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1 Preliminaries on SSPDESs

Chapter 1 - Preliminaries on SSPDEs
We want to study the dynamic <I>§ model, i.e. the equation given by
o =ANp— > —ro+2 (1.1)

where o € T3 is the torus, ¢t € [0,7], 7 > 0 almost surely and = is space-time white noise. This
equation belongs to a class of nonlinear stochastic PDEs of the form

ou = Au+V(u) + =Z.

Since = is a distribution, the equation is not well-defined as nonlinear functions of distributions
are ill-defined objects. If one is interested in properties of these equations like scaling properties
or stationary states, one uses regularized versions of these equations where the noise is replaced
by a mollified version. The question we will adress is well-posedness of the equation without
the regularization, i.e. we will study the limiting problem of the regularized versions. Since
the solutions are expected to have weak regularity, setting up a solution theory is a difficult
task and will rely on perturbative analysis. It will turn out that random fields occuring in
this analysis will diverge. These kinds of divergencies are similar to problems in quantum field
theory and we will use rigorous methods known from the theory of renormalization to deal with
these divergencies. The restriction to three space dimensions comes from the assumption of
sub-criticality which will be discussed below and, in physical language, should be thought of
as super-renormalizability. The renormalization appears in the equation as an additive linear
term with coefficient "r = 400"

In recent years, there have appeared several methods to deal with the renormalization problem.
Most notably Hairer’s theory of regularity structures and Gubinelli’s, Imkeller’s and Perkowski’s
theory of paracontrolled distributions. We will study the equation using the method of renor-
malization group introduced by Antti Kupiainen. For more details on the history of solutions,
see below.

1.1 Space-time white noise

We start by defining the space-time white noise for any dimension d > 0 = which is the

indeterministic part of the equation. Formally, Z is a Gaussian random field on R x T¢, i.e. =
is a Gaussian random variable on R x T% with covariance

E[=Z(t,2)=(t,2)] =6 —t)6(2" — z).

This holds true only formally, there is no coordinate process. Instead = is a random distribution,
i.e. a random element of &'(R x T%) which is a centered Gaussian with covariance

E[E(n1)Z(n2)] :/]R » m (t, z)na(t, z) dt dz.
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We will need the scaling behaviour of space-time white noise to understand the scaling behaviour
of the equation. Define for 7, A > 0 the scaling operator s™* by

sTA(t, x) = TAM (T, Ax).

If i is defined on the torus, then s7*(t,z) is defined on the rescaled torus A~'T?. We want to
give sense to the rescaled space-time white noise, i.e. a random distribution Z; ) such that

(ET,)U 77) = (‘Ev 377)\77)

where € S'(R x A_l']I'd), i.e. 27 ) is a random distribution on R x A~1IT?. If = were a function,

we could just apply the adjoint and get =, (¢, 2) = E(77'¢t, A71z). Of course, =, is again a
centered Gaussian with variance given by

E[(ET,/\a 77)2] = E[(E7 3T7)\77)2]

= 72)\2d/ n(rt, \r)? dt dz
RxTd

= T)\d/ n(t,z)? dt dz.
RxA—1Td

We conclude that if =) is space-time white noise on R x AT, then =, ) 4 rl2)-d2g, |
We want to determine the regularity of space-time white noise. One fruitful choice is to measure
space-time white noise in (parabolically scaled) Besov spaces BS, .. Although later we will
use negative index Sobolev spaces, to get a regularity theory for the linear equation, we will
introduce the Besov spaces, see e.g. 77.
We will use the notation [|(¢t,z) — (¢, 2")|ls = |t — t’|% +3°% | |#; — )|, the parabolic distance.
(1.1) Definition
For r € N denote by B, the set of smooth 7: R™! — R supported on the unit ball w.r.t. ||.||s
and ||n]|cr < 1 where

Inller = sup [[Dn]o-

o:la|<r

Suppose a < 0, define the space C& to be the set of all distributions u € &’'(R4*!) such that for
any compact set K C R it holds

U(S()Z 1)77)
[ullea(xy = sup sup |——| <00
(t,x)eK nEB, A%
X€(0,1]
where we denote S(’\t x)n(t’,az’) = A2\ 2t — t), A\ (2 — 2)) and r = [—a]. o

One can also define these spaces for @ > 0 and for o € (0,1) they will agree with classical
Holder spaces. Since we are only going to need the spaces for @ < 0, we omit the discussion
here.

The regularity of = in terms of the C-spaces follows from a Kolmogorov type theorem. Its
proof is basically the same as the one for the classical Kolmogorov theorem.
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(1.2) Theorem

Assume we have a random distribution & on R%t! that is a stochastic process indexed on
S(R1) (£(+)) that is linear as a map S(R¥*!) to the space of random variables.

Fix o < 0 and p > 1. Assume there is a constant C such that for any (¢,z) € R*! and for
all n € S(R¥*1) that are supported in the unit ball of R*! (in parabolic scaling) and satisfy
Inllco < 1, one has

Elle(Sh,m[ 1< CxP for any A € (0,1,

then there exists a random distribution € such that for all n € S(R1) it is £(n) = £(n) as.
Furthermore, for any o/ < a — d%? and any compact subset K C R%*1 it holds

E[”&HPEI(K)] < 0. o
We can compute that for the space-time white noise =, it is
=( QA 2 —d—2
E [:(S(t,x)n) ] SA .

In particular, Z € C$ for any a < —% -1

1.2 Scaling behaviour and subcriticality

We want to study the scaling behaviour of the equation (1.1). Before we do this, we first
identify the scaling behaviour of the linearized equation

Oip = Ap + =.
Define for A > 0 and scaling exponents «, 8,7 > 0
@t ) = XNt \z).
Then ¢ is a function on R x A™AT. Furthermore, define
CEPCICTLEN

We have already seen that 2 = E\» where the latter is space-time white noise on R x AT.
Inserting the scaling in the equation, it follows

Op = N=2VAp + NP2 /2,

Therefore, set

and we see that ¢ 4 o) where ¢, is the solution to the equation on the rescaled torus, thus
the equation is scale invariant.



1 Preliminaries on SSPDESs

Applying the scaling ¢(t, z) = A271p(A\%t, \z) to 1) without the renormalization, we
obtain
Op(t,x) = Ap — A74p(t, x) + E.

In the limit A — 0, the prefactor in front of the nonlinear term vanishes only if the spatial
dimension is strictly less than 4. This is called the subcritical regime. It means that the small-
scale terms are described by the linearized problem and there, the nonlinearity is not very
present.

1.3 Why renormalization?

We will study the equation in d = 3, i.e. we are in the subcritical regime. In d = 3, by Schauder
theory ¢ will only be a distribution. Since nonlinear functions of distributions are in general
not defined, we need to make sense of our concept of solution. The usual way to interpret
nonlinear problems with irregular objects is to regularize the equation and study convergence
properties of the solutions of the regularized equations. The problem that arises is that either
these solutions fail to converge at all or converge to an uninteresting limit. It was shown that
if we choose a smooth bump p on R x R% and set

ps(t,x) =6 p(67%,6 )

d

and regularize by mollification Z° = = * ps, then the family of unique solutions ¢s to

Deps = Aps — o3 +=°

in d = 2 converges to the trivial limit. To obtain a non-trivial limit, we thus introduce renor-
malisation constants c¢s (that will also depend on the dimension) and solve

Orps = Aps — ¢ — csps + 0.

The family of constants cs will diverge as § — 0. We then study the limit of the renormalized
solutions @ as & — 0 and we will show that with the correct choice of renormalization constants,
these actually converge to a non-trivial limit. It may be remarked that the concept of solution
is dependent on the choice of regularization and on the choice of the renormalization constants.
This phenomenon already appears in space dimension d = 0, i.e. if we consider SDEs. It is a
well-known fact that an explicit Euler scheme converges to solution in the It6 sense whereas
mollification of the noise converges to a solution in the sense of Stratonovich.

1.4 Renormalization and physicality of solutions

The question arising from our new concept of solution is, how the renormalized solutions agree
with the physical phenomenon described by the equation. One might think that by renormal-
izing the equations, the renormalized solutions lack to represent the physical phenomena they
represent. In fact, it is exactly the other way round and there is strong evidence that for &%
d < 3, the renormalized solutions are the physical solutions.



1 Preliminaries on SSPDESs

It is shown in ?? that for d = 2, that ®} is the scaling limit of a discrete Ising-Kac model
evolving according to Glauber dynamics. It turns out that the renormalisation constant has
a natural interpretation as shift of the critical temperature. It also turns out that the scaling
factors necessary to realize @3 can only be obtained in dimension d < 3 which is in agreement
with the subcriticality condition.

1.5 Linear theory and Schauder estimates

We will review the linear theory and determine the regularity of solutions to the linear equation.
Consider the linear stochastic heat equation

on Ry x T¢. By Duhamel’s principle, the solution is formally given by
t
u(t,z) = e®ug +/ et =)BE (s, 1) ds.
0

Here

e f(z) = » H(t,x —y)f(y)dy

is the heat operator where the kernel H is given by
1 —|x +|?
H(t,x)zzidexp TR
i€z (4mt) ™2 t
We have the following Schauder estimate

(1.3) Theorem (Schauder estimate)
Assume f € C2((0,T) x T9). Define

t
u(t,x):/ =92 £ (s, x) ds,
0

intepreted in distributional sense. Then, if a ¢ Z, it holds
HUHcg”((o,T)erd) S HfHCg"((O,T)x’]I‘d)' o

Especially, for u the solution of the linear equation, it holds that u € C¥((0,T) x T%) for any
a < —% 41 since E € C2((0,T) x T?) for any o < —% — 1. For d = 1, this shows that the
solution will be a continuous function, for d > 2, the solution is only a distribution. Thus
equation is ill-defined since nonlinear functions of distributions are ill-defined objects and
a solution theory relies on regularization and the study of the corresponding limiting problem.
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1.6 History of solutions to the problem

Solutions to the ®4 model were already constructed before by Hairer who used his technique of
regularity structures which is a way of perturbative renormalization. Another way of providing
solutions was introduced by Gubinelli, Imkeller and Perkowski. They developed the theory of
paracontrolled distributions and used it to construct local-in-time solutions.

We shall be interested in the third approach: Kupiainen developed an approach to the
problem using the Wilsonian renormalization group analysis. Kupiainen constructs a solution
to ®4 by regularizing the heat kernel via cutting-off the singularity at t = 0:

t
(D)) = [ (1= x((t =8/l % (5) ds.
The sequence of regularized solutions (pg) to

Pe = GE(_‘PE — TePe + E)

can then be studied by means of renormalization group analysis. That is, starting from scale
AN for some A < 1, one studies the flow of the effective potential.

