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Abstract

In 1984, R.L. Hudson and D. Applebaum introduced the concept of Fermion diffusions with
one degree of freedom. Here, we generalize that concept and do some computations in order
to find the explicit form of Fermion diffusions with higher degrees of freedom. More precisely,
we study the time evolution of operators acting on antisymmetric Fock spaces that satisfy the
canonical anticommutation relations and that are odd with respect to some Zs-grading. Fur-
thermore, we give a general overview of the stochastic calculus developed in symmetric Fock
spaces with the sole purpose of illustrating the similarities with Fermion stochastic calculus.
The central tools are the commutator and anticommutator operators, the anticommuting
tensor product, the Fermion stochastic integrals, the Fermion Ito formula and the Fermion
uniqueness theorem. We use the Fermion Ito formula to give conditions that Fermion diffu-
sions need to satisfy. With these conditions we find the zero terms of the even coefficients of
Fermion diffusions with three degrees of freedom. The Fermion uniqueness theorem allows
us to know how many generators the C*-algebra generated by the operators satisfying the
canonical anticommutation relations has.

We observe that the number of terms of the coefficients of Fermion diffusions grows more
quickly than the amount of consistency conditions, which leads us to conjecture the impos-
sibility of giving the explicit form of Fermion diffusions with a large number of degrees of
freedom. Finally, we find the zero terms of Fermion diffusions with n-degrees of freedom by
assuming certain conditions on the even and odd coeficients.
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1 Introduction

1.1 On Bosons and Fermions

Currently, the Standard Model of particle physics considers Fermions and Bosons to be the
two most fundamental particles existing in the universe [30]. Fermions are particles with
half-integer spin that obey the Pauli exclusion principle: no two identical Fermions can be
in the same quantum state. Contrarily, Bosons are particles with integer spin that do not
satisfy the Pauli exclusion principle: more than one Boson can occupy the same quantum
stateﬂ Furthermore, Fermions are particles that are, generally speaking, considered to be
matter, such as protons, neutrons, and electrons. On the other hand, intermediate force
carrying particles, are known as Bosons. For example, photons that carry the electromagnetic
force and the pion, that carries the nuclear forceE| Mathematically, we represent Fermions
and Bosons in the antisymmetric and symmetric Fock spaces. The different nature of these
Fock spaces gives rise to two different non-commutative generalizations of stochastic analysis:
Boson and Fermion stochastic calculus.

The inspiration, for non-commutative calculus, comes from quantum mechanics, where
the expected value of the result of an experiment is given by (u, Au), where A is an operator
acting on a Hilbert space H and u is a normalized element of A [1]. This way of measuring
probabilities gave rise to the developement of quantum probabilityﬂ The latter being a non-
commutative generalization of probability theoryﬁ

In this master thesis, we are interested in the similarities between Fermion and Boson
stochastic analysis, and in the concept of Fermion diffusions, which is a quantum analogue of
Ito diffusionsfl

We will be interested in dealing with operators acting on “initial” Hilbert spaces tensored
with Fock spaces, that is:

Ho=ho@Ts(H), Ha=ho@Ta(H).

noise noise
Intuitively, we can view hgy as the Hilbert space for describing the events and observables
concerning a system, plus noise, I's(H) and I',(#) for describing the same objects concerning
a noise process (heat bath). Then Hgand H, can be used to describe events and observables
concerning a system plus noise

1.2 Main results

As previously stated, we will be concerned with two kinds of non-commutative stochastic
calculus: Fermionic and Bosonic. In Section [2] we will introduce the concepts of symmetric
and antisymmetric Fock spaces (Definition , which will help us model the “quantum
noise” of the Fermion and Boson stochastic differential equations, as Brownian motions do in

1See page 144 in [30]. There are 12 elementary particles with half-integer spin and five with integer spin in
the Standard model.

2See paragaph 4 in Chapter 8 of [30].

3See Chapter I in [I].

4In this theory we have a quantum central limit theorem, quantum Gaussians, among other generalizations.
See [9] and [1] for a detailed threatment of this theory, for the basic setting see Appendix

®See in [32] the unification of Fermion and Boson Stochastic Calculus.

6See paragraph 3 and 4 in [I].



stochastic analysis [26]. More precisely, the creation and annihilation operators (Definitions
and ) will help us define quantum Brownian motions (Definition @ Furthermore,
we will introduce the concepts of Fermion and Boson total sets (Definitions [2.17) and [2.37)).
In the Boson case, we prove that the coherent vectors are total (Proposition [2.16]). For both,
Bosons and Fermions, we have Fock exponential properties (Propositions [2.12] and [2.19)),
which allows us to give quantum analogues of filtered probability spaces.

In Section [3] we define the Weyl operators (Definition , present some results (e.g.
Proposition and concepts that are useful to make calculations with the Boson creation,
annihilation and conservation processes (Definition that are fundamental for Boson
stochastic integration in Section

In Sections [4] and [5| we see that as in classical stochastic analysis[26], quantum stochastic
differential equations have a “deterministic” and a “non-deterministic” part. The “determinis-
tic” part is given by a Lebesgue measure and the “non-deterministic” part by some “quantum
noise”. The quantum noise is a quantum analogue of Brownian motions (Definition iZi

In order to define Fermion and Boson stochastic differential equations (Remarks and
we are going to define Fermion and Boson Ito integrals (Definitions and .
Quantum Ito integrals are operators acting on the symmetric and antisymmetric Fock spaces
(Definition , respectively. We conclude both sections by stating non-commutative Ito
formulas (Theorems and [5.41)).

In Section |§| we are concerned with Fermion diffusions (Definition , the C*-algebra
generated by Fermions (Proposition and Theorem and the consistency conditions
(Propositions [6.14] [6.15 and [6.16)). In Section |7| we give the explicit form of Fermion diffusion
with one and two degrees of freedom (Propositions and by finding, with the con-
sistency conditions, the zero terms of the even and odd coefficients of the Fermion diffusions
with one and two degrees of freedom. Additionally, we calculate the zero terms of the even
coefficients of a Fermion diffusion with three degrees of freedom (Proposition. Finally, in
Section [§] we find some general properties of Fermion diffusions by imposing some conditions
on the even and odd coefficients.

1.3 Notes to the reader

This work can be seen as an in-depth study of [3] and as a general overview of Boson stochastic
analysis. In Sections [2] and [5| we give the results and concepts needed for the developement
of [3], which were probably left out due to space concernsﬂ Furthermore, Sections |§| and
can be understood as an extension or generalization of [3]. Let us highlight some of our own
contributions here:

In Section [6| we generalize the concept of Fermion diffusions (Defintion which in [3] was
only defined for Fermions with one degree of freedom. As a result of this generalization, we
obtain consistency conditions for Fermion diffusions with n-degrees of freedom (Propositions
6.14] |6.15| and [6.16)) that allows us to find the zero terms of the even and odd coefficients of
Fermion diffusions.

In Section [7| we extend the results of [3] by calculating the explicit form of Fermion diffusions
with two degrees of freedom (Proposition and find the zero terms of the even coefficients
of Fermion diffusions with three degrees of freedom (Proposition Since the computations

7Although, in the case of Boson stochastic calculus there exists a more general setting, where the deter-
ministic part is given by measures of bounded variation, see Appendix |E| for a short summary of this theory.
8For an in-depth study of [3], Subsubsection can be skipped.



in Sections [0] and [7] are rather lenghty, we often suppress time dependency of the Fermion
operators and the tensored algebraic extension, that is, b;, i € {1, ...,n}, should be understood
as b' () @I 21 o)

For an overview of Boson stochastic calculus, we present some of the main results and concepts
of this theory in Sections and Furthermore, in order to complement this sections we
wrote the Appendices [B.2] [C] and [D], where we present the concepts, results and the notation
required for the developement of this theory. To conclude, we give a short summary of Boson
stochastic integration with measures of bounded variation.

Finally, let us point out that we use some notation without explanation that we consider to be
standard. Nevertheless, the meaning of some notation can be consulted in the list of symbols.

1.4 Acknowledgments

I thank my advisor Professor Massimiliano Gubinelli for the suggestion of this interesting
topic, for his help with the understanding of generall Boson stochastic calculus [E] and some
valuable feedback. I would also like to thank Luigi Borasi for his help to understand Theorem
CAR algebras and his valuable feedbacks. Furthermore, I thank Adolfo Camacho and
Marcus Rockel for proof-reading of this thesis. Finally, I thank my family and friends for
their support.

9For an overview of Boson stochastic calculus, Subsubsection can be skipped.



2 Fock spaces

Fock spaces are used in physics to represent quantum states of a known (or unknown) number
of identical particles, for instance: an electron gas or photonsF—_U] In the context of quantum
stochastic analysis, Fock spaces play the role of quantum probability spacesE] This section
summarizes some results and concepts from [I7] and [J.

2.1 Tensor Products

We introduce the symmetric and antisymmetric tensor products which we will use to define
the Fermion and Boson Fock spaces.

