ti¡ti¡1)V̂ (ti¡1; �);  
�
=0

II=

Z
dpR̂(p)'(p) (¡p)h(ti+1:ti+1; ti; ti¡1; p)

With

h(ti+1:ti+1; ti; ti¡1; p) = e¡g(p)(t
~i+1¡ti+1) ¡ e¡g(p)(t

~i+1¡ti¡1)e¡g(p)(ti+1¡ti¡1) ¡

e¡g(p)(ti+1¡ti)
¡
eg(p)(t

~i+1¡ti) ¡ e¡g(p)(t
~i+1¡ti¡1)e¡g(p)(ti¡ti¡1)

�
¡ e¡g(p)(t

~i+1¡ti)
¡
eg(p)(ti+1¡ti) ¡

e¡g(p)(ti+1¡ti¡1)e¡g(p)(ti¡ti¡1)
�
+ eg(p)(t

~i+1¡ti)e¡g(p)(ti+1¡ti)
¡
1¡ e¡2g(p)(ti¡ti¡1)

�
=e¡g(p)(t

~i+1¡ti+1)¡ e¡g(p)(t~i+1¡ti¡1)e¡g(p)(ti+1¡ti¡1)

Now the we complete the proof by induction.
�

In the sequel we will assume that for a large A of our choosingZ X
i=1

A
R̂(p)

g(p)i
jpjidp<1

Z
R̂(p)hpiAdp<1

4 Tightness

We consider the equation

@

@t
W"(t; x; k)+ k �rxW"(t; x; k) =

1

"
1+


2

Z
V̂
�

t

"1+

; p
�
e
i
px
"

�
W
�
t; x; k¡ p

2

�
+W

�
t; x; k+

p

2

��
dp

=:
1

"
1+


2

KW (6)

In the weak form this equation reads

hW"; �i (t)¡hW"; �i(s)=
Z
0

t
*
W"; k �rx�(t; x; k)+

1

"
1+


2

K�(t; x; k)

+
(s)ds (7)
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We want to prove tightness of the process. First let us note that it is enough to prove tightness
of hW"; �i: We know that W" is uniformly bounded in L2 (R2d), as it comes from a solution of the
Schroedinger equation. We can say W" is a process in the space E = ff 2 L2(R2d)j kf kL2 � Cg
which is a compact metrizable space, equipped with the weak topology.

In this section

Proposition 11. A processX" is tight in C([0;1);E) if and only if hX";�i is tight in C([0;1);C)
for every �2Cc1(R2d).

Proof. We only prove that if hX";�i is tight in C([0;1);C) for every �2Cc1(R2d) thenX" is tight
in C([0;1); E), the other direction is obvious. Recall the Arzela-Ascoli theorem: For a complete
metric space (E;d) ,M �C([0;1);E) is compact if and only if M is bounded in C([0;1);E) and

lim
�!0

sup
f2M

sup
js¡tj��

d(f(t); f(s))= 0

In our case we can choose d(x; y) =
P

n2N
1

2n
(hx ¡ y; �ni with �n a sequence of Cc1(R2d)

functions dense in E. By assumption for every n there exists a set Kn � C([0;1);C) such that
P(hX"; �i 2Kn)� 1¡ 1

2n
� and Kn compact. Writing K~n= ff 2C([0;1); K)j hf ; �ni 2Kng and

taking K =\n2NK~n we get that P (X"2K)� 1¡ � and that K is compact by Arzela-Ascoli. �

We will prove tightness of hW"; �i using the following

Proposition 12. Let x"(t) be a sequence of stochastic processes with generators A", such that
\"D(A") with continuous paths running up to time T. Assume that there exists a dense subset Ĉ
of Cb(R), such that Ĉ2� Ĉ, in other words Ĉ contains all squares of functions in Ĉ , Ĉ �D(A"),
and for every f 2 Ĉ, there exists a stochastic process f"(t) such that

fA"(f") (t); " > 0; t�T g
is uniformly integrable, and

lim
"

E
�
sup
t�T

jf"(t)¡ f(x"(t))j
�
=0 for every � > 0

Then f(x") is tight for every f 2 Ĉ, which implies that x" is tight

To prove this we will need the following

Lemma 13. Let y" be a sequence of stochastic processes with continuous paths running up to time
T satisfying

lim
K!1

limsup
"

P
�
sup
t�T

y"�K
�
=0

such that

lim
�!0

limsup
"

sup
�

E[ jy"(� + �)¡ y"(�)j 2] = 0

where sup� is the supremum over all stopping times � �T.
Then y" is tight in C([0; T ];C).

A proof of this lemma can be found in [3] Theorem 8.6 and Lemma 10.1.

Proof. Denote by f"; f"2 the sequences associated with f ; f 2 respectively which make the generator
bounded. Then

jf(x" (t+u))¡ f(x"(t))j2= f"
2(t+u)¡ f"2(t)¡ 2f(x"(t))(f"(t+u)¡ f"(t))+T"

With

T"= f2(t+u)¡ f"2(t+u)+ 2f(x"(t)) (f(x"(t+u))¡ f" (t+u)+ f(x"(t))¡ f"(t))

10 Section 4



De�ne d2(x; y)=min f1; jx¡ y j2g
Now

Ed2(f(x" (� + u)); f(x"(�))) � KEjE�f
2;"(x"(� + u)) ¡ f2;"(x"(�))j + KEjE�f

"(x"(� + u)) ¡

f"(x"(�))j+KET"=KE

����E�

Z
�

�+u

A"f2;"(t)dt

����+KE

����E�

Z
�

�+u

A"f"(t)dt

����+KET"

Now all terms on the right hand side, tend to 0 for u!0 uniformly in � , which means we can apply
the lemma.

�

First we compute the generator of the process: We denote by Et
" the conditional expectation

with respect to

A"f = lim
h!0

Et
"[f(hW"; �i(t+h))¡ f(hW"; �i(t))]

h
= f 0(hW"; �i(t))

*
W"; k � rx�+

1

"
1+


2

K�
+
(t)

so

f(hW"; �i(t))¡ f(hW"; �i(0))¡
Z
0

t

f 0(hW"; �i(s))
*
W"; k � rx�+

1

"
1+


2

K�
+
(t)ds

is a martingale.
To apply our proposition we want to add a perturbation f1;" such that f1;"! 0 for "! 0 and

A"(f + f1;") is uniformly bounded. To achieve this we obviously want A"f1;" to cancel 1

"
1+


2

K�.
To �nd such a function we make the ansatz

f1;"= "�f 0(hW"; �i(t))hW";K1;"�i(t)

With

K1;"�=
Z
a"(x; k; p)V̂

�
t

"1+

; p
�
e
i
px
"

�
�
�
t; x; k¡ p

2

�
+�
�
t; x; k+

p
2

��
dp

We will choose a" and � later in a suitable fashion. We then see that

f1;"(hW"; �i(t+h))¡ f1;"(hW"; �i(t))
h

= "�
f 0(hW"; �i(t+h))¡ f 0(hW"; �i(t))

h
hW";K1;"�i(t)

+ "�f 0(hW"; �i(t))
�
W"(t+h; �; �)¡W"(t; �; �)

h
;K1;"�(t)

�
+ "�f 0(hW"; �)

�
W"(t; �);

K1;"�(t+h; �; �)¡K1;"�(t; �; �)
h

�
Applying Et and taking the limit h!0 we get, by using the equation and the de�nition of V that

A"f1;" = "�f 00(hW"; �i)hW"; K1;"�i(t) + "�f 0(hW"; �i(t))
*
W"; k � rxK1;"� +

1

"
1+


2

KK1;"�
+
(t) +

"�f 0(hW"; �i(t))
�
W";

Z
a"(x; k; p)g(p)

"1+

V̂
�

t

"1+

; dp

��
�
�
t; x; k¡ p

2

�
+�
�
t; x; k+

p
2

���
Let us note that

k � rxK1;"�=
Z

a"(x; k; p)
"

ik � pei
p�x
" V̂

�
t

"1+

; dp

��
�
�
t; x; k ¡ p

2

�
+ �
�
t; x; k+

p
2

��
+

Z
a"(x; k;

p)V̂
�

t

"1+

; p
�
e
i
px
"

�
k � rx�

�
t; x; k¡ p

2

�
+ k � rx�

�
t; x; k+

p
2

��
dp

Tightness 11



The �rst term must remain bounded since it has a f 00 and cannot give cancellations, so we
choose � = 1+ 


2
. Then we have two terms of higher order which have to cancel 1

"
1+


2

K�. More

precisely we must haveZ
a"(x; k ; p)

"
1+


2

"
i k � p ei
p�x
" V̂

�
t

"1+

; d p

��
�
�
t; x; k ¡ p

2

�
+ �

�
t; x; k +

p

2

��
+

Z
a"(x; k; p)g(p)

"
1+


2

e
i
p�x
" V̂

�
t

"1+

; d p

��
�
�
t; x; k ¡ p

2

�
+ �

�
t; x; k +

p
2

��
=

1

"
1+


2

Z
V̂
�

t

"1+

;

dp
�
e
i
px
"

�
W
�
t; x; k¡ p

2

�
+W

�
t; x; k+

p
2

��
Which is satis�ed if a"(x; k; p)=

1

g(p)+ "
ik � p .
This leads to

A"(f + f1;") = f 0(hW"; �i(t))hW"; k � rx� + KK1;"�i(t) + f 00(hW"; �i)hW"; K�ihW"; K1;"�i(t) +

"
1+


2 f 0(hW"; �i(t))hW";K1;"(k � rx�)i(t)+"
1+


2 f 00(hW"; �i)hW"; k � rx�i (8)

To prove uniform integrability of the generator we will prove the following lemmas

Lemma 14. There exists random variables C1; C2; C32L2 (P), such that almost surely

kKkM2;2
d+1 7!L2 � C1;"

kK1;"kM2;2
d+1 7!L2 � C2;"

kKK1;"kM2;2
d+1 7!L2 � C3;"

and E[C1;"
2 +C2;"

2 +C3;"
2 ] is bounded uniformly in ".

Proof. We will estimate the Gaussian random variables h'z;K'wi in L2(P), then invoke Lemma 6.

