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1 Introduction

b\/e COnSideI‘ the SChrOedinger equation
0, t - A t = : 2 - —t t 1
{2 t(ﬁ( ,.’17) Jv(ﬁ( ,Jf) 1S V ( ,.T)(ﬁ( ,.’17) ( )

1=y
where ¢ is a small parameter, and v € [0,1). The interaction of V' with ¢ is small (of order ¢ 2 ),
which means to see it influence the wave function significantly we must consider large scales. Let

(bs(t’x) = (b(i z)

)
We scale time and space in the same way, so we can leave the average velocity of the wave
invariant.

Then ¢. satisfies

iedc(t, ) ~ g0t 0) = 7 V(i L )oelt ). )

We want to study properties of ¢. in the limit € — 0, or in other words we want to study the
macroscopic properties of the system behaving microscopically according to (1). Let us give some
heuristics on what we should expect: Let us imagine for the moment that V' is a smooth bump

1
constant in time, and v = 0. If we write H = A, — £2V scattering theory tells us that a wave
scattering at V splits into two parts: The free part that propagated as if the obstacle was not there,
and the scattering part. More precisely:

eitH ) pitA,

2 ©+ Vsc

such that || psc|| = O(g). So the probability to scatter at time ¢ is O(e!), which means the probability
to scatter up to time ¢ is O(et). Since t € O(%) the number of collisions (scatterings) will remain
bounded. This means we expect a kinetic equation in the limit, since for a diffusive or hydrodynamic
limit infinite collisions would be required. Kinetic equations are posed for the space-momentum
density, however |$(t, x)|? is only a space density while the Fourier transform }g?)(t, a:)}Q gives the
momentum density. By the Heisenberg uncertainty principle there is no space momentum density

in quantum mechanics however the Wigner transform will be a suitable replacement for us:
It is defined by:

We(t, z, k) :/eik'y¢ (t,x —%)(} (t,x—l—%)dy

We will drop the ¢ in the future. Appropriate for us will be a rescaled version of this, defined by

We(t,x, k)= /e““'ygbe(t,x - 5%)@5_6 (t,ere%)dy
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The advantage of the Wigner-transform is that it satisfies a closed equation, provided that the
wave function satisfies the Schroedinger equation. By product rule

OW.(t, 2, k) = — E/ v etupe(t, o — ¥ + e TV(Eltﬂ, L - eB)pu(t 2 —<2). ) (,

T+ex )dy

- Z/ “ (b o = e )(ehate(t @+ o) + E%V(%, 2+ D)o,
x+52))dy

= 7é/eik-y(Ay¢s(t, T — 5%) + E%V(#, g — 5%)¢8(t, T — 5%))575—5 (t,
T+es )dy

2 ik _ Y . Y Syt Q)*(
+ E/e y(ba(t,l‘ 52)(Ay¢a(t,x+€2)+52V(€1+7>€+52 Pel t, T +

1)
52 /eik.y(v(%é%g),v(%,gfsg))@(t,

= —k-V,W.(t,z, k) +
r—e< )gbg(t T+ez )dy

If we denote by V the Fourier transform of V we have, by the Fourier inversion formula

t oz Y\_ [ —it-pyp(_t
V(51+7’g+€§>7/6 2V(51+7’dp>

Plugging this in we get

[7 (G Ereg)on{a—eg)ic(rrsf)an
// etk v PE T ng(é_lZV, ) (t r—e2 )(bg(t T+es )d
= [V (o) (1 k- )

Which implies the equation

OWL(t, , k) + k-V W(t, z, k) = E% eﬂ?v(%, dp)<W€(t’ T, k- 2) - Ws(t, x,

k+§)> (3)

In this thesis we will study solutions of this equation with initial condition
We (0,2, k) =Wy (2, k)
such that for every A € C°(R?")

ah—% <W0,E ($7 k‘), /\>L2(]R2n) = <W0(.Z‘, k), )\>L2(R2n)
for some weak limit Woe L?(IR?"). Our main theorem will be the following:

Theorem 1. Let W, be a uniformly bounded sequence in Cy(R, L2(R?*")) such that W.(0,-,-) as
above and , W¢ satisfies equation 3. Then W, converges in probability, uniformly in time and weakly
in space to some function W which satisfies the equation

O (1,2, k) + -V W (t,x, k) = /a(p, KWtk — p)— Wtz k) (4)

Where ¢ will depend on the distribution of V' in a manner we will make more precise later.
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Let us say a few things about the structure of this thesis. We will mainly follow the proof proof
of [5]. In Sections 2,3 we develop some tools. Then in section 4 we prove that the W, is tight, and
in section 5 we characterize the accumulation points of the sequence as solutions of (4). Finally in
section 6 we prove that (4) has a unique solution which implies convergence of the whole sequence
to that deterministic limit. Our contribution to the proof in [5] is that we prove path wise estimates
for the operators in section 3 and 4. Even though it is not necessary to prove the final statement
we believe it provides an interesting proof of concept for how modulation spaces can be used to
obtain path-wise estimates for the operator norm of random operators. We also believe that the
convergence of (1) is interesting not only conceptually but numerically as well. In such a context
almost sure estimates on the necessary operators might be useful.

Let us introduce some notation

I would like to take this moment to thank Professor Gubinelli for his excellent supervision of my
thesis. The time and effort he put into this thesis goes far beyond anything that can be reasonably
expected.

2 Modulation spaces
In this section we give a brief exposition of modulation spaces, and prove how they can be used
to get almost sure bounds on norms of random operators. This section mainly follows [6]. For a

more detailed exposition we also refer to [6].

Definition 2. Fiz a Schwartz function ¢ # 0,which we will call the window. We define the short
time Fourier transform, or STET for a function f € Li,o(RY), and set z = (21, 22) € R*?,

—

Vof(z) = / ¢v=2 £ () oy — z1)dy = F() (- —20) (22)

The STFT satisfies the following orthogonality relations:
Lemma 3. Let @1, o2 be Schwartz-functions and f1, fo € L*(R%) then
/wal(z)vmfz(z)dz = /f1(y)fz(y)dy/%(zl)@z(zl)dzl = (f1, f2) L2~ (p1, P2) L2(Re)

In particular the STFT is an isometry L?(R%) — L?(R29), provided that ||¢|/r2=1

Proof. By Parservals identity

/\ /\
JVeti@Varoa: = [ [ dadafiOe == R0 e
— [ [ty == vy~ )y

= /fl(y)f2(y)dy/<m(21)902(21)d21
O

~ The reason the STFT is interesting to us is the following fact: Introduce the notation ()=
e’ () #2(. —21). Then we have the following

Lemma 4. Let @1, @2 be Schwarz-functions, if f € L? the

I SR T
O e perernd ACEAC LD
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Where the Integral is to be interpreted as a Bochner Integral with values in L*(RN).

Proof. Set
% 1
=T | Vo d (et
This is well defined, since V,, f (2) is in L. For a function g € L? we can compute
5 1
<f>g> = m/vwlf (2)(p2,2, g)r2dz
1
B (®1, P2) L2(RN) /V%f (2)Veag(2)dz
= (f,9)
Which proves the statement. O

Much like the Fourier inversion formula this lemma enables us to write a function f as a super-
position of the functions ¢,. However the advantage is that ¢, are significantly better behaved,
then in the fourier transform case since the fourier inversion formula writes uses superposition of
e’P* which has no decay.

Now we are ready to introduce modulation spaces. Modulation spaces are associated with the
STFT in the same way that Sobolev spaces are associated with the Fourier transform.

Definition 5. We say that a function f is in the space M, , if

sz, = ([ ([ Wesrmaz faz )

is finite.Here () denotes the Japanse Bracket, which is defined by (a) = (1+ a?)?

It can be proven that M, , is a Banachspace, and it is independent of ¢ up to equivalence of
norms.

The reason we are interested in modulation spaces is the following lemma:
Lemma 6. Assume we have random operator A,, , w € P, mapping S (R?) — S'(RY) such that
E[{(Apu, ¢2)|* < (w) K (2 — w)

with H € LY(R*M),a € R then A is almost surely bounded from M5 5 to M2 provided that 2s>d+a,
such that IE[ ||AH?\45,2—>ML2] <O K| p1reny

Proof.
2

(A1) = | [ [Ver Vs ) g, o.)dzo

(// Vo  (w)Vef ()| [{Apuw, <Pz>|dzdw)

IN

Applying Hoelders inequality we get
2
( [ [ Wer@ Vel g soz>|dzdw)
2
[ Werwiptwyeau [ <w>2”( / |v¢g<z>||<Asow,soz>|dz) duw
/ Vi f () 2) 2> 2o / Vg (2) Pz / ()2 (Agu, 02)|2dzdw

IN

IN
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Taking expectation we get
B Alls 2= Bswp (41, )| < / (W) E|(Apu, ¢2)Pdzdw < C|[K || p1gav)
yg

where the supremum is taken over f with || f||a5,<1 and g with ||g||L2<1 O

3 Construction of the random potential
This section mainly follows [1].

Definition 7. Let v be a o-finite measure on R® and let B be the collection of Borel measurable sets
of finite v-Measure, and P be a probability space. We say that a map W :P+—RB is a Gaussian
v-noise, if for any A, B€B

W(A) ~N(0,v(A))
W(AUB)=W(A)+W(B)if A, B aredisjoint

W(A),W(B) areindependent if A, B are disjoint

Lemma 8. For every o-finite measure v there exists a Gaussian v-noise.