Here we will use the same techniques, but we will use a different regularization. We will
mollify the noise and leave the heat kernel unchanged. Choose a smooth bump p on R x R¢
whose space-time integral is one and define

pe =6 °p(e 2t e ).

Introducing parabolic scaling for the mollifier will come in handy later. Then we define the
regularized noise by

Ee = pe x =,
Here * means convolution in space and time. It may be remarked that this is the same setup

as studied by Hairer in ?7. Since Z°¢ is smooth, we have no trouble in proving (local) existence
and uniqueness of solutions of the regularized equations

Orpe = Ape — 2 — Tepe + Ee.

We now want to prove the following main theorem

(1.4) Theorem
For every € > 0 there exists 7. such that for almost all w there exists t(Z(w)) > 0 such that
has a unique smooth solution ¢, ont € [0,#(Z(w))], x € T3 and there exists ¢ € D'([0,(Z)]xT?)
such that ¢, — ¢ in distributions. Furthermore, the limit is independent of the chosen mollifier

p. o



2 The setup of the RG method

Chapter 2 - The setup of the RG method
Recall that we were studying the equation
oo =Ap — > —ro+ 2. (2.1)
Let x > 0 be a smooth bump so that
x(t) =1for ¢t €[0,1] and x(¢) =0 for ¢t € [2,00).
We define

(G)(t) = / 195 £ (5) ds.

0
We define the regularization of the heat kernel with parameter € > 0 by

@no= [ (1-x('55)) 2

Note that we cut away the singularity of the heat kernel, i.e. we consider only t — s > 2.

Remark
Since (1 - x (52)) et=9)2 is in S(R x R3), G.Z is a.s. smooth. o

£

Using Duhamel’s principle together with the regularization of the heat kernel, we introduce the
regularization scheme for solutions of ([2.1)) with initial data ¢(0) = 0:

P = Ge(—¢2 —1ep + E) (2.2)

where 7. will be chosen later ensuring that (2.2)) has a unique solution ¢, which converges as
€ — 0 to a non-trivial limit.

(2.1) Theorem
For every € > 0 there exists . such that for almost all w there exists ¢(Z(w)) > 0 such that
has a unique smooth solution . on t € [0,#(Z(w))], € T3 and there exists ¢ € D'([0, t(Z)] xT?)
such that . — ¢ in distributions. Furthermore, the limit is independent of the chosen cut-off

X- o

Remark
It is well-known, see 77, that the correct choice of the renormalization constant for this problem

is given by
mp
Te = + malog(e) + mg3
where mq1 and mg depend explicitly on the choice of the cut-off x and mo is universal. o

10



2 The setup of the RG method

2.1 Effective equation

So consider the regularized problem

[1]

) (2.3)

for o(t,x) given on (¢,7) € [0,7] x T? and where at scale ¢ the nonlinearity is given by

Pe = Ge(_cpg — Tee + E) = GE(V&(SOE) +

VE((p)(t,CL‘) - —(p3(t,$) - ra@(tv x)

for r. to be determined later. We want to study the limit of ¢. as ¢ — 0. Renormalization
group techniques study a problem at multiple scales at the same time and pursue the question
how a theory at scale e, say, is influenced by the same theory at scale &’ for ¢’ > e. This kind
of description turns out to be fruitful in identifying the behaviour of the objects involved and
mirrors the scale dependence of mathematical and physical objects.

We first describe how to obtain the solution at level ¢ in terms of the scales at &/ > . We
decompose

G: =G + Fs,s’

Lunft) = /Ot (x (tn_f> - X <t;23>> =92 f(s5) ds.

This term involves all time-scales t — s between p? and n?. So we split the scales t — s > &2

where for p < n

into the time scales between 2 and €2 and those greater than 2. We decompose e now into
. which belongs to the latter part and Z(¢') that solves a small scale equation

pe = gL+ Z(¢)
where Z () solves the fixed point equation
Z(pe) = Teer (Ve + Z (L)) + E). (2.4)

Then equation will hold provided ¢, satisfies

0r = Ger(Velpe) + E) = G (VI(¢L) + E) (2.5)
where the new effective potential V' is defined as

Vi(g2) = Ve(8r + Z(¢2))-

Together with , we see that V solves the fixed point problem
)

Since (2.5) is of the same form as (2.3]) with the new effective potential V!, we can iterate this
1/2

[1]

‘/;/() = Vz—:( + FE,E’(VEI(') +

procedure and obtain a flow where €' increases to 71/% and 7 is the time of existence for the

11



2 The setup of the RG method

original equation.
We set this flow up step-by-step. We fix a number

A<1
that we will choose later and start with
e =V,
We will denote V) = Vv, i.e.
Vi (p) = —* — e,

Then, upon iteration, for n < N we derive the effective potentials on scale A~ ! from scale A"
as solution to the fixed point problem

VN0 = VN4 Dyt (V) + ).

n—1
Set on = ¢~ the solution of

N -
on = Gw (V7 (o) + ).

The solution to this equation can be iteratively constructed by

F (@) = o,
Frglji( )=FM (- + Ty An—l(Vﬂf( )+ =)

Then

where ¢,, solves
on = Gon (VM (gn) + E).

What happens here is that we decompose the solution at level AV into a sum of solutions of
small scale equations that involve scales between A™ and A™~! for n < m < N and the solution
to an equation that involves all scales larger than A™.

Our aim will be to study the limits V, = lim V") and F, = lim F\™).
N—o00 N—o0

2.2 Rescaling the flow

For p > 0 define the parabolic scaling operator

suf(t,x) = p2 f (it ).

12
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(2.2) Lemma
We have the following identities:
s“oGos = 1%G, squsos,:l:u?Gg,
N
spolceos), L=y F;g suEiu*QE(“)
o
where by 2 we denote space-time white noise on the R x p~1T3. o

Now we define the dimensionless variables. We rescale to T,, = A\™"T3. Define

o) = Xsyn 0 VN 0 571 (2.6)
FV) = 53 0 FV) o 67 L. (2.7)
We furthermore define
Pn = Sxann

where we drop the superscript whenever the scaling is clear from the context. We remark that
if ¢, is understood to involve the spatial scales from [A", 1], then ¢, = synp, lives on the
spatial scales [1, A7"].

Setting s = sy and using s o syn = Syn-1 0 5 = S)n, We compute

o (6) = 272570l (56 + Tan (01 (0) + €0 1)) (2.8)
and
530) = s (6 4+ Taa (0 11(9) + €amn))- (2.9)
The analysis following in sectlonl 4| will be concerned with solving (2.10]). We define the solution
map vy(lN) — v,(l_)l to be
i =R,

called the RG map. We then iterate this and look for limits as N — oo.

We will show that ’USLN) and then also fT(LN) converge in a suitable space as N — oco. Then
reconstructing the solution ¢, for ¢ = AV via the flow of effective potential and the bookkeeping
operator f, will show convergence of . to a non-trivial limit.

The three equation of importance here, are

v(e) = A*QS*%&N)(( + T (0) + €a1)) (2.10)
f,SN%w) (N)(8(¢+FA1( @)+ €amn)), (2.11)

G1( )+ €0)). (2.12)

They involve the operators G; and I') ; which are given by Schwartz-kernel so that they are
infinitely smoothing and have fast decay in space-time. In particular, if we consider ¢ =I") 1&,.
Since this object involves only time scales between 1 and A%, whenever |t — s| > 2A~2, it holds

E[¢(t,2)¢(s, )] = 0

13



2 The setup of the RG method

since the supports of the cut-offs are mutually disjoint. Also the covariance inherits the Gaussian
decay in space from the integral kernel. These properties will help us to prove the stochastic
bounds so that the analysis of the fixed point problem turns out to be relatively simple.

Remark

Due to the scaling, we role that f,sN) plays, is to decompose the solution into terms that involve
scales in between A\? and 1, i.e. we have O(1)-contributions to the solution. Still, rescaling turns
out to be only an analytic trick here. Later, we only need to deal only with the operators G
and I'y 1 so that proving bounds is less messy and the proof of the fixed point is simpler. We
could do the analysis without the scaling, adapting all the norms and bounds.

This differs from the use of renormalization group as, for example, in 7?7 where the rescaling
into blocks of similar size is necessary to set up a flow whose fixed point behaviour we study.¢

2.3 Synopsis

14



3 Perturbative study and noise estimates

Chapter 3 - Perturbative study and noise estimates

We now study the fixed point problem

oi6) = A2 (s(6 + Taa (0} (8) + &)

where
En = N"sxnE

perturbatively up to second order. We do this in order to identify the "relevant" terms, i.e.
those terms that will explode as N — oo and thus we need to take care of by the renormalization
constant.

3.1 First order perturbation
We define the linear flow map £,, = DR, (0) given by

(Lv)(9) = A_Qs_lv(s(qb +Tx1én-1))-

It holds
v (8) = (Ravi™))(6) = (Lav)) (6 + Ta10t™) ().

We decompose

0 =) 1 uf)

(N)

where wu,, ’ is the linear part, i.e. the flow along L,:
Up_1 = Lply,.
For general initial data uy, the flow can be easily evaluated
un(9) = (L1 - Lvun) (@) = A2 Nupy (N7 (g 4+ M),
Here we define the stochastic field 777(LN) to be
) =Tppwenn = TV

F,(lN) is given by

O 1) (ta) = [ 000, 5.,0) (s,0) dsly
where the integral kernel

F;N)(t, $,2,Y) = XN-n(t — $)Hp(t — s,z —y)
is described in terms of the cut-off

xv-a(s) = x(8) = x (5w

which is a smooth indicator on [A2(N=") 2] and H,, = e!®(z,y) is the heat kernel. Remark that
%N) is thus supported in NX2V-—") < ¢ — 5 < 2.

the integrand in I"

15



3 Perturbative study and noise estimates

Remark
The initial data we want to use for the flow is given by un(¢) = —AV¢3 — A2Vmy 4. For this
kind of initial data, the linearized flow is very simple. If uy = ¢*, we get

Uy = )\(N*n)(k%)/?((b + n?(lN))k. (3.1)
Indeed, it can be easily computed that

Ly¢F =225 (s(¢p+Thién-1))"
= A2 (6 4Ty 16v )
:)\(k 5/2(¢+F(N)1§N 1)
— \(k— 5/2(¢+77N )

and using |D together with 777(1N) =T yowv-nmén

Lo(¢+n)F = A2 (s(¢ + Tanbn) + 0"
= A2 (s(d 4+ Ta1én1 + Tyv-tn-1) A&n—1))"
= A6 4 )"

Now as N —n — o0, since A < 1 terms are relevant for k < 5, marginal for kK = 5 and irrelevant
for k > 5. o

The source of the first renormalization constant comes from the divergence of the covariance
of ngLN) as N —n — oo. Since

M 2" (¢, :U)] = /Ot H,(t' —t+2s,2" —2)xN_n(t' —t+ 8)xN_n(s)ds
= Cn_n(t' t,2 x)
the diagonal behaves
E [nle)(t,x)ﬂ = /Ot H,(25,0)xN_n(s)*ds

which diverges at N —n — oo.