E[jh'z;K'wij2] =
Z Z

dxdk

Z Z
dydl 'z(x; k)'z(y; l)

Z
E

�
V̂
�

t

"1+

;

d p
�
V̂
�

t

"1+

; d q

��
e
i
px
" e
¡iqy

"

�
'w
�
x; k ¡ p

2

�
¡ 'w

�
x; k +

p
2

���
'w
�
y; l ¡

q
2

�
¡ 'w

�
y; l+

q
2

��
=

Z
dxdk

Z Z
dydl'z(x; k)'z(y; l)

Z
dpR̂(p) ei

px
" e
¡ipy

"

�
'w

�
x; k¡ p

2

�
¡ 'w

�
x;

k+
p
2

���
'w

�
y; l¡ p

2

�
¡ 'w

�
y; l+

p
2

��
= dxdk

Z Z
dydl

����'z(x; k)'z(y; l)Z dpR̂(p)
�
'w
�
x; k ¡ p

2

�
¡ 'w

�
x; k +

p

2

���
'w
�
y; l¡ p

2

�
¡ 'w

�
y; l+

p

2

������
.
Z
R̂(p)hpi2A hz1¡w1i¡2Ahz2¡w2i¡2A

On the other hand by the hand we have by Parservals identity we haveZ Z
dxdk

Z Z
dydl'z(x; k)'z(y; l)

Z
dpR̂(p) ei

px
" e
¡ipy

"

�
'w
�
x; k ¡ p

2

�
¡ 'w

�
x; k +

p
2

���
'w

�
y; l¡ p

2

�
¡ 'w

�
y; l+

p
2

��
=

Z Z
dxdk

Z Z
dydl 'z(x; k)'z(y; l)

Z
dpR̂(p)

�
'w¡

¡
0;
p

2
;
p

"
;0
�(y; l)¡ 'w¡¡0;¡p

2
;
p

"
;0
�(y; l)�

.
Z
R(p)

D
z3¡w3¡

p
"

E¡2Ahz4¡w4i¡2Ahpi2A
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Interpolating we get that with K(z¡w)=
R
dpR(p)hz1¡w1i¡Ahz2¡w2i¡A



z3¡w3¡ p

"

�¡Ahz4¡
w4i¡A and

R
dwK(z¡w) uniformly bounded in "

E[jh'z;K'wij2]�K(z¡w)

Similarly for K1;" we get

E[jh'z;K1;"'wij2] =

Z Z
dxdk

Z Z
dydl 'z(x; k)'z(y; l)

Z
1

g(p) + "
ik � pE
�
V̂
�

t

"1+

;

d p
�
V̂
�

t

"1+

; dq

��
e
i
px
" e
¡iqy

"

�
'w
�
x; k ¡ p

2

�
¡ 'w

�
x; k +

p
2

���
'w
�
y; l ¡

q
2

�
¡ 'w

�
y; l+

q
2

��
=

Z Z
dxdk

Z Z
dydl'z(x; k)'z(y; l)

Z
dp

R̂(p)
g(p) + "
ik � p e

i
px
" e
¡ipy

"

�
'w

�
x;

k¡ p
2

�
¡ 'w

�
x; k+

p
2

���
'w
�
y; l¡ p

2

�
¡ 'w

�
y; l+

p
2

��
�
Z

dxdk

Z Z
dydl

�����'z(x; k)'z(y; l)
Z

dp
R̂(p)

g(p)+ "
ik � p

�
'w
�
x; k ¡ p

2

�
¡

'w

�
x; k+

p
2

���
'w

�
y; l¡ p

2

�
¡ 'w

�
y; l+

p
2

�������
.
Z

dxdk

Z Z
dydl

�����'z(x; k)'z(y; l)
Z

dp
R̂(p)

g(p)+ "
ik � p

Z
¡1

2

1

2

p � rk'w(x;

k¡ tp) dt
�
'w

�
y; l¡ p

2

�
¡ 'w

�
y; l+

p
2

�������
. hw4ihz1¡w1i¡Ahz2¡w2i¡A

on the other hand we have integrating by partsZ Z
dxdk

Z Z
dydl'z(x; k)'z(y; l)

Z
dp

R̂(p)
g(p)+ "
ik � p

�
'w

�
x; k ¡ p

2

�
¡ 'w

�
x; k +

p
2

���
'w

�
y; l¡ p

2

�
¡ 'w

�
y; l+

p
2

��
=

Z Z
dxdk

Z Z
dydl '(x ¡ z1; k ¡ z2)'(y ¡ z1; l ¡ z2)

Z
dpei

¡
w3¡z3¡p

"

�
�x
ei(w4¡z4)�k

R̂(p)
g(p) + "
ik � p

�
'
�
x ¡ w1; k ¡

p
2
¡ w2

�
¡ '

�
x ¡ w1; k +

p
2
¡

w2

���
'
�
y¡w1; l¡

p
2
¡w2

�
¡ '

�
y¡w1; l+

p
2
¡w2

��
=

Z
dxdk

Z Z
dydl e

i
¡
w3¡z3¡ p

"

�
�y
ei(w4¡z4)�l'(x ¡ z1; k ¡ z2)'(y ¡ z1; l ¡ z2)

Z
dp

1��w3¡ z3¡ p

"

��A 1

jw4¡ z4jA
�x
Ae

i
¡
w3¡z3¡p

"

�
�x
�k
Aei(w4¡z4)�k

R̂(p)
g(p)+ "
ik � p

R̂(p)
g(p)+ "
il � p

�
'
�
x¡

w1; k¡
p
2
¡w2

�
¡ '

�
x¡w1; k+

p
2
¡w2

���
'
�
y¡w1; l¡

p
2
¡w2

�
¡ '

�
y¡w1; l+

p
2
¡w2

��
=

Z Z Z Z Z
dp

1��w3¡ z3¡ p

"

��A 1

jw4¡ z4jA
e
i
¡
w3¡z3¡p

"

�
�x
ei(w4¡z4)�ke

i
¡
w3¡z3¡p

"

�
�y
ei(w4¡z4)�l'(y ¡

z1; l ¡ z2)
�
'
�
y ¡ w1; l ¡ p

2
¡ w2

�
¡ '

�
y ¡ w1; l +

p
2

¡

w2

��
R̂(p)

g(p)+ "
il � p�x
A�k

A

 
R̂(p)

g(p)+ "
ik � p '(x ¡ z1; k ¡ z2)'
�
x ¡ w1; k ¡

p
2
¡ w2

�
¡

'
�
x¡w1; k+

p
2
¡w2

�!
dxdkdydl
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=

Z Z Z Z
dp

1��w3¡ z3¡ p

"

��A 1

jw4¡ z4jA

�����'(y ¡ z1; l ¡ z2)
�
'
�
y ¡ w1; l ¡

p
2
¡ w2

�
¡ '

�
y ¡ w1;

l+
p
2
¡w2

��
R̂(p)

g(p)+ "
il � p�x
A�k

A

 
R̂(p)

g(p)+ "
ik � p '(x¡ z1; k ¡ z2)
�
'
�
x¡w1; k ¡

p
2
¡w2

�
¡

'
�
x¡w1; k+

p

2
¡w2

��!�����dydldxdk
.
Z

dp
1��w3¡ z3¡ p

"

��A 1

jw4¡ z4jA

 
R̂(p)
jg(p)j jpj+

R̂ (p)

jg(p)j2A+1
jpj2A+1

!
hz1¡w1i¡Ahz2¡w2i¡A

By combining this we the above estimate we get

E[jh'z; K1;"'wij2] .
Z

dp
D
z3 ¡ w3 ¡

p
"

E¡Ahz4 ¡ w4i¡A
 
R̂(p)
jg(p)j jpj +

R̂ (p)

jg(p)j2A+1
jpj2A+1

!
hz1 ¡

w1i¡Ahz2¡w2i¡A

We have KK1;"f(x; k) =
R R

V̂
�

t

"1+

; dp1

�
V̂
�

t

"1+

; dp2

�
e
i
(p1+p2)�x

"

�
1

g(p2)¡ i"

¡
k¡ p1

2

�
p2

¡
f
¡
x; k ¡

p1
2
¡ p2

2

�
¡ f
¡
x; k¡ p1

2
+

p2
2

��
¡
�

1

g(p2)¡ i"

¡
k+

p1
2

�
p2

¡
f
¡
x; k+

p1
2
¡ p2

2

�
¡ f
¡
x; k+

p1
2
¡ p2

2

����
So

E[jh'z;KK1;"'wij2] =
Z Z Z Z

'z(x; k)'z(y; l)

Z Z Z
e
¡i(q1+q2)�y

" e
i
(p1+p2)�x

" E

�
V̂
�

t

"1+

; dq1

�
V̂
�

t

"1+ 

;

dq2
�
V̂
�

t

"1+

; dp1

�
V̂
�

t

"1+

; dp2

�� 
1

g(q2)¡ i"

¡
l¡ q1

2

�
q2

�
'w
�
y; l¡ q1

2
¡

q2
2

�
¡ 'w

�
y; l ¡ q1

2
+
q2
2

��
¡
 

1

g(q2)¡ i"

¡
l+

q1
2

�
q2

�
'w

�
y; l +

q1
2
¡

q2
2

�
¡ 'w

�
y; l +

q1
2
+
q2
2

��!! 
1

g(p2)¡ i"

¡
k¡ p1

2

�
p2

�
'w

�
x; k ¡ p1

2
¡

p2
2

�
¡ 'w

�
x; k ¡ p1

2
+

p2
2

��
¡
 

1

g(p2)¡ i"

¡
k+

p1
2

�
p2

�
'w

�
x; k +

p1
2
¡ p2
2

�
¡ 'w

�
x; k+

p1
2
+
p2
2

��!!
dxdkdydl

=

Z Z
dxdk

Z Z
dydl 'z(x; k)'z(y; l)

Z Z
dpdqR̂(p)R̂(q)

 
1

g(q)¡ i"

¡
l ¡ q

2

�
q
('w(y; l ¡ q) ¡ 'w(y;

l)) ¡
 

1

g(q2)¡ i"

¡
l+

q

2

�
q2
('w(y; l) ¡ 'w(y; l +

q))

!! 
1

g(p2)¡ i"

¡
k ¡ p

2

�
p
('w(x; k ¡ p) ¡ 'w(x; k)) ¡ 

1

g(p2)¡ i"

¡
k+

p1
2

�
p2
('w(x; k)¡ 'w(x; k+ p))

!!
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+

Z Z
dxdk

Z Z
dydl 'z(x; k)'z(y; l)

Z Z
dp1dp2R̂(p1)R̂(p2)e

i
(p1+p2)�(x¡y)

"

 
1

g(p2)¡ i"

¡
l¡ p1

2

�
p2

�
'w

�
y; l ¡ p1

2
¡

p2
2

�
¡ 'w

�
y; l ¡ p1

2
+
p2
2

��
¡
 

1

g(p2)¡ i"

¡
l+

p1
2

�
p2

�
'w
�
y; l +

p1
2
¡

p2
2

�
¡ 'w

�
y; l +

p1
2
+
p2
2

��!! 
1

g(p2)¡ i"

¡
k¡ p1

2

�
p2

�
'w
�
x; k ¡ p1

2
¡

p2
2

�
¡ 'w

�
x; k ¡ p1

2
+

p2
2

��
¡
 

1

g(p2)¡ i"

¡
k+

p1
2

�
p2

�
'w
�
x; k +

p1
2
¡ p2
2

�
¡ 'w

�
x; k+

p1
2
+
p2
2

��!!
+

Z Z
dxdk

Z Z
dydl 'z(x; k)'z(y; l)