Definition 2.1. Let ‘H be a Hilbert space and let n € N. For any uy,...,u, € H we define the
symmetric tensor product as

1
UL O+ O Up :E Z UU(1)®-..®’LLO-(R),
O'ESn

where Sy, is the group of permutations of {1,...,n}, and we define the antisymmetric tensor
product as

1
UL N N Up = - Z Eolig(1) @« @ Ug(p)
O’GSn
where €, is the signature of the permutation o.

Remark 2.2. Let ‘H be a complex Hilbert space and let n € N. For any integer n > 1 we
denote as

HE" = H®-- @ H
N———

n times

the n-fold tensor product of H. We denote as H'\" the closed subspace of H®™ generated by
the products uy A - -+ A uy, defined in Definition [2.1] and we call it the n-fold antisymmetric
tensor product. Similarily, we denote as H°™" the closed subspace of HE™ generated by the
products uj o - -+ o uy, defined in Definition [2.1] and we call it the n-fold symmetric tensor
product.

Remark 2.3. If n =0 then we put
H®O — H/\O — 7_[00 —_ (C

Definition 2.4. Let H be a Hilbert space. For u;,v; with i,j € {1,...,n}, we define a scalar
product in H\" as

(ur A A, 01 A=+ Aop)a i= Det[((us, v5))ij)-
and we denote it as (-, ). Similarly, we define a scalar product in H°™ as

(U1 O+ O Uy, VL O+ 0Vp)o 1= Per((ui,vﬁ)zj,

10See Paragraph 2 in [17].
Hstrictly speaking we need to give a state, which we do not do, see Definition
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Remark 2.5. From the previous definition we get that
<ulo...oun’ulo...oun>/\ :n!<ulo--.oun’u1O...Oun>®.

Remark 2.6. Per denotes in Definition [2.4 the permanent of a matriz, which is “the deter-
mianant with only positive signs”. Det denotes the determinant of a matriz. For w;,v; € H
with i,j € 1,...,n and H a Hilbert space, ({ui,vj));j denotes the matriz with entries (u;,v;)
with u;, v; € H.

Remark 2.7. The (-,-)x scalar product is different from the one induced by H®", indeed:

1
()2 Z EaEr(Ua(1)s Vr(1)) " * {Uo(n)s Vr(n))
o, 7ESH

— %Det[((ui,vj»ij]‘

(Up A= A, v A= N\ vp) =

2.2 Full, Fermionic and Bosonic Fock spaces

We now introduce the quantum probability spaces in which the Boson and Fermion stochastic
integrals are defined.

Remark 2.8. In the following € is going to denote the direct sum of Hilbert spaces.

Definition 2.9. We call Full Fock Space over H, the space

Ff(H) = é.OBH®”.
n=1

We call symmetric (or Boson) Fock space over H, the space

[e.9]

To(H) == @ Hen.

n=1

We call antisymmetric (or Fermion) Fock space over H, the space

T.(H) == PH",
n=1

where the bar denotes the Hilbert space completion with respect to the inner products (-, )g, {+,)o
and (-, ) a, respectivley.

Remark 2.10. For notational convenience we will drop the bar of the Fock spaces in Defini-
tion[2.9.

Remark 2.11. For T'y(H),Ts(H) and To(H) each H®", H" and H™" have inner products
(-, )@, (-, )o and (-, -)a, respectively. We call 1 € C the vacuum vector and we denote it as
Q. Observe, that by taking H = C we get a simple case of a symmetric Fock space given by
[s(C) = [3(N). If H has finite dimension n then H"N™ = 0 for m > n and thus T'y(H) has
finite dimension, which can be proven to be 2". The symmetric Fock space T's(H) has always
infinite dimension.



In the asymmetric Fock space, we have the following property which we will use repeat-
edely in Sections [5| and @ We will also use it to define Fermion adapted processes (Definition
5.21)).

Proposition 2.12 (Fermion exponential property). Let Hi,Hsa be Hilbert spaces and let
H = H1®Ha. Furthermore, u; € Hi, vj € Ha, 1 <i < n. Then, there exists a unique unitary
isomorphism defined as

U:To(H1®Ha) — La(H1) @ La(Ho)
which satisfies the relations:
U[(m+n)!]%u1/\---/\um/\vl A Aoy = {(m')%ul /\-~-/\um}®{(n!)%v1/\---/\vn}
form=12..n=1,2 .. and
U(2) = Q1 @ Q
Q, Q, Qo being the vacuum vectors in Ty(H), To(H1), Ta(Hsa), respectively.
Proof. See Proposition 19.7 in [1]. O

The following example give us a sort of Fermion “filtered” probability space

Example 2.13. Take H1 = L?([0,t]), Ha = L%([t,0)), and H = L*(R.), then it holds by
the Fermion exponential property that

Pa(L*(R)) 2 Ta(L*([0,2)) ® La(L?([t, o])).

For the Boson exponential property, we first introduce the exponential vectors.

2.3 Total sets

Our purpose now, is to give dense sets, that will help us define the domains of the Boson and
Fermion stochastic integrals in Sections [d] and [B] respectively.

2.3.1 Boson total set

Here, we give a dense subset of the symmetric Fock space which will allows us in Section [4]
to define Boson stochastic integrals.

Definition 2.14. A subset of a Hilbert space ‘H is total if its span is dense in H.

Definition 2.15. Let H be a Hilbert space and let u € H, the coherent vector
(or exponential vector) associated to u is given by

u®d"

e(u) = Z T

so that it holds that

(e(u), e(v)) = exp((u, v))

where (-,-) is the scalar product in T's(H).



Proposition 2.16. The set {e(u) | u € H} of all coherent vectors is linearly independent and
total in Ty(H).

Proof. Let {uj|1 < j < n} be a finite subset of H. The sets E;, = {u | (u,u;) # (u,ug)}
are open and dense in H for j # k, if we take a Cauchy sequence of elements in the set

{u | (u,u;) = (u,ug)} it clearly converges to an element in this set and therefore is this set
closed. By taking ||u|| = 1 and taking a € > 0 we get

e (u, ui — uy)| < ellullllui —u;l] = effus — |
therefore the sets Ej; are dense in H, then there exists a v in H such that the scalars

0; = (v,vj) for 1 < 4,5 < n, where i and j are distinct. Suppose that o, 1 < j < n are
scalars such that

Z ozje(Uj) = 0.
7=1

Then, we have

0= <e(z’u),zai6(’vi)> = Zai exp(z&i)
=1 =1

for all z € C. Since the functions z — exp(z6;) are linearly independent it follows that the o
are all equal to zero, therefore the family of vectors {e(u1), ..., e(uy,)} is linearly independent.
For the rest of the proof see Proposition 19.3 in [1]. O

Definition 2.17. We call the linear span of the exponential vectors the Boson total set
and we denote it £.

A straightforward consequence is the following

Corollary 2.18. If S C H is a dense subset, then the space E(S) generated by the exponential
vectors associated to elements of S is dense in I's(H).

Proof. See Corollary 19.5 in [I]. O

The Propositions and give the theoretical setting for the definition of quantum
adapted processeﬂ Further, this will allows us, roughly speaking, to give a non-commutative
filtred probability space.

Proposition 2.19 (Boson exponential property). Let H,H1 and Ha be Hilbert spaces such
that H = H1 @ Ha,. Then, the mapping from I's(H1 @ Ha) to I's(H1) ® I's(Hz2), defined as

Ue(udv)) = e(u) ® e(v)

with uw € Hy, v € Ha, can be extended to a unitary isomorphism.

12Gee Definition and




Proof. We have, for u,u; € Hy and v,v; € Ha, that

(e(u®v),e(u; ®wvy)) exp( @ v, u; Do)
exp({u, ur) + (v, v1))
(

exp(u, u1) exp(v,v1)
(u

= (e(u), e(u))(e(v), e(v))
(e(u) @ e(v), e(ur) @ e(vr)).
Therefore, the operator U is isometric. Since the coherent vectors are dense in I'y(H), we get

that the set {e(u) ® e(v) | u € Hi, v € Ha} is total in I's(H1) @ I's(Hz), we get that U can be
extended to a unitary operator. O

Example 2.20. Take H; = L?([0,t]), Ha = L?([t,00)), and H = L*(R,.), then it holds by the
Boson exponential property that

Ts(L2(R)) = T(L2([0,1)) @ Ty (L*([t, o¢]))
where L? denotes the square integrable functions.

We will use the following definition in Section [f] to define Boson creation and annihilation
processes Against these processes we will define the Boson stochastic integrals.

Definition 2.21. Let H be a Hilbert space, then for any u € H.:

(i) The Boson creation operator with domain H°" and codomain H°"+Y) is defined as

a*(u)(ug o+ 0oupy) := UO UL+ O Up;

(ii) The Boson annhiliation operator which goes from H°™ to Ho=Y) s defined as

n

a(u)(upo---oup) = Z<u,uz'>mo---0ﬁio--~oun;
i=1

Remark 2.22. Let Qposon, denote the vacuum in Ts(H). Let u be an element of the Hilbert
space ‘H. Then, we observe that the following relations hold:

a*(u)QBoson = u, a(u)QBoson =0,

2.3.2 Fermion total set

Now, we introduce the domain in which the Fermion stochastic integrals are defined. We also
state some results that are important for the developement of the theory of Fermion stochastic
integrals, developed in Section [5 This section summarizes some results and concepts of [3],
[5] and [27].

Definition 2.23. The anticommutator of two operators A and B acting on a Hilbert space
s defined as

{A,B} := AB+ BA.



Definition 2.24. A Fermion system with one degree of freedom is given by a pair of
operators (b, b*(o)) acting on a Hilbert space Ho and satisfying the relations

(O, p Oy =1, O, Oy = (H*O pO = 0,
where I denotes the identity operator acting on C2.