In order to show that the limit is independent of the chosen cut-off x with bounded C'-norm,
we need to analyse the dependence of the cut-off. I.e. given two cut-offs x and ¥’ with bounded
C'-norm. We define a kernel

F;"L(N)(tv S,l',y) = Xif\ffn(t - S)Hn(t — 8T = y)

where we denote by
Xn—n(8) = X(5) = X' A2V ).

16



3 Perturbative study and noise estimates

We will vary x’ in order to study the cut-off dependence and also to study the N-dependence

of the scheme, since the choice of x/(s) = x(\2s) gives M =V,

We will now study the divergent behaviour of

E [nﬁlN)(t,a:)ﬂ = /Ot H,(25,0)XN—n(s)*ds

and its dependence on the cut-off.

(3.1) Lemma
Set

= - s_% — 32 S.
p—/o (87s) 3 (1 - x(5)2)d

It holds
E 1M (t,2)2] = A0 4+ 5 1)

where it holds
1
6N (1) < C1+1t72).

If we vary the cut-off, it is

’ _1 —cA™
65 (t) — 60 (1) < € (t 21g gx20v-m) €~ 2N> ¢ = X lleo:

Proof
Denote by

z 2
H(t,z) = et (0,2) = (47?5)_36_%
the heat kernel on R3, then the heat kernel H,, on T, is given by
H,(t,x) = Z H(t,z + X"").
i€Z3

Thus, we may write
t
B[t 0)2] = [ Ha (25,0005 ds
0

= /Ot Z H(2s, A7) (X(s) - X (ﬁ))Q ds

1€Z3

_ /Ot S H(25, A7) (X(s)2 “x (an))Q) ds

i€Z3

where we used that since x(s) = 1 for s € [0,1] and x (ﬁ) is supported on s €
[0, 222(N=m)] < [0,1], we get

17



3 Perturbative study and noise estimates

Separating the ¢ = 0 term from the sum, we write

E [Vt / H(25,0) ( 5)? — <A2(;—”>>2) ds + a(t)

with

y_Z/stA <() X(Wi_m)2>ds

i#0

< Z/ (87s) 2e4sA2" ds

1#£0
< Ceic)\ 2n

Let x’ be another cut-off and let

Z/HQS/\ ( (5)? X’<W‘j_n))2) ds.

1#£0
Then, it holds
9 2
la(t) — o( \—%/““ ( Ceen) _X/<)\2(Jff—”))>
9 2] _y-2n
<C/ 7% )\Q(N n)) _X/ (%) € >\4S ds

< eI = X loo-

Bt e) = /Ot(sm)i <X(5)2 —x (;’2)2> ds,
B(t,e) = /{:(8%3)2 <X(3)2 Y (;)2> ds

so that (t,e) is the ¢ = 0 term for ¢ = AN=1) We compute by the change of variables s to

528

If we denote

w

18



3 Perturbative study and noise estimates

Thus (using x' = x) we may write

E [n<N> (t, a:)2] =AW=y 5N ()

and using A=V p = B(o0, \N-7)) 4 p
S () = Bt, A=) — A== 4 a(t)
= a(t) = y(t, \V7) —p.

Here we denote by

v(t, )

00,€) — B(t,e)
)

B(
/too $rs) 5 (X(S)QX (;)2> ds
ct

(

N

IN

Thus
M@ < p+Ce ™" 40t 2 <C(1+1t2).
The last part of the lemma follows from

[y(t.e) =/ (t.e)| < /too(sm)é X (?2)2 _y (832>2

1
< Ct72x = X' lloo Lo, (1) O

ds

We fix the first renormalization constant to be
mi = *?)p

taking care of the divergences up to first order. Then we run the linearized flow with initial

data given by

where we set
pe = A""p.
Using (3.1]), we can compute the flow explicitly and get

uf) = =2 (6 + 1M)* = Bpn (6 + 1)

Indeed,
Lost... EN(_)\N¢3) _ )\(an)(375)/2(_)\N)(¢ + 777(1N))3
= —\"(¢+ M),
Logr .o La(=MN %) = 3A"2N=\2N 5 (6 4 (V)
=3\ (¢ + M)

= N3N (g + i)
= N3pn_n(¢ + V).

19



3 Perturbative study and noise estimates

3.2 Second-order perturbation

Define
Gn(v,0)(¢) = (Lnv) (¢ + Tr10(9)) — (Lav)(9)
so that (2.10) becomes

vn]pl = Env(N + Gn (0, ,le)l)
Recall that we decomposed U;N) = u( ) + wﬁl ) where u( )1 = Enu'glN) and
w ) = LawM 4+ G () 4wl a4 wl).

The initial condition for w is given by
wn (¢) = =AY (malog AN + m3)e.

Since
G (", uf))(6) = w3 (6 + Danu 4 (6)) = 1,4 (9)
by Taylor expansion, it is

G (ui™M,u)(6) = DulY, (@)D 1l (9) + O

where it is

Dul™, = —3x71 <(¢+ V)2 - PN_(n_1)> :

For a fixed w,(TN), wn]pl then satisfies
wui)l =L, 7(1 )1 + Du( )FA 1“51 )1 + Fn (wle)l)
where
]:n(w ) ) gTL( + w( )7 7(1N)1 + wnN)l) - Dunji)lr)\:lun]i)l

It will turn out in section [4| that F,, will contract in a suitable norm, i.e. it is irrelevant under
the RG. We can solve for wgﬁ)l up to second order, i.e. solving

U™ = £,UM + Du™M Ty 0N

) n—

so that we have the decomposition

(N

Vp_ satlsﬁes

and v

with initial conditions

U](VN) = —)\2N(m2 log ANV 4 ms)o, V](VN) =0

20



3 Perturbative study and noise estimates

where mo and ms are determined in the next subsection. We can compute Uqu) explicitly. It

holds

n

UM = Duplywon yun — X" (maglog AN + ma) (¢ + V).
Indeed, starting from the initial condition, we easily see that
0 = £+ DU Pl
()

= X2 (mylog AN 4+ m3) (¢ + nng,) )+ DU(N) Iatuy_y
Furthermore,
Ln(DufT \x—n juM) ()

=\"2s71 [Du )(s(¢p+ Ty 1&n—1))T\v—n) 1“ M (s(¢+Ty 16n-1))

=A% DUl (s(¢ + Taa€n1))s ' Taw-n 155~ uM (s(¢ +Ta 160 1))

=L, Du ()T 3w -ni1 \A 2514l (5(¢ + To1€01))

=D(Lpu{M) ()T yw-ns1 \LrulM ($)

=Dul™M (AT ywv—ns1 yul) (9)
which gives

L (DulMT v nlu(N))—i—Du( )FA 1Un—1 —Du( )F)\N (n—1) 1u(N)

n—1

and

LA (malog AN +mz)(¢ + 1)) = A2 (malog AN +ma)(6 + 1))

3.3 Noise estimates and function spaces

We are going to need estimates of the noise in order to show contractivity. The following terms

including the noise appear in the fixed point equation

N
L+

v = LN+ Fu Ut

n—1 n—

Ly, is dependent of I'y 1£,—1. Also u,, and U, involve the noise. To see what terms are relevant
or irrelevant under the RG map, let’s develop U, up to second order

UM (9) = URY(0) + DUV ()¢ + RN (9).
We compute explicitly by using that
UM (9)(t, ) = 3N ((8(t,x) + n (¢, 2))? —pN—n)/F%N)(t,s,x,y)

(60,9 + 1 (5,9))> = Bon (5, 9) + 1 (5,1)) ) dsdy
— A (my log AN + ma) (§(t, @) + (V) (¢, 7))
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3 Perturbative study and noise estimates

and where we may exchange derivative and integral since F%N) is infinitely smoothing

UM (0)
= Duy (0)T) \v—nyun(0) — A2 (mg log MY + mg)nle)
= =3 (™" — oy )Ty (0 = 3o ™)) = X2 (ma log AN + mg)nfY)
=AWy,

(DU (0)9)(t, )

0
=5 gonn(O +e9)(t, )

= 6AT" M (¢, 2) (1, @) / T, s,2,y) (1) (5,9)* = 3pn-an™ (s,) ) ds dy
B 1 = o) [T b ,) (305 (500005, 0) — 3o (s,0) ) dsdly
— A (mg log AV + m3)o(t, x)
= A2 (¢ 2)b(t, ) + A2 / zn(t, 2, 8,y)0(s,y) dsdy
where we denote
3Nt 2) = 6nM(e, x)/FﬁLN)(t, $,2,Y) (nﬁLN)(s,y)S — 3pN,n7]£LN)(s,y)) dsdy,

AN (5,2, ) = 90N (t2)? = py-) T (E 5,,y) (1) (5,9)% = o)
— (molog AN +m3)d(t — 5)d(z — y).

Remark
It turns out that the covariance of the field 9(777(ZN) (t, x)Q—pN_n)FglN) (t,s,z,y) (177(ZN) (5,9)% — pN_n)
diverges as N —n — oo. That is the reason for the second renormalization constant. o

In the analysis, we need to know the size of the following random fields

(N) (V) 4 (N)

’ (77n )2 — PN—n, (nr(LN))S - SpN—nnn » Wy 7y 3n and 27(1N)

We also need to constrain I'y 1&,. Since in the limit N — oo, these fields become distributions,
we need to measure them in an appropriate negative index Sobolev type norm. This will also
take care of the lack of regularity of the field z,. Define the operator K1 on L?(R) by

K, =(-9}+1)7!

which has the integral kernel
1
Ky(t,s) = 56_“_5'

and define Ky on L?(T,,) via
Ky = (—A + 1)_2
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3 Perturbative study and noise estimates

which has a continuous kernel satisfying Ks(x,y) = Ko(x —y) with
Ky(z) < Ce Il

Now we are able to define the function space V,, as the completion of C3°(Ry x T),) w.r.t. the

norm
[vllv, = sup  [[Kvllp2e,
1€ZX(Z3NTy)

where K := K1 K5 and ¢; is the unit cube centered in ¢ € Z x (Z3 NT,). For the kernel z, we
defiine the corresponding norm via

Izllv, = sup D IE ® K2l 22 xey)-
ier(Zm’ﬂ‘n)jeZX(ngTn)

We can now define the admissible set of noise. Therefore we choose a smooth bump h € C*°(R)
such that 1
h(t)=1fort < —X\% h(t)=0fort> —5)\2

and we set
hi(t) = h(t — \72F).