Proof. We need to specify a correlation function on B x B,which will determine the finite dimen-
sional distributions, then the statement will follow by the Kolmogorov extension theorem. Define

C(A, B)=v(ANB)

A necessary and sufficient condition is for C to be positive semi-definite, meaning that for any
A,eBa; eR

Z OéiC(AZ', Aj)Oéj 2 0

%]
2
Z a;C (A, Aj)ay = Z o Oéj/ ﬂAiﬂAjdVZ/ (Z Oéi]lm) dv>0
%, ] %, ] %

O

We now want to construct a random field from a gaussian noise. To do that we need to give
meaning to the expression

[roowia
for some function f € L2(RY).
Proposition 9. Let v be o-finite measure on R Let S(R%,v) be the space of simple functions(mea-

surable functions with support of finite measure taking finitely many values). We claim that the
map

S(R4, v) — L3(P)

Z ai]lAi — Z aZW(AZ)
extends to an isometry

L*(R4,v) s L%(PP)
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Proof. We prove that the map preserves inner products. The statement of the theorem then
follows by density of simple functions. By Fubini’s theorem

E[D_ aW(4) bW(B))| =3 aibEW(A)W(B;)]
Z azbJE[W(AJ)W(Bz)] = Z aibjl/(Aiﬂ BJ) = Z aibj/ ]]-Ai]]-BjdV
Z aiaj/ ]lAi]lAjdz/:/ Z ai]lAiZ b;1p;dv

,J

O

Now we are ready to define our random field. Choose v to be absolutely continuous with density

g(;’)ﬁ(fdz € LY (R4 x R). We will specify the assumptions on R(p), g(p) below. For t >0,z € R? we

set
V(t,z)= / etet PW(dpdw)
For V' we have the correlation functions:
E[V(t,2)V(s,y)] = /eux—y»pei(t—s)w R(D)9(p) 44,

9(p)* +w?
= /ei(rfy)we*g(p)\t*S\jg(p)dpdw

We also introduce the fields V (¢, dp)
given by

V(t,dp) = / T (dw)
R
E[V(t,p2)V (s,dp1) ] = e 9P I=5IR(p1)5(p1 + po)
]E[V(t, Pz)m} =9I 1R (p1)5(p1 — p)
We will need the following
Proposition 10. Let F;= J(V(s, -),8 <t) be the o-algebra generated by (V(s, ),s<t). We have

E[V(t+h, )| F] =e 9@V (t,.)

E[(V(t+h,), o) {(V({t+h,),¥)|Fe] = [<Vt+h ) )| Fe]
x E[(V(t+h,-),¥)|F]
+ /@(p p)R(p)(1—e 9®M)dp

Proof. This follows [4]. Define Y =V (t+h,dp) —e 9PV (¢,dp). Then Y and V(t) are centered
gaussian variables and they are uncorrelated since

E[(V(t), o)(Y,9)] = /cp(p)w(*p)l?(p)(e‘g(”h —e 9@ dp=0

Which means they are independent. This means that

]E[V(t—l—h,dp)ﬂf(t)} :]E[Y}V(t)] +]E[e*9(p)V(t,dp)|V(t)} —e 9PV (¢, dp)
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Now we want to prove by induction that for any ¢ > 1
E[V(tiﬂ,dp)lv(ti), . V(tl)] — e~ 9(P)(tig1—ti)
We assume we have already proven
E[V (t:,dp)|V (ti—1), ~, V(t1) | = e 9@ EE=0V (1, dp)
Then write again Y =V (t;41,dp) —e 9@ E+1 -tV (1, dp). Again Y and V(t;) are independent so

E[V(ti+1,dp)|V(ti),-~-,V(t1)} = E[Ylv(tl)’av(tl)}

+ ]E[e*g(P)(““*“)V(ti,dp)|V(ti),-~-,V(t1)]
= B[Y|[V(ti1),~, V(t)]

+ —g(p)(ti+1—t')V(t dp)

= e 9Ptip1—ti-)y V(ti_1,dp)

e 9Pttt =9(P)ti—ti- )Y/ (¢, dp)

+ e 9Pt t)V( t;,dp)

_ efg(p)(t”lfti)v;(ti,dp)

Now our claim follows by induction.
For the second part we proceed similarly: We will to show that

E[(V (tit1, -), <P>< (fir1, ), w>|v(ti>a -
V()] = Ef
E

(Vitis ) >W< ). V(o]
(V(Eis1,), )|V (t), -+, V(E)]
p)R(p )(eg(l))(twl tit1) —

+ [ el

e —g(p)(Fiy1—t:) _ e g(p)(tiJrl*ti))dp

X

We write again Y = V(tis1,dp) —e 9(”)(““4')‘?(151-, dp) , Y =V (41, dp) — e 9D Eitai=tdy (¢,
dp), then Y, Y are independent from V (¢, dp), s

E[<V(ti+17 ')7 ><V( i+1s” 7 ¢>|V(tz)] = E[<Y’ (p><};a '(/}>} + / dpeig(p)(twrliti)v(tia dp)(p(p) +

eVt ap)
E[(Y,¢)(Y,v)]= / Apfi(p)((e2?)Frnr=tin) — maMEun=E) _ s tia 1))
Now we want to generalize this to

E[(V(tit1,), 0) (VT ), 0) V() (ti1)-V(t)].

Assume we have already proven

E[<v(ti+1; . S0>< fiv1, o), ¢>}V(ti71), - V(tl)} = E[<v(ti+1a )s ¢>}v(tifl)a - V(tl)} X

E[(V(Tir, ), )[V(tin), -, V(t)] + / P(p) (= p)R(p) (P T mtint) — ma@En=hion) —
e—g(l))(ti+l_ti*1))dp (5)

Now by the definition of Y, Y and the fact that Y,Y are independent of V(t:)

E[<v(ti+1; : S0>< (i1, ), ¢>|v(tz)v tiz1), V(tl)] = E[<v(ti+1, s ¢>}v(ti)v - V(tl)] X
E[(V(fis1,), )|V (Eio1), - V) |+ B[V, @) (Y, ) [V (Eim1), -, V()]
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By definition of Y, Y we have

E[<Ya 90><Ya 1/}>|v(ti71)7 T V } [< 1+17 ')ﬂ 90>7 <v(£i+1ﬂ ')7 w>|v(ti*1)v T
V(tl)] o E[<6_g(p)(ti+l_ti)v( i ) 90>, <V(Ez+1a ) '(/)>|V(ti—1)> T V(tl)] - ]E|:<V(t“ ’
’ <P> <€ o(e) (e t)V( tit ')a w>|v(ti—1)’ " V(tl):| + E{<eig(p)(ti+liti)v(ti’ ')’ <P>,
(=9 Er1=tOV (1, ) )|V (t;_1), -, V(tl)] —I1+11

Where I contains the terms coming from the conditional expectations on the r.h.s of (5), and II
contains the deterministic terms coming from the r.h.s of (5).

I o= (et ), ) e Wm0 ), ) -
(em 9P tis1=t)p=g(E—ti- DY (¢, D, ¢><e—g(z))(fi+1—ti—l)\?(ti_h ), b)) _
(em 9@ tim—ti-)y (¢, D, ¢><e—g(:u)(fi+1—ti)e—g(z))(ti—ti—l)\?(ti_1, ), b)) +
<e—g(1))(ti+1—ti)e—g(z))(ti—ti—l)\?(ti_l’ )y ) <e—9(:u)(fi+1—ti)e—g(p)(ti—ti—1){}(“_1, ), ) =0

= / dpR(p)e(p)tb(—p)h(tit1-Ti1,tisti—1, )

With
h(ti+1.t;.:r"1, ti, ti_1, p) = e~ 9P Fiti—tiy1) _  o—a@Eit1—ti—1)o—g(p)(tiv1—ti-1)  _
e*Q(P)(tHl*ti)(eg(P)(le*ti) — efg(P)(iHl*ti—l)efg(:v)(ti*ti—1)) _ efg(p)(iiﬂ7ti)(eg(p)(t¢+17t¢) _

e*Q(P)(tHl*ti—l)e*Q(P)(ti*ti—l)) + eg(P)(iiJrl*ti)e*Q(P)(tiJrl*ti)(l _ 6*29(17)(%*%‘—1))

—e— 9@ Eir1—tiy1) _ o—g(P)(Fir1—ti—1) o —9(p)(tiy1—ti—1)

Now the we complete the proof by induction.

O
In the sequel we will assume that for a large A of our choosing
/ Z idp < oo
i=1
/ R(p)(p)dp < o0
4 Tightness
We consider the equation
%Ws(t, x, k)+k-VW(t,z, k) = ;%/V(%, p)ei%(W(t, x, k— g) + W(t, x, k+ g) )dp
= L xw (6)
e 2

In the weak form this equation reads

<Ws,/\>(t)*<Ws,>\>(S):A <W€7k VAt 2, k) + = KAt 2, k)>( )ds (7)

5 2
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We want to prove tightness of the process. First let us note that it is enough to prove tightness
of (We, \). We know that W. is uniformly bounded in L? (R?4), as it comes from a solution of the
Schroedinger equation. We can say W. is a process in the space E = {f € L2(R%)| || fllr=< C}
which is a compact metrizable space, equipped with the weak topology.