Example 2.25. The operators

o _ (01 of _ (00
b {0 0]’ b [1 0

acting on the Hilbert space C?, satisfy the canonical anticommutation relations.

Definition 2.26. Let H be a Hilbert space and let f — a(f) be a conjugate map from H to
B(H), the bounded operators acting on H. Then, we say that the operators a(f) satisfy the
canonical anticommutation relations, if

{a(f)alg)} = 0, {a(f).al(9)} = (f.9)1, (2.3.1)
for all f,g € H and we call it CAR.
Example 2.27. Take Maz2(C) as the C*—algebrﬂ with tnvolution the conjugate transpose

and consider
1
Yo = (0>

01 . (00
= (0 0) 7= (0)

Then, it clearly holds that ¢ = b*g and 1o form a total set in C?.

and

Remark 2.28. Let f = (f1,...,fn) and H be a Hilbert space, such that f; € H for all
i €{1,....,n}. Then, f/ denotes the omission of the j-th element of f.

We introduce the Fermion creation and annihilation operators, which we will use in Section
to define the Fermion creation and annihilation processes (Definition [5.19). Against the
differentials of these processes we will define the quantum stochastic integrals. We will also
see that the Fermion creation and annihilation operators satisfy CAR.

Definition 2.29. Let H be a Hilbert space, then for any u € H:

(i) The Fermion creation operator with domain H"" and codomain H "' is defined
as

b (u)(ug A+  Aup) := wAug A Aup;

(ii) The Fermion annihilation operator b(u) which goes from H™ to HN"=1 is defined
as
n
blu)(ur A=+ Aun) 1= > (=) (u,u)ug A= Al A+t
i=1
13See in Appendix the definition of a C*-algebra.




where (-,-) denotes the inner product in H and G means that u is to be omitted.

Remark 2.30. Let Qpermion denote the vacuum in Ty (H). Let u be an element of the Hilbert
space ‘H. Then, we observe that the following relations hold:

b(u)QFermion = 0, b*(u)QFermion = u.
Proposition 2.31. The operator a*(u) is the adjoint of a(u)
Proof. See Proposition 8.15 in [17] O

Remark 2.32. The Proposition allows us to interchange the symbol * with the adjoint
symbol t in Definition [2.29.

Example 2.33. If H = L*(RY), then the Boson and Fermion spaces consists of sequences
{¢(n)}n20 of functions of n variables x; € RY which are totally symmetric (+sign) or totally
antisymmetric (—sign). The action of the annihilation and creation operators is given by

(@ () ) = (14 DY [ F@ @1 )
(@ (1)) D (1, oy z) = 072 Y (FD) T (@) (@1, o, By e 2),
1=1
where &; denotes that the i-th variable is to be omittedE

Proposition 2.34. The Fermion creation and annihilation operators satisfy the canonical
anticommutation relations.

Proof. See Proposition 23.4 in [1]. O

Definition 2.35. Let H be a Hilbert space and let A : H — H be an operator, let V' be a
vector subspace of H, then we say that V is invariant under A if A(V) C V.

Definition 2.36. A set M, of bounded operators, on a Hilbert space H, is defined to be
irreducible, if the only closed subspaces of H which are invariant under the action of M,
are the trivial subspaces {0} and HE

The following proposition will allows us to define a domain for the Fermion stochastic
integrals in Section

Proposition 2.37. Let H be a Hilbert space, consider the Fermion creation and annihilation
operators and consider a unit vector 1y € H such that a(f)io =0 for all f € H, then the set
of vectors

wm(flw--afm) = aT(fm)'” aT(f1)1/107
withm = 0,1,2, ..., f1, ..., fm € H, is total in Tu(H).

Proof. See in [27]. O

1Gee in [27] for more details on this example
15See 2.3.7 in [28].

10



Remark 2.38. For each m € N, we call the vectors of the previous proposition Fermion
total vectors and the set ot these vectors the Fermion total set.

Proposition 2.39. Let H be a Hilbert space, T'y(H) the Fermion Fock space, f,g € H, a(f)
and a*(g) the corresponding annihilation and creation operators on T'q(H). It follows that

(i) lla(H)ll = 11£1= lla* ()]
(ii) If @ = (1,0,0,...) and {f.} is an orthonormal basis of H, then
i (f1y s fm) = al(fm) - @’ (f1)0
is an orthonormal basis of I'q(h) when {f1,..., fm} Tuns over the finite subsets of {fa}.
(iii) The set of bounded operators {a(f),a*(g) : f,g € h} is irreducible on Tq(h).

Proof. Since the Fermion creation and annihilation operators satisfy CAR, for f € H, it
follows that

a*(f)a*(f)a(f)a(f) = 0. (2.3.2)

Therefore,

Hence, we have

la(HI* = llaHlllalHllalF)Half)l
= la*(Hlllla(HIla” Al
= lla*(NalN la*(f)a(f)]]

= [[(a*(N)al(f)?]
11 la (Fa(f)]
= I IPllalHI.
Since a(f) # 0, if and only if f # 0, it follows that
la(H)1*= II£1”
and then
la(HI = NI£1-
For the rest of the proof see Proposition 5.22 in [27]. O

11



Remark 2.40. The first statement of Proposition implies that the Fermion creation and
annihilation operators are bounded.

The following result is a formula for the Fermion total vectors, which we need for
the developement of the theory of Fermion stochastic integration. Specifically, to find the
“differential” rules given in Remark

Proposition 2.41. Let H be a Hilbert space, let a(f) be operators that satisfy CAR with
f €H, and let ¥y € H be a unit vector such that

for all g € H. Then, for fized fi,..., fm € H, it holds that

a(@)m(f) = Y (=D g, [} bm-1(f),

M

Il
—

J

where (-,-) denotes the inner product in H, f = (f1,...fm) and where
Um(frs oo fn) = 0 (fn) - al (fr)udo, (2.3.3)
Form=1,2,...

Proof. We prove the equality by induction in m.
For the case m = 2, we infer from

that

a(g)a (f2)at (f)do ZZ ((g, o) I — al (f2)a(g))alf1)vo

= (g, f)al (fi)o — al (F2)a(g)alfr)vo
— (g, fo)al (f1)vo — a(f2) (g, 1) — al (f1)alg))e
“2% (g, fo)al (f1)wo — al (f2) (g, fi)vo + al (f2)al (f1)a(g)vo
2y, F2)al (f1)vo — a'(f2){g, f1)v0

2
= > (=D g, f)en(f)

j=1

assume that the equality holds for m = n, that is
= (=1 g, f)n-1(F). (2.34)

J=1

By the anticommutation relations we have

a(g)al (fas1) - al ()0 = ({9, far1)] — a' (fas1)alg))al () -+ al (f1)ebo

12



which by hypothesis of induction is equal to

n

(g, far1))a (fa) -+ a¥(f1)tho = al (fas1) (Z )" (g, £5)n- 1(f7))
7j=1

n

2L (g, farn)al (Fa) ol ()0 — D (1" (g, £5)0n(F)

j=1

= (9. far1)a (fn) -+ dl(H 7/10+Z D" g, f)en(f7)

EBZ:S] <g fn-‘rl wn fn+1 +Z n+1 J g7fj %(fj)
7j=1

n+1

= (=1)" g, f)on(f7)

1

+

<.
Il

which proves the statement.
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3 Weyl operators

The Weyl operators allow us to define the creation and annihilation operators and the results
given here help to simplify computations related to these operators. For a review of basic
operator theory and Stone’s theorem see Appendices and [C] respectively. This section
summarizes some results and concepts of chapter 20 of [I].

Definition 3.1. Let H be a Hilbert space and u,v € H. For a unitary operator U acting H,
we define the action of the pair (u,U) as

(u,U)v :=Uv + u.
Further, we will denote as U(H) the set of all unitary operators acting on a Hilbert space H.

Remark 3.2. Since U is a unitary operator the inverse of this pair is well defined and it is
given by

(=U Y, U1,
Remark 3.3. We observe that for uy,us,v € H and Uy, Uy € U(H) it holds
(ur, Un)(uz, Us)o ' (g, U1) (Uav + o)

= U1Usv + Ujusg + uq

B

= ((u1 + U1UQ), UlUg)v
and therefore we have the composition for the pairs (u;,U;),j = 1,2,

(ul, Ul)(UQ, UQ) = (ul + Uqus, U1U2). (3.0.1)

Definition 3.4. For a pair (u,U), withu € H and U € U(H), the associated Weyl operator
s given by

W (u, U)e(v) = exp<—;||u”2 ~ Uv>>e(Uv +u), (3.0.2)

for all v in H.

Remark 3.5. The Weyl operators have as domain the finite linear combinations of the
exponential vectors.

Proposition 3.6. Let H be a Hilbert space, U € U(H) and u,v1,v2 € H. Then, the Weyl

operators are unitary.

Proof.

(W(u,U)e(vy), W(u,U)e(va))

= (exp {—[lull/2 — (U1, u)} e(Uvr + u),exp{~[lull /2 — (u,Uva) }e(Uvz + u))

exp{—|lul| = (u, Uvi) — (u, Uva) }{e(Uv1 + u),e(Uva + u))
exp{—|lul| = (u, Uvi) — (u, Uve) } exp(Uv1 + u, Uva + u)
= exp{(Uv1,Uv9)}

exp{(v1, v2)}

=" (e(v1),e(v2)).

