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1 Introduction

Mean field game theory is the analysis of symmetric games with a very
large number of players that interact with each other, change positions and
endure costs or gain profit depending on their positions throughout and in
the end of the game. The players follow a strategy with respect to which they
decide how to move when they find themselves in a specific position. This
strategy is chosen such that it minimizes their cost or respectively maximizes
their profit. During the analysis, we take the limit case where the number
of players is infinite, and thus each player receives statistically the same
mean impact from every opponent in the game and where the impact is felt
through the empirical distribution of the dynamics of the positions of all the
players. The name mean field has been inspired by the mean field theory
in physics which is used to study the movement of a particle that lives and
interacts in a space with a very large number of other particles.

This kind of games have, in our knowledge, first been studied by Jean-
Michel Lasry and Pierre-Louis Lions. They approached these games with
the theory of PDEs and they formulated the limiting problem as a cou-
pled system of the Hamilton-Jacobi-Bellman and the backward Kolmogorov
equation. The first one is a forward equation that ensures the optimization
problem is solved, whereas the backward equation takes care of the time
consistency of the statistical distribution of the positions of the players.

In this thesis, we are following the probabilistic approach of René Car-
mona and Franois Delarue in [5] and the results presented here, unless oth-
erwise stated, are results from this paper. In this approach, we do not work
with PDEs but instead we create a coupled system of a forward and a back-
ward SDE (FBSDE). To do this, they reformulated the problem as a fixed
point problem in a space of flows of probability measures and with the use
of the fixed point theory prove the existence of such a point. The resulting
FBSDE system can then be solved with the use of the stochastic maximum
principle, which results in a strategy which, if followed by all the players,
no one player would want to change as this would result in a disadvantage.
In other words, the resulting strategy is proved to be an approximate Nash
equilibrium.

This thesis is split in three chapters. In the first chapter we give basic
definitions and results that will be used throughout the analysis and to which
we will refer repeatedly. Furthermore, we denote the spaces in which we will
be working in, describe the setting of the game and give an outline of the
steps that we will follow to solve the mean field game. At the end of the
section we write the most important assumptions of the game and which
will come in force gradually.

In the following chapter we introduce the theory of mean field games
(MFG) and seek the strategies that optimize the costs of the players. During
the MFG the distribution of the dynamics of the positions of the players is



the empirical distribution created by their private states. As a first step,
we assume some fixed arbitrary distribution for the private states of the
players. The reduces the problem to a standard stochastic control problem.
For this reason, we introduce the notions of the value function and the
stochastic maximum principle, which play a key role for the solution of
the MFG. In order to apply the stochastic maximum principle, we define
the Hamiltonian and prove that it has a unique minimizer. Afterwards,
we create a FBSDE system for which we prove that it is solvable and we
find the value function. From this point on, we stop working with the fixed
distribution and we change the general FBSDE by adding another restriction
to our problem, this of finding the correct distribution. We then define what
can be considered as a solution to the MFG and prove the existence of such
a solution.

In the last chapter, we move back to our initial game with the large,
yet finite, number of players and compare it to our theoretical approach
of the FBSDE solution. Then we prove that the strategy that was found
during the theoretical model, can indeed be used for the large game as it is
an approximate Nash equilibrium. We end the analysis by proving an even
stronger result which has to do with the fact that the cost of the player
that decides to rebel will definitely worsen, depending also on the kind of
strategy chosen, whereas the cost of (at least one) of his opponents will still
remain close to the optimal cost.
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1.1 Preliminary Definitions

In the following, we state some definitions that are used throught this
thesis as a reminder. The definition and the intuiton for the admissible strat-
egy have been taken from [2]. The definition for the probability measures of
finite momentum can be found in the article [5], as well as the definition of
the Wasserstein distance. In the book of Pham [16] one finds the stochas-
tic control problem, the optimal control and the value function. Gronwall’s
inequality appears in [17], whereas Prof. Bill Jackson in his lectures in [13]
analyzes the definition of a Hausdorff space. In [18] one can find the implicit
function theorem for Lipschitz functions.

e Admissible strategy:



Definition 1.1. The progressively measurable stochastic process f =
(Bi)o<i<T € R¥ is said to satisfy the admissibility condition if

E UOT\@\%} < o0. (1)

Nash equilibrium:

In a game with N players, a strategy 5 = (51,...,5n) constitutes a
Nash equilibrium if no player has the incentive (i.e. is better off) to
change their strategy while every other player retains theirs. Mathe-
matically, this is formulated as follows

Definition 1.2. If J is a function denoting the outcome of the game
given the N players follow the strategies B¢,i € {1,2,..., N}, then the
set of admissible strategies B' is said to form a Nash equilibrium for
the game if

T B2 BN 2 (BN AR Bl g )
for alli € {1,2,...,N}, where o® is any strategy that differs from B°.
Probability measures with finite momentum:

Definition 1.3. For E a separable Banach space and p an integer
greater than 1, a probability measure p is said to have a moment of
order p if

1/p
My 5(p) = (/Elfﬂll%du(ﬂf)) < o0.

We write M), for M, ga.

Wasserstein distance:

Definition 1.4. For a separable Banach space E, for allp > 1, p, i’ €
Pp(E), the Wasserstein distance Wy(u, 1') is defined by

1/p
Wyt i) =int | [ o= yfn(ao,a)
ExE

m € P(E x E) with marginals p and u'}.

Stochastic control problem: For a measurable space (4, F, F;, P)
and a d-dimensional Brownian motion W; = (W}, .-+, W) with re-
spect to F, assume two given functions b(t, z, a): [0, T] x R% x Q — RY
and o(t,z,a): [0,T] x R? x A — R¥* as well as stochastic process
X, which solves the following stochastic differential equation (SDE)

dX; =b(t,z, ap)dt + o(t, x, o) dWs.



Definition 1.5. A stochastic control problem is given by
— a dynamical system whose state is characterized by the evolution
of the stochastic variable Xy;

— the process oy is an admissible control, i.e. a process satisfying
the admissibility condition;

— the goal of the problem is to find such an admissible control oy that
optimizes a given cost function J(t,z,a;) defined on [0, T]xR¥x A
and going to RY.

e Optimal control:

Definition 1.6. Given a stochastic control problem as the one defined
above and for all the possible initial points (t,x) € [0,T] x R? of the
problem, an admissible control cy is called optimal if the functional J
obtains its optimum value when ay is applied to it.

e Value function:

Definition 1.7. For any point (t,x) € [0,T] x R™ let a function
v: [0,T] x R™ — R denote the optimal value of the functional J, that
is the value of J under an optimal control. This function v is called
the value (or utility) function. More specifically this means that

— for a maximization problem the value function is defined as
v(t,x) = sup,,eq J(t, 2, ),

— for a minimization problem the value function is defined as
v(t,x) =infa,ea J(t, x, o).

e Gronwall’s inequality:
Theorem 1.8. Let o be a function from Ry to itself, and suppose

t
a(s) <c+ k/ a(r)dr < +o0o
0

for 0 < s <t. Then a(t) < cek*. Moreover, if ¢ = 0 then a vanishes
identically.

e Hausdorff space:

Definition 1.9. A topological space X is Hausdorff if for any x,y € X
with © # y there exist open sets U containing x and V' containing y
such that UNV = ().

Remark: Every metric space is Hausdorff, in particular R%.



e A useful estimate:
The following is a useful estimate of the 2-Wasserstein distance which
will be used during the proof of the approximate Nash equilibrium.

Theorem 1.10. We define P,(RY) to be the subspace of the space of
probability measures of order p, i.e. haveing a finite moment of order
p as defined before. Given u € Pgi1(RY), there exists a constant c
depending only upon d and Mgis(p), such that

E (W3 (5", p)] < CN—2/4H,
where i denotes the empirical measure of any sample of size N.

e The implicit function theorem for Lipschitz functions:

Theorem 1.11. Let U,, C R% and U, C R% open. Neaxt fixra € Uy,
and b € U, where U = U,, x U,. Consider F': U — R, a Lipschitz
function such that F(a,b) = 0 and with the property that there exists
a constant K > 0 for which |F(zx,y1) — F(z,y2)| > Kly1 — y2| for
all (z,y;) € U where j = 1,2. Then there exists V,, C Ry, open,
such that a € V,, and a Lipschitz function ¢: Vi, — U, such that
®(a) = b, and (z,y) € Vi x Up: F(z,y) =0 = (2, P(x)). In particu-
lar, F(z,®(x)) =0 for all x € V.



1.2 The setting

First, we define the spaces in which we will be working

e the space of the possible positions of the players A C R¥, for some
keN,

e the space of strategies A = H>* of progressively measureable A-valued
stochastic processes 8 = (¢)o<t<r satisfying the admissibility condi-
tion,

e A" is the space of the strategies 3 = (3',...,8Y) of all the players
and it denotes the product of N copies of A,

e for a topological space E equipped with a Borel o- field, we define P(E)
to be the space of its probability measures. P(E) is also endowed with
the Borel o -field generated by the topology of weak convergence of
measures,

e P,(E) stands for the subspace of P(E) with probability measures of
order p, (see also preliminary definitions),

e bounded subsets of P,(E) are defined as sets of probability measures
with uniformly bounded moments of order p,

e all regularity properties with respect to the measure p during the anal-
ysis are understood in the sense of the 2-Wasserstein distance Ws.

Throughout the thesis, we avoid defining the initial starting point for each
player, as this has no significant influence on the modelling and the solution
of the game, with the exception of the dynamic programming principle and
the proofs of Lemma (2.8) and Lemma (2.9).

1.3 The game

A mean field game consists of NV players, where we let N € N be very
large. We are conducting the analysis from the viewpoint of one of the
players. This player i € {1,2,..., N} begins their journey from the starting
point xp and in each step chooses the next step 3 of their strategy in such a
way that minimizes their final cost (or in a similar setting, that maximizes
their final pay off). Remember that a strategy [; is in the space A if it
satisfies the admissibility condition. It is assumed that the dynamic of the
position U} € R of the player i at time ¢ € [0,T] is given by the following
Ito stochastic differential equation

where



¢« 0<t<T,

ie{l,...,N},

pl¥ € P(RY) is the empirical distribution of the positions Uj of all
players in the game at time ¢, defined as

N

_ 1

i () = =3 b,
=1

b, 0 [0,T] x RY x P(R?) x A — R? x R™*4 are deterministic mea-
[b", ;
surable functions,

W} is the m-dimensional Wiener Process driving the SDE with inde-
pendent coefficients.

The final outcome of the player ¢ depends on a measurable function

4 00,7T] x R% x P(RY) x A — R, which evaluates the cost of each position
that the player has occupied throughout the game, as well as a terminal
function g*: R? x P(R?%) < R capturing the cost of the final position of the
player. This means that the final outcome of player i is given by

T
Ji(B,1) = E [ [ #0UEn Se +' OFp) (3)

for a strategy 3; € AV,

The goal of each player in this game is to follow such a strategy that
minimizes the overall cost that they need to pay during the game. That is
to find the optimal strategy a; that gives the minimum value for J*(3, u?),
that is such that

T

J(e,u") = inf E [/ PO pd B dE+ g' (U pf) |- (4)
! 0

Note that the final cost depends upon the whole vector of 3, i.e. the strategies

of all players and not only on the strategy of player i. This is because the

strategy of player ¢ depends on the empirical distribution p, which is a result

of the positions of all players.

Since the number of players in the game is very large, it is assumed that
each opponent affects the outcome of our player in a statistically identical
way. This means that the functions 8¢, o, f?, ¢* actually do not depend on
player ¢, but are the same for each player and thus they will be denoted as
B,0, g and f respectively. Obviously, this is not true for the cost function
J, as it depends on the position of the individual player ¢ and thus cannot
be the same for all players. Moreover, note that in this case, we will let the
volatility be an uncontrolled constant matrix o € R¥™ in order to avoid
many technicalities.