In this section

Proposition 11. A process X is tight in C(]0,00), E) if and only if (X, \) is tight in C([0,00),C)
for every A € C°(R24).

Proof. We only prove that if (X, \) is tight in C([0,00), C) for every A € C°(IR2%) then X. is tight
in C([0,00), E), the other direction is obvious. Recall the Arzela-Ascoli theorem: For a complete
metric space (E,d) , M CC([0,00), E) is compact if and only if M is bounded in C([0,00), E) and

lim sup sup d(f(?), f(s))=0
0=0feM |s—t|<5

In our case we can choose d(z, y) = > 2%((:1: — y, \y) with )\, a sequence of CS°(RR%9)

functions dense in E. By assumption for every n there exists a set K, C C(]0, c0), C) such that
P((X.,\) € Ky) > 1 — 520 and K,, compact. Writing K,, = {f € C([0,00), K)| (f, \) € K,,} and
taking K =NpenK, we get that P(X.€ K)>1—0 and that K is compact by Arzela-Ascoli. O

We will prove tightness of (W, A) using the following

Proposition 12. Let x.(t) be a sequence of stochastic processes with generators AS, such that
NeD(A®) with continuous paths running up to time T. Assume that there exists a dense subset C

of Cp(R), such that C?C C, in other words C contains all squares of functions in C, C' C D(A%),
and for every f € C, there exists a stochastic process f(t) such that
{A(fe) (1),e>0,t <T}

s uniformly integrable, and

limIE<sup () — f(2=(0))] ) —0forevery § >0
€ t<T

Then f(x.) is tight for every f € C, which implies that x. is tight
To prove this we will need the following

Lemma 13. Let y° be a sequence of stochastic processes with continuous paths running up to time
T satisfying
lim limsuplP( supy® > K | =0
K—oo e t<T
such that

lim limsup supE[ |y*(7 +§) — y*(7)|?] =0
6—=0

i
where sup;is the supremum over all stopping times 7 <T.
Then y* is tight in C([0,T], C).

A proof of this lemma can be found in [3] Theorem 8.6 and Lemma 10.1.

Proof. Denote by f., f the sequences associated with f, f2 respectively which make the generator
bounded. Then

|f (@5 (t+u)) — f(@5()P= f2(t+u) — f2(t) = 2f () (fo(t+u) — f(2) + T:
With
T.= f2(t+u) — f2(t+u) +2f (25(t)) (f (25(t+w) — f€ (t+u) + f(25(t) — f2(t))
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Define d?(z, y) = min {1, |z — y|*}
Now

Ed*(f(2° (7 + u)), f(25(7))) < KE[E-f><(2%(r + ) — f2(2%(7))| + KE[E-f*(2°(7 + u)) —

T+u
fe(@e ()l +K1ET€K1E‘1ET/

T

AEvaE(t)dt‘ +KE

T+u
E. / Ae fs(t)dt' + KET.

Now all terms on the right hand side, tend to 0 for «— 0 uniformly in 7, which means we can apply
the lemma.
O

First we compute the generator of the process: We denote by IEf the conditional expectation
with respect to

e — T EELSAWe N (4 0)) = SOV D] oy A>(t>><w& . ,Q>(>
£ 2

h—0 h
IC)\>( )ds
5 2

To apply our proposition we want to add a perturbation f; . such that f; .— 0 for 5% 0 and
A(f + fi,c) is uniformly bounded. To achieve this we obviously want A°f; . to cancel ——/CA.

SO

f(<W€7)‘>(t)) f Wsa)\ / f Wg;)\ )<W5,k VA +

is a martingale.

2
To find such a function we make the ansatz :

fre=ef'((We, M) () (We, K1eA) (1)

KieA /as(:r k p)V( 1iv,p)ei%()\(t x, k— 2)+)\(t z, k++ ))dp

We will choose a. and « later in a suitable fashion. We then see that

FLe(We (4~ fe(We ) _ o f (W NEER) = FUVeNE) g e s

With

h h
R TLUAOIUEESE SEE )
# e W) SR KA ) )

Applying E; and taking the limit h— 0 we get, by using the equation and the definition of V" that

Ao fy o = e f((Wey M)W, K1 cA)(E) + e f/((We, A)(t))<WE, ke VoKy oA+ %ICICLE)\>(1€) +

=
saf’(<Wg,)\>(t))<W€,/ as(x,glﬂl;]iy)g(p>v(Eliv,dp>(>\(t,x,k§>+>\(t,x,k+§>>>

Let us note that

k;-VxICl,E/\:/Mik-pei%‘?(%,dp)(/\(t wh=B)+A(ta k- E ))+/ae(x,k,

p)V(%,p)ei%(k-Vx)\(t,x, k— g) +k- Vx)\(t,x, k +§))dp
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The first term must remain bounded since it has a f” and cannot give cancellatlons SO we

choose a = 1;7 Then we have two terms of higher order which have to cancel IC)\ More

precisely we must have

[ D i e (S an)(A( e k- B) A ek ) 4

g 2

aclz.k, D)alp) %7y (%, dp)(A(t, z, k — g) + /\(t, z, k + g)) = %/V(%,
:

g 2 €
dp)ei%(W(t,x, k —g) +W(t,x, k’—i—g))

Which is satisfied if ac(x, k,p) = m.
This leads to

As(f + fl,E) = f’(<W€> )‘>(t))<Waa k- Vz)‘ + ’C’Cl,e/\>(t) + f”(<WE> )‘>)<WE> ’C)‘><Waa ’Cl,e)‘>(t) +
€T P (W, () (We, Kol - VX)) () e T F((Wey ) (We, k- Vo) (8)

To prove uniform integrability of the generator we will prove the following lemmas

Lemma 14. There exists random variables C1,Cy, Cs € L? (P), such that almost surely

H’C”Mg’ngLz < Cl,s
”ICLEHMS’ElHLQ < CZ-,e
||’CIC17€||M2CI’§1>—>L2 < C3-,€

and IE[C’%E + CQQ,E + Cg,e] is bounded uniformly in €.

Proof. We will estimate the Gaussian random variables (., Ky, ) in L2(PP), then invoke Lemma 6.

Bl ke = [ [ aak[ [ ape wew of Bv(d
e [EE O A R A
3)-eu(v1+3))

= /dxdk:// dydly,(z, k)(pz(y,l)/ dp]%(p)(2ip7(37i7(<,0w(ac,k‘—%)—t,Dw(aC7

E+2))(eu(v 1 -2) = wu(v.1+2))

= dacdk// dydl |p.(z, k)e.(y, l)/ dpR(p) ((pw($7 k — g) - <pw(x, k +

2) (el 1=5) —eulv1+3))

< / R(p) (p)24 (21 — w1) 24 (25 — wy) =24

On the other hand by the hand we have by Parservals identity we have
/ dwdk// dydlp.(z, k)e.(y, l)/ dpR(p) ¢'Fe " (cpw(:r, k — %) - saw(w, k +

3))(pulw=5)—vulv145))
= [ qoar [ [aya el DEWD [ ko) (Fwrzm D - Fo o zza D)

[ (za=wa=2) s w24 )2

A
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Interpolating we get that with K(z —w)= [ dpR(p)(z1 —w1) (22 — ws) *A<23 — w3 — §> A2y —
wg)~* and [ dwK(z —w) uniformly bounded in &

E[|<<pzaK:‘Pw>|2] < K(Z - ’U))

Similarly for &y . we get

Bl Kol = [ [ asat [ [ ayatote, Moo 0 [ —g(p)é%pE[v(#,
ap)V(eda) | -l?(%(x,k_g)_%(%“g))(%(y,l_
)-nlorrd)

- // dxdk// dydlp:(z, k)p-(y )/ Tk +5%k » elﬁe_%(%(z’
8)- el )l 2) -4}

< /dxdk// dydl'sﬁzx k) saz(y,l)/ R T )f(g)zk 5 (saw(:ﬂ,k—g)—
k4 B))(ou(1-5) - u(w1+5))
< [ aearf [ v ot 0puto 0 [ apHD 5 v Vel

k—tp)dt(sow(yJ—g)—@'w<y’l+§))‘

S (wa) (21— wi) (2o —wa) 4

on the other hand we have integrating by parts

dxdk// dydlp.(z, k)p.(y, l)/ dpg()Lp). ((pw(x, k — 1—2)) - @w(x, k +

/ p)+evik-p
5))(eulwi=5) = eu(v1+5))
:// d:cdk// dydlp(z - 2z, kK — 2)ply - 2, | - Z2)/

e B (o= o) < ol kb

TN e M
= / dxdk// dydlei(wrzrg)'yei(w““)'l@(x — 21, kK — z2)ely — 2z, 1 — 22)/

1 1 i(w —z 73)-x A i — . R(p) R(p)
d A? 3TETC) T A i(wa—z4) -k : i _
p}wa—Zs—ﬁ}A fws— 2zl A C ke 9(p) +eMik-pg(p)+eil-p <¢<x

wl,k—g—uu) gp(ac—wl,k‘—l—g—w2)>(<p(y—w1,l—§—w2)—@(y—wl,l—l—g—wg))