-
g
=8

3
]
3
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Therefore, since the coherent vectors are total, we can extend the Weyl operators to an
isometry. Now, we prove that they are invertible

W (U, u)W(U*, —=U*u)e(v)

exp(—(=U*u, —U*u) /2 — (—=U u, U*0) )W (U,u)e(U*v — U*u)
=02 exp(—(=U*u, —U*u)/2 — (—=U"u,U™v)) exp(—||uH /2 — (u,v — u>)e(v —u+u)
= exp(—(U*u,—U*u)/2 + (U*u,U*v) — (u,u)/2 — (u,v))e(v)
= exp(—(U*u, =U*u)/2 + (U u, U*v) — (u,u)/2 — (u,v — u))e(v)
= exp(—(u,u)/2 + (u,v) — (u,u)/2 + (u,u) — (u,v))e(v)
= e(v).
Thus, the Weyl operators are invertible and hence unitary. ]

Proposition 3.7. Given a Hilbert space H, ui,us € H and two unitary operators Uy, Us
acting on the Hilbert space H, it follows that

W(ul, Ul)W(UQ, UQ) == exp(—i Im(ul, U1UQ>)W((U1, Ul)(’LLQ, Ug))

Proof. We have that

*
112
¥

W (w1, Up)W (uz, Us)e(v) W (uy,Ur) exp(—;Hqu2 — (ug, U2’U>> e(Uav + ug)

cJ
112
¥

1
exp (g lualP (2, Uov)

exp(—;Hulﬂz — {ur, Uy (Uzo + uz)>>
e (U1(Uav + ug) +u1) .
On the other side, we have that
i Im (uq, Uyug)) W((uy + Urug, U Uz))e(v)

exp (— (
=7 exp(—iIm(uy, Uyug)) exp(—(u1 + Urug, U1Usv))e(U1Ugv + uy + Uyug)
exp(—

1 1
i Im(uq, Uyug)) exp< 5 (ug,u1) )exp<—2<u1,Uluz>>

1 1
exp<—<U1u2,u1 )exp< 3 U1u2,U1u2>>
—(

2
exp(—(uy, U1Usv)) exp(—(Urug, U1 Ugv))

e(U1(Uav 4 ug) + uq)

_ exp(—|ru1\\2—rru2u)

exp(—(uy, Uyus)) exp(—{(uy, UyUsv) — (Uyug, U1Usv)
e(U1(Uav 4 ug) + up)

and therefore the equality holds. O
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Remark 3.8. From Proposition we know that the linear manifold generated by {e(u) |
u € H} is a dense subset of I'q(H) and we denote this set as E(H) = €£.

Definition 3.9. We call the operator
rU) = W(,0)
with domain € and U € U(H) the second quantization of U.

Additionally, by denoting

we get the following proposition
Proposition 3.10. Foru € H and U € U(H), it holds that
(i) W)W (v) = exp(—i Tm{u, o)W (u +v),
(i6) W)W () = W (o)W (u) {exp(—2i Tm(u, v))},
(iii) TWIT(V) = T(UV),
(iv) TOW L)~ = W(Uu),
(v) W(sw)W(tu) = W((EFD)u), st €R.
Proof. Tt holds that
W, W (0, 1) 22 exp(—iTm(uy, us) W ((ur, I)(usz, I))
exp(—i Tm({ur, u)) W (u + sz, T)

the rest of the equalities follow similarily. O

Remark 3.11. The last equality of Proposition [3.10 implies that every u € H yields a one-
parameter unitary gmuﬂ {W(tu) | t € R}E and hence by Stone’s theorenﬁ we have that

W (tu) = exp(—itp(u)),
t € R,u € H, where p(u) is an observable (a self-adjoint operator).

Definition 3.12. From the third equality of Proposition we infer that for each one-
parameter unitary group Uy = exp(—itH) in H corresponds a one parameter unitary group
{T'(Ty) | t € R} in T's(H). We denote its Stone generator by A(H) so that we have from
Stone’s theorem that

[(exp(—itH)) = exp(—it\(H)),

where t € R. We call the self-adjoint opemtmm A H) with domain described by the
differential second quantization of H.

16See Definition

17See in [I] for more details on Weyl operators and Stone generators.
18See the domain in

19See Definitions and
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The proofs of the following propositions use, as in the previous cases, the definition of
coherent vectors, the Weyl operators and Stone’s theorem. They give us useful formulas
for the creation and annihilation operators that are used for the developement of the Boson
stochatic integration.

Proposition 3.13. The self-adjoint operators p(u) and A(H) obey the following relations:
(1) [p(u),p(v)]e(w) = 2iIm(u, v)e(w) for all u,v,w € H;

(ii) i[p(u), \(H)]e(v) = —p(iHu)e(v) for all u,v € D(H?);

(iii) For any two bounded observables Hy, Ho € H and v € H

IA(CHL), A(H)Je(v) = A([H, Ho])e(v).

Proof. See Theorem 20.10 in [I]. O

For the next propostion we write

q(u) = —p(iu),

a(w) = 5(aw) + ipw)

al(u) = 5 (aw) — ip(u).
Proposition 3.14. For any 1,2, v¥3 € £, the following relations hold:

(1) a(u)e(v) = (u,v)e(v);

(i) (al(w)er, v2) = (Y1, alu));
) (AT(H )1, 102) = (1, A(H )tha);
)

(iv) The restrictions of a(u) and af(u) to € are respectively antilinear and linear in the
variable u. The restriction of A\(H) to £ is linear in the variable H;

(iii

Y = <U,U>Q/)7
([H1, Ha])9,
H)[Y = a(H")Y,

Proof. See Propoosition 20.12 in [1]. O

Proposition 3.15. The operators a'(u), u € H and A(H),H € B(H) obey the following
relations

(i) (e(v), A(H)e(w)) = (v, Hw) exp((v, w));
(i) (af(u)e(v), a’(uz)e(w)) = {(ur, w){v, uz) + {ur, uz) } exp((v, w));

17



(iii) (A(Hy)e(v), \(H2)e(w)) = {{Hyv, w){v, How) + (H1v, How) } exp((v, w)),
(iv) (! (o), A(Ee(w)) = {{u, w)(v, Hu) + (u, o)} exp((v, w))
Proof. See Proposition 20.13 in [I]. O

The following proposition is useful when proving the statements of Boson stochastic integra-
tion in Chapter

Proposition 3.16. The operator af(u), with u € H, satisfies

d
al(we(v) = —e(v + tu)
dt t=0
Proof. See Proposition 20.14 in [I]. O

Definition 3.17. Let ‘H be a Hilbert space, let f, g € H, then in the domain £ we define the
operators

exp (a(f)) elg) : = exp((f, 9))e(g).
exp (af(1)) elg) : = e(g + /).

Proposition 3.18. In the domain &, the Weyl operators W (u,U) admits the factorization

W (u, U) = exp(—;HuH2> exp(at (1)) T(U) exp (~a(Uw))

forallue H, U e U(H).

Proof. See Proposition 20.15 in [I]. O
And we see that we have the following definition

Definition 3.19. We call \(H) the conservation operator associated with H.

Remark 3.20. a(u), af (u) are the creation and annihilation operators associated with .

18



4 Boson stochastic integration

Now we define Boson stochastic integrals with respect to creation, annihilation and conserva-
tion processes, which will allow us to define Boson stochastic differential equations. Finally,
we will give a Boson Ito formula.

Here, we give a non-commutative generalization of stochastic analysis. The similarities
between Fermion and Boson stochastic calculus are quite interestingF_U] We will like to point
out that, the similarity between the Bosonic and Fermionic theory is more clear following the
presentations of [5] and [8] rather than the more general presentation of Bosons given in [I]
(see Appendix [E).

Due to the length of the proofs of this theory, we skip most of them. Most of the results,
concepts and proofs of this section can be found in [8], as this section is based on [g].

Remark 4.1. We denote the algebraic tensor product of vector spaces Hi, Ho as H1Q@Ha,
if they are Hilbert spaces, H1 ® Ha denotes the Hilbert space completion.

Definition 4.2. Let T be an operator, H a Hilbert space and T defined on the dense subset D
of H. Then, the operator with domain DRH defined on the product vectors as u®@y — Tu®y
is called the ampliation of T to DQH.

Remark 4.3. For a Hilbert space h we shall denote by B(h) the *-algebra of bounded operators
on the Hilbert space h.

4.1 Operator-valued processes

As in the classical case, we first define Boson stochastic integrals for simple functions and
then we extend it to more general functions. We will denote by H a Hilbert space.

We denote by h, hy and h; the Hilbert spaces L%_l [0, 00), L%_[ [0,t] and L%_[ (t,00), respectively,
of square integrable measurable vector-valued functions taking values in H. Furthermore, we
will introduce Boson adapted processes.

Remark 4.4. By applying the Boson exponential property[2.19 to
h = hy @ hy
we make the identification
[y (hy) ® T (hy) = Ts(h)
in which for each exponential vector e(f), f € h, we have
e(f) =e(fy) ®@e(fi)
where fy and f|; are the components of f in hy and hj, respectively. We denote as € (ht]) and

& (h[t) the dense subspaces of I‘S(ht]) and Iy (h[t) , respectively, spanned by the exponential
vectors.

208ee [37].