Z Z
R̂(p1)R̂(p2)dp1dp2e

i
(p1+p2)�(x+y)

"

 
1

g(p1)¡ i"

¡
l¡ p2

2

�
p1

�
'w

�
y; l ¡ p1

2
¡

p2
2

�
¡ 'w

�
y; l ¡ p2

2
+
p1
2

��
¡
 

1

g(p1)¡ i"

¡
l+

p2
2

�
p1

�
'w
�
y; l +

p2
2
¡

p1
2

�
¡ 'w

�
y; l +

p1
2
+
p2
2

��!! 
1

g(p2)¡ i"

¡
k¡ p1

2

�
p2

�
'w
�
x; k ¡ p1

2
¡

p2
2

�
¡ 'w

�
x; k ¡ p1

2
+

p2
2

��
¡
 

1

g(p2)¡ i"

¡
k+

p1
2

�
p2

�
'w
�
x; k +

p1
2
¡ p2
2

�
¡ 'w

�
x; k+

p1
2
+
p2
2

��!!
= I+II+ III

Now we proceed with each term similarly to the previous computations:

I =

Z Z
dxdk

Z Z
dydl '(x ¡ z1; k ¡ z2)'z(y ¡ z1; l ¡ z2)e

ix�z3eik�z4
Z Z

dpdqR̂(p)R̂(q)

 
1

g(q)¡ i"

¡
l¡ q

2

�
q
('w(y; l ¡ q) ¡ 'w(y; l)) ¡

 
1

g(q2)¡ i"

¡
l+

q

2

�
q2
('w(y;

l) ¡ 'w(y; l + q))

!! 
1

g(p2)¡ i"

¡
k¡ p

2

�
p

¡
e¡ix�w3e¡i (k¡p)�w4'(x ¡ w1; k ¡ p ¡ w2) ¡

e¡ix�w3e¡ik�w4(x ¡ w1; k ¡ w4)
�
¡
 

1

g(p2)¡ i"

¡
k+

p1
2

�
p2

¡
e¡ik�w4e¡ix�w3'w(x; k) ¡

e¡i (k+p)�w4e¡ix�w3'w(x; k+ p)
�!!

=

Z Z
dxdk

Z Z
dydl '(x ¡ z1; k ¡ z2)'z(y ¡ z1; l ¡

z2)
1

jw3¡ z3jA
1

jw4¡ z4jA
�k
A�x

Aeix�(z3¡w3)eik�(z4¡w4)
Z Z

dpdqR̂(p)R̂(q)

 
1

g(q)¡ i"

¡
l¡ q

2

�
q
('w(y; l ¡ q) ¡ 'w(y; l)) ¡

 
1

g(q2)¡ i"

¡
l+

q

2

�
q2
('w(y;

l) ¡ 'w(y; l + q))

!! 
1

g(p2)¡ i"

¡
k¡ p

2

�
p

¡
eip�w4'(x ¡ w1; k ¡ p ¡ w2) ¡ (x ¡ w1;

k¡w4)
�
¡
 

1

g(p2)¡ i"

¡
k+

p1
2

�
p2
('(x; k)¡ e¡ip�w4'(x; k+ p))

!!
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=

Z Z Z Z
'(x¡ z1; k¡ z2)'z(y¡ z1; l¡ z2)

1

jw3¡ z3jA
1

jw4¡ z4jA
�k
A�x

Aeix�(z3¡w3)eik�(z4¡w4)
Z Z

dpdqR̂(p)R̂(q)

 
1

g(q)¡ i"

¡
l¡ q

2

�
q
('w(y; l ¡ q) ¡ 'w(y; l)) ¡

 
1

g(q2)¡ i"

¡
l+

q

2

�
q2
('w(y;

l) ¡ 'w(y; l + q))

!!
�k
A�x

A

 
1

g(p2)¡ i"

¡
k¡ p

2

�
p

¡
eip�w4'(x ¡ w1; k ¡ p ¡ w2) ¡ (x ¡ w1;

k¡w4)
�
¡
 

1

g(p2)¡ i"

¡
k+

p1
2

�
p2
('(x; k)¡ e¡ip�w4'(x; k+ p))

!!
dxdkdydl

.
Z Z

dpdq
X
k=1

A
R̂(p)

jg(p)jk jpj
k R̂(q)

jg(q)jk jq j
k 1

jw3¡ z3jA
1

jw4¡ z4jA
hz1¡w1i¡Ahz2¡w2i¡Ahpi2Ahqi

Taking absolute values right away we get

I.
Z Z

dpdq
R̂(p)
jg(p)j jpj

R̂(q)
jg(q)j jq jhz1¡w1i

¡Ahz2¡w2i¡Ahpi2Ahw3i2

so in total

I.
Z Z

dpdq
X
k=1

A
R̂(p)

jg(p)jk jp j
k R̂(q)

jg(q)jk jq j
khz1 ¡ w1i¡Ahz2 ¡ w2i¡Ahz3 ¡ w3i¡Ahz4 ¡

w4i¡Ahpi2Ahqi2Ahw3i2

By the same computations we get for the other terms :

II .
Z Z

dpdq
X
k=1

A
R̂(p)

jg(p)jk jpj
k R̂(q)

jg(q)jk jq j
khz1 ¡ w1i¡Ahz2 ¡ w2i¡A

D
z3 ¡ w3 ¡

p
"

E¡Ahz4 ¡
w4i¡Ahpi2Ahqi2Ahw3i2

III .
Z Z

dpdq
X
k=1

A
R̂(p)

jg(p)jk jpj
k R̂(q)

jg(q)jk jq j
khz1 ¡ w1i¡Ahz2 ¡ w2i¡A

D
z3 ¡ w3 ¡

p
"

E¡Ahz4 ¡
w4i¡Ahpi2Ahqi2Ahw3i2

�

So now we are ready to prove :

Proposition 15. A" (f + f1;") is uniformly integrable for any f 2C3 (R):

Proof. We have that

A" (f + f1;") = f 0(hW"; �i(t))hW"; k � rx�+KK1;"�i(t)
+ f 00(hW"; �i)hW";K�ihW";K1;"�i(t)

+ "
1+


2 f 0(hW"; �i(t))hW";K1;"(k � rx�)i(t)

+ "
1+


2 f 00(hW"; �i)hW"; k � rx�i

We will prove that this bounded in L2(P) so it is uniformly integrable. The only term we have to
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worry about is

f 00(hW"; �i)hW";K�ihW";K1;"�i(t)

since for the others the bound follows from the uniform boundedness of W" and Lemma 14. For
the remaining term we remark that

Ejh'z
 'z~;K
K1;" 'w
 'w~ ij= jh'z ;K1'wih'z�;K1;"'w� ij

As V̂ is a gaussian �eld h'z;K'wi; h'z�;K1;"'w� i are gaussian variables so by hypercontractivity

Ejh'z;K'wih'z�;K1;"'w� ij2 � (Ejh'z ;K'wij4)
1

2(Ejh'z�;K1;"'w� ij4)
1

2

� CEjh'z ;K'wij2Ejh'z�;K1;"'w�ij2

which can be estimated in terms of K (z¡w)K(z�¡w�) with K like in the proof of Lemma 14. Now
invoking Lemma 6 shows that K
K1;" is almost surely bounded with the operator norm uniformly
bounded in L2 (P), which completes the proof. �

5 Identi�cation of the Limit

To identify the limit we need to get rid of the randomness seen in to do this we have to correctors
once again. First we want to �nd a corrector f3;" such that f32"=O("1+
) and A"f2;"= f 0(hW";

�i(t))hW";¡KK1;"�+D"�i(t) +O
�
"
1+


2

�
with some deterministic operator D" such that we can

more easily compute the limit of D".

Recall that we have

KK1;"f(x; k) =

Z Z
V̂
�

t

"1+

;dp1

�
V̂
�

t

"1+

;dp2

�
e
i
(p1+p2)�x

"

 
1

g(p2)¡ i"

¡
k¡ p1

2

�
p2

�
f
�
x; k¡ p1

2
¡

p2
2

�
¡ f
�
x; k ¡ p1

2
+
p2
2

��
¡
 

1

g(p2)¡ i"

¡
k+

p1
2

�
p2

�
f
�
x; k+

p1
2
¡ p2

2

�
¡ f
�
x;

k+
p1
2
¡ p2
2

��!!

So for following the same principle as before we make the ansatz

f2;"(t) = "
1+
f 0(hW"; �i(t))hW"; H1;"�i(t)

with

H1;"� =

Z Z
a"(k; p)V̂

�
t

"1+

; dp1

�
V̂
�

t

"1+

; dp2

�
e
i
(p1+p2)�x

"

 
1

g(p2)¡ i"

¡
k¡ p1

2

�
p2

�
f
�
x; k ¡

p1
2
¡ p2

2

�
¡ f

�
x; k ¡ p1

2
+
p2
2

��
¡
 

1

g(p2)¡ i"

¡
k+

p1
2

�
p2

�
f
�
x; k +

p1
2
¡ p2

2

�
¡ f

�
x;

k+
p1
2
¡ p2
2

��!!

lim
h!0

E"
t[f2;"(t+h)¡ f2;"(t)]

h
= lim

h!0
"
1+
f 0(hW"; �i(t+h))¡ f 0(hW"; �i(t))

h
hW";H1;"�i(t)
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+ lim
h!0

"1+
f 0(hW"; �i
�
E"
t[W"(t+h; �; �)¡W"(t; �; �)]

h
;K1;"�(t)

�
+ lim

h!0
"1+ 
f 0(hW"; �i(t))

�
W"(t; �: � );

H1;"�(t+h; �; �)¡H1;"�(t; �; �)
h

�
= "1+
f 0(hW"; �i(t))hW";H1;"�i(t)

+ lim
h!0

"1+
f 0(hW"; �i(t))

*
W"; k � rxH1;"�+

1

"
1+


2

KH1;"�

+
+ lim

h!0
"1+ 
f 0(hW"; �i(t))

�
W"(t; �: � );

E"
t[H1;"�(t+h; �; �)¡H1;"�(t; �; �)]

h

�
By the de�nition of V we have

lim
h!0

E"
t [H1;"�(t+h;�;�)¡H1;"�(t;�;�)]

h
= lim

h!0

ZZ
a"(k; p1;

p2)

0@E"
t
h
V̂
�
t+h

"1+

;dp1

�
V̂
�
t+h

"1+

;dp2

�i
¡V̂
�

t

"1+

;dp1

�
V̂
�

t

"1+

;dp2

�
h

1A
e
i
(p1+p2)�x

"

 
1

g(p2)¡i"

¡
k¡ p1

2

�
p2

�
�
�
x; k¡p1

2
;¡p2

2

�
¡�
�
x; k¡p1

2
+
p2
2

��
¡
 

1

g(p2)¡i"

¡
k+

p1
2

�
p2

�
�
�
x; k+

p1
2
¡p2
2

�
¡�
�
x;k+

p1
2
+
p2
2

��!!