1 1(“’3 23**) T _i(wa—za)-k 1(’“)3 ZB**) Y i(wa—z4)-1
= (& e -
///// }ws—zs——}A|w4*Z4|A el

_ P _ _ _ P _
A 22)( (y wl,A l 5 w2> gp(y wy, |+ 5
R(p) ANA R(p) _ _ _ _ Db _ _
wQ))g(p)-i—EVz'l-pAzAk g(p)+eik-p plz = 2, k ZQ)(‘D(x wi, K 2 wQ)

<p(:r —wy, k+ g — wg) )dxdkdydl
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/1]] dp»ngggwm—lw

RN V) 'Y B (1) I k- ) -
I+3 wQ))g(p)—i—sVz'l-pAzAk g(p)—l—s”ik-p(p(x 21,k ZQ)(‘P(»’U wi, k=3 w2>

oy — 21,1 — Zz)(so(y —wi, l — g —w2> - w(y — wi,

<p(xw1,k+§w2))> dydldzdk
1 1 (p) ( ) 2441 | () — g A 2y — wy) A
S [ e Z4|A<|g<p>|' [+ e )“ )

By combining this we the above estimate we get

2 —w—Q_Az—w —A R(P) R(P) 2441 |/, _
Ell(- Krepnl 5 [ dp(zs—ws = 2) 7z = wa) <|g<p>|'p'+ A ><1

wi) "Nz —wz) ™A
(p1+pz)w
We have KKy f(x, k)= [ [ V( 1M,dpl) ( 1+wdp2> (g(pz)—i871(k—m)p2(f(x7k
§-5)- 10k -3+8) - (S Uk 3 -8 - T k- 2)) )
So

El[{p, KK c0) 2 // |/ oo Doty D /t/

(Q1+<12)y jp1tp2) = ~ t
BV

€

dqz)V(#,dm)V(%,dm)}(g(qQ) _l.;(l _%)(p(%(y, —%,

- L (Sﬁw(y I+ = -
9(q2) —ie"(1+ %) g2 ’ 2

; 5+ %))
L)~ pu(v.1 +%+%))>><g(m)ngl(k%)pQ(saw(x, Pl
D2

1

)
&_m) (pw<x R+ 2 %))))dxdkdydl

:// dxdk// dydl ¢.(z k)e:(y, l)//

dpdqR( ) ( )<g(q)—l€7(l—%)q(<pw(y l — q) _ ‘Pw(?J,
1
Vo (g(QQ)ig’Y(l‘i’%)qg(@w(y’ = ewly, I+

1
q))>><9(1’2)if—:”(kg)p(%(x’ ko= p) — ouwlz, k) -

1
(9(])2) - iEV(kj +%)p2(¢w(:£, k) — ouw(z, ker))))
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[ s [ wee mew of
~ a P1tpo) (x—y) 1 _p
dprdpzR(p1) R(p2)e (g(pz) T _%)m(@w(y, 5
D2 pL, P2 1 P1
- | w ) l -5 Y - s w 9 l -
2) 4 (y 5 T2 )) (g(pg)—lE’y(l—i—%)pQ((P (y 3

>>><9(P2) —iﬂl(k _%)m(%(az, — % _
p2

B) ok B B)) - (o (e
3-5)n(ntr3+)

[ [ s [ wee mew of
R(m)l%(pz)dpldpgeiw(g(pl)_Z,;(l_p_;)pl(sow(y, -n
2)-elnt-5+3) - (s (e 1+ %
5)- (o145 +5)) G 5
) oo~ 3+ 5) - (srermme(e

= I+II+1I1

Now we proceed with each term similarly to the previous computations:

I = // dxdk// dydlo(z — z1, k — 2)p.(y — 21, | — 22)6”'236““'24//

N N 1 1
dpdqR(p)E(q) =il _g)q(%(y, L=q) = puly. 1) — (g(qg) —157(l+§)q2(%(‘y’
1 —ix~w3e—i —P) Wi, — _ — w9) —
D) = puly, I+ q))>><g(p2)i57(k§)p(e (h=p)wag( Lk —p— w)

1

e*im-wgefik“uul xr — wi, k — Wa _ -
( ) 9(pa) =i (k+ 5 )po

:// dxdk// dydl o(x - oz, k= z9)e.(y - oz, 1 -
1 1

(efik~w4efim-w3¢w(x’ k) _

z
M ws = 23] Twa — 2]

dpdqR(p)R(q) L

9(g2) —ie?(1+3) a2

L ) (Pu(y, I — q) — pul(y, 1) — ( (Puwl(y,

9(q)—ie"(1-4)q
D) = euly, | + ) L (ePvig(e — wi, k — p — w) — (z — wy,
9(p2)

—ie"(k—5)p
1 —ip-wy T
kw4))(g(pg)—isv(k—i—%)m(@(x’k)e o( ’ker))))
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1 1 1x-(z3—w3) ik (z4—w
:////w(x_Zl’k_ZQ)“"Z(y_Zhl_22)|w3—zglA|w4724|AAAAA (73— ws) ik-(za 4>//

dpdqR(p)R(q) L ) (u(y, 1 — @) — u(y, 1) — ( L

(puwl(y,

9(q)—ie"(1-2)q 9(q2) —ie"(I+2) g2

l) - @w(ya [+ q))>>A?A£<g(p2) Z_{jy(kg)p(eip'w‘%p(lﬂ — Wx, k — p— 'LUQ) - (:L' — Wx,

L —ip Wi (g T
k—w4)) — (g(pg)is’Y(kerl)pQ((p(x’ k)—e o ,k—i—p))))d dkdydl

<[/ dpdq2|g Dol (())|k| — L e— w) Az — wa) A () g)
k=1

|wz — 234 [wa — 244

Taking absolute values right away we get

15/ / d”dq%'p'%lmfw1>*A<zQ—wz>*A<p>2A<ws>2

so in total

1</ [ apdg Z Bl Pl (o — e — )Mz — )M -

w4>‘A<p>2A<q>2A<w3>

By the same computations we get for the other terms :

s [ [ ana > |g( o <( T R e . e
k=1

(p)|*
~Ap)2 A (q)** (ws)?

wy) = (p)

111 < // dpdq Z |g( |p|k (( ))|k:|q| <Zl - 'LU1> A<22 - w2>7A<23 - w3 — §>7A<Z4 o
k=1

p k
~Hp)* (@) (ws)?

wa) =" (p)

So now we are ready to prove :
Proposition 15. A°(f + f1.) is uniformly integrable for any f € C3(R).

Proof. We have that

A (f+ fre) = FUWa X)) (We k- Vad+ KK A ()
FI((Wey M) We, KA (We, K1,2A) (1)

_l’_
+ Ei;f'(<Waa/\>(t))<Wm’C1,e(’f'Va)\)>(t)
e W, ) (We, k- Vo)

We will prove that this bounded in L?(IP) so it is uniformly integrable. The only term we have to
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worry about is

f//(<Waa )‘>)<Waa K)‘><Waa K1,8A>(t)

since for the others the bound follows from the uniform boundedness of W, and Lemma 14. For
the remaining term we remark that

]E|<(pz & @EaK:®IC1,E Pw & SD'JJ>| = |<90z>’C1<Pw><902>’C1,590w>|

As V is a gaussian field (02, Kow), (¢z, K1 cpw) are gaussian variables so by hypercontractivity

-

(B2, Kpw) (Bl (3, Kncpw)[4)7

E[{¢:, Kow){pz, K1epa) > <
< CE[ ¢z, Kow) PEl(¢z, K1,c00)|?

which can be estimated in terms of K (z —w)K (Z —w) with K like in the proof of Lemma 14. Now
invoking Lemma 6 shows that X®K; . is almost surely bounded with the operator norm uniformly
bounded in L? (P), which completes the proof. O

5 Identification of the Limit

To identify the limit we need to get rid of the randomness seen in to do this we have to correctors
once again. First we want to find a corrector f3 . such that fzo.=O(e1*7) and A°fo . = f'((W-,

Vi
M) (We, =KK1,e A+ D) (t) + (’)(5 2 ) with some deterministic operator D, such that we can

more easily compute the limit of D..