1.4 Main steps of the process

This model resembles a stochastic control problem. What makes it differ-
ent from a typical stochastic problem is the fact that the players’ distribution
is not fixed, but rather depends on the strategy that each player chooses and
the resulting position they have at each time t € [0,7]. Therefore, the way
to solve it, is by following the next steps

1. Assume that pu; is a fixed deterministic distribution throughout the
game;

2. Try to solve the stochastic control problem that results, i.e.

T
inf B |:/ f(tv Ut,Mt,Bt)dt+g(UT,HT) )
BEA 0

dXt = b(t, Ut,,ut,ﬁt)dt—i-ath, U() = Up
using the usual methods of stochastic control theory;

3. Use the theory of propagation of chaos in order to find a function

[0,T] — P(R?)
b= [

s.t. for all ¢t it holds Py, = p.

The last step is the most important as this is what gives the mean field
solution, i.e. the solution for an undefined distribution p. More importantly,
this solution “orders” the strategy that each player would be best off follow-
ing, given that all her co-players “obey” to the optimal strategy, i.e. forms
an approximate Nash equilibrium, as it will be defined later on.

1.5 Assumptions of the model

As is the case in most models, there are certain assumptions that need to
hold in order to prove and find the solution for the game. These assumptions
will be layed out here, as they have been written in [5] and they will come
in force gradually during this thesis

(A.1) The drift b is an affine function of « in the sense that it is of the form
b(tv €, [, Oé) = Bl(ta €L, /J) + bg(t)()é,
where

- the mapping
[0,T] < Réx*
t— by (t),

is measurable and bounded, and



- the mapping
[0,T] — R?
t— Bi(t,z, )
is measurable and bounded on bounded subsets of [0, 7] x R? x
Po(RY).
(A.2) There exist two positive constants A and ¢y, such that for all ¢ € [0, 7]
and p; € Po(RY) such that

— the function
{Rd x AR

(@, ) = f(t, 2, p, )
is once continuously differentiable with Lipschitz continuous deriva-
tives, i.e. f(t,-,p,-) € CHL,
— the Lipschitz constant in x and « is bounded by ¢y, (so that it is
uniform in ¢ and pu),

— the Lipschitz constant in z and « satisfies the convexity assump-
tion
f(t) 'T/a M, a/) - f(t) x, W, O[)
- <(.Z'/ -, O/ - O‘)?a(x,a)f(t:wv Ky a)) > )\’CV, - Oé|2, (5)
where 0, o) stands for the gradient in the joint variables (z, a).

Furthermore, f, 0,f and d,f are locally bounded over [0, 7] x R? x
Po (Rd) x A.

(A.3) The function

[0,T] < R?
t— By(t,z, )

is affine in x, i.e. it has the form
Bi(t,x, 1) = bo(t, 1) + b1 (t)x, where by € R? by € R¥F are bounded
on bounded subsets of their respective domains.

(A.4) The function
RY x Py(R?) — R
{(ﬂc, )+ gz, p)
is locally bounded. Moreover, for any y; € P2(R?) the function
R? — R
{af — g(x, )

is once continuously differentiable and convex and has a cp-Lipschitz-
continuous first order derivative.



(A.5)  — The functions

[0,T] < R? [0,T] < R? and [0,T] < R?
) 11
t— f(t,0,00,0) t— 0, f(t,0,60,0) t— 0af(t,0,00,0)

are bounded by ¢y,
— forallt € [0,T], z,2' € RY, a,a’ € A and p, i’ € Po(R?), it holds

I(f,9)(t, 2" i ') = (f,9)(t, 2, p, )| <
cr [14 (@, )| 4 |(z, )| + Ma(p) + Ma(p')]
[[(2", ") = (, Q)| + Wa(p', )] ,

— bo, b1 and by as defined in (A.3) are bounded by ¢z,
— for any p, i’ € P2(R?), by satisfies the following inequality

[bo(t, 1) = bo(t, )] < cLWa(p, 1)
(A.6) Forallt € [0,7],r € R? and u € P2(R?) it holds |9, f (¢, , 1, 0)| < cr.
(A.7) For all (¢t,z) € [0,T] x R?
(x,0:f(t,0,0,0)) = —cr(1 + |2]),
(2, 029(0,02)) = —er(1 4 [x]).
Note that when assumptions (A.1) and (A.3) are valid, function b reads

b(t, @, pu, o) = bo(t, ) + b1(t) - « + ba(t) - a. (6)
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2 Solving the MFG

2.1 Freezing the distribution

As we have already mentioned, we cannot directly solve the MFG, since
there are too many variables. More specifically, we need to find the solution
with respect to the distribution of the private states of the players, while at
the same time detecting the optimal distribution. For this exact reason as
a first step we choose to fix the distribution and consider it to be known,
therefore we can use the usual tools for solving a standard stochastic control
problem.

2.2 Solving the Standard SCP

After fixing the distribution of the private states, to be some pu, which is
assumed to be known, our initial problem reduces to solving the stochastic
control problem that arises.

For our setting we are going to use two important aspects of the solution
of a stochastic control problem. The first one is the notion of the value
function, which can be best understood through the dynamical programming
principle(DPP), and the second is Pontryagin’s maximum principle, also
called the stochastic maximum principle. In this section we will explain the
value function and present the stochastic maximum principle and define the
Hamiltonian. The information about the dynamical programming principle,
as they are presented next, appear in [16] and have been adjusted to our
setting.

During the analysis of DPP, the initial point where the stochastic process
starts its path is of great importance, and thus we will add the initial point
into our notation for this section. Furthermore, the theory illustrated here
is valid for a game that happens within a certain period of time [0,7] and
not for arbitrarily long time, thus it is still valid in the mean field game that
we are studying throughout the thesis.

2.2.1 The dynamic programming principle

Mathematically, it is easy to define the value function. Let us consider
a process X; that starts at a point 2o € R? at time ¢y € [0, 7], denoted by
Xfo’xo. Furthermore, let J stand for the cost function of the game, as it was
defined in (3) and let p be the fixed distribution in the game. Then the
value function is defined to be

vH(to, wo) = Blrelg J(B, ™).

Before we proceed, we will also define the set 7;, 7 to be the set of all
stopping times in the set [tp,7]. We quote from Pham “the intepretation

11



of the DPP is that the optimization problem can be split in two parts an
optimal control on the whole time interval [tg,T] may be obtained by first
searching for an optimal control from time 6 given the state value X;O’xo,
i.e. compute v“(Q,XgO’mO), and then maximizing over controls on [¢,0] the
quantity

0
E [/ fs, X10m0 BYds + vH(6, X[070) | 7
t

After stating the principle formally we will illustrate it with an example to
make the intuition clear. The proof of the theorem can be found in [16].

Theorem 2.1 (Dynamic programming principle). Let (tg,z0) € [0,T] x R?
be the initial starting point of the process Xy. Then we have

0
M — : to,xo u t0,0
vt (to, xo) égg eé%f:TIE[ \ f(s, X0, Bs)ds +vH(0, X, )}

Remark: Pham in [16] notes that the there is an even stronger version than
the usual version of the DPP, which is the following

0
v(to, xo) = érelgE [/t f(s, X" B)ds + v“(@,Xgo"”O)]

for any stopping time 6 € Ty, 7.
We will try to illustrate this a bit better in the following example, which
has been inspired by the examples of [19]

Example 2.2. Assume that you live in the city o S and that you want to
go on vacation in one of the islands I1, 12 or I3. You have no personal
preference between the islands, other than minimizing the total cost of the
vacation, i.e. to minimize the sum of going and staying there. Therefore,
you have to choose the trip (i.e. the island and the way to reach it) such that
you have to spent the least money.

Figure 1: Trying to move from city S to one of the islands I1, 12 or I3 by
minimizing the total cost.

12



The cost of staying in each island 1k is depicted by a function
g: {I1,12,13} — R that takes some positive values

g(I1) = ¢y, g(12) = ca, g(I3) = cs,

that depict the cost of staying in the respective island. The arrows between
the cities on the picture denote that there is a road connecting these cities
and for each road there is a toll that needs to be payed. This cost is depicted
by a function f: {S, M1, M2, M3,11,12,13}*> — R.

From the picture it is clear that the only way to reach the island I1 is
through city K2. Thus the minimum cost J to visit island I1 is

J = min{start at city S and reach city K2} + f(K2,11) + g(I1).

If we try to write it in the same way as it was expressed in the DPP, then,
with a slide abuse of the notation, we would write

2
v(0.5) = ff E UO Fm, X065, B )dm + v(2, X3

2.2.2 Pontryagin’s maximum principle

Pontryagin’s maximum principle, also known as stochastic maximum
principle, was introduced in 1956 by Lev Pontryagin. In order to define the
stochastic maximum principle, they introduced the Hamiltonian, which is
a tool necessary to find the optimum value. For reasons of consistency, we
follow the definition of the Hamiltonian that can be found in [5].

As we said, the volatility is an uncontrolled constant matrix in our setting
and thus we can use the following version for the Hamiltonian

H(t7 x? ILL’ y’ a) = <b(t’ x? M? a)’y> + f(t7 m? M? a)

for t € [0,T], 2,y € R, a € R* and p € P(RY).

With this principle, Pontryagin proves that in order to find the optimum
value of a stochastic control problem, it is enough to find the optimum value
of the Hamiltonian. Then, we know that the stochastic control problem
obtains its optimum value at the same point, where the Hamiltonian obtains
its minimum.

For each a € A, we consider a backward SDE (BSDE), called the adjoint
equation, which is as follows

—dY;g == 81=H(t, Xt, ot }/t, a)dt + thWt.

Theorem 2.3 (Pontryagin’s maximum principle). Let & € A be a control
and X be the associatec{ coptrolled diffusion of the system. Suppose that the
BSDE has a solution (Y, Zy) such that

H(ta Xta Ht, Y%? OA‘) = ma‘i(H(t, Xt, Ht, Y;ﬁ? Oé),
ac

13



and also such that
(z,0) = H(t,z,p1,y, )

is a convex function for all t € [0,T]. Then & is an optimal control, i.e. it
holds

J(&) = ;Ielg J(a).
Proof. The proof can be found in [16] and is similar to the proof of Theorem
(2.6) and will, thus, be skipped. O

2.2.3 Minimizing the Hamiltonian

As we have mentioned, we will use the Pontryagin maximum principle
to find the solution of the standard stochastic problem.

The Pontryagin maximum principle proves that the minimizer of the
Hamiltonian is also the minimizer of the SDE. Thus, our next step will be
to find if there exists (at least one) a minimizer of the Hamiltonian.

Lemma 2.4. If we let the assumptions (A.1) and (A.2) be in force, then
for all (t,z, u,y) € [0, T] x R x P(R?) x RY, there exists a unique minimizer
d<t7 x’ /“1'7 y) Of H'

Proof. Letting the assumption (A.1) be in force, the Hamiltonian has the
following form

H(t, z, p,y, ) = (bi(t,z, 1), y) + (b2(t)ev, y) + f(t, 2, 1, ).

The function o < H (¢, x, i, y, ) is strictly convex and continuously differ-
entiable for any (¢, x, u,y). Thus we know that this function has a unique
minimum, which will be achieved at the same point where the gradient hits
the origin, i.e. where 0, H (t,x, 1, y, ) = 0. O

In fact, we even know a bit more about this minimizer

Lemma 2.5. Assuming the assumptions (A.1) and (A.2) are in force, the
function
[0, 7] x R? x Py(RY) x R? — R¥
(t, 2, 1, y) = &ty 2, 1, y),

which is the minimizer function of H, is measurable, locally bounded and
Lipschitz-continuous with respect to (x,y), uniformly in (t,u) € [0,T] x
Po(RY), where the Lipschitz constant depends only upon X (from (A.2)), the
supremum norm of by and the Lipschitz constant of Onf in x.