19



Remark 4.5. The operator-valued processes in which we are interested act in the tensor
product

H = ho @ Ts(h) (4.1.1)

of I's(h) with the Hilbert space hy called the “initial space”. Furthermore, we denote as

—_~—

Ls(hy) == ho @ T (hy)

so that

P

Ls(h) =T (hy) @ T (hy)-

The following lemma is needed to prove Proposition .7, which is a generalization of
Proposition [2.16]

Lemma 4.6. Let ‘H be a finite dimensional Hilbert space, let y1,...yn € H be linearly inde-
pendent and x1, ..., xn, € H, and assume that

n
=1

then it holds that v1 = x9 = ... =z, = 0.
Proof. See Propostion 1, page 2 in [31]. O

Proposition 4.7. Let uy, ..., u, be nonzero elements of hg, a finite dimensional Hilbert space,
and let fy,, .., fn be distinct elements of h. Thus, the vectors ui®e(f1), ua®e(f2), ..., un®e(frn)

are linearly independent in T's(h).

Proof. From Proposition we know that {e(f;) | fi € H,i € {1,...,n}} is linearly indepen-
dent, let uy,...,u, € H and assume that there exists ay, ..., a, € C, such that

D ailui @e(fs) = Y (i @ e(f;)) = 0. (4.1.2)
=0

=0

where the equality in (£.1.2) holds by the definition of tensor products. Then, by Lemma[4.6]
it follows

a;u; =0,
i € {1,...,n} and since the u; are different from zero we get
a; =0,
i € {1,...,n}, which implies
{u; @e(f;) | wi, fi € H,i€{1,...,n}}

is linearly independent. O
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Definition 4.8. Let S C h be a real linear mam’folcﬂ closed under all the projections f — fy,
t > 0 and such that S+ 1S is dense. We call such S an admissible subspace and denote by
&y the dense subspaces of Fs(hﬂ) spanned by the exponential vectors e(ft]), respectively, with
fes.

Definition 4.9. Let S C h be an admissible subspace and D a linear manifold in hg. Let

F = (F(t):t>0) be a family of operators in I's(h) such that for arbitrary t > 0, F(t) is the

ampliation to DRERTs(hy) of an operator in U's(hy)) with domain D @ &y. Then, F is called
a Boson adapted process based on (D, S).

Example 4.10. By putting I = {I(t) : t 2 0}, with I(t) = In,er,w,) ® I, (), we have that
the identity operator is a Boson adapted process.

—_

Remark 4.11. A family F = (F(t) : t > 0) of bounded operators on I's(h) determines a
Boson adapted process based on (D, S) by restricting the domain of each F(t) to DREYRTs(hy)

P

if and only if each F(t) belongs to B(I's(hy))®1. The Boson adapted processes based on (D, S)
form a complex vector space which we denote by U(D, S).

4.2 Stochastic integrals

We now define non-commutative stochastic integrals for simple processes and then we extend
the definition to locally square integrable processes.

Definition 4.12. We call F € U(D, S) simple if there exists an increasing sequence t,,n =
0,1,... with ty and t, — oo as n —> oo such that

o0
F=> Fulp, i)
n=0

where F,, = F(t,), to be continuous if for each w € D and f € S the map t — F(H)u®e(f)

P

is strongly continuous from [0,00) to I's(h), and to be locally square integrable if each such
map is strongly measumbl@ and satisfies

/0 IF(s)u® e(f)] ds < oo,

for all t > 0.

Remark 4.13. We will denote as Uy(D, S), U.(D, S), and L*(D, S) the subspaces of U(D, S)

of simple, continuous and locally square integrable processes. It holds
U.(D,S) c L*(D, S).

The following proposition allows us to extend the definition of the stochastic integrals to
locally square integrable processes

21See Definition
*?See Definition [5.24
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Proposition 4.14. Let F € L?(D,S). Then, there exists a sequence F) on =12 .. of
simple processes such that for eacht >0, u € D, and f € S,

lim /Ot H(F(s) —FO(s)ue e(f)H2 ds = 0,

n—0o0

Proof. See Proposition 3.2 in [§]. O

Definition 4.15. Let L;’f’lOC[O, o0) denote the locally bounded measurable vector-valued
functions from [0, 00) into H, let IT be an element of the space Lz,o(’l;)c [0, 00) of locally bounded

measurable functions from [0,00) into the Banach space B(H). Let f, g € L:’ZOC[O, 0), then
for eacht >0, fy = flipy and g = gljgy € h, and Il = 111y, are elements of B(h) acting

pointwise on h. Then, we call the ampliations in Ts(h) = hog @ Ts(h) of

Ap(t) =b(fe),  Aft) =b(g),  An(t) = AMIL),
the annthilation, creation, and gauge processes, of strengths f,g and I, respectively.
Proposition 4.16. Ay, AL,AH are continuous, hence locally square integrable.
Proof. See Proposition 4.1 in [§]. O
Definition 4.17. Let E, F,G,H € Uy(D, S), so that we may write

[o.@] oo [e.@] oo
E = ZEnl[tn7tn+1)? F = ZFnl[tn,tn+l)7 G = ZGnl[tn,tn+l)7 H = Z‘Hnl[tn7tn+1)7
n=0

where 0 = tg < t1 < tg < ... < tp, — 00 as n tends to infinity. The family of operators
M = (M(t):t >0), with domain D® S defined by

M) = o0,
M(t) = M(ty)+ En(An(t) — Atn)) + Fy (Ap(t) — Af(tn)) +
G (A}(0) — YD) + Halt — 1),

for t, <t < tpi1, is called the Boson stochastic integral of (E, F,G, H) with respect to
Am, Ay, Ay and Lebesgue measure, and denoted by

t
M(t) = / (EdAH + FdA; + GAA] + Hds) + M(0).
0

Theorem 4.18. Let E, F,G,h € Uyp,s), and let M be their Boson stochastic integral.
Then, for arbitrary w € hg, l € h,ve D, de S, andt = 0,

(u@e(l), Mt @e(d) = /0 (u®e(l),{{l(s), T(s)l(s))nE(s) + (f(s),d(s)))nF(s)+
(1(s), 9(8))uG(s) + H(s)}v @ e(d))ds.

Proof. See Theorem 4.1 in [§]. O
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Theorem 4.19. Let E, F,G,H € Uy(D, S), and let M be their Boson stochastic integral. Let
0=s<t,¥p€ls(hy), ueh, s€S, andv € D. Then,

(Y @e(ug), (M(t) — M(s))v ® e(s))
= / (¥ @ e(us ) { {u(r), I(r)o(r)nE(r) +

(F(r), v uk(r) + (u(r), g(r))nG(r) + H(r)}d @ e(s))dr.
Proof. See Theorem 4.2 in [§]. O

Theorem 4.20. Let E,F,G,H € Uy(D,S), E',F',G',H' € Uy(D', "), such that
t
M(t) = / (EdAH+FdAf+GdA;+HdS),
0
t
M (1) = / (B'dan + F'dAp + G'dal, + 1'ds)
0
Then, for allu € D,u' € D',h e S, € S, and t > 0,
(M(t)u® e(h), M'(t)u' @ e(R))
- / (M (s)u @ e(h), [(h(s). IV ()0 ()32 (5) +
F(8), W (8)) 2 F'(5) + (h(s), g ())uG'(s) + H'(s)]u @ e(R'))+
)

<[< '(s), (s)h()n E(s) + (f(s), h(s))nF (s)+
(F'(s),9(8))nG(s) + H(s)lu @ e(h), M'(s)u’ @ e(h))+
((s)h(s) @ E(s)u® e(h) + g(s) @ G(s)u @ e(h),

() (s) @ E'(s)u’ @ €'(h) + ¢'(s) ® G'(s)u' @ e(W))yer. (n) }ds.
Proof. See Theorem 4.3 in [§]. O
Corollary 4.21. Suppose that S consists of locally bounded functions, so that

a(T) = sup max{[{h(s), [1(s)h(s))nl, [(f(s5), h(s))nl,

0=s=T

[(R(s), ()l IT(s) ()13 119 (s) 17}
1s finite for each T > 0. Then, for T >0 and 0 <t < T,
T
IM(tue®)|? £ 6a(T)? /0 exp(t — s){||E(S)u @ e(h)[|*+]| F(s)u @ e(h)|*+

IG(s)u @ e(h)|*+|[H (s)u @ e(h)||*}ds.
Proof. See Corollary 1 in [§]. O

Corollary 4.22. Under the hypothesis of Corollary for 0 < s<t<T,

1M (1) = M()uwem)|* = 6(T) / exp(t — $){[| E(r)u ® e(h)[*+ [ F(r)u ® e(h)[*}+
IG(r)u @ e(h)|P+1H (r)u @ e(h)[|*}dr.
In particular M is continuous and thus M € L*(D, S).
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Proof. See Corollary 2 in [g]. O

Theorem 4.23. Provided that S, S’ consists of locally bounded functions, the Theorems
and remain valid for locally square integrable integrands.

Proof. See Theorem 4.4 in [§]. O
Remark 4.24. We use the diferential notation
dM = EdAp + FdAy + GdAl + Hadt, (4.2.1)

to mean that M is a process in L*(D,S) (where S consists of locally bounded functions) such
that for all t 2 0,

t
M(t) — M(0) = / (EdAH + FdAj; + GdA] + Hds) :
0

where E, F,G,H € L*(D, S).