Thus hy, cuts off times larger than A=2F — %)\2.

(3.2) Definition
Let v > 0 (to be fixed later) and define for m € N a measurable set A, C Q via: w € A, if
the following conditions hold:

(1) For any
¢ e (i, ()2 = oy ()P = Bpy—anlY, WM, 5, 2
and for all m <n < N it holds

oG v, < A7

(2) For any two cut-offs x, x’ with bounded C''-norm and for any fields

C7(7,N) € {nﬁzN% (777(1N))2 — PN-n, (777(LN))3 - 3pN—n777(LN)7 w7(1N)7 3’£LN)7 Z’I(’LN)}7
G e N i) = Py s )2 = 3l ™), W) 5N N

and for all m <n < N it holds

en—m (G = ¢S |y, < XV=WAT™,

(3) For all n > m it holds
|sTx 1&n—1l®, <A™ R

23



3 Perturbative study and noise estimates

Here we denote by ®,, the space of functions ¢: [1, \=2(*=™)] x T,, — C which are C? in t
and C* in x and satisfy

dp(l,z) =0 for0<i<2andzeT,.
We denote its norm, the sup-norm, by

Iole, = > 11005

i<2,)a|<4
We will set up the fixed point equations in spaces of functions on ®,,.

(3.3) Proposition
There exist renormalization constants ms and ms such that for some ~ > 0 almost surely there
is some m < oo such that A, holds, i.e.

The purpose of this thesis was to understand the analysis of the method studied. That is
the reason we omit the proof of the proposition here and refer to 77.

3.4 Synopsis
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4 The analysis of the fixed point equation

Chapter 4 - The analysis of the fixed point equation

4.1 Spaces and analytic functions on Banach spaces

We now turn to the analysis of the problem. As a convention, we will be indifferent to the
numerical change of constants, i.e. our constants denoted by C(-) may change from line to line.
We denote the parameter dependence in the argument of the constant.
The main part of the section will be concerned with solving the fixed point problem. Once, we
establish existence of the flow of effective potential, it will be comparatively simple to deduce
the main theorem by looking at the flow of bookkeeping functions f7(lN

of6) = 225710 (s(6 + a0\ (8) + &0-1)) (4.1)
= (L)@ +Taao). (4.2)

In the perturbative analysis, we wrote

N N
( ) anq(mN) ""gn(USLN)ﬂ) )1)

Un-1~=

and
v,(LN) = ugN) +w7(lN)

where
(@) = =" (& + V) = 3px—n(s+ i)
N) £ N) +gn(U$lN +w(N)’u

Wy_1 =

In second order perturbation theory, it is

and we furthermore decomposed

where
UM = DuMTM UM — A2 (mglog AN + m3) (6 + M),
v = Lo + Fa (UM + ).
Here we start from the initial condition I/](VN) = 0. We want to solve the fixed point equation

for y,(l ). Let in the following w € A,,. We drop the w-dependence of all equations.

(4.1) Definition (Spaces)
We define the following function spaces.
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4 The analysis of the fixed point equation

1) Let K1 = (=02 + 1) on L*(R), K2 = (-A +1)"2 on L*(T,), K := K1 K3. We define V,
as the completion of C§°(Ry x T,,) w.r.t. the norm

[vllv, = sup  [[Kv| 2,
1€EZX(Z3NTy)

where ¢; is the unit cube centered in i € Z x (Z* N'T,).

2) Denote by ®,, the space of functions ¢: [1, \"2(*=")] x T,, — C which are C? in t and C*
in x and satisfy
dp(1,2) =0 for0<i<2andz €T,

We denote its norm, the sup-norm, by

Plle, = D 100560

i<2,|al<4
3) Let B, C ®, the open ball centered in the origin with radius r, = A2 and denote
Wh(By) ={f: B, — V, analytic functions}

and denote by | - ||, the sup-norm. o

Remark

There is some arbitrariness in the choice of the spaces. We need to choose V,, such that the
space-time white noise and the random fields live and converge in V,. Essentially, —2 time
derivatives and —4 space derivatives is just one choice that works and where we have good
decay of the kernels. Since we are considering polynomials in ¢ € ®,, with coefficients in
random fields that live and converge in V,, if we raise the exponents in K7 and Ko, we have
to control more derivatives of ¢, so we need more derivatives in the definition of ®, which
complicates the proofs. o

We will summarize some basic properties of analytic functions on Banach spaces that will
be important in the construction of fixed points later. We refer to 77 for more facts and the
proofs.

In the following, let Ei,..., E,, E, F Banach spaces. Let L(E,...,E;;F) the space of all
continuous multilinear maps Ej X ... X E,, — F and L"™(E; F) = L(E,...,E;F). Denote by
L7 (E; F) the subset of all symmetrlc maps, i.e. A(¢1,...,0m) = A(qﬁg(l ooy Bo(my) for all
permutations o € S,,. For A € LT'(E; F') denote AY™ = A(v, ..., ).

A power series from E to F about £ € F is given by

Z Am(q5 -

m=0

where A, € L™(E;F) and LY(E; F) = F. A finite power series (i.e. A, = 0 for m > my)
is called a polynomial. This notion of power series shares a lot of the properties with usual
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4 The analysis of the fixed point equation

power series on finite-dimensional vector spaces. E.g. power series are smooth on their radius
of convergence and we have the identity theorem, i.e. if two power series about £ converge to
the same function on an open subset, their coefficients are identical.

Let U C E open and f: U — F. We say f is analytic in £ € U if there is a power series about

f o0
S Anlg— )"
m=0
which converges uniformly in a ball B,(§) C U to f. By the identity theorem, the power series

is unique. Also f is smooth in B,(§) whenever it is analytic in £ and since D™ f(§) = m!A,,,
we can write

F@) =3 An(6 =" =3 DTG - O™ on By(6).
m=0 m=0

We call f analytic in U when it is analytic in every £ € U. As usual, analytic functions form a
sheaf and composition of analytic functions are analytic whenever they are well-defined.

We have Cauchy estimates for analytic functions. Let E, F' complex Banach spaces and f: U —
F analytic. (Our spaces are usually real Banach spaces but the results are transferable using
the complexification.) Denote by Ty, ¢(x)

Tpne(e) = 32— D"F(€)(z — )™

m<n

We have the usual Cauchy formulas, especially given # € U and assume that z € B.(§) C U,
then it holds
lz — &l

(r—llz —¢lle)

1f (@) = Tyme(@)lr < sup{[[f(®)l|F : It = &lle =7} (4.3)

4.2 Analysis of the flow

We start by proving the following lemma.

(4.2) Lemma
We have the following properties.

1) The operators sI'x1: Vo1 — @ and hy—1-pI'y 1 Vo1 — V-1 are bounded operators
with operator norms bounded by C(\). Moreover

sUx1hp—1—mv = sy v for any v € V,_
as elements of ®,,.
2) G, is a bounded operator V,, — ®,, and
G1(hn—1-m(\2)v) = Giov

as elements of ®,,.
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4 The analysis of the fixed point equation

3) s: @1 — P, and s71:V, = V,_1 are bounded operators and

1 — _1
||8||(I>n—1‘>q)n S )\27 HS len‘)Vn—l S C)\ 2.

4) Let ¢ € C**(R x T,,) and v € V,, then ¢v € V,, and

[6vllv, < Clidllczalvllv,- o

We will take advantage of 1), 3) and 4) in the proof of existence of the effective potentials.
We won’t need 2) before the proof of the main theorem.

Proof
For 1), let v € C§°(R4 x T,,—1). Then

1 A%t 2 )\Qt — S A2 A
sy qv(t,z) = A2 / (X()\ t—s)—x ( 2 )) M98 (s, Ax) ds

0
:/ k(\’t — s)e(’\zt_smv(s,)\x) ds
0

where k(1) = )\%(X(T> — x(7/A?). Since k(7) vanishes for 7 < A2, we may extend the integral
in s. Thus sI'v € C*°([1, ), T,,). To prove that sI': V,, — ®,, is bounded and well-defined, we
need uniform bounds for the L>-norms of the derivatives 9;0%(sI'x 1v). The condition

Ol (sTw)(1,2) =0, for0<i<2andzecT,

follows from the fact that k() vanishes for 7 < A? and thus sI'y jo(t,z) = 0 for t < 1. To
prove boundedness for the derivatives, we use integration by parts: write

v= (=2 +1)(-A+1)?Kv= (-9 +1)(-A+1)%w
for w = Kv. By integrating by parts, it is
sTa10(t, ) = /IR k(A2 — 5)e TR (A 4 1)2(—0% + Dw(s, Az) ds
_ /R EO2E— 8)(— A + 12698 (92 4+ 1)a(s, Az) ds
_ /R (02 + DRt — 5)(~A + 1292 (s, ) ds

and we get that for 0 <i <2, 0 < |af <4, it is

a,fag‘sf,\7lv(t, x) = /

[(faz TR — 5)(—A + 1)26560%—5)&} w(s, Az) ds.
R

Define the kernel

Oualts s,,y) = O (KOt = )02 798) (2 — ),
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4 The analysis of the fixed point equation

Then O, is smooth, exponentially decreasing in |z — y| and supported on A2t — s € [A%,2] for
all a € N and multi-indices «. It will suffice to bound Og1.,w(t, x) for all |a| < 8, a < 4 and
i € Z x (Z>*NT,). Hence, for fixed (t,r) € Ry x T,, it is

|(Og,alc,w)(t, z)| = ’/Oma(t,s,x,y)lciw(s,y) ds dy‘

< </ Oa,a(t757m7y) ds dy) HwHLz(cl)
[)\Z,Z}Xci
< CN)e 0D |2,

where we used that k(A\%t — s) is bounded by C()\) in C*® and the exponential decay. This
proves that

1005 sTa1v]loe < 5P Y [[0a,ale;wlloo < C(A)sup||wl|2(cy = C[0][v, -

a,a
Since all derivatives are bounded, it holds
[sTxivlle, < CN)vllv, -, -
Since C§°(R4 x Tp—1) is dense in V,,_1 by definition, sI'y ; extends to a bounded linear operator