Proof. The strict convexity property and the gradient descent algorithm
result in the measurability of the minimizer. The local boundedness of

14



a(t,x, 1, y) also follows from strict convexity. Firstly, since &(t,x, p,y) is
the minimizer, it obviously holds that

H(t,z, p,y,0) = H(t, z, p,y, &(t, 2, 1, y)).-
Furthermore, we will use assumption (A.2) to obtain another inequality for
the Hamiltonian which we gain by applying inequality (5) for 2/ =z, « =0
and o = &. This then yields
f(ta Z, W, d(tv T, W, y)) - f(tv €T, W, 0)
= (0,0t 2, 1,9), O f (1, 1, 0) ) = Nty ).

Adding and subtracting the inner product norm of the Hamiltonian we ob-
tain
H(t, @, p,y, 6(t, 2, 1, y)) — H(t,m,p,y,0) — &7 (8, 2, p,y) 0o H (t, 2, 11, 9, 0)
— 0" (t, @, p, &t 2, 1, y))y — b(E, 2, 11, 0)y
+ 6t @, 1, 9)0a (b7 (£, 2, 1,0)y) > Xa(t, 2, 1, y)]?,
where the matrix A7 stands for the transpose of A. Taking advantage of
the affinity of function b, from assumption (A.1), we obtain
H(t, @, 1y, a(t,z, p,y)) — H(t, @, 1,9,0) — &7 (2, 1, y) O H(t, , 1, 9, 0)
— b3 (Dt @, p,y)y + &7 (8 2, )by (y > N |adt, 2, p,y)
We reorganize the above, therefore that we obtain
H(t,x, p,y,0(t, @, p,y)) > H(t 2, 1, y,0)
+ &t (t, @, 1, )0 H(t, z, 1,1y, 0) + N a(t, z, 1, y)
Combining this with the first inequality that we proved, we obtain
H(t,x,p,y,0) > H(t,x, p,y,0)
+ &L (t, 2, 1, y)OuH (L, 2, 11, y,0) + Méa(t, z, p,y)|.
This then leads us to
|Gty 2, p,y) | < AT'AT(t @, 1, y)aH (¢, 2, 1, y, 0)
< AT (4 @, 1, y) (Oaf(t, 1, 0) + b3 ()y)
< AMa(t, 2, 1,0 [0af (t, 2, 1,0) + b3 (£)y

where we have used the Cauchy-Schwarz inequality. Using the triangle in-
equality we finally obtain

’@(tﬂa/ﬁ,y)\ < A_l(|aaf(t7x7:u’a 0)‘ + ‘bQ(t)Hy‘)v (7)

which proves the local boundedness of &(t, z, i, y). The Lipschitz continuity
of &(t,z, u,y) with respect to (x,y) comes by applying the implicit function
theorem on 0, H. The Lipschitz constant depends on the uniform bound on
be and on the Lipschitz-constant of 9, q)f- O

2.

)
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2.3 The general FBSDE

In order to be able to use the known theory from the forward backward
stochastic differential equations theory, we need to “create” such a system.
To do this, we need to construct a stochastic process (Y;)o<i<7 that moves
backwards and which will be coupled with X;.

We define the filtration (F})o<i<7 generated by the Wiener Process W;
and we determine the initial condition of the constructed process to be
Yr = 0,9(Xp,ur). Then we start the “construction” of the Backward
process by iteration with the following first step

Y = E[Yr|F].

Since we let Y; be a square integrable process measurable with respect to F3,
we then know by the martingale representation theorem that there exists a
predictable process Z; adapted to F} such that

dy? = z%aw;, when Y7 = Y7.

Then, assuming that we have constructed the n-first iteration, the next one
is defined to be

T
vt =B Yo [ oG XY 00) i
0

t
+ / (_aIH(S> X87 Hs, Y:snv Ods)) dS.
0

Again by the martingale representation theorem, the conditional expectation
can be represented as an Ito integral

T t
E[YT—/ (—6IH(5,XS,MS,Y;”,QS))dt‘Ft} :/ ZM L aw,
0 0

so that the differential version of the process Y; can be given by
dY;" ™ = —0, H(t, Xy, up, Y3, ar)dt + Z T dW;.

From the above and by letting the number of iterations become very large
we finally obtain the Backward SDE

dYy = =0, H(t, Xy, pr, Y7, ar)dt + ZidWy,

with the initial condition Y7 = 0,g(Xr, ur). This BSDE is obviously cou-
pled with the SDE (2) that gives the dynamics of the positions of the players.
Thus, we have created a system of a FBSDE system, which is the following

dXt = b(tv Xt7 Mt d(t7 —Xt7 Ht, )/;f))dt + O'th

8
d}/;f - _aIH<t7Xt7 Mt7Y;7 d(t7Xt7 Mtath))dt + thWta ( )
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where X = xg, Y = 0,9(X7, ur) are the border conditions. Of course, the
stochastic processes Y; and Z; are required to be adapted as well.

At first glance, it might seem that the above FBSDE has come up com-
pletely arbitrarily and it is not obvious that there is any connection between
(8) and our problem. In the next theorem, which is also the key theorem
of this thesis, we will prove just that, i.e. that the optimum solution of the
FBSDE, if it exists, is an almost minimizer for the cost function.

Theorem 2.6. Under the assumptions (A.1)-(A.4), let the mapping

[0,T] < P, (c ([O,T],Rka»

U= i

be measurable and bounded, the FBSDE (8) have a solution (X, Yz, Zt) such
that

T
E | sup (|Xt|2+|Yt|2)+/ | Zy|dt
<T 0

0<t<

< 00, (9)

defining the cost functional J(B, 1) as in (3), where U = (Up)o<i<T 15 the
corresponding controlled diffusion process which solves (2) for xo € R and
setting &y = &(t, Xy, 1, Y:), where the function & is the minimizer of the
Hamiltonian, then for any admissible control B = (Bt)o<t<T, it holds

T
J(é, 1) + AE /0 1B, — éul2dt < J (B, ).

Proof. This proof can be done in a similar way as the standard proof of the
stochastic maximum principle (see Theorem 6.4.6 [16]). We split the proof
into four steps.

Step 1:

First, we need to prove that the solution provided by the FBSDE (8) can be
considered to be a solution of the mean field game. In other words, we need
to show that it is admissible. This can be shown by using the inequality
(7), assumption (A.1) and (A.2) on the functions be and f, and by using the
assumption (9) on the solution of the FBSDE.

Step 2:
By the definition of J we know that for some strategy 5 and the Hamiltonian-
minimizing strategy & = &(t, Xy, ue, Yz) one can write

T
J(&taﬂt) - J(Btu /’Lt) - ]E|:/0 (f(t7Xt7 Ht, &t) - f(ta Ut7 Mtaﬂt))dt

- <9(XT7NT) - Q(UT,MT)>].
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In the above equation, the right hand side can be split into the ” f —part” and
the ”g — part” and thus that it is possible to work on them independently.

For the " f — part”:
We use the definition of the Hamiltonian and thus we obtain

T
IE|:/ <f(t7Xt7Nt7dt) - f(ta UtaMt,ﬂt))dt] =
0
T
IE’|:\/ (H(t, Xta/ﬁt,YZ’dt) - <b(t7Xt7Mt7dt)aY;5>
0

- H(ta Uta Ht, ﬁv /Bt) + <b(t’ Uta Ht, Bt)a i>>dt:| )

where ﬁ is the solution of the backward equation that one can associate
with the Forward SDE of Us;.

For the "¢ — part”:
By assumption (A.4) we know that the function g is convex with respect to
the variable z, i.e. that for any two points z,y € R? it holds that g(z, u) >

9(y, 1) — 0z9(y, ) (y — x). Thus we obtain
E [Q(XT, pr) — g(Ur, MT)} <E[(Ur — Xr)"0:9(X7, pir)]
=E [(Ur — X7)"Yr],

where we have taken advantage of the initial condition of the Backward
SDE of (14). Now we need to apply Ito’s formula on the stochastic function
h(UT, XT: YT) = [UT — XT] YT; from which it follows that

T T
WUz, X, Yr) = h(Up, Xo, Yo) + / Y.L dU; — / YvIdX;+
0 0
T 1 T
/ (U, — X)Tay, + 2/ (d(U,Y ) —d(X,Y))
0 0
T T
— (U, X, Yo) + / Y7 (dU, — dX,) + / (U, — X)Tavi.
0 0

Note that since U and X satisfy SDEs with a (same) Brownian Motion and
the same diffusion term o, we know that they have the same quadratic vari-
ation, i.e. d[U]; = d[X]; and therefore their quadratic covariations with Y
cancel each other out, so that d(U,Y); —d(X,Y); = 0. Furthermore, U and
X are assumed to have the same initial position, and thus h(Up, X, Yp,) = 0.

By replacing dX;, dU; and dY; with the equivalent of their respective
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SDE, we obtain
T
h(UTa XT7 YT) :/ Y;fT (b(ta Uta M, ﬁt) - b(t, Xta Ht, &t) dt
0
T
+ / (U = X)T 0, H(t, Xy, e, Vi, Gy)lt
0

T
+ / (U — X0)T Zdws.
0
This results in the following inequality for the g — part”
Elg(X1, ur) — 9(Ur, pr)] <

T
E[/o Y5 (b(t, Uy, i, Be) — b(t, X, pr, ) dt
T
— / (U — X)L 0, H (t, Xy, p11, Yy, & )dt
0

T
+/ (U, — Xt)TthWt].
0
Combining the results for the ” f — part” and g — part” we obtain
T
J (G pr) — (B p1e) < E[/ (H(taXty,ut,Yt,dt) — 0" (t, Xy, e, G) Yy
0

- H(ta Ut7 Mty ﬁa Bt) + bT(ta Uta Mty ﬁt)i) dt
T
- / Y’tT (b(ta Ut;ﬂhﬁt) - b(ta Xt:uta&t))dt
0
T
b | U= X 0.t X Vi
0

T
— / (UtXt)TthWt}
0

We note the following points
b _bT(ta Xt: Ht, dt)Y% + Y;Tb<t7 Xtv Mt OA‘t) = 07

o E fOT(Ut—Xt)TthWt} = 0, since it is the expectation of a martingale
and the processes U; and X; have the same initial condition,

o O, H(t, Xy, s, Yy, &4) = 0 by the definition of the strategy &y, and thus
(61? - &t)TaaH(tv Xt7 Hts }/%7 OA‘t) == 07

e without loss of generality we can assume that Y; and Y; coincide, and
thus we conclude that

bT(ta Ut7 Mt s ﬁt)?t = }/,‘,Tb(tv Ut7 Mt /Bt)
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Therefore, we have proved, that the following inequality holds for H

T
J(B. ) > J (6, ) + E /O (H(t, Uy, e, Vi, By)

— H(t, Xg, i, Y, &) — (U — Xo)T 0L H (t, Xy, pt, Yz, )
— (B — ) O H (t, Xy, p11, Vi, &y)]dt. (10)

Step 3:

In this step we are going to prove that if assumption (A.2) is in force,
the Hamiltonian satisfies the same convexity assumption. We start by the
convexity assumption of f

f(tvx/nua O/) - f(tvxvu)a)
- <($/ -, o — a)7a(x,a)f(t7x7 K, a)) > )"O/ - a‘Z'

We will try to adjust it, to obtain the respective convexity assumption for
the Hamiltonian in it.

H(t, o', py' o) — H(t, z, p,y, @)
- ((.T/ —Z, O/ - Oé), a(x,a)H(t7 x, 1y, Oé)> - bT(t7 JZ’/, M, O/)y + bT(t7 €, L, a)y
T (2 — 2T (B + (@ — @) B Dy = A’ — af?