="1+
 lim
h!0

ZZ
a"(x;k;p1;p2)e

i
(p1+p2)�x

"0B@ e
¡g(p1)h¡g(p2)h

"1+
 V̂
�

t

"1+

;dp1

�
V̂
�

t

"1+

;dp2

�
¡V̂
�

t

"1+

;dp1

�
V̂
�

t

"1+

;dp2

�
+R̂(p1)

�
1¡e

¡2g(p1)h

"1+


�
�(p1+p2)

h

1CA
 

1

g(p2)¡i"

¡
k¡ p1

2

�
p2

�
�
�
x; k¡ p1

2
¡ p2
2

�
¡�
�
x; k¡ p1

2
+
p2
2

��
¡
 

1

g(p2)¡i"

¡
k+

p1
2

�
p2

�
f
�
x; k+

p1
2
¡p2
2

�
¡f
�
x;k+

p1
2
+
p2
2

��!!
= ¡

ZZ
a"(x; k; p1; p2)(g(p1) + g(p2))e

i
(p1+p2)�x

" V̂
�

t

"1+

; dp1

�
V̂
�

t

"1+ 

;

dp2
� 

1

g(p2)¡i"

¡
k¡ p1

2

�
p2

�
�
�
x;k¡ p1

2
¡ p2
2

�
¡�
�
x;k¡ p1

2
+
p2
2

��
¡
 

1

g(p2)¡i"

¡
k+

p1
2

�
p2

�
�
�
x;

k+
p1
2
¡p2
2

�
¡�
�
x;k+

p1
2
+
p2
2

��!!
+

Z
dpR̂(p)a"(x;k;p;¡p)g(p)

 
1

g(p)¡i"

¡
k¡ p

2

�
p
(f(x;k¡p)¡

f(x;k))¡
 

1

g(p)¡i"

¡
k+

p

2

�
p
(f(x;k)¡f(x;k¡p))

!!

We observe that in the case 
=0 we also have anotherO(1) term coming from "1+
hW";k�rxH1;"�i
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as

"1+ 
k �rxH1;"� =

ZZ
k �rxa"(k; p)V̂

�
t

"1+ 
 ; dp1
�
V̂
�

t

"1+ 
 ;

dp2

�
e
i
(p1+p2)�x

"

 
1

g(p2)¡i"

¡
k¡ p1

2

�
p2

�
�
�
x; k ¡ p1

2
¡ p2

2

�
¡ �

�
x; k ¡ p1

2
+

p2
2

��
¡ 

1

g(p2)¡i"

¡
k+

p1
2

�
p2

�
�
�
x; k +

p1
2
¡ p2

2

�
¡ �
�
x; k +

p1
2
¡ p2

2

��!!
=

ZZ
a"(k; p1; p2)V̂

�
t

"1+ 

;

dp1

�
V̂
�

t

"1+

;dp2

�
i(p1+p2)

"
e
i
(p1+p2)�x

"

 
1

g(p2)¡i"

¡
k¡ p1

2

�
p2

�
�
�
x; k¡ p1

2
¡ p2
2

�
¡�
�
x; k¡ p1

2
+

p2
2

��
¡
 

1

g(p2)¡i"

¡
k+

p1
2

�
p2

�
�
�
x;k+

p1
2
¡p2
2

�
¡�
�
x;k+

p1
2
+
p2
2

��!!
+H1;"(k�rx�)

This means we want

(¡"
ik�(p1+p2)+(g(p1)+g(p2)))a"(k;p1;p2)=1)a"(k;p1;p2)=
1

g(p1)+g(p2)¡"
ik�(p1+p2)

To conclude that we have a suitable corrector we have to prove bounds on H1;";KH1;". That will
be the content of the following lemmas

Lemma 16. There exist random variables C4;">0 such that C4;" 2 L2(P) and sup"E[C4;"2 ] <1
while

kH1;"�kL2�C4;"k�kMA

Proof. We again estimate E[jh'z;H1;"'wij2]

E[jh'z;H1;"'wij2] =
Z Z Z Z

'z(x; k)'z(y; l)

Z Z Z Z
e
i
(p1+p2)�x

"

E

�
V̂
�

t

"1+

; dq1

�
V̂
�

t

"1+

; dq2

�
V̂
�

t

"1+

; dp1

�
V̂
�

t

"1+

; dp2

��
1

g(p1)+ g(p2)¡ "
ik � (p1+ p2)

 
1

g(p2)¡ i"

¡
k¡ p1

2

�
p2

�
'w

�
x; k ¡ p1

2
¡

p2
2

�
¡ 'w

�
x; k ¡ p1

2
+
p2
2

��
¡
 

1

g(p2)¡ i"

¡
k+

p1
2

�
p2

�
'w
�
x; k +

p1
2
¡

p2
2

�
¡ 'w

�
x; k+

p1
2
¡ p2
2

��!!
1

g(q1) + g(q2)¡ "
il � (q1+ q2)
e
i
(q1+q2)�x

" 
1

g(q2)¡ i"

¡
l ¡ q1

2

�
q2

�
'w
�
y; l ¡ q1

2
¡ q2

2

�
¡ 'w

�
y; l ¡ q1

2
+

q2
2

��
¡
 

1

g(q2)¡ i"

¡
l+

q1
2

�
q2

�
'w
�
y; l +

q1
2
¡ q2

2

�
¡ 'w

�
y; l +

q1
2
+

q2
2

��!!
dydldxdk
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=

Z Z Z Z
'z(x; k)'z(y; l)

Z Z Z Z
e
i
(p1+p2)�x

"

E

�
V̂
�

t

"1+

; dq1

�
V̂
�

t

"1+

; dq2

�
V̂
�

t

"1+

; dp1

�
V̂
�

t

"1+

; dp2

��
1

g(p1)+ g(p2)¡ "
ik � (p1+ p2)
e
¡i(p1+p2)�x

" 
1

g(p2)¡ i"

¡
k ¡ p1

2

�
p2

Z
¡1

2

1

2

p2 � rk'w
�
x; k +

p1
2

¡ t
p2
2

�
dt ¡ 

1

g(p2)¡ i"

¡
k+

p1
2

�
p2

Z
¡1

2

1

2

p2 � rk'w

�
x; k¡ p1

2
+ t

p2
2

�
dt

!!
1

g(q1) + g(q2)¡ "
ik � (q1+ q2)
e
i
(q1+q2)�x

" 
1

g(q2)¡ i"

¡
l ¡ q1

2

�
q2

�
'w

�
y; l ¡ q1

2
¡ q2

2

�
¡ 'w

�
y; l ¡ q1

2
+

q2
2

��
¡
 

1

g(q2)¡ i"

¡
l+

q1
2

�
q2

�
'w

�
y; l +

q1
2
¡ q2

2

�
¡ 'w

�
y; l +

q1
2
+

q2
2

��!!
dydldxdk

=

Z Z Z
dydldxdk'z(x; k)'z(y; l)

Z Z Z Z
e
i
(p1+p2)�x

"

E

�
V̂
�

t

"1+

; dq1

�
V̂
�

t

"1+

; dq2

�
V̂
�

t

"1+

; dp1

�
V̂
�

t

"1+

; dp2

��
1

g(p1) + g(p2)¡ "
ik � (p1+ p2)
e
¡i(p1+p2)�x

"Z
¡1

2

1

2
Z
¡1

2

1

2

p1rk

�
1

g(p2)¡ i"
(k ¡ sp1) � p2
p2 � rk'w(x; k ¡ s p1 +

tp2)dtds

�
1

g(q1)+ g(q2)¡ "
il � (q1+ q2)
e
¡i(q1+q2)�x

"Z
¡1

2

1

2
Z
¡1

2

1

2

q1rk

�
1

g(q2)¡ i"
(l¡ sq1) � q2
q2 � rk'w(x; l¡ sq1+ tq2)dtds

�
=

Z Z Z Z
dydldxdk'z(x; k)'z(y; l)

Z Z Z Z
e
¡i(p1+p2)�x

"
¡
R̂(p1)R̂(q1)�(p1 +

p2)�(q1+ q2)+ R̂(p1)R̂(p2)�(p1¡ q1)�(p2¡ q2)+ R̂(p1)R̂(p2)�(p1¡ q2)�(q1¡
p2)
� 1
g(p1)+ g(p2)¡ "
ik � (p1+ p2)Z

¡1

2

1

2
Z
¡1

2

1

2

p1rk

�
1

g(p2)¡ i"
(k ¡ sp1) � p2
p2 � rk'w(x; k ¡ s p1 +

tp2)dtds

�
1

g(q1)+ g(q2)¡ "
il � (q1+ q2)
e
i
(q1+q2)�y

"Z
¡1

2

1

2
Z
¡1

2

1

2

q1rk

�
1

g(q2)¡ i"
(l¡ sq1) � q2
q2 � rk'w(y; l¡ sq1+ tq2)dtds

�
= I+ II+ III

�
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So

I =

Z Z Z Z
dydldxdk'z(x; k)'z(y; l)

Z Z
dpdqR̂(p)R̂(q)

1
2g(q)g(p)Z

¡1

2

1

2
Z
¡1

2

1

2

prk

�
1

g(p)¡ i"
(k ¡ sp) � p p � rk'w(x; k ¡ s p +

tp)dtds

�Z
¡1

2

1

2
Z
¡1

2

1

2

qrk

�
1

g(q)¡ i"
(k¡ sq) � q q � rk'w(y; l¡ sq+ tq)dtds
�

=

Z Z Z Z
dydldxdk ez3�xez4�k'(x ¡ z1; k ¡ z2)'z(y ; l)

Z
Z

dpdqR̂(p)R̂(q)
1

2g(q)g(p)

Z
¡1

2

1

2
Z
¡1

2

1

2

prk

�
1

g(p)¡ i"
(k ¡ sp) � p p �

rke
¡w3�xe¡w4kew4(sp¡tp)'(x ¡ w1; k ¡ s p + t p ¡

w2)dtds

�Z
¡1

2

1

2
Z
¡1

2

1

2

qrk

�
1

g(q)¡ i"
(k¡ sq) � q q � rk'w(y; l¡ sq+ tq)dtds
�

=

Z Z Z
dydldxdk'(x ¡ z1; k ¡

z2)'z(y; l)
1��¡z3¡w4���2A 1��¡z3¡w4���2A�x

A�k
Ae

¡
z3¡w3

�
�x
e(z4¡w4)�k

Z
dpdqR̂(p)R̂(q)

1
2g(q)g(p)