Remark 4.25. For a fizred admissible subspace S consisting of locally bounded functions, we
denote by C(S) the set of all processes M € U(ho, S) satisfying

IMEu@em)|* = /0 {2Re(M (s)(M (s)u @ e(h), [(h(s), 11(s)h(s))n E(s)+
(f(8), h(s))2F (s) + (h(s), 9(s))nG(s) + H(s)lu @ e(h))+
ITI(s)h(s) © E(s)u @ e(h) + g(s) © G(s)u @ e(h)||*}ds,

for some E, F,G, H € U.(hg, S), and some f,g € LtOO’lOC[O7 o0) and I € L%%T)C[O, o0) such that
for allt > 0,

sup max{[|M (s)|, [[E(s)l[, [IGs)I[, [|1H ()]} < oc.

0<s<t

4.3 Boson Ito formula

We give a non-commutative generalization of Ito’s formula. We denote by M(S) the linear

span of C(S).
Theorem 4.26. M is an algebra, in which multiplication is given by
d(MM') = MdM' 4+ (AM)M' + dMdM’,
for M, M" € C(S), where M satisfies equation ([4.2.1)), (AM)M’ is given by
(dM)M' = EM'dAp + FM'dAf + GM’dA; + HM'dt,
that is, the differentials dAH,dAf,dAL, and dt commute with the Boson adapted process M’,

and dAMdM' is evaluated by combining this with extension by bilinearity of the multiplication
rules
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dAg  dAgp dAl, dt
dAg dApm 0 dAjy,, 0
dA; dAl, 0 (f(t).g(®)dt 0
aal o 0 0 0
dt 0 0 0 0

Proof. See Theorem 4.5 in [§].
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5 Fermionic stochastic integration

Here, we provide the concepts and results needed to define Fermion diffusions in the next
chapter. That is, we will define Fermion adapted processes, Fermion stochastic integrals and
give a Fermion Ito formula. Futhermore, we will use the theory of this chapter to prove the
consistency conditions which will allows us to find the coefficients of Fermion diffusions with
one, two and three degrees of freedom.

It is worth mentioning, that according to [I] there does not seem to exist analogues of
Weyl operators for the asymmetric Fock space. This apparent disadvantage does not seem to
make the Fermion stochastic calculus much more difficult to define than the Bosonic calculus.
This section summarizes, primarily, results and concepts from [5].

5.1 Zs-graded Hilbert space

We introduce the concept of Hilbert graded space, since we are interested in grading the
antisymmetric Fock space in order to define even and odd operators. As we will see later in
Definition Fermions are assumed to be odd operators and hence the importance of this
section which is one of the main differences between the theory of Boson stochastic integration
and Fermion stochastic integration.

Definition 5.1. A Zy-graded Hilbert space is a Hilbert space direct sum H = Hy © H_,
where Hy, H_ are called the even and odd subspaces, respectively. We say that T € B(H), is
even if THy CHy and TH_ CH_. We say that it is odd if TH, CH_ and TH_ C H,.
Here B(H) denotes the bounded operators acting on H.

Remark 5.2. Let H be a Hilbert space, let H = H1BHo, letT1, T, S1, So : H — H operators,
such that Th,T> are even and S1, SS9 are odd, with respect to this grading. Then, it holds that
T\ T, is even, 1151 is odd and S1S2 even (assuming that the products are well defined). We
shall refer to this properties as the parity property.

We now give some examples of this important concept

Example 5.3. We grade the bounded operators B(H) in the following way
B(H) = B(H)odd S2] B(H)even~

Here B(H)odqa and B(H)even denote the odd and even operators with respect to a Za-grading
of the Hilbert space H.

Example 5.4. If we let H = L?[0,00). Denote, exactly as in the Boson case, Hy and Hy
the Hilbert spaces L2[0,t] and L%(t,00), and by Yoy and Yoy their respective vacuum vectors.
Then, we have the decomposition

H="HyDHp
and the vacuum in the Fock space has the form
Yo = oy @ Yoy

Example 5.5. From the previous example we have by the Fermion Exponential Property that
Lo (L2(RY)) is isomorphic to To(L?[0,t)) @ To(L2[t, o0)).
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Example 5.6. We grade the antisymmetric Fock space over a Hilbert space H

FQ(H) — é H/\Qi @ éfH/\Qiﬁ-l.
i=0 =0

Remark 5.7. Under the previous Zo-grading the Fermion creation and annhilitation opera-
tors are odd operators.

Example 5.8. In the case that the Hilbert space is given by C? we can grade it in the following

way
C? = span (é) + span <(1)> .

5.2 Operator-Valued Processes

Now we introduce the Fermion annihilation and creation processes, which are odd processes
with respect to some Zy - grading. Let a(f) and af(f) with f € L?(R*) be the annihilation
and creation operators in the Fermion Fock space I',L?(R") .

Definition 5.9. Let H be a Hilbert space. Then, we call a set the closed linear span of a
set of vectors, the smallest closed set containing the linear span of the vectors.

Remark 5.10. We denote by €, £ and E_, respectively, the closed spans of the Fermion
total vectors

U (f1, s fn) = al (fm) -0’ (f1)2b0, (5.2.1)

with f1,..., fm € h, and m € N, even and odd, respectively. We know from Proposition 77
that for m unrestricted £ is a dense set in H. In this way we have the Zs-gradding

E=ELBE_.
Further, we denote
&, &

the algebraic span of the vectors (5.2.1) for arbitrary m € N in Hy, Hy, respectively. With
&+ and E we mean the algebraic spans of the vectors (5.2.1) in Hy), Hy;, respectively, with
m even and odd, respectively. Then, fort =0

E=E®8, & =& Q8- +&1-Q—, &€ =& Q8 @ E-RE4,

where, as in the previous chapter, ® denotes the algebraic tensor product. We are inter-
ested in operator-valued processes which live in the tensor product

ho @ H
of H with the Hilbert space hy which we call the initial space. We denote
H=ho®H, Hy=ho@Hg &=ho®E, & =ho®E&.
Then, for each t 2 0,
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Remark 5.11. We shall assume that hg is Za-graded, with even and odd subspaces ho+, and
we will denote by 6 the parity operator that is the self-adjoint unitary operator which is I
on hoy and —I on hgo—. Then, H s Zao-graded by

7:2_1_ =hot @ Hy +ho- H_, z:ho+®7{_ + ho— ® H,
and also,
£ = hoy®EL + ho_®E_, E_ = hor®E_ + ho_®E4,
&+ = ho+ @&y + ho-R&y—, &— = ho+®&)— + ho-R&y.
Definition 5.12. We say that an operator T in 7/{;] with domain :5'\,5 is even if Tgﬂi C ﬁt]i
and odd if T &gz C Hy.

Remark 5.13. Fvery operator T in 7—~lt} with domain g’ﬂ can then be decomposed uniquely
into the sum T =14 +T_ of even and odd parts.

Remark 5.14. We denote the parity of vectors and operators by the function § which is 0
on even elements and 1 on odd elements.

We will use the following definition to prove the consistency conditions and some proper-
ties of Fermion diffusions in the following chapter. Particularily, with it, we will define the
fundamental processes, which are given by Definition Furthermore, it will also allows us
to introduce the importat concept of algebraic ampliation, which will help us define adapted
processes and later in Section [6] the concept of Fermion diffusions.

Definition 5.15. We call ® the anticommuting tensor product of operators defined as
follows, if S € B(Hy), T € B(Hy), ¥ € Hy and ¢ € Hp. Then, assuming T' and v have
definite parity

SRTY @ ¢ := (—1)° MW gy @ T,

Definition 5.16. If S is a bounded operator on ”H[t, its ampliation to Ht] @ Hy is the
bounded operator IS on H. If T is not necessarily a bounded operator in ’Ht], with domain

€t], we define its algebraic ampliation to be the operator in H with domain 5t]—@7'l[t which
acts on products vectors

TRIY @ ¢ =Ty R ¢

with ¥ € (‘,N’t], ¢ € Hy. If T is of definite parity and S € B(Hy,) is of definite parity, then as
operators on g’t],@’H[t,

(T&1) (I8S) = (-1)°T0S) (18S) (TRI) . (5.2.2)
Remark 5.17. For each f € H we have that f = fy @ fi with fiy € H}y and fy € Hy,

a(f) = a(fy)®I + I&a(fi).

Definition 5.18. Two densely defined operators are mutually adjoint if each is contained
in the adjoint of the other.
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Definition 5.19. The Fermion annihilation and creation processes are the mutually
adjoint processes A and At defined by

A(t) = I®a(lpy), Al(t) =I1®a'(1jy),
where, t 2 0, a(-) and a'(-) are the Fermion annihilation and creation operators.

Proposition 5.20. The Fermion annihilation and creation processes are odd and they are
continuous.

Proof. See page 477 in [5]. O

5.3 Fermion Adapted processes

Here, we give, as in the Boson case, the concept of non-commutative adapted processes in
the asymmetric Fock space, which we will use to define Fermion diffusions.

Definition 5.21. A Fermion adapted process is a family F' = (F(t) : t > 0) of operators
in ho @ To(L?(Ry)) such that

(i) for each t = 0, F(t) is the algebraic ampliation to g}]@H[t of an operator in ﬁt] with

domain g’ﬂ,

(ii) there is a family FT = (FT(t) : t 2 0) also satisfying the first condition such that each
Fi(t) is adjoint to F(t).

Example 5.22. By putting I = {I(t) : t > 0}, with I(t) = Tho@Ta(y) ® Ir,ay), we have
that the identity operator is a Fermion adapted process.