Note that we will again denote by y the variable 3’ without loss of generality.
By simple calculations one can see that

- bT(tu xlv M, 0/)?/ + bT(tv €, L, a>y
+ (2 — 2)T] (t)y + (o — )"0 (t)y = 0,
since by (6) it holds that
_bT(t7 :1:/7 M, O/)y + bT(ta Z, W, Oé)y
= — (b (t, ) + 0 ()" + b5 (") y
+ (b5 (t, ) + b1 ()" + 03 (1)aT) y
= b (t)(a' — )Ty — b3 (t)(/ — )Ty

Thus it was proved that the convexity assumption holds for the Hamiltonian,
i.e. that

H(t7 xlv 122 y/a O/) - H(ta T, U, Y, O[)

— (&' =z, — ), 04 0 H(t, 2, 1,y, ) > Na' — al?.

20



Step 4:
Using the convexity assumption of the Hamiltonian and applying it in (10),
it yields

T
JB.) = I +E [ A5~ aPds
0
which completes the proof. O

Remark: From the above one can conclude that the optimal strategy, if
it exists, it is also unique. This can be seen easily, since for two optimal
solution, say &; and &2 it would hold that

T
J@h ) +AE [ Jof - alfPde < J(ad ),
0
and at the same time
T
J(6%, 1) + AE/ lof — &7 2dt < J(oy, ),
0

which can only be true if the two strategies coincide.

Remark: It can also be seen that the solution (Xi,Y;, Z;) will also be
unique as well. As we saw, the optimal strategy function & comes from the
solution of the Hamiltonian. To obtain the optimal solution of the game, we
then have to apply the solution of the FBSDE (8) to the & function. From
this, one can conclude, that if we have two sets of solutions of the FBSDE
(X, Y:, Zy) and (X7,Y{, Z]), then it holds that

alt, Xe, pe, Yy) = a(t, X[, e, YY), dP®dt a.e..

Thus, by the Lipschitz property of b and o, the coefficients of the forward
equation, we can easily conclude that the X; and X will coincide. Similarly,
we can conclude that the same is true also for the pairs Y; and Y/, as well
as for Z; and Z.

Proposition 2.7. Under the same assumptions and notation as in Theo-
rem 2.6 above, if we consider in addition another measurable and bounded

mapping

[Oa T] — PZ(Rd)
t— py

and the controlled diffusion U' = (U})o<i<r defined by

¢
U, = x|, +/ b(s, UL, i, Bs)ds + oW, t €[0,77,
0
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for an initial condition x{, € R? possibly different from xq, then,
T
T@sn) + (i — )" Yo + B [ 15, - auPs
0

T T
SJ([B,M’],MHE[ [ toute ) — ) ndt], (1)

where -
(B i) t) = E[gwam + [ s Uz,uh/st)dt].

The parameter [, 1] in the cost J([3, 1'], 1) indicates that the flow of mea-
sures in the drift of U’ is (py)o<t<T whereas the flow of measures in the cost
functions is (pt)o<t<r. In fact, we should also indicate that the initial con-
dition x(, might be different from xo, but we prefer not to specify this, since
there is no risk of confusion in the sequel. Also, when xy = Xo and pi; =

Jor any t € [O,T], J([/Bvﬂl]vﬂ) = J(/Bau)

Proof. The proof of the theorem follows the same idea as in (2.6), where the
Ito formula is applied on

T
(=0 [ UG U = o Xeoprsdlds)
0 0<t<T

Since the initial points of the processes U; and X; are two possibly different
points z¢ and x{,, the function h(Uy, Xy, Yyp) will not cancel out, as in the
proof of (2.6) and will thus yield the additional term (xo — x{(,)Y; on the left
hand side of the statement. The second additional term

fOT (bo(t, 1)) — bo(t, ue))” Vi dt comes from the fact that the drifts of the two
processes U; and X; follow the different probability distributions p; and
- O

In the following sections, we will see that the above mentioned FBSDE,
as well as its mean field version (which will come up later), are key to solving
the stochastic control problem when the distribution y; is not fixed.

2.3.1 The general FBSDE is uniquely solvable

Theorem (2.6) proves that the solutions of the FBSDE and the simple
SDE provide us with our optimal strategy, which is a very important result.
However, this theorem also has many conditions that need to be true.

We have already seen that the Hamiltonian H has a minimizer. We
also work on the same setting i.e. having the exact FBSDE, the minimizing
function and the corresponding SDE, thus these condition are also true. It
remains to prove that the FBSDE also has a solution (X, Y:, Z;). This is
exactly what we will do in this section, starting with the next theorem. The
following theorem can be found in [5].
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Lemma 2.8. Given pu € P, (C ([0,T],R%)) with marginal distribution
(ut)o<t<T the FBSDE (2) is uniquely solvable.

Proof. Since the assumption (A.3) is true, we can take advantage of the
simplified form of the function b. Thus we can simplify the Hamiltonian and
by simple calculations we can see that

827H(t7 w) /’1’7 y’ a) = b,{’(t)y + 6xf(t7 x? M’ a)'

Note that in the FBSDE (2) the minimizer & of H has already been in-
duced. Then, by Lemma (2.5) we conclude that the function (¢,z,u,y) —
&(t,z, p,y) is Lipschitz continuous with respect to (x,y) and uniformly in
(t,p). Considering also the form of 0,H and the above properties of &
we know that 0, H is also Lipschitz continuous with respect to (z,y) and
uniform in ¢.

Then, by standard results in FBSDE theory (see for example Theorem
(5.1) in [15]) we know that there exists a Ty > 0 s.t. for all ¢y € (0, Tp]
and any x € R?, the FBSDE (2) has a unique solution. On the other hand,
when T is arbitrary and not necessary small, there exists § > 0 depending
on the Lipschitz constant of the coefficients in the variable x and y such that
the FBSDE is uniquely solvable on [T' — 4, 7] given that the starting point
rg € R? of X; occurs at some time tq € [T — 4, T].

Obviously, as in the case of the DPP, the initial time and point (tg,xo)
are important. Thus, we define our above solution in each set [T' — 4, T] to
be (X0 yomo zlomoy, i p. where tg =T — 4.

Using Theorem (2.6) from ([10]) we conclude that the existence and the
uniqueness of the solution holds for the whole [0, 7], provided that

!
Vag,p € R [V — V0P < el —

for some constant ¢, independent of g and §.
To finish the proof, we will prove that even under only the assumption
(A.1)-(A.4) the necessary condition holds. By Blumenthal’s Zero-One-Law

one can see that the random variables Yt?’xo and }QZO’% are deterministic.
Since assumptions (A.1)-(A.4) are in force, we can use the conclusion of
Proposition (2.7) and apply our solution (X;*™, Y,/ Z,0%°) two times to
the inequality (11), where the second time we interchange zo and z{, which
gives us

T

o t At ~ 10,2 o,
Jto,wo + <x6 _ $07Y1t007x0> 4 )\E/ |at07930 _ O‘to 0|2dt S Jto,ﬂfo’
to

T
-~ to,x! ~to,! N 2
T 4 (g — 2, Y, ") + AE/ &0 = &P < e,
to
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Tto,00 — ~ 10,20 ~to,xo A to,xo0 to,%o0 7t0,@
where J0%0 = J((&,"")y<i<r) and &,"" = a(t, X;0"0, py, ¥, 070). Jhoto

and dio’% have been defined accordingly. By summing up the last two
inequalities we obtain

T

~to,x! ~t to,} t
20 [ |60 — a0 < (- o, Vi - Yio).
to

Finally, by standard BSDE estimates, which will be proven at the end of
the proof, there exists a constant ¢, independent of ¢y and §, such that

/ T !
Eww|wm—ﬁWﬂéﬂ/ 7" — Gt P (12)
to<t<T to

Combining the last two inequalities, together with the fact that Yt?’ro is
deterministic, proves that the necessary condition holds. Thus, we conclude
the existence and uniqueness of the solution of the FBSDE (2) in the whole
[0, T7].

The last step of the proof, will be to prove the estimate in (12). By the
construction of the Backward SDE we know that

T T

Y,=F [YT + [ OLH(t, X0, p, Y,)0R0 400 ds — /

to

ZSdW5|]-"8] .

to

Thus, for the difference that we want to estimate, we deduce
to, 0,202 _ t0,T to,(
‘Y;O O_Yt o’ EUYTO O_YT 0

T / / / 2
+ / (0012, X100, 0, Vom0, 61050) — 0, H(t, XS0, ¥y, 6400) ) |]-"8],
t

0

where the Ito integral vanishes, since both SDEs have the same diffusion for
both processes Y;*™ and on’xo. This now yields

to,Zo t0,$6 2 _ to,To t0,1‘6
E sup [YV;O =Y, =E| Y2 =Y, 0
0<t<T

T
+ sup/ (%H(t,XﬁO’xO,u,YJO’xO,d';o’“”o)
0<t<T Jio

! / / 2
— O H (t, XM 11, Y, "0, d?"””%)ds‘ } :

where the conditional expectation becomes normal expectation by the tower
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property. Thus, we can deduce

/ /
E| sup [V — ¥/ < o [y - vyt 0P

0<t<T
T o
+ (T —t) / E | sup |Y3t°’x° — YSO’%\Q
t 0<t<T
T o
+ C/ E|af™ — &3 |*ds,
0
which completes the proof of (12). O

2.3.2 The value function

Recall, that our primary goal it so solve the mean field game, i.e. equation
(4). According to our main theorem, to find the solution, we need to use the
minimizer of the Hamiltonian and then apply the solution (X3, Y:, Z;) to it,
to find the optimal strategy of the SDE. More precisely, we need to apply
only the processes X; and Y; to &.

One could ask whether one needs to move to the FBSDE every time
they have an MFG problem at hand and go into the trouble of solving the
FBSDE, in order to find the optimum of the initial problem. Fortunately,
the answer is no.

In the next theorem we prove that there exists a function u, that gives
us the value of the process Y; when we apply the process X; to it. This
means, that it is enough to know the minimizer of the Hamiltonian, the
value function v and the solution X; of the forward SDE, in order to find
the optimal strategy for the game.

Lemma 2.9. Assume that (XM, Y"0H | ZFOM ) o<4<1 is the solution of the
FBSDE (8). Then there exists a constant ¢ > 0, only depending upon the

parameters of (A.1-7), and a locally bounded measurable function u*: [0, T]x
R? — R such that

Ve, z' € R [ut(t,2') — ul(t, z)| < c|lz — 2|, (13)
and P-a.s., for all t € [0,T], V" = ut(t, X;OM).
Proof. In Lemma (2.8) we proved that since assumption (A.1)-(A.4) hold,

it is true that

t,

/
Vao,ap € RV = V0P < elag — apf.

0

The above bound triggers the idea that we might be looking for a function
u? that resembles the process Y;. Thus, we define

w’: [0,T] x R? — R?
ut(t,z) =Y.
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Then from the above inequality, it easily follows that
[ut (to, zo) — ut(to, 2p)|* < clzo — 2p|%, Vo, z € RY,

where the constant c is the square root of the constant in the first inequality
and which is again independent of ¢y and x.

The representation property of Y in terms of X directly follows from
the fact that the process X; is Markov. This can be seen intuitively, since
the decision on the new move at time ¢ depends upon the position of the
player and not how the player gets there. Mathematically, this can be seen
by the fact that the process X; is the solution of the forward SDE in (8),
which according to our assumption has Lipschitz coefficient with respect to
x (b is Lipschitz by the assumptions (A.1) and (A.3) and o is constant and
thus also Lipschitz). Thus, ¥; can be represented as a function of X;, which
means that the required representation property is also satisfied (see also
Corollary 1.5 of [10]). Moreover, by the definition of the function u* we can
also conclude that it is measurable.