Z
¡1

2

1

2
Z
¡1

2

1

2

prk

�
1

g(p)¡ i"
(k¡ sp) � pp � rke
w4(sp¡tp)'(x ¡ w1; k ¡

sp+ tp¡w2)dtds
�Z
¡1

2

1

2
Z
¡1

2

1

2

qrk

�
1

g(q)¡ i"
(k¡ sq) � q q � rk'w(y; l¡ sq+ tq)dtds
�

+

Z Z Z Z
dydldxdk'(x ¡ z1; k ¡

z2)'z(y; l)
1��¡z3¡w4���2A 1��¡z3¡w4���2A�x

A�k
Ae

¡
z3¡w3

�
�x
e(z4¡w4)�k

Z
dpdqR̂(p)R̂(q)

1
2g(q)g(p)

Z
¡1

2

1

2
Z
¡1

2

1

2

p � z4
�

1
g(p)¡ i"
(k¡ sp) � pp � z4 e

w4(sp¡tp)'(x ¡ w1;

k¡ sp+ tp¡w2)dtds
�Z
¡1

2

1

2
Z
¡1

2

1

2

qrk

�
1

g(q)¡ i"
(k¡ sq) � q q � rk'w(y; l¡ sq+ tq)dtds
�

+

Z Z Z
dydldxdk'(x ¡ z1; k ¡

z2)'z(y; l)
1��¡z3¡w4���2A 1��¡z3¡w4���2A�x

A�k
Ae

¡
z3¡w3

�
�x
e(z4¡w4)�k

Z
dpdqR̂(p)R̂(q)

1
2g(q)g(p)

Z
¡1

2

1

2
Z
¡1

2

1

2

prk

�
1

g(p)¡ i"
(k¡ sp) � p p � z4 e
w4(sp¡tp)'(x ¡ w1; k ¡

sp+ tp¡w2)dtds
�Z
¡1

2

1

2
Z
¡1

2

1

2

qrk

�
1

g(q)¡ i"
(l¡ sq) � q q � rk'w(y; l¡ sq+ tq)dtds
�

and after integrating by parts and using product rule we get

I. 1��¡z3¡w4���2A 1��¡z3¡w4���2Ahz1¡w1i¡Ahz2¡w2i¡A
 Z

dpR̂ (p)hpiA
X
i=1

2A ���� p
g(p)

����i
!
2
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and taking absolute values straight away we get

I. hz3¡w3i¡Ahz4¡w4i¡Ahz1¡w1i¡Ahz2¡w2i¡A
 Z

dpR̂ (p)hpiA
X
i=1

2A ���� p
g(p)

����i
!
2

To estimate II we proceed similarly

II =

Z Z Z Z
dydldxdk 'z(x; k)'z(y ; l)

Z Z Z Z
e
¡i(p1+p2)�x

" R̂(p1)R̂(p2)
1

g(p1)+ g(p2)¡ "
ik � (p1+ p2)

Z
¡1

2

1

2
Z
¡1

2

1

2

p1rk

�
1

g(p2)¡ i"
(k¡ sp1) � p2
p2 �

rk'w(x; k¡ sp1+ tp2)dtds
�

1

g(p1)+ g(p2)¡ "
il � (p1+ p2)
e
i
(p1+p2)�y

"Z
¡1

2

1

2
Z
¡1

2

1

2

p1rk

�
1

g(p2)¡ i"
(l¡ sp1) � p2
p2 � rk'w(y; l¡ sp1+ tp2)dtds

�
Proceeding as with I we get

II.hz1 ¡ w1i¡Ahz2 ¡ w2i¡Ahz4 ¡ w4i¡A
Z

dpR̂(p)hpiA
X
i=1

2A ���� p
g(p)

����iDz3 ¡ w3 ¡
p
"

E¡AZ
dqR̂ (q)hqiA

X
i=1

2A ���� q
g(q)

����i
and by the same reasoning

III . hz1 ¡ w1i¡Ahz2 ¡ w2i¡Ahz4 ¡ w4i¡A
Z

dpR̂(p)hpiA
X
i=1

2A ���� p
g(p)

����iDz3 ¡ w3 ¡
p
"

E¡AZ
dqR̂ (q)hqiA

X
i=1

2A ���� q

g(q)

����i
This gives bounds on H1;". To bound the KH1;" we compute

KH1;"f =

Z Z Z
dp1dp2dp3e

¡i(p1+p2+p3)�x
" V̂ (t; dp1)V̂ (t; dp2)V̂ (t; dp3)

Z
¡1

2

1

2
Z
¡1

2

1

2
Z
¡1

2

1

2

p3 �

rk
1

g(p1) + g(p2)¡ "
i (k¡up3) � (p1+ p2)
p1rk

�
1

g(p2)¡ i"
(k¡up3¡ sp1) � p2
p2 � rkfw(x; k ¡

up3¡ sp1+ tp2)dtdsdu
�

E[jh'z ; KH1;"'wij2] =

Z Z Z Z
dxdkdydl'z(x; k)'z(y ; l)

Z Z
Z

dp1dp2dp3

Z Z Z
dq1dq2dq3e

¡i(p1+p2+p3)�x
" E

h
V̂ (t; dp1)V̂ (t;

dp2)V̂ (t; dp3)V̂ (t; dq1)V̂ (t; dq2)V̂ (t; dq3)
iZ
¡1

2

1

2
Z
¡1

2

1

2
Z
¡1

2

1

2

p3 �

rk
1

g(p1)+ g(p2)¡ "
i (k¡up3) � (p1+ p2)
p1rk

�
1

g(p2)¡ i"
(k¡up3¡ sp1) � p2
p2 � rk'w(x; k ¡

up3¡sp1+ tp2)dtdsdu
�
e
i
(p1+p2+p3)�y

"

Z
¡1

2

1

2
Z
¡1

2

1

2
Z
¡1

2

1

2

q3 �rk
1

g(q1)+ g(q2)¡ "
i (l¡uq3) � (q1+ q2)
p1 �

rk

�
1

g(q2)¡ i"
(l¡uq3¡ sq1) � q2
q2 � rk'w(x; k¡uq3¡ sq1+ tq2)dtdsdu

�
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Now we proceed as before

We need to choose the other corrector such that A"f3;" = ¡f 00(hW"; �i)hW"; K�ihW";
K1;"�i(t)=¡f 00(hW"; �i)hW"
W";K�
K1;"�i

We make the ansatz

f3;"= "
1+
f 00(hW"; �i)hW"
W";H2;"�
�i

with

H2;"�1
 �2(x) =
Z
a"(k; p1; p2)V̂ (t; dp1)V̂ (t; dp2)e

¡ip1�x1+p2�x2
"

1
g(p2)+ "
k2 � p2

�
�1

�
x1; k1¡

p1
2

�
¡

�1
�
x1; k1+

p1
2

���
�2
�
x2; k2¡

p2
2

�
¡�2

�
x2; k2+

p2
2

��
We compute

f3"(t+h)¡ f3;"(t) = (f 00(hW"; �i (t+h))¡ f 00(hW"; �i (t)))hW"
W";H2;"�
�i(t)
+ f 00(hW"; �i)(hW"(t + h) 
 W"(t); H2;"�(t) 
 �(t)i ¡ hW" (t) 
 W" (t);

H2;"�(t)
�(t)i)
+ f 00(hW"; �i)(hW"(t) 
 W"(t + h); H2;"�(t) 
 �(t)i ¡ hW" (t) 
 W" (t);

H2;"�(t)
�(t)i)
+ f 00(hW"; �i)(hW"(t+h)
W"(t);H2;"�(t+h)
�(t+h)i ¡ hW" (t)
W" (t);

H2;"�(t)
�(t)i)

Taking expectation and the limit, we get

A"f3;"(t) = "1+
f 000(hW"; �i (t))hW"
W";H2;"�
�i

+ "
1+


2 hW"
W"; (1
K)H2;"�
�i+ "
1+


2 hW"
W"; (K
 1)H2;"�
�i
+ "1+
f 00(hW"; �i)hW"
W"; k1 � rx1H2;"�
�i
+ "1+
f 00(hW"; �i)hW"
W"; k2 � rx2H2;"�
�i

+ "1+
 lim
h!0

1
h
E"
tf 00(hW"; �i)(hW"(t)
W"(t);H2;"�(t+h)
�(t+h)i¡ hW" (t)
W" (t);

H2;"�(t)
�(t)i)

Now

= lim
h!0

E"
tH2;"�(t+h)
�(t+h)¡H2;"�(t)
�(t)

h

= lim
h!0

Z
a"(k; p1; p2)e

¡p1�x1+p2�x2
"

E"
tV̂ (t+h; dp1)V̂ (t+h;dp2)¡ V̂ (t; dp1)V̂ (t;dp2)

h
1

g(p2)+ "
k1 � p1

�
�
�
x1; k1¡

p1
2

�
¡�1

�
x1; k1+

p1
2

���
�
�
x2; k2¡

p2
2

�
¡�2

�
x2; k2+

p2
2

��
=

Z
a"(k; p1; p2)e

¡p1�x1+p2�x2
"

 
e¡g(p1)h¡g(p2)hV̂ (t; dp1)V̂ (t; dp2)¡ V̂ (t; dp1)V̂ (t; dp2)

h
+¡

e¡g(p1)h¡ 1
�
�(p1+ p2)

h

!
1

g(p2)+ "
k1 � p1

�
�
�
x1; k1 ¡

p1
2

�
¡ �1

�
x1; k1 +

p1
2

���
�
�
x2; k2 ¡

p2
2

�
¡�2

�
x2; k2+

p2
2

��
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= "¡1¡

Z
¡a"(k; p1; p2) (g(p1) + g(p2))e

¡p1�x1+p2�x2
"

1
g(p2)+ "
k1 � p1

�
�
�
x1; k1 ¡

p1
2

�
¡ �1

�
x1;

k1+
p1
2

���
�
�
x2; k2¡

p2
2

�
¡�2

�
x2; k2+

p2
2

��
+ "¡1¡
D2�
�

with D2 a deterministic operator. We have

k1 � rx1 H2;"� 
 � = ¡ "¡1i

Z
a"(k; p1; p2)V̂ (t; d p1)V̂ (t; dp2) k1 �

p1 e
¡ip1�x1+p2�x2

"
1

g(p2) + i"
k1 � p1

�
�1
�
x1; k1 ¡

p1
2

�
¡ �1

�
x1; k1 +

p1
2

���
�2
�
x2; k2 ¡

p2
2

�
¡

�2

�
x2; k2+

p2
2

��

k2 � rx2 H2;"� 
 � = ¡ "¡1i

Z
a"(k; p1; p2)V̂ (t; d p1)V̂ (t; dp2) k2 �

p2 e
¡p1�x1+p2�x2

"
1

g(p2) + i"

k1 � p1

�
�1
�
x1; k1 ¡

p1
2

�
¡ �1

�
x1; k1 +

p1
2

���
�2
�
x2; k2 ¡

p2
2

�
¡ �2

�
x2;

k2+
p2
2

��

So we want

(g(p1) + g(p2)+ i"

(k1 � p1+ k2 � p2))a"(k; p1; p2) = 1

Provided this is satis�ed we will have

A"f3;"(t) = ¡f 00(hW"; �i)hW";K�ihW";K1;"�i(t)

+ f 00(hW"; �i)hW"
W"; D2;"�
�i+O
�
"
1+


2

�
Once we have proved

Lemma 17. There exist random variables C5;">0 such that and sup"E[C5;"2 ]<1 while

kH2;"�1
�2kL2�C5;"k�1kM2;2
A k�2kM2;2

A

Proof.