Recall that we have

et = | ol an) g -
2)- s(e-2+2))- (s (3 -B) - (o

cp-2)))

So for following the same principle as before we make the ansatz

fae(t) =7 ((We, A) (1)) (We, Hi M) (8)

Hi A = //ae(k;, p)V(%, dpl)V(%, dp2)eiw<g(p2)zg’y ( (am E —
P2
2

5-8)- 1450 8) - (e 59

o L) = foe®] o AW M) = PO )0 4 30
h—0 h h—0 h
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+ lim €1+7f/(<W€7)\><Et[W (t+h, ) )* Ws(t, . ~)]7K1,€>\(t)>

h—0
+ %1—>H10 eI (W, M) (t) < L(t, . . ),
HI,E)\(t+h,'? ) Hls 7 B )>
h

= e FIf((We, A)(£) (We, Hi M) (F)
+ lim (W, )‘>(t))<Wsa k- vzH1,5A+Tw’CH1,s>\>

h—0 £ 2
fpmo o, (e ),
ELH1 At + R, ) —Hi AL, )] >
h

By the definition of V' we have

i ELH1A(t+h, ) —Hi ()] = lim //la(k b1
h—0 h h—0 7 )
ERERITES) KRR TES)

p2) h ‘ E
(OB (er 5 8) - (e
B-B) (a5 2)))

j(P1tpo)-=

751+7hm /as xak7p1?p2)e N

—g9(P1)h—g(p2)h —29(p1)h

e 7 V(%,dpl)‘}(%,dpg)V(#,dpl)‘}(#,dpz)+é(p1)<l6 E )5(p1+p2)

(g(pg)isvl(k%)pz(A(x’ k 7%7%> B A(x, k 7%+%>) B <g(p2)i€71(k+%)p2(f(x, k+

jp1tp2) @ t A t
= —// ac(z, k, pi, p)(g(p1) + g(p2))e = V(m’ dl’l)V( T+

dp2)<g(p2>i;(kg)pQ(A(x,k—%—%) ~A( - B 22 ) - <g(p2)i€71(k+%)p2()\(x7

1 - 1
k2l %>7A<x 2 1’22>>>>+/dpR(p)as(x,k,p,p)g(p)<g(p)_igw(k_g)p(f(x,kp)

f(x,k»—( : j <f<x,k>—f<x,k—p>>>>

9(p)—ic(k+%)p

We observe that in the case y=0 we also have another O(1) term coming from e' ™7 (W, ,k-V,H1 )
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as

ek W Hi A = // R P (A
d“)eiw<g<p2>—iev1<k—%>m@(x’ T I G )
(o (ks 5 2) 2ok 2 20)) )= otk (s

QV(éZWMDyQ%gmé@ﬁ?M(g@a—wik_%hmﬁwxi‘%f‘%)‘AC“k‘%+

dp
%))<g(pz)i€71(k+%)p2(/\(x le %)7A(x’k+%+%>> )*Hlvs(k'vz/\)

This means we want

~
I

1
9(p1)+9(p2)—€"ik-(p1+p2)

(—%ik-(p1+p2)+(9(p1)+9(p2)))ac(k,p1,p2)=1=a-(k,p1,p2)=

To conclude that we have a suitable corrector we have to prove bounds on H; o, KH; .. That will
be the content of the following lemmas

Lemma 16. There exist random variables Cy >0 such that Cy . € L*(P) and sup.E[C ] < oo
while

[H1,eA ]2 < CaelA ]l ma

Proof. We again estimate E[|{(¢., H1.c0w)|?]

et = ot 2
IE[V( 1+77dq1)V( 0 d ) 1+77 p1> 1+7, p2 ]
ool o k

V
: —(7
g(p1) + g(p2) —&%ik - (p1+ p2) ) —ie7(k—1)

g9(p
) oot e
2 ( pQ—wW (k+2)p2 Pl 2
R T 1
2)-7o( ke 2>>))

1 i(<11+q2)'w
9(q1) + 9(g2) =il - (1 + q2)

1 ( Q q2 a1
: : @(y,l————>—<p(y,l——+
9(q2) —ie?(1— L) g2 w 2 2 w 2

) - (g(qz)—z’;(ug)@(%(y’ L+ L -2 (gt Ly

)
%))))dydldxdk




SECTION 5

////so:clwy //// orteae

IE[V( 1+7,dq1>V< H_,y,d(p)V( 13_7,dp1>v< 1+7,dp2)]

1 _ip1tpo) =
. e €
9(p1) + g(p2) —&Yik - (p1+ p2)
1

1 2 . e o p B
g(pQ)igv(k%)pQ/_l D2 Vksﬂw(x, E + 5 t2>dt

1

1 : p2
(= P22y
<g(p2)i€7(’”%)pz/ e Vi k= g+ 1) ))

1 jlaatag) -z
£

9(q1) + 9(q2) — ik (1 + q2)

(9(‘12)&;( %)QQ(%(% Lo % - %) - %(y, I - % +
%» - (9(%)—1’;(1—1—%)@(%’(% L+ % q22> - @w(y, 1+ 4
%))))dydldxdk

/// dydidedkp.(z, k) po(g.] //// it

IE[V( a1 )V (s dae )V (s )V 1iv,dp2):|

1 _;(pitpo) @

9(p1) + 9(p2) - £7ik- (p1+p2)

1 E—
/ /5 1Vk< p2) —ie (k—sp1) pa Vigw(z, k — sp1 +

S e e
b2 9(q1) + 9(q2) — €%l (q1 + q2)

1
/ / q1Vk< =i —sq) g mh Vipw(z, ! —sq1 +tg2)dtds

//// dydidadk . (z, k)pa(y //// EEEEE R R(q)d(p1 +

8(q1+ q2) + R(p1) R(p2 )5(p1—q1 (p2— q2) + R(p1) R(p2)d(p1 — 42)0 (g1 —

1 jla1ta) -y

dtds) @@ Tl @ra)

1 —
/—7 /—7 Q1Vk< 9(q2) —ie"(l —sq1) - ¢ qQ.Vk(pw(y’l_SQ1+tqQ)dtdS>
I+II+IH

pz))

1

/2

p1) + g(p2) —€%ik - (p1 + p2)

1
\% - - ViPolz, kK — sp1 +
h k( (p2) —ie?(k —sp1) 'p2p2 kPl P

,_.

N =

© \
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I = //// cllydldxdkcpz(:r, k)m// dpdqg(pm(q)m
/5 /5 ka< )—’L'E’Y%ki—sp)-pp . Vipulz, k B s p N

1
dtds)/_/ qvk< _Z,Ev(k_sq).qq-VkSD_w(y,l—Sq-l-tQ)dtds)

:/ / // dydldxdkez‘”“k(l T 22)%(971)/
/

. 1
dpdqR(p)R (Q)W/_i /—

N

\Y -
s s P k<g<p> —ie (k—sp)-p’
— w1, k - s p + tp —

1 _
Wy dtds)/ / qvk< igv(k_sq).qq-VksDw(y,l—sq—i-tQ)dtds)

_ / / / dydldxdkgo(x - 21, k -

AAAA (23—w3)'$e(Z4—w4)~k/

Ve ws® —'w4k wa(sp—tp) (.Z‘

P
3 (3 1
dpdqR v . Vet PR o — g, ke —
PAaR(p) R( qg(p)/f / P k( (p)—ie'(k—sp) p~ " o '
1ot 1
sp+tp—ws dtds)/ /1 qVk< _igv(k_sq).qq-Vk%(y,l—sq—i—tq)dtds)
+ / / / / dydldadke(x - 21, k -
1 (23—w3)~$ — -k
)20, 0) AdAfe vt [
Rl e i ey i
A . 1 2 3 1 ;
dpdqR(p)R(q)=———— -z . 2y €GP (g —
PR g o) 1 /; g 4<g(p)za”(k8p)~pp ! ol '

1 1 1
k sp+1€pu12)dtds>/21 /21 qvk<g(q) T — qq~Vk%(y;l7 sq+tQ)dtds>
—=/73

" / / / dydidedke(z - a1, k -

Ag‘A;?e(Zr““)'””e<24*w<1>"f/

22) (Y, 1 2 2
e P T o

1

L 1 z [z 1
dpdqR(p)R(q)5———— \Y% . c2g €EPTI (g — wy, K —
pdaR(p) K95 oy p)/_z/ P k<g(p)—w”(k—sp)-p b #le —w

1 __
sertpwg)dtds)/1 /i qvk(g(q)z‘g”(lsq)~qq'Vk%U(y’lSQ+tq>dtds>

2772

—

W=
W=

and after integrating by parts and using product rule we get

1 1

I1< zl—wl_AZQ—wg dR
< e =) e =) (/ p

| (2 = wa) |22 | (25 — s
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i>2
To estimate II we proceed similarly

_ / / / / dydidedk o, (z, / / / /

(p1+pz) RPN

and taking absolute values straight away we get

1< (23— w3) ™A (zq —wa) "4 (21 — w1) "4 {20 —wo) ™ (/ dpR

T R(p)R |
e” L T p1+p2/ / ny ( DR e
j(P1tp2)-y
Viu(w, k= sp1+tp2)dtd o
Pw(T sp1+tp2) 3) (p1)+g(p2)—572l-(p1 +p2)

3 (3 .
v ' ViPa(y, | — sp1+tps)dtds
/; /; h k(!](pz) —ie(l—sp1) .png KPw(y p1+1ip2) )

Proceeding as with I we get

Bl - v - 1)

M<{z — w1>*A<22 — wg)’A<Z4 — wy)” / dpR Z

%

dqR q

(9)
and by the same reasoning
I < (21 — wy) Aza — wo) Mzg — wy)™ / dpR(p AZ
24 Pt
<Q>A; m
This gives bounds on H; .. To bound the KH; . we compute

(p1+p2+p3) ~ 5 % % %
KHi-f = /// dpidpadpse” = V(t, dp)V(t, dpa)V (¢, dp3)/1 /1 /1 ps -
2 2 2

1
Y9(p1) + g(pa) — i (k —ups)-(pr+p2)’ —ie7(k —ups —sp1) - pa’

sl (- o= )7

2 ka_’lU(‘r7 k —

ups — sp1 + tp2)dtdsdu )

Elte.  Krien = [ [ [ [ atwieee weEwof [

_(p1+patpa)e [ . .