Finally, by the fact that u* is Lipschitz continuous with respect to z,
together with the inequality

sup [u”(¢,0)| < oo,
0<t<T
it follows that u* is locally bounded, where the last fact is a consequence of
the following inequality

sup |u”(t,0)| = sup |E[Ju"(t, X;"°) — u"(t,0)]] +E[|Yt0’0|]] -
0<t<T 0<t<T

2.4 The mean field FBSDE

Now, that the solution to the standard problem has been found, we can
define the mean field problem, where we look for the optimal distribution
within the mean field game setting. In order to do this, we move on to
define the mean field FBSDE;, i.e. the FBSDE where we replace the fixed-
“known” distribution p; by the family of distributions Py,. This means that
the FBSDE becomes

dX; =b(t, Xy, Px,, a(t, Xy, Px,, Y2))dt + odWy,

14
d}/;j = _azH<t7Xt7PXtaY’t')éé(thhPXt?)/t))dt+ thWt? ( )

with Xg = 29 € R? and Y7 = 9xg(Xr,Px,).

The goal of this section is to find a distribution (u¢) such that there exist
three stochastic process (Xy,Ys, Z;) that satisfy the above system when we
induce the distribution (p) to it.
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2.4.1 What is a solution?

Before we solve the FBSDE, we need to define what we mean by “so-
lution”. In [5] Carmona and Delarue work with the following notion of a
solution

Definition 2.10. Assume that we have a measure (u;) € Po(C([0,T]),R)
which generates the stochastic process X = X*0F when applied to the FB-
SDE[12], assuming that the initial point is xo. The law of this stochastic
process s denoted by Pxwo.x and assume the mapping

®: Py(C([0,T]),RY) — Py (C([0,T]), RY)
p— PP

Then we say that the measure py is a solution to (14), if it is a fized point
of @.

In other words, we say that a distribution u; is accepted for the mean
field FBSDE system, if it coincides with the empirical distribution generated
by the dynamics of the positions of the players.

2.4.2 Existence of solution

The above notion of a solution would not be useful at all, would there be
no such fixed point of ®. Thus, we will prove the existence of such a point,
by using Schauder’s fixed point theorem, which we state next, as it appears
in [3], where one can also find the proof.

Theorem 2.11. [Schauder - Tychonoff| Let K be a non-empty compact
convex subset of a locally convexr Hausdorff linear topological set E, and let
T be a continuous mapping of K into itself. Then T has a fized point in K.

The key to proving the existence of a solution is to take advantage of the
convexity of the coefficients, since this will also lead us to compactness. We
will first prove that such a fixed point exists for functions f and g that have
additionally their partial derivatives 0f and dg be uniformly bounded. The
problem is that such functions are unfortunately limited in number. The
good thing is that one can take a sequence of such nice functions and use
them as approximations of the function f and g that define the mean field
FBSDE. Then, this approximation system does indeed have a solution.

We will proceed our analysis by proving that if f and g have their first
derivatives bounded, then the mean field FBSDE systems is solvable.

Proposition 2.12. The mean field FBSDE is solvable, if in addition to the
assumption (A.1) to (A.7), we also assume that Oy f and Opg are uniformly
bounded, i.e. that for some constant cg > 0 it holds that

’aﬂ?g(xau)’ S cB and \&Ef(t,x,,u,a)\ S CB,
for allt € [0,T),z € R%, 1 € Py(RY).
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Proof. In order to prove the existence of the solution we are going to use
Schauder’s fixed point theorem. To apply it, we are going to work on the
space M1 (C([0, T];R?)) of finite signed measure v of order 1 on C([0, T]; R?),
which is endowed with the Kantorovich-Rubinstein norm:

lv|lkr = sup{ / F(w)dv(w)|; F € Lipl(C([O,T];Rd))}
c([0,T];R%)

for v € My(C([0,T]);RY)). The reason why we can use this metric for
our system, is because it is known to coincide with the Wasserstein dis-
tance W1 on Py(C([0,T];R%)). For the proof we will work on the space
M1 (C([0,T]; R%)) and we will prove that there exists a closed convex subset
E C Po(C([0,T); RY)) € M1(C([0, T]; R?)) which is stable for ®, with a rela-
tively compact range, ¢ being continuous on £.

Step 1:
In this step we will prove some a priori estimates for the solution (X, Yz, Z;)

for the solution of the general FBSDE. By the conditions of the theorem we
know that the coefficients 0, f and 0,¢g are bounded and that the terminal
condition in the general FBSDE is bounded. Moreover, the growth of the
driver is bounded as follows

0. H (t, @, pe,y, &(t, @, e, y))| < e + eyl

We use standard BSDE and Gronwall’s inequality to conclude that there
exists a constant ¢, only depending upon cpg, ¢, and T', such that, for any
p € Po(C([0, T];RY)),

Ve [0.T], M <e

holds P-almost surely. Thus, by the estimate for the minimizer & found in
(7) and the bound in assumption (A.6), we obtain

Vi e [0,T],  a(t, XP0 g, YIO) < c.

We can use the above bound for the forward part of the general FBSDE
and then we know by standard LP estimates for SDEs that there exists a
constant ¢, only depending upon cg, ¢z, and T, such that also the solution
X is bounded by ¢, i.e.

E[ sup [X;7OH[Y] <. (15)
0<t<T

We consider the restriction of ® to the subset £ of probability measures of
order 4 whose fourth moment is not greater than ¢, i.e.

& = {p € Pu(C([0,T],RY)) : Mycqpomyrey(p) < ¢}
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We know that £ is convex and closed for the 1-Wasserstein distance and &
maps & into itself.

Step 2:

The two bounds that we found for the drift & and the solution X con-
clude that the family of processes ((X;**)o<t<T)uee is tight in C([0, T7; R%).
Tightness then proves that ®(€) is relatively compact for the topology of
weak convergence of measures. By the bound of X we know that every any
weakly convergent sequence (Pxwoinn)p>1, with u, € € for any n > 1, is
convergent for the 1-Wasserstein distance. From this we deduce that ®(&)
is actually relatively compact for the 1-Wasserstein distance on C([0, T]; RY).

Step 3:

In this final step we are going to prove that ® is continuous on £. Using
the cost inequality for different measures, proved in Proposition (2.7) and
for some measure p' € €& we obtain

T
J(d,u)+)\E/ &) — G| ?dt
0

T
sm@;,m,u)%[ [ onteo i) = w0 Vit (10

where &; = a(t, X7, p, Y;*), for t € [0,T], and where &} is defined
similarly by replacing p by p/. Note that in this case J(&,u) is the cost
associated with the flow of measures (p;)o<;<7 and the controlled diffusion
process U satisfying

dU; = [bo(t, py) + b1 (t)Us + ba(t)én]dt + odWy, t€[0,T), Uy = o,

which is also the reason why in (16) the term of the initial points has van-
ished. The cost J(&, ') is associated with the flow of measures (u¢)o<i<T
and the diffusion process X%9#, The optimality of & for the cost functional
J(+; /) then results in

J( [6/7 Ml] ) M) < J(d7 ,U/) + J( [é/? :u/] ) :u) - J(dlv M,) :
Applying this into (16) we deduce

T
/\E/ 6% — éf2dt < (6, 1) — J(@ ) + T ([, 1] 1)
0

T
- J(d/nu/) + EI:/O (bO(tnu’:t) - bO(thU't))TY;fdt ) (17)

By Gronwall’s lemma, there exists a constant ¢ such that

T
B sup (X0 = U] < ¢ [ W sy
0<t<T 0
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Using the above we can now compare J (&, p') with J(é&, 1) (and respectively
J(&, ) with J([&/, '], 1)). Since p and g’ are both in £, we can use the
bound for the minimizer & and the bound (15), as well as the last part from
assumption (A.5) to obtain

T 1/2
J(OAGN/) — J(d;,u) < C(/ W22(/~Lt7ué)dt> ’
0

A similar bound can be proved in the same way for J([&/, p/']; n) — J (&5 1),
where the argument is even simpler as the costs are driven by the same
processes. Applying this on (17), using the a priori estimate for Y;"*and
applying Gronwall’s lemma allows us to go back to the controlled SDEs and
it yields

T , T 1/2
B [ ot o+ B sup 1370 < xR < of [ W pijar
0 0<t<T 0

Remember that the following holds

Wi (®(p), @(u') <E

’
zo3u zo3u
sup | X0 =X, 0.
0<t<T

As a result and since probability measures in £ have bounded moments of
order 4, the Cauchy-Schwartz inequality yields

Wﬂ@@»@@h)gc(ATwéumuoﬁ)U4Sc(ATW€”umuoﬁ)U{

which shows that ® is continuous on £ with respect to the 1-Wasserstein
distance Wy on Py (C([0, T]; RY)). O

Thus, we have to find a way to use the above theorem for our setting. The
way to do this, is by using function f™ and g™ that satisfy the assumptions
(A.1)-(A.7) and have furthermore uniformly bounded first derivatives 0, f™
and 9,¢". In the next theorem, Carmona and Delarue show that if we have
such functions, they do indeed solve the mean field FBSDE (14).

Lemma 2.13. If there exist two sequences (f")n>1 and (¢")n>1 such that

(i) there exist two parameters N and ¢} such that, for anyn > 1, f* and
g" satisfy (A.1)-(A.7) with respect to X and ¢,

(ii) f™ (resp. g") converges towards f (resp. g) uniformly on any bounded
subset of [0,T] x R? x Py(RY) x R* (resp. RY x Py(RY)),

(iii) for any n > 1, equation (14), with (O f, 0:g) replaced by (0, f™, 0xg™),
has a solution which we denote by (X", Y™, Z™).
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Then, equation (14) is solvable.

Proof. Since this theorem has to do with the approximations f” and g", we
will also work with approximations of the other tools as well. For any n > 1,
we define the approximated Hamiltonian

H™M(t, 2, p,y, ) = b (t, 2, p, )y + f(t, 2, p, @),

and its minimizer (&" (¢, z, i, y))o<t<7. We define the candidate for approxi-
mated optimal strategy as &7 = &"(t, X, Pxp,Y}") for any t € [0, T], where
(XY, ZP)o<i<t is the solution of the approximated FBSDE. Since X/
gives the dynamics of the states of the player when the strategy &™ is fol-
lowed, we can use theorem (2.6) to compare the resulting optimal cost to
the cost generated when some strategy (8{")o<t<7 is being followed, so that
we obtain

T
J(@p )+ XE [ |57~ ap Pt < J(87 Py (18)
0
We define by (U")o<t<7 the outcome process when the player follows strat-

egy (3. The proof can be split in the three following steps. Our first two
steps consist in proving that

T
sup E [/ |d?|2ds} < 400.
m>1 0

which can used to prove that the processes (X™),>1) are tight.

Step 1:
For this step we consider the strategy " to be such that g = E(a}) for
0 <t <T. In this case, by the affinity of b in (6), for ¢t € [0, T] we obtain

T
Uglzxo—i-/ [bo(s,]P)XQ)+bl(S)USn+bQ(S)E(&?)]dS+0th.
0

The last equation shows that both U;* and X;* have the same expectation
for t € [0,T]. As a result

T
Ur — E(UM)] = /0 by ()[U — B(U™]ds + od ;.