Ejh'z
 'z~;H2;"'w
 'w~ ij2 =

Z Z Z Z
'z(x1; k1)'z~(x2; k2)'z(y1; l1)'z~(y2; l2)

Z Z Z Z
E
h
V̂ (t; dp1)V̂ (t;dp2)V̂ (t;dq1)V̂ (t; dq2)

i
e
¡ip1�x1+p2�x2

"

1
g(p1)+ g(p2)+ i"
(k1 � p1+ k2 � p2)

1
g(p2)+ i"
k1 � p1�

'w

�
x1; k1¡

p1
2

�
¡ 'w

�
x1; k1+

p1
2

��
�
�
'w~

�
x2; k2¡

p2
2

�
¡ 'w~

�
x2; k2+

p2
2

��
e
i
q1�y2+q2�y2

"
1

g(q1)+ g(q2)+ i"
(l1 � q1+ l2 � q2)
1

g(q2)+ i"
l1 � q1

�
'w

�
y1; l1 ¡

q1
2

�
¡ 'w

�
y1; l1 +

q1
2

���
'w~
�
y2;

l2¡
q2
2

�
¡ 'w~

�
y2; l2+

q2
2

��
dx1dx2dk1dk2dy1dy2dl1dl2
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=

Z Z Z Z Z Z Z Z
'z(x1; k1)'z~(x2; k2)'z(y1; l1)'z~(y2; l2)Z Z Z Z

E
h
V̂ (t;dp1)V̂ (t;dp2)V̂ (t;dq1)V̂ (t;dq2)

i
e
¡ip1�x1+p2�x2

"

1
g(p1)+ g(p2)+ i"
(k1 � p1+ k2 � p2)

1
g(p2)+ i"
k1 � p1Z

p1 � rk2'w
�
x1; k1¡ t1

p1
2

�
dt1

Z
p2 � rk2'w~

�
x2; k2¡ t2

p2
2

�
dt2

e
i
q1�y2+q2�y2

"

1
g(q1)+ g(q2) + i"
(l1 � q1+ l2 � q2)

Z
q1 � rl1'w

�
y1; l1¡ t1

q1
2

�
dt1Z

q2 � rl2'w~

�
y2; l2¡ t2

q2
2

�
dt2dx1dx2dk1dk2dy1dy2dl1dl2

=

Z Z Z Z Z Z Z Z
dx1dx2dk1dk2dy1dy2dl1dl2Z Z Z Z Z Z

dp1dp2dq1dq2¡
R̂(p1)R̂(q1)�(p1 + p2)�(q1 + q2) + R̂(p1)R̂(p2)�(p1 ¡ q1)�(p2 ¡
q2) + R̂(p1)R̂(p2)�(p1¡ q2)�(q1¡ p2)

�
1��z3¡w3¡ p1

"

��2A 1

jz4¡w4j2A
1��z~3¡w~3¡ p2

"

��2A 1

jz4~ ¡w~4j2A

�x1
A�x2

A�k1
A�k2

A
�
e
¡ip1�x1+p2�x2

" eiz3�x1e¡iw3�x1eiz4�k1e¡iw4k1

ei z~3�x2e¡i w~3�x2ei z~4�k2e¡i w~4k2
�
'(x1; k1)'(x2;

k2)
1��z3¡w3¡ q1

"

��2A 1

jz4¡w4j2A
1��z~3¡w~3¡ q2

"

��2A 1

jz4~ ¡w~4j2A

�y1
A�y2

A�l1
A�l2

A
�
e
i
q1�y1+q2�y2

" e¡iz3�y1eiw3�y1e¡iz4�l1eiw4l1

e¡i z~3�y2ei w~3�y2e¡i z~4�l2ei w~4l2
�

'(y1¡ z1; l1¡ z2)'(y2¡ z~1; l2¡ z2~ )
1

g(p1)+ g(p2)+ i"
(k1 � p1+ k2 � p2)
1

g(q1)+ g(q2) + i"
(l1 � q1+ l2 � q2)
1

g(q2)+ i"
k2 � q2Z
¡1

2

1

2
�
e
¡iw4�t1

q1
2 q1 � rl1'

�
y1¡w1; l1¡ t1

q1
2
¡w2

�
+ e

¡iw4�t1
q1
2

�
q1 �

w4 '
�
y1¡w1; l1¡ t1

q1
2
¡w2

��
dt1

Z �
e
¡i w~4�t2q22 q2 �rl2'

�
y2¡w~1;

l2¡ t2
q2
2
¡w~2

�
+ e

¡i w~4�t2
q2
2 q2 �w~4 '

�
y2¡w~1; l2¡ t2

q2
2
¡w~2

��
dt2

�
Z
¡1

2

1

2
�
e
iw4�t1p12 p1 � rk1'

�
x1 ¡ w1; k1 ¡ t1

p1
2
¡ w2

�
+ e

iw4�t1p12 p1 �

w4 '
�
x1¡w1; k1¡ t1

p1
2
¡w2

��
dt1

� 1
g(p2)+ i"


k2 � p2

Z
¡1

2

1

2
�
e¡i w~3�x2e

i w~4�t2
p2
2 p2 � rk2'

�
x2 ¡ w~1; k2 ¡

t2
p2
2
¡w~2

�
+ e

¡i w~4k2�t2
p2
2 p2 �w~4 '

�
x2¡w~1; k2¡ t2

p2
2
¡w~2

��
dt2

�
Z
¡1

2

1

2
�
e
¡iw4�t1q12 q1 � rl1'

�
y1¡w1; l1¡ t1

q1
2
¡w2

�
+ e

¡iw4�t1q12
�
q1 �

w4 '
�
y1¡w1; l1¡ t1

q1
2
¡w2

��
dt1
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�
Z �

e
¡i w~4�t2

q2
2 q2 � rl2'

�
y2 ¡ w~1; l2 ¡ t2

q2
2
¡ w~2

�
+ e

¡i w~4�t2
q2
2 q2 �

w~4 '
�
y2¡w~1; l2¡ t2

q2
2
¡w~2

��
dt2

= I+ II+ III

Integrating by parts we get for term I

I =

Z Z Z Z Z Z
dp1dq1

¡
R̂(p1)R̂(q1)

1��z3¡w3¡ p1
"

��2A 1

jz4¡w4j2A
1��z~3¡w~3+ p1

"

��2A 1

jz4~ ¡w~4j2A�
e
¡ip1�x1¡p1�x2

" eiz3�x1e¡iw3�x1eiz4�k1e¡iw4k1ei z~3�x2e¡i w~3�x2ei z~4�k2e¡i w~4k2
�

� �x1
A�x2

A�k1
A�k2

A

�
'(x1; k1)'(x2; k2)

1
g(p1) + g(p1) + i"
(k1 � p1¡ k2 � p1)

1
g(p1)¡ i"
k2 � p1

�Z
e
iw4�t1

p1
2 p1 � rk1'

�
x1 ¡ w1; k1 ¡ t1

p1
2
¡ w2

�
+ e

iw4�t1
p1
2 p1 � w4 '

�
x1 ¡ w1; k1 ¡ t1

p1
2
¡

w2
��

dt1

�Z
ei w~3�x2e

i w~4�t2p12 p2 � rk2'
�
x2 ¡ w~1; k2 + t1

p1
2
¡ w~2

�
+ e

i w~4k2�t2p12 p2 � w~4 '
�
x2 ¡

w~1; k2¡ t2
p2
2
¡w~2

�
dt2

�
� 1��z3¡w3¡ q1

"

��2A 1

jz4¡w4j2A
1��z~3¡w~3+ q1

"

��2A 1

jz4~ ¡w~4j2A

�
�
e
i
q1�y1¡q1�y2

" e¡iz3�y1eiw3�y1e¡iz4�l1eiw4l1e¡i z~3�y2ei w~3�y2e¡i z~4�l2ei w~4l2
�

� �y1
A�y2

A�l1
A�l2

A

�
'(y1¡ z1; l1¡ z2)'(y2¡ z~1; l2¡ z2~ )

1
g(q1)+ g(q1)+ i"
(l1 � q1¡ l2 � q1)

1
g(q1)¡ i"
k2 � q1

�Z
e
¡iw4�t1q12 q1 � rl1'

�
y1¡w1; l1¡ t1

q1
2
¡

w2

�
+ e

¡iw4�t1
q1
2

�
q1 � w4 '

�
y1 ¡ w1; l1 ¡ t1

q1
2
¡ w2

�
dt1

��Z
e
¡i w~4�t2

q1
2 q2 � rl2'

�
y2 ¡ w~1;

l2¡ t1
q2
2
¡w~2

�
+ e

i w~4�t2q12 q2 �w~4 '
�
y2¡w~1; l2¡ t2

q2
2
¡w~2

�
dt2

��
Now we know that the �rst 2A derivatives of

1
g(p1) + g(p2)+ i"
(k1p1¡ k2 � p1)

and
1

g(p1)¡i"
k2 � p1
are bounded by

C

 X
i=1

2A ���� 1
g(p1)

����ijp1ji
!

Which implies

I .
 X
i=1

2A ���� 1
g(p1)

����ijp1ji + X
i=1

2A ���� 1
g(p2)

����ijp2ji
!
hz1 ¡ w1i¡2Ahz2 ¡ w2i¡2Ahp1i2Ahz~1 ¡ w~1i¡2Ahz~2 ¡

w~2i¡2Ahp2i2A

So in total we get

I .
Z

dpR̂(p1)

 X
i=1

2A ���� 1
g(p1)

����ijp1jihp1i4AZ
dqR̂(q1)

 X
i=1

2A ���� 1
g(q1)

����i jq1ji
!
hq1i4Ahw4i2hz~1 ¡ w~1i¡4Ahz~2 ¡ w~2i¡4Ahz1 ¡ w1i¡4Ahz2 ¡
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w2i¡4A
1��z3¡w3¡ p1

"

��2A 1

jz4¡w4j2A
1��z~3¡w~3¡ p2

"

��2A 1

jz4~ ¡w~4j2A
1��z3¡w3¡ q1

"

��2A
1

jz4¡w4j2A
1��z~3¡w~3¡ q2

"

��2A 1

jz4~ ¡w~4j2A

If we do not integrate by parts we also obtain the estimate

I .
Z

dpR̂(p1)

 X
i=1

2A ���� 1
g(p1)

����ijp1jihp1i4AZ dqR̂(q1)

 X
i=1

2A ���� 1
g(q1)

����ijq1ji
!
hq1i4Ahw4i2hw~4i2hz~1 ¡

w~1i¡4Ahz~2 ¡ w~2i¡4Ahz1 ¡ w1i¡4Ahz2 ¡ w2i¡4A
D
z~3 ¡ w~3 +

p1
"

E¡2AD
z3 ¡ w3 ¡

p1
"

E¡2AD
z~3 ¡

w~3¡
q1
"

E¡2AD
z~3¡w~3+

q1
"

E¡2A
In total we get get

I .
Z

dpR̂(p1)

 X
i=1

2A ���� 1
g(p1)

����ijp1jihp1i4AZ dqR̂(q1)

 X
i=1

2A ���� 1
g(q1)

����ijq1ji
!
hq1i4Ahw4i2hw4i2hz~1 ¡

w~1i¡4Ahz~2 ¡ w~2i¡4Ahz1 ¡ w1i¡4Ahz2 ¡ w2i¡4A
D
z3 ¡ w3 ¡

p1
"

E¡2AD
z~3 ¡ w~3 +

p1
"

E¡2Ahz4 ¡
w4i¡4A

D
z~3¡w~3¡

q1
"

E¡2AD
z~3¡w~3+

q1
"

E¡2Ahz4~ ¡w4i¡4A
For the terms II and III we can proceed in the same way. �

To conclude we need to prove bounds on KH1;" .