/ dp1dp2dp3/ / / dgidgodgze ™" c E[V(ta dp1)V(t,

1
Apa)V (1, dpa)V (¢, dqn)V (1, dg2)V (£, dgs) / / A
2 2
1 .
¥9(p1) + 9(p2) — i (k —ups) - (pr + p2) " vk(fi(pz)ZsV(kupasm)'psz Vipu(e, k-
iprtpatr) v 1
up3sp1+tp2)dtdsdu> / / / VT 9(@) =% (I —ugs)- (q1+q2)p1 :

v ( 1
"\ g(a2) —ie"(l —ugs — sq1) - @2

q2 - Vipw(x, k —ugqs — sq1 + tgo)dtdsdu )
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Now we proceed as before

We need to choose the other corrector such that A°fs. = —f"((We, A))(We, KA)(W,
K1) () =—f"(We, \)) (W@ We, KAR K1 \)

‘We make the ansatz
fS,a = 51+’Yfll(<W6a )‘>)<We ® W, HQ,E)‘ & )‘>
with

~ ~ _sP1°®1+Pp2-T2 1
Ha M @ Do) = /a€<k,p1,p2>vu,dp1>V<t,dp2>e (Mo - B -

g(p2) +eVka- po
2o B) o)

We compute

foe(t+h) = fae(t) = (F"((We, A) (£ 4 7)) = [/ (We, A) () (We @ We, Ha LA ®A) (1)
+ fﬂ(<W€, >\>)(<W€(t + h) 8( )? H2,E>\(t) ® A(t» - <W€ (t) ® WE (t),
Ha A1) @ A(1)))
+ fWe, ))((We(t) @ We(t + h), HacA(t) @ A()) — (We (8) @ We (b),
Ha cA(t) @ A(1)))
+ S(We, ) ((Welt +h) @ We(t), Ha, e A(E+h) @ At + h)) — (We (8) @ We (1),
Ha A1) @A)

Taking expectation and the limit, we get

A fse(t) = e ((We, ) (1) (We @ We, Ha e A @A)
T W@ We, LK) Ha A N) -6 T (We @ W, (K0 1) Ha A ® A)
NV ((We, AW @ We, by - Vi, Ha A @A)
1+”f”((W M We@We, by Vo, Hao e A® A)
1+7hm h]Etf”(<WE,)\>)(< (1) @ We(t), Ho, At +h) @A(t+ h)) — (W. (t) @ W (t),
Ha A ()®A( )

+ o+ + +

Now

— lim ELHo A+ h) @ At + h) — Ha  A(t) @ A(t)

h—0 h R ) ) )

. _eveitro s WLV (¢4 by dpr)V (¢ + b, dp2) — V (t,dp)V (t,d
~ lim ac(k, pr, pa)e . V(t+h,dp)V(t+ hpz) (t,dp1)V(t,dpa)

e (- 5) (ke 5)) (e ke B) (ka1 )

_prmitpas [ o992V (¢ dp V(. d V(. dpOV(t.d

- /ag(k’ p1, p2)e : = (t, dp1) (hv p2) ~V(t,dp)V(t. dpa)
(e—g(:ul)h _ 1)5(]91 + p2) 1 1 n

h g(p2)+57k1,p1(>‘(‘r1, kl - ?> - )\1(%1, kl + ?)><)\(.’E2, kg —

%) - )\z(azz,szr%))



24 SECTION 5

L _p1zitpozo 1 P1
= 1 Y — € _— —_ — —
€ / as(k, p1, p2) (9(p1) + g(p2))e 9 +57k1-p1<)\<$1’ k=55 ) )\1<$1,

k1+%>><)\(x2,k2 2) )\g(azg,kg—i— ))+5—1—7D2)\®)\

with Dy a deterministic operator. We have

ki - Ve, Haeh © A = —5_1"/ ac(k, p p)V(L dp)V(L, dpa)
n e_iwg(p@+1€7k1-p1()\1($1’ b= ) = na(on b+ ) (a(en ke - B) -
Nol(22, k0 + 2))

ko - Vo Hach ® A = —5_1"/ a(k, pi, p)V(, dp)V(t, dpa) ke
L [V PR VA (Y S Y
+2)

So we want
(9(p1) + g(p2) +ie¥ (k1 - p1+ka- p2))ac(k, p1,p2) =1
Provided this is satisfied we will have

'AafS,e(t) = _f”(<W67/\>)<Waa’C)‘><W€aKl,e)\>(t) )
+ f”(<We,A>)<WE®WE,D2,EA®A>+0(g%)

Once we have proved

Lemma 17. There exist random variables Cs . >0 such that and supEIE[Cg,E] < 0o while

[Ho.e A1 @ Aol < o M lasgs, Phellrg,

Proof.

E|<¢Z®¢Z,H2€Sﬁw®¢w //// z xl,kl 2F; $27k2)80z(y1, y2,12 ////

{ (t,dp1)V (t, dp2)V (t dg1)V (t dQQ)} jPLT1 4Py @y Il+p2 2
1
(pl) + 9(192) + 'LE’Y(kjl p1+ko- p2)

g
(@w(l'lakl_%> (;Dw(xlakl—’— 21)
X (<Pfu(332,k2*%> sﬁw(wz,szrp;)

iq1‘y2+q2’y2
e €

(p2) + 15%1 P1

)

g(q1) + 9(g2) + 15”(11 cq1+12- g2)

g (2= b =) — el o+ §)) (o
g(q2) +iely - q1<¢w<y1’ h 2 Pwl Y1, i + 5 Yol Y2,

b= 2) — oo ol + L2 ) )derdradhydbadyidyediidly
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_ //////// (@1, k) (2, ko) 9oy, 1) 22 (2, 1)

/ / / / E[V(t,dp)V(t, dpa)V (¢, da)V (£, dga) | e

1 1
g(p1) + g(p2) + i€ (k1 p1+ ko~ pa2) g(p2) +ie7k1- py

D1+ Vk250w<961, ky — t1%>dt1/p2 . szs%s(irz, ko — t2%>dt2
iq1‘y2+q2’y2
e >
1

9(a1) + 9(q2) +ic?(li-qi+12- g2
/QQ : Vlgs%(yz, la — tz% )dtzdx1d$2dk1dk2dy1dygdlldlg

/ / / / / / / / da1dzadkdkadyydysdlidis
[[]]]] avon

(R(p1)R(q1)d(p1 + p2)d(q1 + a2) + R(p1)R(p2)d(p1 — q1)d(p2 —

2) + R(p1) R(p2)d(p1 — ¢2)3(q1 — p2))
1 1 1 1

}Zg*lUg*%PA|Z4_’U)4|2A}237’&)37%|2A|Z~4_'[D4|2A

) q- Vzltpw<y1, l— t1%>dt1

_;p1zitpa-ze . . .
AflAsz].?lA;g(e 2 = 67«23'$1e*1w3'$16124'k16*1w4k1
ei 23~Ize—iﬂ)3~wzei 24~k26—iﬂ)4k2> (p(l,1) kl)@(l‘Q,
1 1 1 1
k2)

| 23— ws — %|2A |24 — wal?4 | 25 — 3 — %|2A |24 — wa]?A

91-Y1+492-y2 . . . .
| _ . . — .
AﬁlAﬁzAﬁAlg(e € e "E3 YLt Ws Yrp T2 lle“”“ll

e~ 123 Y201 W3- Y2, i Za-l2pt 11)412)

o(y1 — 21,11 — 22) (Y2 — 21, 1o — 22)
1

9(p1) + g(p2) +ie7 (k1 p1+ka- p2)
1 1

9(q1) + g(q2) +ie7(l1- q1 + 12~ q2) g(q2) + i€k g2

L N
/21 (e et 21(11'Vh@(yl—whll—h%—l@)-i-e et 21)(]1'

ia 1092 .
w4<p(y1—w1,l1—t1%—w2>>dt1/ (6 v tzQQ2'Vl2‘P(y2—wla

. q
lo— tz% - @2> + 6_1w4't272Q2 -y Sﬁ(yz — W1, — tz% - @2> )dtz

1

1 ) . | :
/21 (elum-tl?lpl . Vlm@(l'l — wq, k1 — tl% _ w2> + ezw4.t171p1 .