We proceed to the cost function, and for this reason we will work with the
approximation functions g" and f", with the same distribution p; = Pxp.
Now, we will replace the cost functions in (18) and thus we obtain

T
E [g" (X3, Pxy)] +E [ |8z = an s, X2 ) ds}
0

T
<E [g"wmx;) -/ f”(s,U:,PXg,ﬁwds] .
0
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Using the fact that 57 = E(&}') and assumption (A.2) which states that g
is convex, yields

T
§"(E[X7], Pxp)+E [ | IR = a2+ s, X2 Py ) ds]
0
T
< "E U], Pxy) + E [ | s U:,PXQ,E@WS] .
0

Using also the convexity assumption for f as it was stated in (A.4) we obtain
T
SELG]Pxp)t | [ (War(a]) + (6, BIXD). Py B(a) d|
0
T
<PEUR P+ | [ 7B, B
0

since E(JE(&%) — a7|?) = Var(a™?). Then by assumption (A.5) we conclude
that there exists some constant ¢, possibly different from line to line and
which depends only on A, ¢, g and T so that

1/2 1/2

T
| var@pyas < (1+ £ [UpR) + B (1X32) ) B 07 - B

T
0

1/2

< E (U7~ E(x})[)" ds.

By definition E(X}") = E(U}*) for 0 <t < T, therefore since the variance of
(U{)o<t<t) is uniformly bounded, we obtain

T 1/2
1+ sup E [|X§|2]1/2+ (E/ |ag\2dt> ] .
0

0<s<T

T
/ Var(ay)dt < c
0

We also know that

T
sup E [|X;‘|2] <c [1 +IE/ |d?|2ds] , (19)
0<s<T 0

so that we can use it, in combination with the linearity of the dynamics of
X" and Gronwall’s inequality, to obtain

T 1/2
1+ (E/ |d?]2ds> ] ,
0

The last bound is used to control the Wasserstein distance between distri-
bution of X and the Dirac mas at the point E(XY) for all € [0,T].

sup Var(X}) <c
0<s<T
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Step 2:
In this step we will use the process U;* controlled by the strategy 5" = 0,
so the process becomes

T
0 = g +/ (bo(s, Bxz) + b ()07 ds + odiVy,
0

for all ¢ € [0,T]. We use the boundedness of by defined in assumption (A.5),
so that we have

supE[ sup |U|?] < +oo.
n>1  0<t<T

We use the comparison on the costs from theorem (2.6) and the convexity
of ¢" and f™, as in the first step, which yields

T
§"(E [X7] Py + /0 (AE(a7[2) + f7(s, B(XT), Py, E(AT)) ds

T
<E [gn(U%,PX%) —|—/ f”(s, USTL,PX?,O)CZS .
0

Assumption (A.2) provides us with the convexity of f™ with respect to the
strategy and so we can combine it with the assumption (A.6) for
[ (s,Ug, Pxn,0) which yields

T
6" (B [X3) 0sxpy) + /0 (AE(a%2) + (s, E(X™), Bz, 0) ds

T T
gE[gWU%,PXW / f“(s,U:,PXg,o>ds]+cE | az
0 0

for some constant ¢, with a value that might change from line to line, in-
dependent of n. By assumption (A.5) and letting the constant ¢ change it
value from line to line, we deduce

T
"B [XF] Gecp) + [ (ABGIP) + 7 (5 E (YD), Bacep) 0) s
T T
< g"(0,0g(xz)) +/0 f"(8,0,5JE(X;;)70)d8+CE/O &g |ds

+c (1 + sup [IE [1X7°] UQ}) (1 + sup [Var(X?)]1/2> .

0<s<T 0<s<T

Thus, we use the inequality (19) and apply Young’s inequality so that we
obtain

n n T A AN n n
ME L o) + [ (FEIGE) + 76 B, B 0 ) ds

0<s<T

T
< 9"(0,dg(xp)) + /0 f"(5,0,05(xp),0)ds + ¢ (1 + sup [Var(Xg)]> :
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Next, we use the result from the first step, to bound the last term by the
integral of the expectation of the strategy and so we conclude

n n T )\ AN n n
(BN dny) + [ (GBI + £ (5. BOX) B 0) ds

T T 1/2
<9"(0, og(x7)) +/0 f"(5,0,05(xn),0)ds + ¢ (1 + [/0 E (|a3[?) ds} ) :

By assumption (A.2) we know that ¢g" and f™ are convex and applying also
Young’s inequality we obtain

(E(X3))"8,9™(0, Or(x7))

Ty
+/ [4E(ya§|2) + (Ex™M)T 8xf"(s,0,5E(Xg),0)] ds < c.
0

The last of our basic assumptions in the paper, gives us

E (\02?]2) <c (1 + sup E []X§]2]1/2> ,
0<s<T

so that the desired bound (2.4.2) results from (19). This bound then results
in

E | sup |X;‘\2

0<s<T

<ec. (20)

Thus using the last two results of (20) and (2.4.2) we can conclude that
the processes (X"),>1 are tight and thus a convergent subsequence can be
found.

Step 3:

Assume that the empirical distribution of the convergent subsequence
(X™)p>1 is (Pxnp), and define its limit as p. Since the supremum of the
process X' has be found in (20) to be bounded, we get

My ¢ (jo,17,re) (1) < +00.

Thus we can use Lemma (2.8) and we now that the general FBSDE has a
unique solution, which we define as (X, Y:, Z¢)o<t<7. By Lemma (2.9) we
know that the value function u : [0,7] x R? < R? exists and is moreover
c-Lipschitz with respect to the variable x for the same constant as in thte
statement of the theorem. Therefore, as we proved, it holds that for all
t €[0,7] Vs = u(t, X;). More specifically, it holds that

sup |u(t,0)] < sup [E[|u(t, X;) —u(t,0)]] + E[|Yi]]] < +oc. (21)
0<t<T 0<t<T
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From the above we conclude that there even exists a constant ¢’ so that
lu(t,z)| < (14 |z|), 0<t<T, zecR% (22)

Last but not least, the bound (7) for the optimal strategy, together with
the assumption (A.6) result in the fact that the same bound holds for the
optimal strategy, i.e. that

|6t @, pue ult, 2))| < (14 |a]),

where the constant ¢’ could have a different value than before. Using this
bound in the forward SDE from general FBSDE system, we obtain that

VL > 1, E [ sup | X|F| < +oo0. (23)

0<t<T

This result then ensures that the optimal strategy remains an admissible
strategy even when we plug the solution (X, Y, Z;) in it, that is

T
E/ (¢, Xo, e, Yi)|2dE < 400, £ € [0,T].
0

The same argument can be used to prove the same for the approximation
solution (X[")o<t<r. We now use the fact that

sup | X7'[°
0<t<T

supE < 400, (24)

n>1

for all £ > 1 which will be proved in the final step. Following the same train
of thought as in the proof of (17), we obtain

T
AE /0 G — G2t <TG, 1) — T (6 ) + TG 1, ) — @, 1)

T
5 [ Gult i) = bolt. ) Vi (25)

For the notation difference of J([&", u"], u) and J(&™, u™) can be seen clearly
in Proposition (2.7) and J(&™, u™) has as similar definition as J(&, p) except
that the approximation function f™ and ¢" are used. We define the process
(U o<t<t for n > 1 as follows

dUtn = b(t, U%, ,LL?, @t)dt + O'th,

with the initial condition Uy = x¢ and where the drift b is again affine and
has the form defined in (6). From the above we conclude

J" (&, 1) = J (&, 1) =E [¢" (Ur, pr) — 9( X7, pir)]

T
‘HE/ (U gy 6u) — f(t, Xy, gy 6)] dt.
0
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We use Gronwall’ inequality and the convergence of the p™ to p for the
2-Wasserstein distance, we claim that

—+00
yre 2

1/2

for the norm E [Supogsgt \~s|2] By

e the uniform convergence of ¢" and f" towards f and g on bounded
subsets of their respective domains, as stated in the theorem,

e the convergence of p"» towards p,
e the bound in (23), and
e the admissibility of the strategy &(t, Xy, e, Yz),

we conclude that
T (6, pr) 222 16, p).

Similarly, we use
e the finiteness of E [SUPogth ]Xt|£],
e the finiteness proved in (24), and
e the finiteness of sup,,~; E UOT ]@QPds}

to conclude that

p—r+00

bO(ta :u?) - bO(ta Mt) — Oa
p——+00

J([é‘nﬂ un]vu) - Jn(&n’ Mn) — 0.

By (25), we thus deduce

A p—>+oo .
a"r —— &,

in L2([0, T] x Q, dt @ dP). This proves that X is the limit of the subsequence
(X")g>1 for the norm E [supgc < |-s|*] /2 This finally yields the conclu-
sion that u = Px, and therefore the mean field FBSDE (14) is solvable.

Step 4:
This step consists of the proof of

supE [ sup | X{|™| < 400,

n>1  |0<t<T

for all m > 1. Notice that the constant ¢ in Theorem (13) is independent of
n. Furthermore, as can be seen in (20), the second moments of supy<;<7 [ X7
are uniformly bounded for n > 1. By assumption (A.5) we know that
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the driver in the backward equations of the general FBSDE system has a
driver that is at most of linear growth in (x,y, ), so that the finiteness
of sup,>1 E fOT |a7|2ds and by standard L?-estimates for backward SDEs,
we conclude that also the second moments of supy<,<7 |¥;*| are uniformly
bounded for n > 1. Repeating the calculations used to prove (23), we
conclude the result. O

So we have found that there exists a solution of the FBSDE and that
can be approximated by two nice enough sequences. The next step is to see
how one can choose these approximating sequences.

Lemma 2.14. Assume that, in addition to (A.1)-(A.7), there exists a con-
stant v > 0 such that the functions f and g satisfy

f(ta xlv My O/) - f(ta Z, [, O[) - ((.T/ - T, O/_a)78(x,a)f(t7x7 My a))
> yla’ — x> + Ao’ — af?, (26)

9@ p) — g(w, 1) — (&' — 2, 0,9(x, p)) > ]2’ — x|

Then, there exist two positive constants X' and ¢, depending only upon \,cr,
and v, and two sequences of functions (f™)p>1 and (¢")n>1 such that

(i) for any n > 1, f™ and g" satisfy (A.1)-(A.7) with respect to the pa-
rameters X and ¢; and 0, f" and 0,g™ are bounded,

(i3) for any bounded subsets of [0,T] x R% x Po(R?) x R¥, there exists an
integer ng, such that, for any n > ng, f* and g" coincide with f and
g respectively.

Proof. The proof of this theorem is very technical and without particular
interest, thus we will not be presented here. The interested reader is referred
to [5]. O

One should compare the above convexity assumptions for f and g with
(5) from the assumption (A.2) that we have. For the above approximating
sequences (f"),>1 and (¢")p>1, Lemma (2.13) can be applied and thus one
obtains a solution of (14). Next, we state and prove the second main result
in this thesis.

Theorem 2.15. Under assumptions (A.1) to (A.7), the forward-backward
system (14) has a solution. Moreover, for any solution (Xy,Yy, Zy)o<i<t to
(14), there exists a function u: [0,T] x R? < RF (i.e. a value function),
satisfying the growth and Lipschitz properties

u(t, z)| < c(1 + |z]),

‘U(t,CC) - U(t,ﬂj‘/)| < C|l‘ - $/|,
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for all t € [0,T), for all z,2' € R? for some constant ¢ > 0, and such that,
P-a.s., for allt € [0,T], Vi = u(t, X;). In particular, for any m > 1,
Elsupg<i<r [ Xe[™] < 400.

Proof. In theorem (2.14) we proved that the mean field FBSDE is uniquely
solvable if the assumptions (A.1)-(A.7) hold, and furthermore f and g satisfy
the additional convexity assumption (26). Then, we know that there exist
two approximating function f™ and g™ that converge to f and g and having
bounded partial derivatives. Then by (2.14) we know that the FBSDE
system (14) has a solution.