Lemma 18. There exist random variables C5;"; C6;" 2 L2(P; R>0) such that C4;" 2 L2(P) and
sup"E[C5;"2 +C6;"

2 ]<1 while

k(1
K)H2;"�1
�2kL2 � C6;"k�1kMAk�2kMA

k(K
1)H2;"�
�kL2 � C7;"k�1kMAk�2kMA

Proof. We only proof the �rst statement, the proof of the second one is the same.

(1
K)H2;"�1
�2 =

Z Z
V̂ (t;dp1)V̂ (t; dp2)V̂ (t;dp3)e

¡ip1�x1+(p2+p3)�x2
"

�
�
�1

�
x1; k1¡

p1
2

�
¡�1

�
x1; k1+

p1
2

��
�
 

1

g(p1) + g(p2)+ i"

¡
k1 � p1+

¡
k2¡ p3

2

�
� p2
� 1

g(p2) + i"

¡
k2¡ p3

2

�
� p2�

�2

�
x2; k2¡

p3
2
¡ p2
2

�
¡�2

�
x2; k2¡

p3
2
+
p2
2

��
¡ 1

g(p1) + g(p2)+ i"

¡
k1 � p1+

¡
k2+

p3
2

�
� p2
�

1

g(p2)+ i"

¡
k2+

p3
2

�
� p2

�
�2
�
x2; k2+

p3
2
¡ p2
2

�
¡�2

�
x2; k2+

p3
2
+
p2
2

��!
= H+�1
�2¡H¡�1
�2
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We prove bounds on H+ the bounds onH¡ work in the same way. In the following the sum
P

is
over all partitions � of f1; 2; :::; 6g into disjoint pairs fi��; j��g and we use the notations pi=¡qi¡3
for i > 3.

Ejh'z
 'z~; H+'w
 'w~ ij2 =

Z Z Z Z Z Z Z Z
dx1dk1dy1dl1dx2dk2dy2dl2Z Z Z Z Z Z

'z(x1; k1)'z~(x2; k2)'z(y1; l1)'z~(y2; l2)

� E
h
V̂ (t; dp1)V̂ (t;dp2)V̂ (t;dp3)V̂ (t;dq1)V̂ (t;dq2)V̂ (t;dq3)

i
� e

¡ip1�x1+(p2+p3)�x2
"

�
'w
�
x1; k1¡

p1
2

�
¡ 'w

�
x1; k1+

p1
2

��
� 1

g(p1)+ g(p2)¡ i"

¡
k1 � p1+

¡
k2¡ p3

2

�
� p2
� 1

g(p2)¡ i"

¡
k2¡ p3

2

�
� p2�

'w~
�
x2; k2¡

p3
2
¡ p2
2

�
¡ 'w~

�
x2; k2¡

p3
2
+
p2
2

��
e
i
q1�y1+(q2+q3)�y2

"

� 1

g(q1)+ g(q2) + i"

¡
l1 � q1+

¡
l2¡ q3

2

�
� q2
� 1

g(q2)+ i"

¡
l2¡ q3

2

�
� q2

�
�
'w
�
y1; l1 ¡

q1
2

�
¡ 'w

�
y1; l1 +

p1
2

���
'w~
�
y2; l2 ¡

q3
2
¡ q2

2

�
¡

'w~

�
y2; l2¡

q3
2
+
q2
2

��
=

Z Z Z Z Z Z Z Z
dx1dk1dy1dl1dx2dk2dy2dl2Z Z Z Z Z Z
dp1dp2dp3dp4dp5dp

 X
�

Y
�=1

3

R̂(pi��)�
¡
pi�� +

pj��
�!
'z(x1; k1)'z~(x2; k2)'z(y1; l1)'z~(y2; l2) e

¡ip1�x1+(p2+p3)�x2
"

�
�
'w
�
x1; k1¡

p1
2

�
¡ 'w

�
x1; k1+

p1
2

��
� 1

g(p1)+ g(p2)¡ i"

¡
k1 � p1+

¡
k2¡ p3

2

�
� p2
� 1

g(p2)¡ i"

¡
k2¡ p3

2

�
� p2

�
�
'w~
�
x2; k2¡

p3
2
¡ p2
2

�
¡ 'w~

�
x2; k2¡

p3
2
+
p2
2

��
� e

i
q1�y1+(q2+q3)�y2

"
1

g(q1)+ g(q2) + i"

¡
l1 � q1+

¡
l2¡ q3

2

�
� q2
�

� 1

g(q2)+ i"

¡
l2¡ q3

2

�
� q2

�
'w

�
y1; l1¡

q1
2

�
¡ 'w

�
y1; l1+

p1
2

��
�
�
'w~
�
y2; l2¡

q3
2
¡ q2
2

�
¡ 'w~

�
y2; l2¡

q3
2
+
q2
2

��
Now for every term we can show, by a slight modi�cation of the proof of Lemma 17, that each

of the terms is bounded byZ Z Z Z Z Z
dp1dp2dp3dp4dp5dp6

Y
�=1

3

R̂(pi��)�
¡
pi�� +

pj��
�
hw4i2hw~4i

Y
i=1

6
 X
i=1

2A ���� 1
g(pi)

����ijpijihpii2A
!
hz~1 ¡ w~1i¡4Ahz~2 ¡ w~2i¡4Ahz1 ¡ w1i¡4Ahz2 ¡

w2i¡4A
D
z~3¡w~3¡

p2
"
¡ p3
"

E¡2A
= hwi2hw~i2K�;"(z; w; z~; w~)

It is not hard to check that K satis�es the requirements of Lemma 6. �
From the established bounds we now know that

A"(f + f1;" + f2;" + f3;") = f 0(hW"; �i)hW"; k � rx� + D1;"�i + f 00(hW"; �i)hW" 
 W";

D2;"�
�i+O
�
"
1+


2

�
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With D1;"; D2;" given by

D1;"�(x; k) =

Z
dpR̂(p)g(p)

1
g(p)+ g(p)¡ "
ik � (p¡ p)

 
1

g(p)¡ i"

¡
k¡ p

2

�
� p
(�(x; k ¡ p) ¡ �(x;

k)) ¡
 

1

g(p)¡ i"

¡
k+

p

2

�
� p
(�(x; k) ¡ �(x; k + p))

!!
=
1
2

Z
dpR̂(p)

 
1

g(p)¡ i"

¡
k¡ p

2

�
� p
(�(x;

k¡ p)¡�(x; k))
!
¡
 

1

g(p)¡ i"

¡
k+

p

2

�
� p
(�(x; k)¡�(x; k+ p))

!
And

D2;"� 
 � =

Z
dpe

i
p�(x2¡x1)

"
g(p)

2g(p)¡ i"
p � (k1¡ k2)
1

g(p)¡ i"
k1 � p

�
�
�
x1; k1 ¡

p
2

�
¡ �

�
x1; k1 +

p
2

���
�
�
x2; k2¡

p
2

�
¡�
�
x2; k2+

p

2

��
We need to compute the limits of D1;"; D2;" to be able to identify the limiting equation.

Lemma 19. De�ne D� by

D�=

Z
dp

R̂(p)
g(p)

(�(x; k¡ p)¡�(x; k)) if 
 > 0

D�=

Z
dp R̂(p)

g(p)

g(p)2+
¡¡
k+

p

2

�
� p
�
2(�(x; k¡ p)¡�(x; k)) if 
=0

We claim that
lim
"!0

kD1;"�¡D�kL2(R2d)=0

Proof. In the case 
=0 this is an elementary computation, asD1;" does not depend on " anymore.
In the case 
 > 0 we can write

D1;"�(x; k) =
1
2

Z
dpR̂(p)

 
1

g(p)¡ i"

¡
k ¡ p

2

�
� p

�Z
0

1

p � rk�(x; k ¡ t p)dt

�
¡ 

1

g(p)¡ i"

¡
k+

p

2

�
� p

�Z
0

1

p � rk�(x; k+ tp)dt

�!!
Now we have by dominated convergence that

lim
"!0

Z
dpR̂(p)

 
1

g(p)¡ i"

¡
k¡ p

2

�
� p

�Z
0

1

p � rk�(x; k ¡ tp)dt
�
¡

 
1

g(p)¡ i"

¡
k+

p

2

�
� p

�Z
0

1

p �

rk�(x; k+ tp)dt

�!!
=

Z
dp

R̂(p)
g(p)

(�(x; k¡ p)¡�(x; k))

Since�����R̂(p)
 

1

g(p)¡ i"

¡
k¡ p

2

�
� p

�Z
0

1

p � rk�(x; k ¡ tp)dt

�
¡
 

1

g(p)¡ i"

¡
k+

p

2

�
� p

�Z
0

1

p � rk�(x;

k+ tp)dt

�!!������ R̂(p)
�

1
g(p)

�Z
0

1

jpj � jrk�(x; k¡ tp)jdt
�
¡
�

1
g(p)

�Z
0

1

jpj � jrk�(x; k+ tp)jdt
���

which is in L1(Rn; dp). The statement follows by applying dominated convergence again, sinceZ
dpR̂(p)

�
1

g(p)

�Z
0

1

jpj � jrk�(x; k¡ tp)jdt
�
¡
�

1
g(p)

�Z
0

1

jpj � jrk�(x; k+ tp)jdt
���
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is also in L2(R2n; dxdk) by Hoelder,Fubini and translation invariance of the integral.
�

Lemma 20. lim
"!0

kD2;"�kL2(R2d)=0

Proof. De�ne

�"(x1; k1; x2; k2; p) =
g(p)