Wy 90<£U1 —wi, k1 — tl% — w2> )dtl

1
1 2 . i Da-toP2 5
g(p2)+igvk2.pz/2 (o7 oemse ™ % pn - Vg2 — 0, ko -

gD Lt P2
tQ%—ﬂ&) +e {ibakta 22])2'@4 (,D(l‘Q —’lf)l,kg—tg%—ﬂu))dtg

1

> . q . q
/21 (e_lwmtl%(h . Vllsﬂ(yl —wi, Iy — t1% - w2> + 6_1w4't171)Q1 :

_1
2

Wy @(yl —wi, I — t1% — w2>>dt1
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i ba1092 bt
X /(e lw4t22Q2'Vb@(y2—@1,l2—t22—@2>+€ Zw4t22f12

2
~ ~ q2 ~
Wy Sp(yQ_wlab_tQ? _w2))dt2
= I+ IT+1III

Integrating by parts we get for term I

- 1 1 1 1
I = dpid
////// P (h )R( |237w3—ﬁ|2‘4|Z4—w4|2A}237w3+ |2A|z4—w4|2A

( e pl 126123 xlefzwg x16124 k:le zw4k:1€z Z3- Igeflwg xgez Z4- k2671w4k2)
1 1
X AAAAAAAA< x1, k o, k - - </
12wk ko 50( 1, 1)50( 2 2>g(p1) +g(p1) +Z€’Y(k1 p1— k'2 'pl) g(p1) — Z€’Yk'2'p1
iwa-t1 2L p1 iwg-t 2L y4!
e 2p1~Vk1<px17w1,k17t177w2 +e 2p1'w4<px17w1,k1ft1§f

wz))dh(/emg.xzeim.tz?m : sz‘P(xZ —wy, kg + tl% - ﬁ’2) et PR, iy ‘P(xz -
Wy, kg — tz% — @z)dtz)

1 1 1 1
}zs—wg——}zA |24 — wa?4 | Z3 — 3 + L }QA |24 — wa]?4

291°Y1—41°Y2 . . . . . e .~ . o~
X (el e e—zzg~ylezw3~yle—zZ4~llezw4lle—z Z3~y2€zw3~yze—z Z4~l2€zw4l2>

X AAAAA A < (yl721,11722)@(342721,[2752)

1 1 em4t12q~v gp(y —wp l — I
g(a)+9(q) +ie (- a1 — 2 q1) g(ar) — i ka1 A
wz) + e_lwmtl?l)(h © Wy Sﬁ(yl — w1, I1 — t1% - w2>dt1> (/e_zwmb;tb : V12<P(y2 — Wi,

L ) )
12*t1%*@2>+6m4 25 gy -y 90(3/2101712152%102)(1152) )

Now we know that the first 24 derivatives of

1 and 1

g(p1) + g(p2) +ie7(kip1 — ko - p1) g(p1) —ie"ka - p1

are bounded by

24 1 i
C(; M |p1|>

Which implies

24 i 2A
= <Z o] 2 5t >< )z — wa) A ) A — ) A —
wa) 24 (p2)*4
So in total we get
24 .
I N / dpR(p1)<Z ‘ﬁ‘ |p1|i<p1>4’4/

24 :
dqR(‘h)(Z ‘ﬁ‘ |‘I1|i><q1>4A<w4>2<51 — W) (Z = W) Mz — wi) T2

i=1
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g) 14 1 1 1 1 1
}zs—wg—%}2A|Z4*w4|2A|zs—w3—%}2A|Z4*w4|2A|Z3—w3—%2‘4
1 1 1

|24 — wa? | 23 — g — £|24 |24 — 04?4

If we do not integrate by parts we also obtain the estimate

ﬁ‘ilpll%m“/ dqR(m)( (1 )
w1)~ 4A< Zy — w2> Az — w1) T (2 — w2>*4A< Z3 — w3 + p?> <23 — wy — &>_2A<23 -

~ ~ —2A
9 9

In total we get get

2A

v [ anion 3

2A

i=1

1< / dpziz(pl)(_zi @\mew / dqz%(ql)(i‘ o) |1><q1>4A<w4>2<w4> (5 -
W) "M(Zy — o) T (21 — wy) M (2 — w2>_4A<Z3 — w3 — %> 2A<Z3 — w3 + %> 2A<Z4 -

w4>74A<53* 3*%> <Z3*w3+q€1> (54*17171>74A
For the terms II and IIT we can proceed in the same way. O

To conclude we need to prove bounds on KH; . .

Lemma 18. There exist random variables Cs ., Cs. € L*(P, Rxq) such that Cy. € L*(P) and
sup.E[CZ . + C§ ] < oo while

(L@ K)Ho A1 @ A2 2 < [ v l[A2]| aea
[(Kel)Ha A @ ALz < CrcllAiflaall Azl aea

Proof. We only proof the first statement, the proof of the second one is the same.

1RK)Ha e M1 ®@ A2 = //V(tadpl % t,dp2)V(t,dp3)e_iM
(Al(xl’k17_>* (ffl,k1+ ))
1

( (p )+9(p2)+zgv(k1 pit (k2 —2) - p2) g(p2) +ic7 (k2 — 22) - o
e %);AQ(“”“2‘7+?>)

9(p1) + g(p2) + i (kr-pr+ (k2 + %) - p2)
g(p2)+¢€v(1k2+%) T (>\2(.’E2,k2+p23 p;) Ag(m,k2+ 5 +P22)>>

H MR M—H -\ ®A

X
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We prove bounds on H the bounds on H_ work in the same way. In the following the sum > is
over all partitions o of {1,2,...,6} into disjoint pairs {17, j7} and we use the notations p;=—¢q;_3
for ¢ > 3.

E[{¢: ® ¢z, Hypw ® 0s)* = //////// Ay Ay dydly daadkadysds
////// (21, k1) @z(w2, k2) (1, 1) 2(y2, 12)

x B[Vt dp)V (£, dpa)V (¢, dps)V (¢, dan)V (£, dga)V (¢, dgs) |

jP1z1t(P2tp3) =g Il+(P2+p3) z2 D1
X e (xb 17_) Pw x1,k1+7>

1
9(p1 )+g(pz)fzs”(k1 prt (k2 —2) - p2) g(p2) —ie? (k2 —2) - po

-q1-y1+(a2+493)-y2
<<Pw($2,k2—%—%>—9%(302,]6‘2—7-1-%))61 c

1 1
9(q1) + g(q2) +ie?(ly - (Z1+(l2——) ) (q2)+i€7(l2_%)'q2

(ol 3] el 5))(oema-35) -

_ QQ
¢w(y2?l2 ))
= //////// dxldkldyldlldfﬂgdkgdygdlg

////// dpldp2dp3dp4dp5dp<z f[ R(piz)d(piz +

7ip1‘z1+(132+p3)‘12

piz) |e=(z1, k1) oz(w2, k) o=(y1, 1) pz(y2, l2) :
_b1)_ ph
X (cpw(:r1,k1 2) saw(x1,k1+2)>
1 1

9(p1) + g(p2) —ie (kv -pr+ (k2= 5) - p2) 9(p2) —ie? (k2 — %) - 2

g (*Dw(“””‘pz?’ %)‘ww(“”“r?*ﬂ)

ja1-v1+(a2+43) v 1

o E 9(q1) + g(q2) +ie?(lh - q1+(12__) )
1
. g(Q2)+’LEV(l2—%)qQ((‘Dw(yl’ll_?)_@w(yl,h—i—?))

(el 578 el 34%)

Now for every term we can show, by a slight modification of the proof of Lemma 17, that each
of the terms is bounded by

3
/ / / / / / dp1dpadpadpsdpsdps H R(pis)d (piz +
6 /24

T=1

L (G R SR SR CIE O
)
=1 1=1
wa)~ 4A<z3— iy — 22— p;> = (W)2(0)2 K,y (2,0, 7, D)
It is not hard to check that K satisfies the requirements of Lemma 6. O

From the established bounds we now know that
Ag(f + fl,e + f2,a + f3,5) = fl(<W67 )\>)<W€a k- Vx)\ + Dl,a)\> + f”(<W67 )\>)<W€ & WE)

Dy A@N)+0(e )
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With Dy ., Dy given by

= z L 1 r, k—p)— ANz
Dy Az, k)—/ dpR(p)g(p)g(p)+g(p)EWik'(pp)<g(p)ig"Y(k%).p()‘( vk —p) = Az,

1 1 ~ 1
k)) - (g(p)ié"y(k'+§) .p(>\(.’L', k) - )\(ZE, k +p>)>> :5/ dpR(p)(g(p)is’V(kg) .p(A(xv

1
k*p) *)\(IE, k))) - (g(p) —Z'E’Y(k-i-%) p()\(l’,k))\(:r,k+p))>
And

irlearn) 9(p) 1 p
DaA@Ar= | dpe™ My by —2) = A2, &
2 / Pe 29(p) —iep- (k1 — k2) g(p)*is”krp( (2= 5) = Ao b+

D)o 8) (o))

We need to compute the limits of Dy ., D2 to be able to identify the limiting equation.

Lemma 19. Define D)\ by

D)\:/dp%()\(x,k—p)—)\(@k)) it v>0

_ ; 9(p) o) \(x o
D)\—/dpR(p)g(p)2+((k+%)p)g()\(l',k p) )\( ,k)) f 7=0

We claim that
lim ||D1_’€>\ - D)‘HLQ(]RM) =0
e—0

Proof. In the case =0 this is an elementary computation, as D; . does not depend on € anymore.
In the case v >0 we can write

DiAz, k) = %/ dpR(p)<g(p)¢sv1(kg)-p<Al p - ViNz, b — tp)dt) -

(g(p)—z'gvl(kJrg) .p</01 p-VkA(:c,kthp)dt)))

Now we have by dominated convergence that

' X 1 1 1 !
Jim, dpR(p)(g@)—igv(k—%)-p(/o p'v’”(”””“‘tp)dt)_<g<p>—iev(k+§)-p</o "

Vi, k + tp)dt))) :/ ap B 3k p) = A )

Since

R 1 1 1 1
R<p>(g(p)_w(k_%) ([Tt k) - (g(p)_w(k%) (['»- w0

k+tp>dt)>> <io)(55( [ ol wirte k-t )~ (| ol Vi ket ) ))

which is in L*(IR",dp). The statement follows by applying dominated convergence again, since

[ ok ([ w19 = twiac) ([ waae e ar) )
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is also in L2(R?", dzdk) by Hoelder,Fubini and translation invariance of the integral.