If on the other hand, only the assumption (A.1)-(A.7) are satisfied, with-
out the additional convexity assumption, then one defines the following ap-
proximating functions

1 1
falt,z,p,0) = ft, o, pa) + ;Ixﬁ gn(@, 1) = g(z, 1) + glfCIQ,

for (t,z,p,a) € [0,T] x R? x Py(R%)? and for n > 1. Then, we can see that
these approximating functions satisfy the assumptions of Lemma (2.13) and
thus, the mean field FBSDE is uniquely solvable. Then, for an arbitrary
solution of the mean field FBSDE, one can conclude the existence of the
value function by Lemma (2.9) and the bound (21). Last but not least, the
bound (23) proves the boundedness of the moments of X;. O
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3 Solving the large game

3.1 The large game in connection to the FBSDE

In this section we will try to show the connection between the solution
that we got from the FBSDE and the large game that we wanted to solve
initially. But first, let us summarize and make the different notations at
hand clear.

e The FBSDE
In this thesis we have defined the mean field FBSDE

dX; =b(t, X4, Px,, a(t, Xy, Px,, Y2))dt + odWy,
d}/t - _8:)5H(ta Xta ]PXta n? &(ta Xt7 ]P)Xw Y;‘,))dt + thWt;

We proved that the above FBSDE system has a unique solution
(Xt,Y:, Zi)o<t<r and furthermore that the associate value function
u(t, ) exists. We have defined the flow of marginal probability mea-
sures (f¢)o<t<r that are considered in this case, which satisfy the
condition y; = Pyx,. During the analysis we have found a strategy
a(t, Xy, pe, u(t, X;)) which is the minimizer of the Hamiltonian of the
FBSDE. We denote by J the optimal cost

T
J = E |:g(XT7,u’T) +/ f(tathu’t?d(ta Xtth,Y;:)dt .
0

Recall that in this setting there are infinitely many players, i.e. we let
N — +o00.

To sum up, we have proved that this limiting problem provides us with
both the distribution p;, as well as the strategy &; that minimize the
cost function J(f, u¢), whose minimum we will denote as J.

e The large game:
In the large game setting, we assume that we have N different players,
where N is again large, yet finite. This time we have a system of N
stochastic differential equations

1 N

avj = (¢ U}, o, B)dt + odWi, 7Y =~ ZléUgv (27)
-

with ¢ € [0,7] and U} = uy and where B; is an admissible strategy.
This is the notation that we use when the players follow an arbitrary
admissible strategy ;.

We want to investigate what happens when the N players of the large
game, follow the strategies that have been found in the limiting case.
Thus, we define the strategies

EviN’i = d(t,XZ‘,[,LuU(t,X;)), (28)
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for0<t<Tandie€{l,2,...,N}.

What is important to understand, is that the strategy & only depends
on the time t, the position X; of the player at this time and the
positions of their opponents through the empirical distribution, but
not on the strategies that the rest of the players follow. Thus, all
players would essentially follow the same strategy, should they start
at the same initial point and play the game under the exact same
circumstances (i.e. without the influence of the random factor W4).

In this setting, and with the assumption that the player i follows strat-
egy 0’4,{\[ " the dynamics of the their private state will be given by

dX? =b(t, X}, 5N, el dt + odWi.

Note that the above equation is well defined, since as we saw in Lemma,
(2.5) the minimizer &(t,z, ju¢,y) of the Hamiltonian is Lipschitz con-
tinuous and at most of linear growth with respect to the variables x
and y, uniformly in ¢ € [0,7]. Moreover, the function u satisfies the
properties as defined in (2.15). As in the limiting case, the cost func-
tion for the player ¢ when every player follows the strategy &, is given
by

T
JZ"u(dl, Qg, ... ,dN) =E [g(XT, /,LT) + / f(t, Xy, bty @t)dt . (29)
0

3.2 An approximate Nash equilibrium

In this section, we will prove that the solution provided by the FBSDE,

forms an approximate Nash equilibrium for the Stochastic Problem (2) at
hand. This proof follows the approache of Bensoussan,Sung, Yam and Yung
in “Linear quadratic mean field games” (2011) and Cardaliaguet in “Notes
on mean field games” (2010).

Theorem 3.1. Letting all assumptions in section (1.5) hold, the strategies
(@iv’l)ogth, ie{1,..,N} defined in (28) form an approzimate Nash equilibrium
of the N -player game at hand. More precisely, there exists a constant ¢ > 0
and a sequence of positive number (ex)n>1 such that, for each N > 1,

i) ey < N,

ii) for any playeri € {1,2,..., N} and any progressively measurable strat-

eqy B* = (BY)o<t<r that is admissible, one has

TNV a1 gi gNa+l LavNy > jN,i(dNJ’ alh )

— €EN.
(30)

P
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Proof. Throughout this proof we will use the three processes U;, X} and
X} and their respective empirical distributions. It is important that their
definitions are clear and thus we write them here for clarification.

N
. ) ) 1

AU} = b(t, U}, o, Bo)dt + od WV, 7 = 5 20

j=1

, . . . . 1 Y
dX{ = b(t, X, m dolt, X pY u(t, XP))dt+ 0dWY, Y = Zléxg;

]:

. _ _ _ A 1 Y
dX; = b(t, XZ:MiVaoAét(ta thaluivvu(ta Z)))dt—i—athZ? ﬁ“iv = Nzé):(g’

j=1

where the distribution )" is defined to coincide with the empirical distribu-
tion py of the solution X; of the FBSDE.

Step 1: Bounding the random dynamics U} by the random strategy of the
first player.

Since the function J is symmetric, we only need to prove the theorem for

i = 1. Thus we assume that the first player follows a progressively mea-
surable strategy B! such that EfOT |BY?ds < 400 and that the rest of the

players follow the admissible strategies div " as they were defined in (28).
We apply the above strategies to the quantities U} and J™? as they were
introduced in (27) and (29). Then, by boundedness of by, b; and by, as well

as by Gronwalls’s lemma, we obtain

T
§c<1+IE/ ]ﬂt1|2dt>, (31)
0

T .
<c <1 + IE/ az’N|2dt> :
0

where i € {2,...,N}. Using the fact that the strategies (a; ") satisfy the
square integrability condition of admissibility, the last inequality becomes

E | sup [U/[

0<t<T

E | sup [Uf|”
0<t<T

E | sup |U/J
0<t<T

<ec.

Summing up the bounds for all E [supy<;<r |Uf|?] for i € {1,..., N} yields

N ' T
g E [ sup |Uj*| <e <N+E/ \Bﬂ%t) ,
i=1 0

0<t<T
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or equivalently,

1 & .
Ly [ oup, S
i=1

0<t<T

1 T
< (1 ¥ oE /0 wérzdt) , (32)

Step 2: The distance of the distributions y; and pl¥ can be estimated.

As the description of this step reveals, we will be working with a copy of X;.

Thus we introduce for all ¢ € {1,..., N} a new stochastic process X, that
occurs when the players follow strategy

aNt = alt, XE, g, u(t, X7)),

and which then results to the following system of decoupled independent
and identically distributed states

dX} = b(t, X}, i, & ")dt + od W,

for 0 < ¢t < T. Since the processes X; are by construction independent
copies of X’ (note that these processes are a copy of the process from the
mean field game, not the approximation X7) for all s € {1,..., N}, it also
holds that gy = Pg; = iy for any ¢t € [0,7]. Using the properties of the
value function and the uniform boundedness of (May5(t1¢))g<i<p Proved in
Theorem (2.15), together with the useful estimate that can be found in the
introduction, one can apply Theorem (3.2) so that we obtain

sup E| sup |X!—X/?)| < cNd_TQAl,
1<i<N  \0<t<T
where in our case becomes even stronger so that
. =. —2
E X! — X})? | <eNawa, 33
max (031%\ i~ Xil ) <c (33)
Recall that X} solves
dX? = b(t, X}, g, al Y dt + odWi.
Moreover, for each t € [0,T]
2 & 1 &
N S
W3 (i, i) < N Z 1X{ — X{1* + QWQQ(N Z5xg,ut)-
i=1 i=1
We take expectations in both sides and use the bound for the maximum in

(33) together with the useful estimate presented in the introduction. The
above equation then becomes

2/-N =2
sup E [W2(l, )] < eN#, (34)
0<t<T
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Step 8: The cost JV4(a™1t, ..., a™N) approzimates the optimal cost J.
To prove the next step we will use the local Lipschitz regularity of the

coefficients f and g as it was defined in the assumption (A.5) and the Cauchy
Schwarz inequality. Thus, for all ¢ € {1,..., N} and for a constant ¢ > 0,
that might change from line to line, we obtain

|J— JNi@Nt o alnh
= . T =. . . N
_ 'E[g%m i /0 £t X e, 63)dt — g(Xin, i)

T .
— / Ft, Xt ai“)dt] ’
0
1
2

N
S i 1 j =i i _
<cE |1+ |X7)* + | X5 + I E |X71°| E [|XT - X+ W22(MT,/~L¥)]
=1

T
C/
0

X E ||Xi - Xi + la" = 6 + W, )|

[SIES

2

2|~

E |1+ X+ X0 + 67 + a2 +

N .
> oIXGP
j=1

]dt.

By the boundedness of by, the properties of the value function of the mean
field game and by the estimate we found for the minimizer strategy in (7),
we obtain

[N

T .
sup max [IE[ sup | X} [%] +E/ @ 2dt| < +o0. (35)
0

N>11<i<N 0<t<T

Applying this to the above inequality for the cost function we deduce

_ , 1
|7 = TV@NL NN < B X X2+ W, 7)) |
1
2

T
ve ([ B (15— 0P 4 1ol - 6l + W, ) )

Using the Lipschitz properties of the minimizer strategy &; and the value
function u, we obtain

" _ N " — . — . _ N . .
’alzf -0y Z| = ’O‘ff(thz7utau(ta L%)) e z(t>X27/Ltvu(tan))|
< o X} - Xil.

By the inequalities (34) and (33) we finally obtain

JNAGNL L aVNY = 4 O(N T, (36)
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Step 4: The distance between vy and py generated by the optimal distribution
can be estimated.

The fact that the cost of each player 7 is almost the optimal cost, when we

assume that all players follow the prescribed strategy, leads to the conclusion
that it is enough to prove that

JNA a2 o av ) > T — e

By similar computations as the one that we used to prove (32), it can be
shown that

E

sup ]Utl—Xt1]2] S;/o ZE[sup \UZ — XJ|2]ds

0<t<T 0<r<s

+cE/ 81 — &t

for the rebel player. For the rest of the players, for i € {2,..., N} it even
holds that

E[sup |U;'_ng2] s]f,/ ZE[sup Ui - Xflz]
0

0<t<T o losrss

Thus, we apply Gronwall’s inequality and obtain

T
ZE!sup Ui — X]|2] <E/ [sup 18} — a2 ]ds.
N Jo

0<t<T 0<r<s

Furthermore, when i € {2,..., N}, we can even conclude that

A ) T .
sup B (107 - X)) < B [ (16} - "2 ] at.
0<t<T N Jo
This last conclusion, combined with (33) and (35) proves that for any A > 0,
there exists a constant ¢4 depending on A, such that if

T —
E/ |BH%dt < A = max sup E(|Ut X/ ) §cANdT24. (37)
0 2<i<N o<¢<T

For the next step of the proof we will fix a number A such that E fOT |BH2dt <
A. In the last part of the proof, we discuss why we don’t need to take into

account the opposite case, where E fOT |BH2dt > A. Thus, let us fix some
A > 0 such that the above condition is satisfied. By (37) we get that

1 & i i 1 i i
N -1 ;E ('Ut - Xt’2) SN-1 2<1<N02?£T(N —DE (‘Ut - Xt|2>

SmNm,
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where the constant ¢4 might change its value from line to line. Next, we
will apply the triangle inequality for the Wasserstein distance, so that we
obtain

N N
1 1
2(-N 2
E [W3(7, 7Mt)]§C{E Wy NZ(SUg’iN—lZéUtj
7j=1 7j=2
R R
i _ %2 2 .
+N_1;E[|Ut—xt|}+1a W3 N_ljgéxg,m } (38)

Using the fact that

1 N 1 N 1 N
”72 . ) 1 J |2
B NZéUi’N—lzéUf S1\7(1\7—1)ZE“Uf_Utw’
=1 j=2 j=2

we can simplify (38), so that we obtain
1 N
w2(oN }: 1 712
E [ 2(Vt aﬂt)] < C{N(]V—l)j:2E [|Ut - Ut‘ }

N N
1 L =4 1
J 7|2 2 .
*mJZQE['Ut—Xﬂ*E W M]foz’ﬂt }

Furthermore, we have already seen that the second term can be estimated,
and we also have the useful estimate stated in the preliminary definitions.
Thus, the above inequality becomes

N

1 1 =2 =2

E W5 (@), )] < C{N(N— 5 > E [!U,} - Ugﬂ L euANT +cANd+4}.
=

Since the first term is O(N_l), as can be seen by the first three estimates
of this proof, we conclude that

E[W2 (5N, )] < caN#s, (39)

which is the desired estimate for the distance of the two distributions.