Vn—l — (Dn-
The same argument applies to

¢ t
Gu(t,z) = / (1—x(t—s))e™%(s,2)ds = / k(t — s)e=*)%(s, ) ds.
0 0
Here k is supported on ¢t — s € [1,00). By the same argument as above, since we cut off the
singularity of the heat kernel, we get that 1 is a bounded operator V,, — &,,.
For the boundedness of hj,_1_,,I'y1 as an operator V,, — V,, we apply a similar argument:

with k(t —s) = x(t —s) — x (t/\%s) which is supported on [\2,2], we get by integration by parts
as above for v € V,,_1 and w = Kv

Cyv(t,z) = /Ot k(t — s)et™9%(s, 2) ds
= /t [(—82 + Dk(t — s)(—A + 1)2et=2 w(s, ) ds
0

= /t /(—82 + Dk(t — ) (=A +1)2eE 92 (@ — y)w(s, y) dy ds.
0
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4 The analysis of the fixed point equation

Thus for i € Z x (Z N Ty—1)

2

HKhn—l—mFA,IU”%%Q) §/ /Kl(t—t')Kg(a:—x’)hn_l_m(t')FA,lv(t’,m') dt’ da’| dadt

<C/ dxdt/dt dx/dsdy

(=0 + D(t — 5)(~A + 12693 (@ — y)u(s,y)|
< COV)|[wl| 2.,

. m( ) —\t—t’\e—|:c—x’|

2

where we get the last inequality from the exponential bounds above and the cut-off h,_1_,.
This shows that h,—1—,I'y 1 is a bounded operator V,,_1 — V,,—1. Left to prove for 1) and 2)
are the equalities

sUx1hp—1—mv =8l v foranyv e V,1 Yv eV,
and
Gl(hn_l_m()\Q‘)U) =Gv Yv ey,

as elements of ®,,, meaning for ¢t € [1, )\_2("_7”)].
For 3) recall that

1

so(t, ) = A2 p(N\%t, \x)

for (t,z) € [A~2, \72(»=1=m)] " Since A < 1, the factors A we pick up differentiating, can be
thrown away in the bound so that ||s¢|le, < A2 loll®, ;-

n —

For the bound of s™1: V,, — V,_1 we have to work a little bit. Let v € CP(Ry x T,,) and
w = Kv again. It is
Ks o =Ks (=0 + 1)(—A 4+ 1)%w = K1 (=\0? + 1) Ko(—\2A + 1)%s w
We easily compute
Ki(=M02+1) =M+ (1 - MKy,
Ko(=N2A+1)2 =M+ 222(1 = A2) (A + 1)1+ (1 — A2)’K>.
Hence it suffices to show that the operators K1, Ka, (—A + 1)~! and Azs~ ! are uniformly

bounded (in A) in the norm sup; || - [|z2(,)- We argue as above using the exponential decay
estimates for the kernels Ki, Ko given above and the estimate

(—A+ 1) Nz, y) < Ce=dovljg —y |71,

We bound on Azs~! can be shown like this. Let ¢; a cube centered in i € Z x (ZNTy) and let
Cjis- -, Cj, the collection of cubes centered in j; € Z x (ZNT,_1) such that ¢;/A C |Jc¢j, where
ci/A = {(t/ %, z/)\) : (t,7) € ¢;}. Remark the number of cubes needed is uniformly bounded.
Then, we can bound

1 _
A2 s~ wl|Ta () = )\5// [wl? < XY iz, ) < C.
c k

i
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4 The analysis of the fixed point equation

For 4), let ¢ € C*>*(R x T,,) and v € C°(R; x T,,). Let as above w = Kv so that
v = ¢(—6F + 1)(—A + 1)%w.

Writing K (¢v) = ¢Kv — [¢, K]v (here ¢ is seen as a multiplication operator) and using that
the commutator [¢, K] is given by

[0, K](=07 + 1)(=A + 1)*w = = Y Ou(¢aw)

for O, € {0]'K1,08 K>} for n <1 and |a| < 3 and for a = (m, 5) ¢q = c(mﬁ)@f@@g(ﬁ for m <2,
|B] < 4. We get to this form by looking at commutation results like

GO} f = O} (Of) — 20,(Dh0f) + D} f

and similar commutation resuls for —A. Thus we end up with
K(¢v) = ¢w+ > _ Oa(aw).
Provided all O, are uniformly bounded operators, we may bound
K (¢0) | 2(c) < Nldwl[z2(c;) + Z 0a(daw) |l L2(c,)

< C|¢l¢g24 max Sup Z 10allz2 ()= L2 (o) V]IV -
J
The operators K; and 0.K; have exponentially decaying kernels. The operators 05Ky are
bounded operators in L?, thus they are uniformly bounded as operators L?(c;) — L?(c;). Their
kernels 0% Ky(z — y) are smooth outside the diagonal  — y = 0 and exponentially decaying.
This shows as before
10allL2(er)—12(c;) < Ce 1]

which satisfies

max S%PZ 10allr2(c)) s r2(ei) £ C

J

so that we conclude ||K(¢v)|r2(c,) < Cll@llc24]v]|y,. By density, the multiplication operator
¢: Vy — V, is bounded by C||¢||c2.4 where C' does not depend on ¢. O

The linear part of the fixed point equation obeys the following bounds.
(4.3) Proposition
Given A < 1 and v > 0, there exists n(y, A) € N such that for any n > n(vy,\) L,: Wy(B,) —
Wn_l(/\_%Bn_l) is a well-defined bounded operator with norm

< OX73.

H‘CnHwn(Bn)—>Wn71(>\_%Bn*1) B °
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4 The analysis of the fixed point equation

Proof
Let v € W,,(By) and ¢ € A_%Bn—r Recall that

(Lnv)(¢) = X257 u(s(¢ + Da1én-1)).

Clearly (L£,v) is analytic wherever it is defined as composition of analytic functions. We need
to show that s(¢ +I'y 1&,—1) € By. Recall that for w € A,;, we imposed the condition (3) in

Definition (3.2))

sTx1&n—1ll@, <A77

Combining this with Lemma (4.2)), it holds s(¢ +I'y 1{n—1) € ®,, with

1 1
ls(@+Tx1én-1) e, < sllo,_s—a,[lle,_y +lIsTr1n1lla, < AZAT2ATHTD AT < N =2

for all n > n(y,\) where n(y,\) is large enough. Thus s(¢ + I'x1&n—1) € By and v(s(¢ +
I'x1€n-1)) is analytic in ¢ € )\_%Bn_l, so that £, indeed maps W, (B,) — Wn_l()\—%Bn_l)_
Using that

(Lnv)(9) = X727 0(s(¢ + Ta1én-1))

together with Lemma (4.2)), it is

1
|€noll, g, < AT2CNE o]l

O
(4.4) Corollary
For n > m and N > n, it holds
th mtiN) || pp, < CRPA(-6
‘ B (US)(0) + DU )H < CRA2-3)n
for all R > 1. o

Proof
Applying that for N >n >m
-Gy, < AT

for any of the random fields and
-l (@) v < Cllhn—mllc24 1w ()11,

Recall that ul¥) (¢) = —A" ((qb + ™M) Z 3on_n(b + n,SN)). Let ¢ € B,, then

L™ (Re)llv, = A"

((Ro+ 1) = 3px n(Ro + 1)
< R ([6°]lva + [p(0) )

n
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4 The analysis of the fixed point equation

where p(¢) is a quadratic polynomial in ¢ with coefficients given by n,gN), 777(LN)2, n,(lN). We

see that [|¢3|ly, < A7 while ||p(¢)|]y, < CA™>Y. This proves the first claim since hy,_, is
uniformly bounded in C?4.
For the second inequality, recall that

UM (0) + DUIM(0)6 = =322 (g — py— )Ty yv—m (0 = 3pn—anii™)

n

— )\2"(m2 log AN 4 mg)n(N) + )\ann(t, z)p(t, x)

n

L / 2alt,5,2,1)6(s, y) ds dy

The linear dependence on ¢ and that ||3,(t, 2)é(t, )|y, < X737 which is the worst bound,
concludes the proof of the second inequality. O

We will solve a time-localized version of (4.1)) first. Therefore define

5 ()

Uy = hn_mv,(lN).

Using that by Lemma 1) it holds SF)\,lhn—l—mUT(ZJX)l = SFA,le\_[)l, applying h,—1-m to 1}
(N)

we see that v, "7 solves

oM (6) = h1-m (L) (6 + Tr10™)
- hn—l—m(ﬁnvﬁlN))((b + F)\,lﬁy(lji)l(gb))
= hn1-m (L) (6 + Ta 15,

where the last step follows from the identity
Brm-1(A%) = Ry 1 (A28 By (2).

This equality can easily be seen by comparing the supports: h,_;_p(x2.) is supported on
[0, A72=m) — L1 and by, = 1 on [0, A\"2"=™) — A2]. We choose \ small enough so that the
identity holds true.

Applying the perturbative analysis again to the localized problem, the fixed point problem for

o) = bl s
7N = bt (gna,gm + 7, (ﬂﬁj_vi + ﬁ})) . M=o (4.4)
Here it is

Fp(w) = Go (@™ + o™, 4™ + w) — Da™ Ty ).

n—

We now solve (4.4). This is the core of the method. We will see that the existence follows by
application of Banach fixed point theorem. The required estimates come from Cauchy estimates
on certain analytic functions.
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4 The analysis of the fixed point equation

(4.5) Proposition
There exist Ag > 0, 79 > 0 so that for every A < Ao, v < 70 and m > m(y, \), if w € A,,, then
for all N > n — 1 > m the fixed point problem 1) has a unique solution ﬁ(N)l € Wy (Bpn-1).

'
Furthermore, we have the bound

15515, < AG-1)n (4.5)
and 177(1N) converge as N — oo in W,,(By,) to a limit 0, € W,,(By,). The limit 7, is independent
of the choice of the cut-off x. o
Proof

We divide the proof in two main steps that will itself be split into multiple parts. First we are
solving the fixed point problems inductively and derive the bound . In the second step we
show convergence of the solutions.

Step 1: The fixed point problem.

The strategy of the proof is to apply Banach fixed point theorem to . We will solve it in
the subset analytic functions v: B’ — V,, where B’ = )\_%Bn_l such that

V][ < AB=3)(=D),

We need to use the larger ball for bounding UéN) since we will need some space to apply a
Cauchy estimate. Define the map

v bt (£a78) + Fo (02 +0)).