Lemma 20. lim || D2 A ||L2(]R2d) =0
e—0
Proof. Define

_ 9(p) 1 2 , B 7 .
(I)s($17 kl; Z2, k27 p) - 29(p) 77:8’}/])' (kl — kg) g(p) 72167161 p(/l P Vk>\(£L'7 k tp)dt)(/ p

ViA(z, k— tp)dt)

and define

1

__ 9(p) 1 : _ 2
¢O(x17k17x27k25p)**29(p) —p- (kl_kQ) g(p)_lk1p</1p vk>\(x7k tp)dt)(/lp Vk>\(1'7

T2 2
k tp)dt)if’y()

11 [ [z 3 .
<I>0(x1,k1,x2,k2,17)§m</ ) p'VkA(:r,ktp)dt></ ) p'Vk)\(CE,k‘tp)dt>1f’y>0

2 2

Then again using dominated convergence just as before, we know that for every (z1, ky, 2, ko) € R4
D (21, k1, T2, k2, p) = Po(w1, k1, 32, k2, p) in LY(IR?, dp)

1

,L-:U*(l'zfl'l) g(p) 1 /5
dpe c . .
/ b 29(p) —icp- (k1 —F2) g(p) — ek -p\ J_1 P

3
1 2
Vk)\(aj,ktp)dt></21 p~VkA(z,ktp)dt> :// dz1dk1dzadks

k27 p)
By the triangle inequality and the Riemann-Lebesgue lemma for every (z1, k1, 22, ko) € R4

HDQ,E)‘HLZ(]R“):// d:L'ldkld[L'Qdk‘Q

P (@a—1)
dp€ < q)E(xlaklaxQﬂ

2

jp(@a—21) jpza—z1)
‘/ dpe” = O (1, k1, w2, ko, p)' S'/ dpe™ = ®o(x1, k1, x2, ko, P)' + || (1, k1, @2, ko,

p) — Po(@1, k1, w2, k2, p) | L1 (re,ap) = 0

Now applying dominated convergence again completes the proof. O

Now let fo(t) = f((We(t), A)) + fr.e(t) + f2,(t) + f3,.(t). By a classic result from probability
theory we know that the process

Mo s 2(8) = £2(t) — £5(0) /0 AE e (u)du

is a martingale. By tightness we know W, has a sub sequence(not relabeled) convergent in prob-
ability in the weak topology L?(dxdk), with limit W.
Assuming that f € Cj(R) We have derived that

AP () = FU(Welu), N Welu), k- Vo DicA) + F7((We (), A)(Welu) © Welu), Do A @A) +
O ) = F((W (), A) (W (u), DA)

Where the convergence holds in L(IP) and locally uniformly in time.
So

E| sup |Mc sa(t)—Msa(t)]|—0
te[0,T]
Where
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My = f((W(t),A) = fF((W(s),A)) 7/0 W (), )W (w), k- Vad + Did)du

This implies that My \ is a martingale. If we choose f € C§(R) such that f(v) = v for |[v| <
HW(O)” L2(1R2'i,davdk)||/\||L2(]R2",dwdk) we get that

My=(W(t),A) - <W(S),/\>/t (W(u), k- VaA+ Did)du

is a martingale, with quadratic variation 0 which implies My = 0 (follows for example from [2]
Theorem 3.33)

6 Uniqueness of the limiting equation

We have established that any accumulation point of (W, A) satisfies the equation

(W(t),\) — (W(s),)\):lt (W (u), k- VoA + Di\)du 9)

Where in the case v >0

DAz, k) = / %(A(x, k= p) — Al k))dp

R(p)g(p)

D )= [ (A, —p) ~ Az, b)) dp
() +((k-35)-p)”

As we already have tightness of the sequence, we will get convergence of the full sequence to the

equation, provided that we can show uniqueness. If W solves (9) then W (t,z, k) =W (¢t,z —tk, k)

solves the equation

and for y=0

t

(W(t),\) = (W(s),\)= [ (W(u),D1u\)du (10)
With A *
= M T+u —p)— Az
Dl,u/\(x7k)_/ g(p) ()‘( +up, k p) )‘( Ji?))dp
o )= R(p)g(p) otwn. b — B) — M
respectively Dl’uA( 7k> / 92(19)—1—((16—%)-]))2()\( tup b p) A( ,k))dp

~ We will prove that (10) has a unique solution, which will imply the same for (9), assuming that
% € LY(R").
Proposition 21. Equation (10) has unique solution for initial data Wy € L?(R%9), given by
W (t,z, k)=Wo+ Y / D1 .u, D1y D1, Wo (11)
n>178n
Where A, is the simplex {(s1, $2, 82, ..., $n)| Sn < S$pn-1<... <s1}
Proof. We first note that D, is a bounded operator on L% By Jensen’s inequality

1Dy o f (2, B)|[3 = / / dxdk< / %(A(wup,k—p)—mk»dp)

I/ dxdk( / g—p)<A<x+up,k—p>—A(x,k»dp)l

2

12 (p) )/// dxdkdp%((/\(x—f—

R(p)
9(p)

Ll(Rn

IMZ2(man)
LY(R™)
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R R . .
g%(p) + Ez()scgipé ) p) < g((pp)). Since we have this bound we

know that weak solutions also solve the strong formulations

the same proof works for v = 0, since

~ t ~
W(t,x, k) =Wy +/ Dy W (u, x, k)dt
0

1 1
N R A P
9(p) llLL(®™)

Let ¢ < . Then

2

R(p)

9(p)

<[ Wol| L=+ 4t sup|| W (t, z,
L2

t<c

~ t ~
sup |W(t,z, k)| ;» < [|[Wol 2+ H/ Dy W (u, x, k)dt
t<c 0

L1(R™)
Rl 2
Which implies
sup HW(t, T, k)HLQ < HW()HL2
t<c
This implies uniqueness.
Boundedness of D ; also implies convergence of the r.h.s of (11), and we can easily see that it

is a solution.

O

We are now interested in the uniqueness of solutions of equation (10) if %5)) ¢ L. Unfortunately
we can only treat the case v >0 here. Consider the Operator

T, k)= ﬂ T+u —p)— Az
Div .z, k) = /p|>; S Ao+ up. k= p) = Aa K))dp

Then with the same computation as above we can check that Dy ,, is bounded on L?. We can also
see that Dy ,, commutes with Dy, this fact is what makes the v >0 easier then the 7=0 case.
We can prove that the equation

OWn(t,x, k) =Dy Wn(t, z, k)
has a unique solution with initial data Wo given by
W(t,x, k):WO+Z / DN,'U/IDN,U/Q"'DN,U/TLWO
n>1 Aq

Now let us consider the function A(t,z, k) =W (T —t,z, k). Obviously A\(T,z, k) = Wo(z, k).
Now we are ready to prove uniqueness for the limiting equation:
R(p)

Proposition 22. Assume that but m|p| € L' and v>0. Then the equation

(W (8, 2) = (W (), \) :/t (W (), Dy.uA)du

S

has at most one solution in C([0,T], L*(R?")).

Proof. From the equation and the product rule, we get that

(W), (1)) = (W(s),A(s)) :/t (W (u), DA (u) + D1y A(u) Ydu

provided that A € C1([0, 7], L*(R*™)).
Now we choose A(t,z, k)= Wx(T —t,z, k) as above.X € C1([0, T], L2(IR?")) because

O (t) = —6tWN(T —t,x, k)= —DN7T_,5WN(T —t,x, k)= Z / DN, DN g DN, DN —t WO
Ay

n>1
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Furthermore we have that

Dl,uA(u)=Z/ DN s DN g D, D1 Wo €C°([0, T, L2(R?™))
An,

n>1

Provided that Wy € W12(IR?"), since D, is bounded from W2 — L? and Dy, is bounded on
L?. In total we get

~ ~ T ~
(W(T), X(T)) — (W(0), A(0)) = /O (W (4), (D10~ Dy a)A(w))dlu

Now

(D1 — D) Mu) = /m %(A(x—i—up,k—p)—)(amk))

By Fubini’s theorem we can estimate

(D1,u — DN ) fll 2224y

IA
=
-

I fllw2(meay
Ll

We can again commute and get

ol Ao
|>H /| )

(D1 Dy ) A(w) = / D s DN gD (D — Div o)W
Ay,

n>1

Which implies that ||(D1,, — Dy u)A(w)|| 2 — 0 as N—o0 locally uniformly in time. So from the
equation we get that

(W(T), Wo) = (W(T), \(T)) = (W(0), A(0))
since Wy is an arbitrary function in W12(IR?"), this implies uniqueness. O
In conclusion we have proven the following theorem:

Theorem 23. Let W, be the solution to (4) with intial condition W o — Wy weakly in
L?(R29). Then W. is tight in the space C([0, o), E), where E is the unit ball in L* equipped
with the weak topology. By Prokhorov’s theorem theorem it has a subsequnce convergent in prob-
abiltiy. Every such accumulation point of W, satisfies (9). In the case v >0 (9) has a unique
solution under our assumputions, which implies convergence of the whole sequence. If in addition
E) ¢ pygay
9(p)

Then the solution to (9) is also unique in the case v=0.
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