Step 5: Proving (30) for (B}) whose expected square integral is not too large.

For this step of the prove we define the process (al)ogth of the private
state of the rebel player, which is defined as the solution of

dﬁtl = b(ty 6}517 t, 6151)7
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for 0 < t < T and the initial condition 5& = z. Using also the definition
of the process (U})o<t<r, and the form of the drift as assumed in (6), we
obtain

Ul -t = /Ot [bo(s, 1) — bo(s, 7Y)] ds + /Ot [bi(s) (Ut = T2 ds.

In the last equality we take advantage of the Lipschitz property of by, the
boundedness of b; and the estimate found in the last step, and by applying
Gronwall’s inequality, we conclude

= -2
sup E [Utl — Utl} <cqNa+,
0<t<T

We define the mean-field cost of the rebel player as J(51), i.e.

_ T _
J(ﬂb:E[g(ﬁ%,um /0 £ T e, 1)t

Following the same calculations as in the third step, where we exchange J
for J(B') and JNi (@Mt ..o @l for SV a2, ... @), we obtain

TN N2, aNN) > g e N, (40)

To end this step, we combine the above inequality with (36) and obtain easiy
the desired approximate Nash equilibrium equation.

Step 6: Explain how the bound A can be chosen.

For this step we are going to use the convexity of g with respect to x in a
neighbourhood around 0, as well as the convexity of f in the variables (z, a)
again in a neighbourhood around (0,0). From this, it follows that

t
jN71(B17 @N727 e 7dN’N) Z E [9(07 ﬂzjy) + / f(t7 07 Ijt]V7 O)dt]
0
T
L AE /0 181 2dt + E[ (UR)T0,g(0, 7))

+ / t (U0, f(,0,5),0) + ((B1) 0 f(t,0,7Y,0))] dt} :
0

The assumption over the local-Lipschitz continuity with respect to the
Wasserstein distance, as well as the definition of the metric ensure the exis-
tence of some constant ¢ > 0, such that for all 0 < ¢ < T we obtain

E [|f(t,0,7),0) — f(t,0,0,0)[] <cE[1+MZ5")]

c|i+ (;ZV;EUUZP])

)

46



so that

E[|£(t,0,7",0)] > f(t,0,80,0) — ¢

1+ (;7 iE [\Ug'|2]>

=1

for f. A similar inequality holds for g. Thus, we deduct that

jN’l(Bl aN,Q dN’N)
t T
>g(0, 80) + / F(£,0, 50, 0)dt + AE / 1} Pt
0 0

+E [ (UF) " 029(0,07)) + / t(UbTaxf(t,o, ZANOI
0

1+ (;i sup E[|U;’|2]>

7 0<t<T

LT _N .
+/0 ((BHT0af(t,0, 5, 0)) dt}

Since by assumption (A.5) we know that 0,¢9, 0, f and 0, are at most of
linear growth for the variable u;, we can conclude that for any § > 0, there
exists a constant cs, so that we obtain

_ t A T
JN71(/817 aN727 o aaN’N) > g(oa 50) + /(; f(taoa 6070)dt + 2E/0 |Btl‘2dt

1+ (;EN: sup E[\U;P])

—§ sup E [|Ut1|2] —cs

0<t<T 7 0<t<T

The estimates for supg<;<p |Uf|?, where i € {1,...,N}, that we found in
the beginning of this proof, show that for the appropriate ¢ and for ¢ small
enough we deduce

- A —c T
JVLE aN2, | NNy s oy (226 E/ 181 2dt.
4 N 0
Thus, we know that there exists some positive integer Ny such that for any
N > Ny and constant A, we can choose the constant A such that

T
IE/ 1BHPdt < A = JVA(pL a2, .. av Yy > g+ A (41)
0

This means that if the strategy 1 has an expected square integrable that
is very large, then the cost for the rebel player will definitely be more than
the optimal value. However, the theorem states that the minimum cost for
the rebel player can get very close, or in an extreme case, can even get less
than the optimal value. We now know, that this can only happen when the
expected square integrable of the strategy does not get too large and so it
is enough to prove the statement for this case, as we did in the proof. The
statement in (41) give us the guidelines on how to choose the bound A. [
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Remark: As the above proof shows, if all the players follow the pre-
scribed strategy a’? for all 4 € {1,..., N} and if there is a large number of
players participating in the game, the result is an e-Nash equilibrium, with
a precise quantification of the relationship between N and €, even though
the quantification is not optimal.

For reasons of completeness we will write the part of Theorem (1.3) from
[10], that is used in the above proof. We have adjusted the proof into our
setting.

Theorem 3.2. Assume that xo and (Wi)o<i<r are square integrable, and
that the diffusion mapping o is Lipschitz continuous when R% x Py (Rd) s en-
dowed with the product of the canonical topology on R? and the Wasserstein
metric Wy, on Po(RY). If E (| Xo|* 4+ [Wr|95) < 400, then

L 9
supE | sup | X! — XI?| <CN+——,
ig]I\)f <0<t£T‘ K 4 ) - d—+4

where the constant C does not depend on N and where X} are independent,
distributed like X} and the solutions of the same SDE as X}.

3.3 A stronger result

From the last step of the proof of the approximate Nash equilibrium one
can conclude that we have an even stronger result. Namely, if we let player
1 diverge from the prescribed strategy o?tl NV and let them use some arbitrary
strategy 3} instead, whose expected square integral is not too large, then
we can see in a similar way as in the proof above, by using the estimates
(39), (37) and (31) as in (36), that equation (40) holds for the cost of any
player, i.e. that for any i € {2,..., N}

TNABy, a2, L aNNY = T — cuN (42)
Theorem 3.3. Under the assumptions of section 1.5, not only does
(@ = a(t, X, e, ult, X)))1<i<n osi<r
form an approximate Nash equilibrium of the N -player game, but even more

(i) there exists an integer No such that, for any N > Ng and A > 0, there
exists a constant A > 0 such that, for any player i € {1,...,N} and
any admissible strategy B° = (8})o<t<T,

T
E/ |Bi|2dt > A =
0

JNA @MY @ttt gl gt LN gy > T 4 AL

ey
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) )
(ii) Moreover, for any A > 0, there exists a sequence of positive real number
(en)n>1 converging towards 0, such that for any admissible strategy

B = (B])o<t<r, for the j-th player, where j € {1,...,N}

T .
]E/ 18] 2dt < A =
0

min JV4(@™M!, . aNiTt gl aNatl L aN Ny > T —ey. (43)
1<i<N

Proof. This theorem is a result from the proof of the approximate Nash
equilibrium. O

The first case of the theorem says that if there is one player that decides
to rebel and that chooses a strategy other than a;,which has a very large
expected square integral, then his own cost will never be optimal. On the
other hand, the second result of the theorem shows what happens with the
cost of the other players when all but one follow the almost optimal strategy.
In this case, if the expected square integral of the arbitrary strategy 37 does
not get values that are too large, then for some of the other players the cost
might remain almost optimal, depending also on how many players there
are in the game.

It is important to notice that in (3.1) we are exploring how the cost of
one player is affected by their own unruliness. The same is being explored
in the first case of the last theorem. On the other hand in (42) and in (43)
we investigate how the cost of any player is affected, when it is a different
player that has decided to follow an arbitrary strategy.
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4 Outlook

Throughout this thesis, we studied the theory of mean field games from
the probabilistic viewpoint. Our goal was to find an optimal control strat-
egy for the cost functional of the players. To do this and in order to take
advantage of the theory of propagation of chaos, we assumed that the num-
ber of the players tends to infinity and that there is a statistically identical
influence from one player to the other. This allowed us to reduce our prob-
lem to solving only one SDE (or in our case to solving a FBSDE system),
instead of a system of N-coupled SDEs. Moreover, we have assumed that
the SDEs that represent the dynamics of the positions of the players, each
have individual noise ¢ which is some arbitrary constant matrix, but there
is no common noise for all the players. As for the players, we have assumed
that the game is symmetric and also that the decisions of the players are
independent from the other players (with the exception of the indirect in-
fluence that comes from the empirical distribution of the game). There are
several ways that one could generalize and apply the above results.

One way to apply the above theory in the real world are the evacuation
scenarios. In this problem, we assume that we have a big crowd of people
that are located inside a room and that for some reason and at some time ¢t
they all simultaneously decide that they want to leave the room as quickly
as possible. In this case we could define the cost functional to be the time
needed to exit the room. A relatively simple way to study such a problem,
is to take the drift to be only a function of the distance between the initial
position of the player and the door. A complete model would include a
drift that depends on the distance from the door, the velocity of the player,
the overall density of the crowd and the exit time. This problem has been
studied by Burger, Di Fransesco, Markowich and Wolfram in [4].

Another interesting application of the theory of mean field games is
the case of interbank borrowing, which was studied in [7]. In interbank
borrowing we assume that we have N banks whose evolution of the log-
monetary reserves are described by a system of differential equations that
are coupled with each other. Should the monetary reserves of one bank
become low, the bank has to borrow money from a central bank. Should on
the other hand the monetary reserves of some bank become high, then the
bank must lend to the central bank. In this game, the control process is the
rate of borrowing (or respectively of lending) the money from the central
bank, which is determined by the bank itself. Each bank depends on the
empirical distribution created by the log-monetary reserves from the rest of
the banks, in the sense that the “systemic risk is characterized by a large
number of banks reaching a default threshold by a given time horizon”, as
we read in [7].

One modification of the last application, which one could argue to be
closer to the real world, would be to assume that there is one player, whose
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influence on the other players will never become statistically identical to the
rest of the players, no matter how big N becomes. This has been studied
in [9] with the title of a mean-field game with major and minor players.
This seems to be a more realistic example since in the banking system there
are a few systemically important financial institutions, where the impact of
their actions never becomes negligible, nor even similar to that of the small
banking institution, no matter how many banks there are in total.

In the stochastic differential equations theory there are weak and strong
solutions depending on whether the solution is adapted to the given filtra-
tion. In the same sense, one could distinguish between weak and strong
MFG solutions. In this case, the term weak refers to the fact that the limit
of the fixed point distribution may not be adapted to the filtration of the
common noise any longer. In this case, one would need to condition the fixed
point distribution with respect to the common noise B and should assume
that the resulting distribution will be independent from the individual noise
that comes from the Wiener processes. In this sense, a weak solution is also
strong when the associate measure flow is measurable with respect to the
common noise B. More on this can be seen in [6].

Mean field game theory seems to still have much potential to evolve,
generalize the existing theory and find more real life applications. We look
forward to what is yet to come!
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