We solve the fixed point problem with initial condition IJJ(VN) = 0 which satisfies 1) So, by
induction, assume that 1) holds, we then show existence of 17(]!)1 in the appropriate space.

n

Step 1.1: We start by proving bounds on £, and F,.
By Proposition (4.3), we have

1£a2 8 < Lnllbw(B-wacs (9 1515, < CATEAETI = cAaAB2) ),
In order to estimate ]:"n, we first estimate G,,. Recall that
Gn(v,0) = (Lnv)(¢ +Tx10) — (Lyv).
So define for v € Wy, (By,), v € Wy—1(B')
J(0,0)(@) = A2 0(s(6 + Tarbn-1 + Tar0(6))).

Since by Lemma (4.2) sI'y ;: V,—1 — ®,, is a bounded operator and using that since w € Ay,
n>m, ||sI'x1&n—1lle, <A77, we find the bound

Is(¢ + Tapén-t + Tra@(@) e, < A0 A7+ C()[o]| -
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4 The analysis of the fixed point equation

Thus there is a constant c¢(\) > 0 such that for ||o]|g < c(MA™2", f(v,0) € W,_1(B’). We

will write
~ (N )

Fa(w) = gn + Ga(@M, @, ") + w) + hn(w)

(N)

where we recall that w,, ’ was defined via

and where
Gn = gn(ﬁ%N),ﬂgX)l) — Dﬂnji)lr)\gun]pl,
hn(w) = Gu (@), @) + w) = Gu (@, @)

We first esimate g, and h,(w): we can write
gn = f(1) = £(0) = f(0)

where f(z) = f(a&N), zﬂfﬁ)l) f is analytic whenever ||zﬂ££)1HB/ < (M)A e
2] < QA2 ) | 5

Applying the Cauchy inequality (4.3]) to f, we estimate

-2
gl <€) (A2 a5 ) I ls

AN a3 [,

)
<C(\)
C()\))\4’Yﬂ)\(1 67)”)\2(1 67)(” 1)
C(A)AE 14

IN

where in the second step we used Lemma (4.2)) and in the last steps we used Corollary (4.4]).
We also write

) = (1) = 0
with f(z) = f (ﬁ%N), &;]X)l + zw) which is analytic provided

|2 < (WA |wl| 5/
Applying the Cauchy estimate , we may estimate

()|l < CO) (A2 w51~ (1l
< CONwl || s,

using Lemma (4.2) again. Defining

§(2) = (Lo ™M)( + 2001 (@) + w))
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4 The analysis of the fixed point equation

it holds
G (@), a0) +w) = j(1) — 5(0)
so that by the same Cauchy inequality together with Proposition (4.3)), we find

~ ~(N ~ ~(N
19, + w)la < CONED s, (JE  + )

Step 1.2: Bounds on wT(l ). Recall that

and we can write

By the Cauchy estimate (4.3]), we get

N) " 1
10N < o) (2 a05) - 1 s
< CO a0 |11 s,
< C()\))\Q(l 6'y)n)\2'yn

Recall that in Section |3| we expanded (]}(LN) up to second order and got

UM (¢) = UM (0) + DU (0)¢ + RV (9)

where
B (6) = (LaBN)(6) = (LaRI)(0) = D (£, BN) (0)0 + R, (9)
and
R (6) = UM (@) - 0 0) = UM (0)6
Thus, it is

IR s < COARTI™,

Now we are able to estimate ]:Zfﬁ)l Assume by induction that

1B |5, < AGTHIm,

then we can estimate

1R B, < HEaB)(6) = (LaRI)(0) = D (LX) ()61, + IR 1
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4 The analysis of the fixed point equation

We need to estimate the first term. Again, by analyticity, we use the Cauchy estimate. Here,
1
we must allow for some more room, that is why we go over from B,,_1 to B' = A"2B,,_1:

IEaR)(6) = (LaBE)(0) = D (LaB) ()6l ,-, < CAILA RN |51
< OA 2 |RM 5,
where we also used Proposition . So, we find that

<O\ 2 HR%N)HBH‘FC()\))\(Q_IO’Y)H < C}\(Q—llfy)n—%_i_C(/\))\(Q—lO’y)n < )\(2—117)(71—1)

n—1 —

~(N
S

provided that v is small enough and n > n(\). By linearity of U ](VN), it is RE\],V) = (0 and thus
by induction, we have

H}NL(ZN)HBn < A for Al N > > n(\).
(V)

We can now use this to derive a bound for U,; /. Recall that we start from the initial condition

UM () = =22 (malog AN + ms)é.
We estimate using the decomposition
1T D)8, < - (US(0) + DU (0)0) 15, + 1S ()|,

< C)\(2—3'7)n + )\(2—11~/)n
< 2)\(27117)n.

This bound obviously also holds for the initial condition.

Step 1.3: Application of Banach fixed point theorem.
1
We use Step 1.2 to conclude that whenever |v| g < )\(3_1)(”_1), then also

[ ——— (ﬁnﬁéN) +ﬁn (~n]2 + V)) g < )\( 1) (n— 1)
Combining the bounds 77, we find that
1
1@ + ), < ACTI X5 (ol + 155, ) + 1Vl 1785,
Thus, we get
||hn—1—m (ﬁnV(N) + J—" ( HN% + l/)
<Cllhn-1-mllges (a7l + 17,
A

<O (ONAE=DOD L 3G x5 (|, + 1505, ) + ]z, 1585, )

1

<C (0A4+A(3“)+2A2 4 AB=1)n )/\(3_1)(”_1)
S)\(sz)(nfl)
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4 The analysis of the fixed point equation

whenever \ is small enough. We use that ||hy—1-m||c24 is uniformly bounded by ||h]|c24 and
we can clearly choose A so small, that C (C’)\i + AB=1) + 2A3" + )\(37%)"> < 1 for every n.
The map is also contractive whenever n > n(\).

Step 2: The convergence as N — co.

We need to show that 177(LN) converges as N — oo and the limit 7, is independent of the cut-off

X. Recall that we can do so sunultaneously by varying the lower cut-off x’. Recall that for the
choice x'(s) = x(\2s), it is 'y, N) = PN 4o that this choice studies the behaviour as N — oco.

Step 2.1: Convergence of u,(z ) and of Uy (V) R%N).

Using that since w € A,, it holds
[ (GE) = GV [y, < ATEEAT,
we get by the same proof as of the Corollary (4.4]) that
@M — ~’(N)HB < CNYWV=n) \(1=67)n
IO = BRYY) = (@) = BN |p, < CAN AR

since both are polynomials with coefficients in the random fields {n N We immediately conclude

(N)

convergence of uy, ’ since the right-hand side is summable.

Step 2.2: We need similar summable bounds on R( ) = R( ) RI(N) and for V(N) - V/(N).
)

Recall that U\ =Lpt1 U(_& + U™ and we can wrote U™ = DallY )I‘A Ly = f’(0) with

fz)y=f (ugr)l, zugN)) Let g(2) = f (fc;fivl) ) zun( )), then again by applying a Cauchy inequality
as before
1T — UQ(N)HB/ = [1£'(0) — g'(0) |l -
O™ (a5, + Hu s ) 1f = gl
NN — s,
()\)/\’Y(N n)\(1— 6’7)n/\(1 4v)n
c(A)

A )\7(N n) 2 10’y)n.

(N)

The same induction we used already to bound Ry, ’ here gives

N

HRgL*)l”Bn—l < A2 | RW)| 5. + C (AN =) \2-107)n

and thus
IR |5, < CANTN =M NE=10m

for every N > n > n()). Combining this with

HU}IN) - U;Z(N) _ Rq(lN)HB < O\ (N=n) § (2=37)n

Y
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4 The analysis of the fixed point equation

we obtain the bound

| — 0, N5, < CAYN=MNC=37n L o) Ny (V=) \(2=107)n
< C(}\))\'y(an))\(Zfll'y)n.

Now, as before, we get
1@ + 00 = B0 + v, D)l < VNG e xdm ) = g, .
Since L,, is linear, it holds
1£a @A) = )15,y < CATE [0 = 5,V
Now assume inductively that
15V — 5 M)||5, < C\NY(N=n) \(3=F)n_
Then using that

SN 5N g (o)~ 5Ny 4 F ™) Ny E i) g, ()

n—1 n—1 n n—1
we find that
17353 = 7,201, < OV EIAG=) (Y
for v small enough and where C' is independent of N. Thus by induction, it holds
1A = M5, < CXNTIAB)
for all m < n < N. This shows convergence of 1/7(1N) and also that the corresponding limit is

independent of the chosen cut-off.
Together with convergence of u( ) and Uy (M) to cut-off independent limits, this establishes

convergence of v( ) to a cut-off independent limit ,,. O

4.3 Proof of the main theorem

Now that we showed existence of the flow, we can turn to the proof of the main theorem, i.e.
reconstruct the solution to the cut-off equation and show convergence to a non-trivial limit.
Recall that we wanted to study the limit of the solutions to the equation

Pe = Ge(_@g —Tepe + =)

on the time interval [0, %)\Qm] (where we still assume w € A,,). We will reconstruct ¢\~ from
the flow starting at n = m and ¢,, defined on [0, 1] the solution to

bm = G105 (bm) + &m)-

We study the localized iteration
(N)

I 0) = hnrms T Y (500 + Taa () + €0-1)))

where f,(ZN) = hp—m 7(ZN).
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4 The analysis of the fixed point equation

(4.6) Proposition
Let D}zN) € Wh(Bn), m <n < N be the fixed point constructed in Proposition (4.5 and let

f)?(LN) = Q%N) + U,(LN) + 17,(1N). Then for m < n < N it is fy(LN) € W,(By,) and we have the
decomposition

FN(@) =6+ 01 + giM ()
with

15N |15, < AT™

Furthermore, gSLN) converges as N — oo in W, (B,,) to a limit g,, € W,,(B,,) that is independent
of the choice of the cut-off . o
Proof

Recall that
(@) = s M (s(+ Tar (05 () + €n1)))

(M) () = ¢. By induction, we thus get

and fp

gff\_])lw) = hn—1-m (F,\,w@(f\_[)l((ﬁ) +s gy (5(¢ + FA,1(777(L]\_[)1(¢) + fn—l))) :

Since QJ(VN) = 0, if we assume by induction that || Q%N)H B, < )\%", we get using Lemma 1)

~(N
135315,
< hn-1-mDat v aov 15 s+ N 1oms™ 58 (06 + Taa (@21 (8) + 60-1) ) 15,y
< CWAI3D0=D) 4 o=z \n

The convergence and cut-off independence follows immediately from that of 17,(1N) . O

Recall the main theorem:

(4.7) Theorem
For every € > 0 there exists 7. such that for almost all w there exists ¢(Z(w)) > 0 such that
has a unique smooth solution . on t € [0,#(Z(w))], z € T? and there exists ¢ € D'([0,t(Z)] xT?)
such that . — ¢ in distributions. Furthermore, the limit is independent of the chosen cut-off

X- o

Now we have collected everything to be able to proof the theorem.