Remark 5.23. F' is a Fermion adapted process called the adjoint process to F. We denote
by A the complex linear space of all Fermion adapted processes and by Ay, A. and L'°° the
subspaces of A of simple, continuous and locally square integrable processes, respectively.
Clearly, Ao, Ac € L2, ..

Definition 5.24. Let f be a function on a measure space (X, A, i), taking values in a Banach
space E, where A is a o-algebra on the set X. Then, f is called strongly measurable if and
only if there is a sequence of functions fy, so that f,(x) — f(z) in norm for a.e. x € X and
each fn takes only finitely many values, each value taken on a set in A.

5.4 Fermion stochastic integrals

Here, we introduce another non-commutative generalization of stochastic integrals by first
defining them for simply processes and then extending the definition to a larger set of func-
tions. This extension will allows us to define Fermion diffusions in Definition [6.3l As in the
classical case, we start by defining the stochastic integrals for a smaller set of functions and
then we extend it to a larger collection of functions.
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5.4.1 Simple processes

We will first define stochastic integrals for simple processes.

Definition 5.25. A Fermion adapted process F' is simple if there exists an increasing se-
quence tp,r = 0,1,2, ... with ty and t, — 00 as r — 0o such that F = Y 2, Frly, i00)s
continuous if for arbitrary u € hg, m = 0, fi,....fm € h the vector-valued functions
t — FYt) @ Y (f1s .oy fn), where F* is either F or FT, are strongly continuous on [0, 00),
and locally square integrable if each such function is strongly measurable and satisfies

t 2
/0 HFﬁ(s)uQ@wm(f)H ds < oo,

for allt > 0.

We need the following result to extend the definition of Fermion stochastic integrals to a
larger collection of functions.

Proposition 5.26. Let F' € L120c‘ Then, there exists a sequence F,, n = 1,2, ... of simple
processes such that, for each t >0, u € hg, m 20, fi,...fm € h

lim /Ot H(Fﬁ(s) ~FHs)ue z/zm(f)H2 ds = 0.

n—oo
Proof. See Proposition 3.1 in [5]. O

Definition 5.27. We say that I’ € A is even (respectively odd) if each F (t) is the algebraic
ampliation of an even (respectively odd) operator in H; with domain &. For F € A we
have that F' = F + F_ of even and odd parts.

We start by defining the integrals for Fermion simple processes.

Definition 5.28. Let F, G, H € Ay and suppose that

oo (o) oo
F = ZFT]‘[tmtr-&-l)’ G = ZGTl[thtr-&-l)’ H = ZHrl[trytr+l)
r=0 r=0 7=0

where
0=ti< 1 < ..<tp — 0

as r — oo. Let M = (M(t)) be the family of operators defined inductively by

=
~~

SN—
I

M(ty) + (AT(1) = AT(8)) By + Gr(A() = A(t) + (¢ — t,)H,

fort, <t <tyy1. Then, M is called the Fermion stochastic integral of (F,G,H) and we
write

t
M(t) = / (dATF +GdA + Hds) .
0
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Remark 5.29. M is a Fermion adapted process whose adjoint is given by
t
M) = / (dA‘fGT + FdA + HTds) .
0

We write dM = dATF + GdA + Hds in case that M = (M(t) : t = 0) is a Fermion
adapted process that satisfies

M(t) = M(0) + /t (dATF + GdA + Hds) :
0

where M (0) is the ampliation to hg ® H of an element of B(hy).
Remark 5.30. If dM = dA'F + GdA + Hdt, then

dM, =dA'F_ + G_dA+ H.dt, dM_=dA'F + G dA+ H_dt,

in particular, if F' and G are odd and H is even then their Fermion stochastic integral is
even and if F and G are even and H is odd then their Fermion stochastic integral is odd.
Furthermore, if M is odd, then F and G need to be even and H odd.

Theorem 5.31. Let F,G,H € Ay and M(t) = fg(dATF+GdA+Hds). Then, for arbitrary
veHo, mn =20, fi,.., fms 91y -y gm € H and t 2 0,

(u @ P (f), M(t)v @ ¢n(g))

m

- /0 ST ${0u® 1 (), F(s)0 ® ) +
j=1

n

DD U@ Yin(f), G(s)80 @ n-1(g")gr(s) +

k=1
(u® Ym(f), H(s)v @ Pn(g))ds.
Proof. See Theorem 4.1 in [5]. 0

The following corollary is used to prove Propositions [6.14} [6.15] and [6.16} which will give
us the consistency conditions to find the coefficients of Fermion diffusions.

Corollary 5.32. If dATF + GdA + Hdt = 0, then F,G and H are all zero.
Proof. See the last paragraph of page 479 in [5]. O
Definition 5.33. A real-valued function f on a closed, bounded interval [a,b] is said to be

absolutely continuouﬁ on [a,b] provided for each € > 0, there is a § > 0 such that for
every finite disjoint collection (ay,by),_, of open intervals in (a,b), if

n

Z[bk — ak] < 5,

k=1
then

> I ok) — flar)| <e.
k=1

23See page 119 in [29] for the definition.
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Theorem 5.34. Let F,G,H,F'.G',H' € Ay,
t t
M(t) = / (aat + GaA + Has), M) = / (a4’ + G'aA + H'ds).
0 0

Assume that M and M' have definite parity. Then, for arbitrary w,v € hg,m,n = 0,

fiy o fms 91, s gn € h, the function on (0,00), t = (M(t)u ® ¥m(f), M'(t)v @ ¥n(g)), is
absolutely continous with derivative

%(M(t)u ® Vi (f), M (t)v @ ¥n(g))

(=1 [ {G(1)0u ® G (f7), M (v @ Pu(g)) + (—1)°

LD U F (0 © Y (), M (000 @ n-1(95)) | gx(t) +

<H( Ju @ Pm(f), M' ()0 ® ¥n(g)) + (M(H)u ® Ym(f), H' (t)o ® ¥n(g)) +
(F(t)u® ¢ (f), F'(t)v @ ¢n(g))-
Proof. See Theorem 4.2 in [5]. O

>
7j=1
AM)0u @ Y1 (f), F'(t)v @ 1n(9)) } +
Z
=1

5.4.2 Locally Square Integrable Processes

Now, we extend as in the classical and Boson case, the definition of a Fermion stochastic
integral to a larger set of functions.

Theorem 5.35. For arbitrary u € ho, m 2 0, fi,...,fm € h, and T = 0 the sequence
M, (t)u @ P (f), n=1,2,... converges in H uniformly for t € [0,t] to a limit independent of
the choice of Fy, Gy, Hy, € Ag, n = 1,2, ... satisfying

A { |F46) — R @ wm(n|| + || 656) ~ Gl @ vm(n)| +

| (s) — HE(5)yu @ ()| }ds 0
as n — 0o with

t
Mo (t) = / (dA*Fn + GndA + Hnds) ,
0

wheren =1,2,...,t 2 0.
Proof. See Theorem 5.1 in [5]. O
Remark 5.36. The operator M(t) defined on € by

M(u® () = lim Ma(t)u® b (f)

s clearly linear on u and thus can be extended uniquely as an algebraic ampliation to gt@%[t,
we denote also the extension by M(t). Then, M = {M(t) : t = 0} is a Fermion adapted
process

32



Definition 5.37. We call the Fermion adapted process of the previous Remark the Fermion
stochastic integral of the locally square integrable processes (F, G, H), and we denote it, as
before, by

t
M(t) = / (dATF +GdA + Hds) ,
0
where t 2 0. The adjoint process MT(t) by
t
M) = / (dATGT +FdA + HTds) :
0

with t = 0.
Proposition 5.38. The Fermion stochastic integral M(t) is a continuous process.
Proof. See page 486 in [5]. O
Proposition 5.39. The Theorems cmd hold for integrands F,G,H € leoc.
Proof. See page 486 in [5]. O
Remark 5.40. We denote by M the set of all Fermion adapted processes M satisfying

dM = dA'F + GdA + Hdt

for locally square-integrable F, G and H, with the further property that for each t = 0,
M(t), F(t), G(t), and H(t) are bounded operators, and

sup max{|[M(s)]|, [[E'(s)[, [G(s)]l, [[H(s)[[} < oo

0<s<

5.5 Fermion Ito formula

Here, we give another generalization of the Ito formula which will help us to prove the consis-
tency conditions given by Propositions [6.14] [6.15] and [6.16] Besides, we provide “differential”
rules in Remark that will allows us to prove the previously mentioned propositions.

Theorem 5.41. M is a *-algebra under pointwise operator multiplication and the involution
M — MT'. Furthermore, for My, My € M,

d(M;Msy) = dM; My + MidMs + dMidMs,
where assuming that
dM; = dATF; + GjdA + Hjdt
and that My, Mo, are of definite parity

MMy = dATF M, + (=1)°M2) Gy Mod A + Hy Modt,
MydMy = (—1)°MIAAT M, Fy + MyGod A 4+ My Hydt,
dMdM, = G1Fydt.
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Proof. See Theorem 5.2 in [5]. O

Theorem 5.42. Let Lj,j = 1,2,3 be bounded operators on the initial space Ho and denote
by L], j=1,2,3 their amplzatwn to Ho. Assume L1, Lo odd and L3 even. Then, the equation

dU = dATUL, +U (ﬁgdA+ﬁ3dt> , U0 =1
has a unique solution.

Proof. See Theorem 6.2 in [5]. O

As we will see in Definition [6.3] the initial conditions of Fermion diffusions are different
from the one given in Theorem and therefore it will not help proving the uniqueness of
Fermion diffusions with one degree of freedom. Still, it is an important result that is worth
mentioning in the context of Fermion stochastic calculus.