2g(p)¡ i"
p � (k1¡ k2)
1

g(p)¡ i"
k1 � p

 Z
¡1

2

1

2

p � rk�(x; k ¡ tp)dt

! Z
¡1

2

1

2

p �

rk�(x; k¡ tp)dt

!
and de�ne

�0(x1; k1; x2; k2; p)==
g(p)

2g(p)¡ p � (k1¡ k2)
1

g(p)¡ ik1 � p

 Z
¡1

2

1

2

p �rk�(x; k¡ tp)dt
! Z

¡1

2

1

2

p �rk�(x;

k¡ tp)dt
!
if 
=0

�0(x1; k1; x2; k2; p)=
1
2

1
g(p)

 Z
¡1

2

1

2

p � rk�(x; k¡ tp)dt

! Z
¡1

2

1

2

p � rk�(x; k¡ tp)dt

!
if 
 > 0

Then again using dominated convergence just as before, we know that for every (x1; k1;x2; k2)2R4d

�"(x1; k1; x2; k2; p)!�0(x1; k1; x2; k2; p) in L1(Rd; dp)

kD2;"�kL2(R2d)=

Z Z
dx1dk1dx2dk2

�����
Z

dpe
i
p�(x2¡x1)

"
g(p)

2g(p)¡ i"
p � (k1¡ k2)
1

g(p)¡ "
k1 � p

 Z
¡1

2

1

2

p �

rk�(x; k¡ tp)dt

! Z
¡1

2

1

2

p � rk�(x; k¡ tp)dt

!�����
2

=

Z Z
dx1dk1dx2dk2

����Z dpe
i
p�(x2¡x1)

" �"(x1; k1; x2;

k2; p)

����
By the triangle inequality and the Riemann-Lebesgue lemma for every (x1; k1; x2; k2)2R4d����Z dpe

i
p�(x2¡x1)

" �"(x1; k1; x2; k2; p)

���� �����Z dpe
i
p�(x2¡x1)

" �0(x1; k1; x2; k2; p)

���� + k�"(x1; k1; x2; k2;
p)¡�0(x1; k1; x2; k2; p)kL1(Rd;dp)! 0

Now applying dominated convergence again completes the proof. �

Now let f"(t) = f(hW"(t); �i) + f1;"(t) + f2;"(t) + f3;"(t). By a classic result from probability
theory we know that the process

M"; f ;�(t) = f"(t)¡ f"(0)¡
Z
0

t

A"f"(u)du

is a martingale. By tightness we know W" has a sub sequence(not relabeled) convergent in prob-
ability in the weak topology L2(dxdk), with limit W .

Assuming that f 2Cb3(R) We have derived that

A"f"(u) = f 0(hW"(u); �i)hW"(u); k � rx�+D1;"�i+ f 00(hW" (u); �i)hW"(u)
W"(u); D2;"�
 �i+

O
�
"
1+


2

�
! f 0(hW (u); �i)hW (u); D�i

Where the convergence holds in L1(P) and locally uniformly in time.
So

E
�

sup
t2[0;T ]

jM"; f ;�(t)¡Mf ;�(t)j
�
! 0

Where
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Mf ;�= f (hW (t); �i)¡ f(hW (s); �i)¡
Z
0

t

f 0(hW (u); �i)hW (u); k � rx�+D1�idu

This implies that Mf ;� is a martingale. If we choose f 2 Cb
3(R) such that f(v) = v for jv j �

kW (0)kL2(R2d;dxdk)k�kL2(R2n;dxdk) we get that

M�= hW (t); �i¡ hW (s); �i¡
Z
s

t

hW (u); k � rx�+D1�idu

is a martingale, with quadratic variation 0 which implies M� = 0 (follows for example from [2]
Theorem 3.33)

6 Uniqueness of the limiting equation
We have established that any accumulation point of hW"; �i satis�es the equation

hW (t); �i¡ hW (s); �i=
Z
s

t

hW (u); k � rx�+D1�idu (9)

Where in the case 
 > 0

D1�(x; k)=

Z
R̂(p)

g(p)
(�(x; k¡ p)¡�(x; k))dp

and for 
=0

D1�(x; k)=

Z
R̂(p)g(p)

g2(p) +
¡¡
k¡ p

2

�
� p
�
2
(�(x; k¡ p)¡�(x; k))dp

As we already have tightness of the sequence, we will get convergence of the full sequence to the
equation, provided that we can show uniqueness. If W solves (9) then W~ (t; x; k)=W (t; x¡ tk; k)
solves the equation 


W~ (t); �
�
¡


W~ (s); �

�
=

Z
s

t 

W~ (u); D1;u�

�
du (10)

With

D1;u�(x; k) =

Z
R̂(p)
g(p)

(�(x+up; k¡ p)¡�(x; k))dp

D1;u�(x; k)=

Z
R̂(p)g(p)

g2(p)+
¡¡
k¡ p

2

�
� p
�
2(�(x+up; k¡ p)¡�(x; k))dp

respectively.
We will prove that (10) has a unique solution, which will imply the same for (9), assuming that

R̂(p)

g(p)
2L1(Rn).

Proposition 21. Equation (10) has unique solution for initial data W02L2(R2d), given by

W~ (t; x; k)=W0+
X
n�1

Z
�n

D1;u1D1;u2:::D1;unW0 (11)

Where �n is the simplex f(s1; s2; s2; ::: ; sn)j sn� sn¡1� :::� s1g

Proof. We �rst note that D1;u is a bounded operator on L2: By Jensen's inequality

kD1;uf(x; k)kL22 =

Z Z
dxdk

 Z
R̂(p)
g(p)

(�(x+up; k¡ p)¡�(x; k))dp

!
2

Z Z
dxdk

 Z
R̂(p)
g(p)

(�(x+ up; k¡ p)¡ �(x; k))dp
!
2

�






 R̂ (p)g(p)







L1(Rn)

Z Z Z
dxdkdp

R̂(p)
g(p)

((�(x+

up; k¡ p)¡�(x; k))2dp� 4






 R̂ (p)g(p)







L1(Rn)

2

k�kL2(R2n)
2
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the same proof works for 
 = 0, since
���� R̂(p)g(p)

g2(p)+
¡¡
k¡ p

2

�
� p

�
2

���� � R̂ (p)

g(p)
. Since we have this bound we

know that weak solutions also solve the strong formulations

W~ (t; x; k)=W0+

Z
0

t

D1;uW~ (u; x; k)dt

Let c� 1

8



R (p)

g(p)





L1(Rn)

2
� 1

2kD1;ukL2!L2
. Then

sup
t�c



W~ (t; x; k)

L2�kW0kL2+




Z

0

t

D1;uW~ (u; x; k)dt






L2
�kW0kL2+4t






 R̂ (p)g(p)







L1(Rn)

2

sup
t�c



W~ (t; x;
k)



L2

Which implies

sup
t�c



W~ (t; x; k)

L2. kW0kL2

This implies uniqueness.
Boundedness of D1;t also implies convergence of the r.h.s of (11), and we can easily see that it

is a solution.
�

We are now interested in the uniqueness of solutions of equation (10) if R̂(p)
g(p)

2/ L1. Unfortunately
we can only treat the case 
 > 0 here. Consider the Operator

DN;u�(x; k)=

Z
jpj> 1

N

R̂(p)
g(p)

(�(x+up; k¡ p)¡�(x; k))dp

Then with the same computation as above we can check that DN;u is bounded on L2. We can also
see that DN ;u commutes with D1;t, this fact is what makes the 
 > 0 easier then the 
=0 case.

We can prove that the equation

@tŴN(t; x; k)=DN;tŴN(t; x; k)

has a unique solution with initial data Ŵ0 given by

Ŵ (t; x; k)= Ŵ0+
X
n�1

Z
�n

DN;u1DN;u2:::DN;unŴ0

Now let us consider the function �(t; x; k) = Ŵ (T ¡ t; x; k). Obviously �(T ; x; k)= Ŵ0(x; k).
Now we are ready to prove uniqueness for the limiting equation:

Proposition 22. Assume that but R̂(p)

g(p)
jpj 2L1 and 
 > 0. Then the equation



W~ (t); �

�
¡


W~ (s); �

�
=

Z
s

t 

W~ (u); D1;u�

�
du

has at most one solution in C([0; T ]; L2(R2n)).

Proof. From the equation and the product rule, we get that



W~ (t); �(t)

�
¡


W~ (s); �(s)

�
=

Z
s

t 

W~ (u); @u�(u) +D1;u�(u)

�
du

provided that �2C1([0; T ]; L2(R2n)).
Now we choose �(t; x; k)= ŴN(T ¡ t; x; k) as above.�2C1([0; T ]; L2(R2n)) because

@t�(t)=¡@tŴN(T ¡ t; x; k)=¡DN;T ¡tŴN(T ¡ t; x; k)=
X
n�1

Z
�n

DN;u1DN;u2:::DN;unDN;T ¡t Ŵ0
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Furthermore we have that

D1;u�(u)=
X
n�1

Z
�n

DN;u1DN;u2:::DN;unD1;uŴ02C0([0; T ]; L2(R2n))

Provided that Ŵ0 2W 1;2(R2n), since D1;t is bounded from W 1;2! L2 and DN;u is bounded on
L2. In total we get


W~ (T ); �(T )
�
¡


W~ (0); �(0)

�
=

Z
0

T 

W~ (u); (D1;u¡DN;u)�(u)

�
du

Now

(D1;u¡DN;u)�(u) =

Z
jpj< 1

N

R̂(p)
g(p)

(�(x+up; k¡ p)¡�(x; k))

=

Z
jpj< 1

N

R̂(p)
g(p)

Z
0

1

p � (urx+rk)(�(x+ tup; k¡ tp))dt

By Fubini's theorem we can estimate

k(D1;u¡DN;u)f kL2(R2d)� (1+ juj)







Z
jpj< 1

N

R̂(p)
g(p)

jpj







L1

kf kW 1;2(R2d)

We can again commute and get

(D1;u¡DN;u)�(u) =
X
n�1

Z
�n

DN;u1DN;u2:::DN;un(D1;u¡DN;u)Ŵ0

Which implies that k(D1;u ¡DN;u)�(u)kL2! 0 as N!1 locally uniformly in time. So from the
equation we get that 


W~ (T );W0

�
=


W~ (T ); �(T )

�
=


W~ (0); �(0)

�
since Ŵ0 is an arbitrary function in W 1;2(R2n), this implies uniqueness. �

In conclusion we have proven the following theorem:

Theorem 23. Let W" be the solution to ( 4) with intial condition W";0 ! W0 weakly in
L2(R2d).Then W" is tight in the space C([0; 1); E), where E is the unit ball in L2 equipped
with the weak topology. By Prokhorov's theorem theorem it has a subsequnce convergent in prob-
abiltiy. Every such accumulation point of W" satis�es ( 9). In the case 
 > 0 (9) has a unique
solution under our assumputions, which implies convergence of the whole sequence. If in addition

R̂(p)
g(p)

2L1(Rd)

Then the solution to ( 9) is also unique in the case 
=0.
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