Proof

Step 1: We first reconstruct the solution ¢(¥)

= QAN of
pAn = G (—piy — v + E).
Claim: if w € A, then V) is given on the time interval [0, FA72m] by

N =57 fV(0).
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4 The analysis of the fixed point equation

We reconstruct in the following way. Define ¢,, € ®,, iteratively via

O = 0,
bn =5 (dn1+ a1 (360 1) + €01 ) -

To prove the claim, we first prove that the ¢,, are the solution to the effective equations

O = G100 (6n) + &n).
Recall that .
Guf(t) = / (1= x(t — 5)) =3 f(s) ds

where x(t) = 1 for t € [0,1]. So, whenever t € [0,1], we have t — s € [0, 1] so that G f(s)
vanishes identically on [0, 1].
For the induction step assume that ¢,_1 € B,,_1 satisfies

Sn1 = GO (bnot + Enr).

We first show that ¢, € Bj: here we use Lemma (4.2) and the bound on sI'y ;&,—1 since
w e Ap,.

[¢nlla, = | (¢am1 + Tax (35 @0m) + 600 )|, |

< X3 [én-tllo,s + s (Tar (85(6n-1) + €01 ) o,

1 ~ —yn
< A2 bt flon_y + COVNBN (dne1)llvoy + A7
<Az pntlle,_, + C)A™
< A—2'yn‘

Thus ¢, € B),,. Furthermore, we compute

én =5 (61 +Taa (B4 (1) + €0 )
=5 (GO (Gn1 + &um) + Do (051(601) + a1 ) )
=5 ((G1+Ta) (3 (001) + €01) )
:s<G,\s (SLN (Gn1) + En_ 1))
= 61 (Vs (835 (60-1) + 6a1) )
= G (huo1-m )N (60) + &)
= G (5 (6n) + &)
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4 The analysis of the fixed point equation

Since ¢, = 0, we get

TN (6m) = hos™ T2 (Gm1) = hos™ has™ Fi1 s (Gms2)

= hohn(-/X%)s 2 f N, (o) = hos 2 F Ny (Smra):
Iterating this, we see that
AN (fm) = hos™ =™ FN (65) = hohay - (-/ A2V =) s~ (V=g = s~ (V=ml g

¢n € By solves
ON = G1(171(VN) + &)

and here ﬁng) =h N,va(VN) where

oy (@) = AN — (AVmy + A2V (ma log AV +my)g).
Also recall that hy_,,(t) = 1 for 0 <t < X\=2(N=m) _ X2 50 that
oy =GN +&n) = G () + &)
on [0, \=2(N=m) _ \2]_ Thus, applying sV, we get that ¢¥) = s~ Ny solves
oav = Gy (3 —Tang + )

on [0, SA*™]. We get
ho(A™>™)pan = s~ i) (0).
Step 2: We need to show convergence of ™) in D'([0, $A?™]). By Proposition 1) ;(nN)(O)
converges in Vp, to a limit ¥, independently of the chosen cut-off function y. Convergence in
Vpn implies convergence in D’'([0,1] x T,,). Now s~™: D'([0,1] x T,,) — D'([0,\>™] x T)) is
continuous, so that
Bo(A 2™ )prw = 5™ FN(0) = 57

converges in D'([0, A?™ x T)). O

4.4 Synopsis
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5 Regularization via mollification

Chapter 5 - Regularization via mollification

In the existence proof we regularized
oo =N — 3 —rp+E. (5.1)

via truncating the heat kernel, i.e. removing its singularity. In 7?7 the dynamical <I>§,,1 model is
regularized by mollification of the space-time white noise. In 7?7 the limiting process is given
by rescaling of a stochastic PDE with smooth noise. The regularization scheme as described in
section [2] cannot handle these situations initially. The purpose of this section will be to describe
how to adapt the renormalization group and the existence proof given in sections 2] to [ to this
situation. We shall later discuss additional problems for which the scheme discussed in [5] here
can be applied to.

Consider a space-time mollifier p = p(t, x) and consider

pe(t,x) = e p(e 2t e ).
Define the regularized space-time white noise by
Ze = pe x 2.
Then = is a smooth function and we can write down the regularized PDE
Bype = Ape — @2 — repe + Ee. (5.2)
Remark

Assume that p is a radial bump around 0, i.e. p(—t,—x) = p(t,z). Then we may, informally,
compute the covariance of =,

E[E.(t, z)2:(s,y)] = E {/ dt’ dw’/ ds'dy'pe(t —t', 2 — )2, 2)p(s — 8",y — ¥ )2(, )
= / dt’ dx'/ ds'dy'pe(t —t', 2 — 2")p-(s — s’y — Y )E[Z(t, 2)E(s, y)]
= / dt’ dx’/ ds'dy'pe(t —t', 2 — 2" )p(s — 5",y —y)o(t' — s )o(y — )
= / dt' da’p.(t —t' ;2 — 2" )p(s — ',y — 2)
= / dt dzp.(—t,—Z)p-(s —t —t,y —x — T)

— [ didip G aputs ~t -y -2~ 3)

= (pe % pe)(s —t,z —y).

Especially if |z — y| is large, then the covariance vanishes.

Of course, is non-rigorous since there are no point processes for space-time white noise. But this
computation can be made rigorous by using the corresponding operators on distributions. We
omit it here deciding that the non-rigorous computation is clearer. To simplify the perturbative
analysis, we will assume that p is radial. o
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5 Regularization via mollification

As usual we relate solutions to the equations and to a fixed point problem via

Duhamel’s formula. Define the heat operator

@nw = [ ()
Then a solution to is formally given by ¢ that solves
p=G(~¢’ —rp+E).
A solution to (5.2)) is given by a fixed point solving
e = G(=p2 = reppe + Ee).

5.1 Effective equation

So consider the regularized problem

e = G(—¢? — repe + E2) = G(Velgpe) + =)

for ¢(t, ) given on (¢,z) € [0,7] x T3 and where at scale & the nonlinearity is given by

Va(@)(t,2) = —¢*(t, @) — rep(t, @)

(5.3)

for r; to be determined later. We want to study the limit of ¢, as ¢ — 0. We first describe how

to obtain the solution at level € in terms of the scales at ¢/ > . While this is a simple one-step

argument if one regularizes the heat kernel as it is done in 77, we need a two-step argument

for the regularization of the noise. The first step consists of splitting the full heat kernel. We

introduce the short-scale cut-off x which is a smooth function from Ry — [0, 1] such that x =1

on [0,1] and x =0 on [2,00). Then we decompose

G=Gu+Tu

Guf = [ (1-x(52)) 2500

s = [ (55) 2500 ds.

where

and

Remark that fu heuristically takes care of the scales between 0 and p? and G, of the scales

greater than 2. We then decompose the solution ¢, into

e = 9. + Z(¢2)
where Z = Z(¢l) satisfies

Z(pl) =Ta(V(e. + Z(£L)) + Ee).
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5 Regularization via mollification

Remark that since the noise is smooth, this is a well-defined function. Also remark that we do
not change the regularization parameter of the noise in this decomposition. We will describe
the flow only in terms of Z.. Then ¢, necessarily satisfies

oL = Ge(V'(e) + Ee) (5.5)
where the new effective potential is defined by
V(L) = Vel + Z(L))-
Combining this with , V' satisfies the fixed-point problem
V() = V(- +Ta(V'() + E)). (5.6)

To continue the renormalization group we have to take care of (5.5). Now we are in the
exact same setting as with the heat kernel regularization so that for ¢” > ¢ we can use the

decomposition
Gal = Gau —|— F€I78N

fuatto= [ (1(57) - (52)) i

This term involves all scales between p? and 7%. Then we decompose

where for <7

oL =@ + Za(l)

. ’ " .
where Z5 now involves the scales from € 2 to € 2, i.e.

Za(p2) = Loren (V' (L + Za()) + o). (5.7)
Then ¢! satisfies the new effective equation
ol = Ger(V'(¢l) + Ee)
where we define the new effective potential via
V(@) = V(¢! + Za(¢l))-
Combine this with to derive the fixed-point problem
V() = V(- + T (V'() + E2)).

Now this second step can be iterated to get a flow. Therefore fix A < 1 and let ¢ = AV,
g/ = AN~ We furthermore set VZS,N) = Vi\~. Then we define V]E,]X)l as the effective potential of
the first step, i.e.

VA () = V(- + Dy (VY () + 22)).
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5 Regularization via mollification

For n < N — 1, we now iterate the second step to get at level A"~

VO = V(4 T (VO +20).

As before, we also define the reconstructing functions F,gN) iteratively. Also here, we have a
two-step scheme:

FM (@) =,
N N s N —
F{ ) = FY (0 + Tanan (VL (9) +Ea) )

FN () = B (4 T s (V2)(0) + Ea)

for n < N — 1. As before, the purpose of these functions will be that

o =FM (o)

is the solution of
N —
0 =GV (@) +Epw)

where @, solves

on =G (VM (pn) +Ean)

5.2 Rescaling the flow

For p > 0 define the parabolic scaling operator

suf(t,x) = 2 f(it, pa).

(5.1) Lemma
We have the following identities:
squosljl:uzG, 3“0G508;1:u2G5,
n
3u0f505;1:M2f5a S,qus,s/OS;l:,ugre s
I ;)I
—d _9— - d 2~
Su= = b 2z k), SuZe = [ 2:%‘)
where by 2 we denote space-time white noise on the R x p~1T3. o

Proof

Heuristically, assuming = were a coordinate process Z(t, z) the last identity follows from the
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5 Regularization via mollification

calculation

The rigorous proof is very similar using the corresponding operators on distributions and we
omit it here. O

Now we define the dimensionless variables. We rescale to T,, = A™"T2. Define

We furthermore define
On = SxnPp

where we drop the superscript whenever the scaling is clear from the context. Then we can
compute, setting s = sy and using $ o0 syn = Syn—1 05 = S)n
N —2 1 (N = (N
o1 (6) = A% 1v§v ! (s(6+ T1 (R, (6) + pr+ En-1) )

(
o1 (8) = X725 (s(6 + Taa (0f0)(9) + pavws # Ea-1)

where we set

& = A5 \nE
Then &, = =) is distributed as space-time white noise on R x T,,. For example, the second

equation follows from the following calculation
N n— N)
vih(9) = N0 Vs o VN 0 sl (0)
= N Dgys 0 VIV ( Syn-1® + Ixn yn— I(V ( S ®) + E,\N))

fd )\72871)\2”‘8}\% [0} VWFN) O S)Tn (S(Zs + SSAnflr)\n)\nfl (V(Nl)( )\n 1(¢)) + EAN))

=227 (5 (0 + Taa (0} (9) + N Vsyuipyn <) ))
=25 Tyl (8 <¢ + Tt (08V)(8) + pan i * €n—1)>) :
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5 Regularization via mollification

Remark
Upon iteration the noise becomes rougher and rougher since AN"" — 0 as N —n — oo. o

We also compute that

W) = s A (500 + T1 (00 (6) + o Ev-1))), (5.10)
£ (@) = 57N (5(6 + Do (V) (9) + pav—nts % n1)) (5.11)
for n < N — 1. As before, define the RG map v,(LN) — 1)7(5)1 to be

vn]pl = R0 ),

Remark
We get the same scheme if instead of a mollified space-time white noise, we approximate the
space-time white noise by the scaling limit of smooth fields. L.e. let n a centered Gaussian noise
with stationary covariance
Eln(t, z)n(s,y)] = C°(t — s, z,y)
for Ce(t — s, x,y) = B(t — s, — y) if dist(z, y) < 1 for a smooth, positive function X: [0, 1] x
B(0,1) — R*. Then it is well known that the rescaled fields
5 t x
ne(t,x) =€ 2 (SQa 5)

converge in distribution to the space-time white noise on R x T3. o

5.3 Main theorem

We want to prove that also regularizing the equation by mollification of the space-time white
noise leads to the same result as the one proved in sections [2] to [

(5.2) Theorem
For every £ > 0 there exists 7. such that for almost all w there exists t(Z(w)) > 0 such that
has a unique smooth solution . on t € [0,#(Z(w))], z € T? and there exists ¢ € D'([0,t(Z)] xT?)
such that . — ¢ in distributions. Furthermore, the limit is independent of the chosen cut-off
x and the choice of the mollifier p. o

Remark
It is well-known, see 77, that the correct choice of the renormalization constant for this problem
is gi b
given by -
e = + mgylog(e) + ms

where m1 and ms depend explicitly on the choice of the mollifier p and on the choice of the
cut-off x and my is universal. o

With the renormalization group scheme introduced in the previous paragraphs, the analytic
part of the proof will basically be the same as before. Since mollification is a continuous
operator on V,, the stochastic estimates for the noise fields will, up to constants that we will
not care for, remain the same. Setting up the perturbative analysis as done before, we will end
up with adapting the proof of Propositions and to get the result.
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5 Regularization via mollification

5.4 Perturbative analysis

We adapt the perturbative analysis like done in section [3] There are some minor changes since
random fields will now involve the non-truncated heat kernel. We will adapt the notation from
and drop superscripts (V) in the definition of the operators belonging to the perturbative
expansion of the RG map.

Fix N € N. Define the linear flow map £,, = DR,,(0) given by

(Lyv)(¢) = A"%s " 0(s(¢ + T1(pa * En-1))), (5.12)
(L0)(¢) = A 2s 1u(s(¢ + Ca1(panv—n+1 ¥ E€n—1))) (5.13)

for n < N — 1. As before, it holds

o1 (9) = (Lxv) (@ + Tl (9))
M () = (L) (¢ + Ta10™) (9)).

v
It is obvious, that the linear flow with initial data upy is given by

un(®) = (L1 - Lvun) (@) = A2 Nupy (N7 (g 4+ (M),

Here we define the stochastic field 77§LN) to be

") =T1(pyv-n * &) = TN,
As before, we may write
0 500) = [ [ =) Hlt = .2 = e = s, 5o
Also, our linear flow has the same "eigenfunctions"
La(6+ i) = A6 4 D)k
so that if uy(¢) = ¢*, it is
Un (@) = (Losr - Lx)un(g) = ANTIE2(g 4 (e

and we obtain the same behaviour as N —n — co. As before, we have divergence of

E[nr(LN) (ta x)Q] =E

( [ =) Holt = 5. = )0 < 60) 5, ds dy) ]

= // dsdyds'dy'x (t —s) x (t = 8") Ha(t — 5,2 — y)Hu(t — 8", 2 — ) pyv—m) * prv-m (s — ',y — ')

The limiting behaviour of this object is as in section (3) since pyv-n) * prv-m) (s — 5",y —y') —
d(s — §)o(y — ') and we get a first renormalization constant 6 (that was called p before)
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5 Regularization via mollification

dependent on x and p and Lemma (3.1)) also holds in this case.
We run the linearized flow with initial data given by

uly) = =WV — Mg = -\ + 30N o

where we set
pr=A"p.
As before, it is
uN) = =2 (& + 1M)* = 3on (6 + 1))

and we decompose
vﬁLN) = uﬁlN) + wﬁLN).

Also in the perturbation theory of second order, the only objects that change will be the
coefficients of the analytic functions that decompose the effective potential. We review the
notation here since the operators for the first renormalization group step n = N need to be
adapted. It is straight-forward that the coefficients have the same limiting behaviour as before,
especially we get the same renormalization behaviour.

Define

for n < N so that

vn]pl = Envsz) - gn(v,(lN), US\_[)I)
Recall that we decomposed vﬁlN) = u%N) + w,(lN) where unji )1 = ﬁnule ) and

= L,w™ + G (ulN) + w0V u N)l +w N)l)

The initial condition for w is given by
wy(9) = XN (malog A + m3)¢.
Since

G @ ul? ) (6) = ul" (6 + T1 @Y, (0)) — uld, (),
Go(u™, uM))(0) = ul™, (6 + Ta 1wl (8)) — ) (0)

for n < N, by Taylor expansion, it is

G (uly), ul?)(9) = Dufy (9)T1ul, () + OV,

G (u™M, ulM)(8) = DulM, ($)Tr 1) + O(A™)

n—1
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5 Regularization via mollification

for n < N where it is

Dugi)l = 73)\71—1 <(¢ + 77£L]X)1)2 - pN_(n_1)> .

For a fixed w,(qN), w,ff)l then satisfies

W)

L w](V )1 + Du(N) Flu(N) + Fn(w (N)l)

™ — £owo®™ 1 Du®r, 0™ 4+ Fa(w®™)

Wy,

for n < N where

Faw®) = gy @® )+w§év),u§§w1+w§vm1) DU )
() 4 )

)= 3
Fuwl™) = G + w™, ™, + wl™) — Du

)1F>\ 1u( )1.

(

We can also decompose

solving up to second order where we define

U“V)1 = LyUM 4 Dugév)lf ug“l,

(N)

and v, ’ solves

with initial conditions
U](VN) = —)\QN(mQ log AN 4 ms)o, (N) =0.

By continuity of dependence on the mollifier, mo and ms can be determined by the stochastic
analysis as before. Especially, up to constants, the noise estimates will hold for the mollified
noise. We compute that

UT(LN) = Du,T1uy, — A" (malog AN +m3) (¢ + 77£LN))'

5.5 Proof of the main theorem

We use the stochastic bounds given in Definition and the spaces introduced in Definition
. Since we have the same bounds, the only change in the analysis lies in the first RG step.
It is obviously sufficient to show that Proposition (4.5)) does hold for this new scheme. If we
can construct I/](V )1 € Wn(Bn-1) and it satisfies the bound

17 |15, < AB-D@E-D
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5 Regularization via mollification

(N) (N)

we will immediately have proven the proposition. The rest of the analysis then is identical to
and we refer to it. Recall that we defined ¥y, ' = hp—mvy ~ Where

the proof given in section |4

m € N is fixed such that w € A,,. The localized flow for 177(1N) is given by

N = bt (cna,gm + 7 (}J_Vi + ,ff)l)) ;M=o

with

Fu(w) = G (@™ + o™, i) + w) — Da™ T 0.

n

The main difference to the proof before is that the fixed point problem involves the operators
I"y that is not infinitely smoothing.
Recall from the proof of Proposition (4.5)), that one needs to study

gN(U, 17) = (EN’U)((Z) —+ f‘ﬂ_}) — (ﬁNU).

The bounds on the linear equation only depend on those obtained for f‘l(p,\ * En—1) that we
get by smoothness of the noise. We then studied

F0,5) = A"35 0(s( + Ti(pa * En—1) + T15(9))).

Essentially, the bounds we obtained in section EL followed from the fact that sI'y 19 € By
which in turn yielded that f is an analytic function. It will thus be sufficient, to ensure that
sI'10 € By whenever o € Wn_1(B’). This is clear though since at this scale, sflﬁ(qb) will be
at least as smooth as ¢ is using the usual properties of the heat kernel and ¢ € ® . The bound
now can be obtained as in the proof of Lemma .

Now, redoing the proof of Propositions and we end up being in the same situation as
before and we can construct the solution as it is done in the proof of the main theorem.

5.6 Synopsis
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6 Index of symbols

Chapter 6 - Index of symbols

Funktionenraume

=
3

n-dimensional torus

S
=

space-time white noise on R x p~'T3

(1] [1]

m

mollified space-time white noise p. * =

X smooth bump, x >0, x(¢t) =1 for t € [0,1], x(¢) =0 for ¢t € [200)
G heat kernel Gf(t) = fot e(=9)A f(s) ds
G. truncated heat kernel G f(t) = fot (1-x (ta_—gs)) et=9)A f(s) ds
| small-scale part of heat kernel I, ,, f(t) = ft (X (tn_—gs) - X (t;—;’)) e(=9)A f(s5) ds
fu fuf(t) = fJX (t—;) e(t_S)Af(s) ds
S scaling operator
s s = s, for fixed A
n(N) flow of effective potentials
w(ZN) rescaled flow of effective potentials, ’U,(ZN) = A2"5\n 0 Vn(N) o 3;7}
FT(LN) reconstructing functions for flow of effective potentials
éN) rescaled reconstructing functions fT(LN) = Syn 0 F7SN) o s;nl
Rn renormalization group map, an,(lN) = vr(ﬁ)l
Ly first order term of R, see 77
gn second order term of R,,, see 77
Fn third order term of R, see 77
uT(lN) first order part of m(ZN), see 77
w,gN) remainder: U7(1N) = U%N) + ng)
Uqu) second order part of v,(ALN), see 77
V7(LN) remainder: wy(lN) = U,(ZN) + u,(ZN) , see 77
Ky K= (—8? + 1)71 on LQ(R)
K> Ko = (—A+1)"2on L*(T,)
K K=K K,
Vn function space, see Definition l}
P, function space, see Definition li
B open ball centered in origin with radius r, = A™2"" in ®,,

n
Wh(By) function space of analytic functions B,, — V,,, see Definition 1)
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