Remark 5.43. In particular, since L1 = Lo = 0 are odd operators the equation
AU = ULszdt, U(0) =1,

has a unique solution with L3 an even operator. By observing that Eg =kl with k € C is an
even operator we get that the linear equation

dU = kUdt, U(0) =1,
has a unique solution.

Remark 5.44. From Proposition we know that the process A(t) acts on the elements of
{aT(fn) U aT(fl)Q ‘n e N7 fla ey fn € L2(R+)} as

n n

S (1) J/ fmar | ] o] e

j=1 k= 1l~c7é]

From which we infer that

m j
dA¢m(f1,,fm) - Z(—l)m_‘jfj(t)dtiﬂmfl (fl,/\fm>

Jj=1

and that the differentials of the creation and annihilation processes satisfy

2
= (dA)? = (dAT) — dAfdA, dAdAT = dr.
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6 Fermion diffusions

In this section, we generalize the concept of classical diffusions as given in [26] to Fermions
and we find the solutions for equations of the form

da = dATF + GdA + Hdt,

where A; and AI are the Fermion creation and annihilation processes. Specifically, we will
generalize the consistency conditions given in [3] and the definition of Fermion diffusions to
n-degrees of freedom. In this section, we summarize some results and concepts of [3].

6.1 Fermion Von Neumann Uniqueness Theorem.

The Theorems [6.1] and [6.2] tell us, roughly speaking, how many coefficients general odd and
even operators that belong to a certain C*-algebra have@ We will use these Theorems to
give explicitely the even and odd coefficients of Fermion diffusions with one, two and three
degrees of freedom.

Proposition 6.1. Let H be a Hilbert space of dimension one, let (b, bT) be a Fermion system
with one degree of freedom and let A be the *-algebra generated by the identity operator I
acting on ‘H and the operators (b, bT) . Then, there exists a *-isomorphism to the C*-algebra
(Max(C), %) given by

a1 (2
T
a3 Oy

] — a1b'b + agbl + agb + aybb!
where each o, with i € {1,2,3,4}, is a complex number.
Proof. 1t holds

m(AB) = w(A)w(B)

with A, B € M»(C). Let

ol o4

a3 oy B3 Ba

24Gee Appendix for the definition of C*-algebra. The statement and the isomorphism was taken from [33].
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then

Finally, we have

since

_ (alzﬁb + aobl + azb + a4bbT) (ﬁleb + Bobl + B3 + ﬁ4bbT)
= a181bTbb b + aq Bab b + a1 B3bThb + Baa bTbbLT +
28167010 + o Bab BT + anB3bTh + anB4bTbHT+
a3 B1bbTh 4 a3 Babb’ + a3 B3bb + vz 84bbbT+
s B10bTbTh + g BobbTt + g BsbbTh + vy Babb bbT
AR 81t (I — bbT) + a1 Bobt (I _ bTb> +
o B3bTh + o Babt (1 _ bTb) n
asfib <I _ bbT) + a3 Babbt +
(14 Bsb (I — b ) + o Babb! (I _ bTb)

=" 151"+ a1 Bobl +
Odgﬁgbfb + 062,34bT+
asB1b + asBabbT+

B3b 4 g B4bbT!
= 7(AB).

o (AT) = n(A)!

7(A") = arblb + azb! + @b + aabb’ = x(A)".

Additionally, the morphism is unital

since

LO| _ ot b
7{01]—bb+bb —I.

Furthermore, we observe that 7 is clearly a linear, injective and surjective function. Therefore,
7 is a *-isomorphism. m

We have a more general result that will help us finding the zero terms of the coefficients
of Fermion diffusions

Theorem 6.2. Let h be a pre-Hilbert space with closure h and let U;, i = 1,2, be two C*-
algebras generated by the identity I and elements a;(f), f € h, satisfying

(i) f— ai(f) is antilinear,
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(i1) {ai(f),ai(g)} =0,
(iii) {ai(f)al(9) } = (£. 91

forall f,ge h,i=1,2.
Then, there exists a unique *-isomorphism o : Uy — Us such that

a(a1(f)) = aa(f)

for all f € h. Thus there exists a unique, up to *-isomorphism, C*-algebra U = U(h) = U(h)
generated by elements a(f), satisfying the canonical anticommutation relations over h.
Furthermore

(i) la(H)lI= [If]l for all f € h.

(i1) If h is n-dimensional, where n < oo, then U(h) is isomorphic with the C*-algebra of
2" x 2™ complex matrices.

(iii) U(h) is separable if, and only if, h is separable.
(iv) U(h) is simple.

(v) If U is a bounded linear operator on h and v a bounded antilinear operator satisfying

viv+utv =0=vvt +vUT,
vtv+vtv =1 =vut + v,

then there exists a unique *-automorphism v of U(h) such that

Ya(f) = aUf) +a"(Vf)

and in this case
v Half) =a (UtF) +at (Vi)
Proof. See Theorem 5.2.5 in [27]. O

6.2 Fermion Diffusions
We now generalize the concept of Fermion diffusion given in [3].

Definition 6.3 (Fermion diffusions). Let ho be a Hilbert space. For eacht = 0, let b'(t), ..., b"(t)

—_—~—

be operators that satisfy CAR in Iy (Ht]). Then, we call a family of adapted processes
B = (B'(t):t 2 0) on hg ® Iq(L*(Ry)), with i € {1,...,n}, a Fermion diffusion with n-
degrees of freedom if
(i) for eacht =0, and each i € {1,...,n}, Bi(t) is the algebraic ampliation to gﬂ@f‘a(’H[t)
of b'(t) in To(Hy) with domain E’;/]

25Notation described in Remark
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(ii) for each t = 0 and each i € {1,...,n} it satisfies the Fermion stochastic differential
equations

dBi(t) = dA(t)TFi(t) + G (t)dA(t) + H'(t)dt,
AB(t) = dA)F(t) + G (t)dAT(t) + HT(t)dt,
with initial conditions given by
BY(0) = 6" (0)&1r, 12z, ), BT(0) = b'(0)' &1, (12r, ),

where the “coefficients” (F i(t), Gi(t), H'(t)) are algebraic ampliations to Et/] ® Ta(Hy)
of operators (fi(t),g'(t), h'(¢ )) in the C*-algebra generated by the operators b'(t) and

the identity operator I on I' ('Ht]) Furthermore, we assume each b'(t) to be odd as in

Definition [5.12,

Remark 6.4. For each t 2 0, i € {1,...,n}, a Fermion diffusion with n-degrees of freedom
satisfies

Bz(t) = bz(0)®IFE(L2(R+))+/O dAT / GZ dA / I?[z

B(t) = b (0)®1p, (r2(r. ) + / Fii(s / G'T(s)dA(s / H(s
0

That means Bi(t) € M and hence we can apply the Ito formula m to Fermion diffusions
and, in general, the theory developed in Section [3

We notice that we have the following more general definition, but since we are only
interested in Fermion diffusion with a low amount of degrees of freedom, we will use to
make calculations.

Definition 6.5 (Fermion diffusions with arbitrary degrees of freedom). Let ho be a Hilbert

space, t = 0, and f an element of H, let b/ (t) be operators that satisfy CAR in T ('Ht]).
Then, we call a family of adapted processes Bf = (Bf(t) it 2 0) on ho @ To(L*(R,)), with
f € H a Fermion diffusion with arbitrary degrees of freedom if

(i) for eacht =0, and each f € H, B/ (t) is the algebraic ampliation to gt]@f‘a(’l-[[t) of b/ (1)
in Uq(Hy) with domain 2;/]

(ii) for each t = 0 and each f € H it satisfies the Fermion stochastic differential equations

dB/(t) = dA() DI (t) + G/ (t)dA(t) + HY (t)dt,
dBTT(t) = dA@)DIT(t) + GIT(t)dAT(t) + HIT(t)dt,
with initial conditions given by
BH0) = b/ (0)®Ir, (12(r.)).  B1(0) = v/ (0)'@Ir, (12, )

where the “coefficients” (Df(t), GT(t), H (t)) are algebraic ampliations to %@FQ(HH) of op-

erators (d/ (t), g/ (t), h' (t)) in the C*-algebra generated by the operators b’ (t) and the identity

operator I on Fa/(\’]-[/ﬂ) Furthermore, we assume that each b/ (t) is odd as in Definition |5.12,
26Notation described in Remark
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Example 6.6 (Fermion diffusion with one degree of freedom). Let ho C2, for each t 2 0
let (b(t), b (t)) be a Fermion system with one degree of freedom in T, (LQ(]R)), and
B(0) = &I, (r2m.)), B(O)! = b&Ir, (12m, ),

where

© _ (01 ©t _ (00
b0 = 0] w0t = |5

Then, we have a Fermion diffusion with one degree of freedom with initial conditions given
by

t
B(t) = bO@IFa(LQ(R_._))—'—/ dAT / G dA / H
0

Bi(t) = 0Bt (r2r, ) + / t / G(s)dAl(s / H(s
0
where
F(0) = A + XN'BT(0)B(0) + X"B(0) + N BT (0),
H(0) = pl + 4/ BY(0)B(0) + " B(0) + 1" B(0),
G(0) = 71+ 7' BY(0)B(0) + 7" B(0) + 7" B(0)
and

F(t) = M+ NB(t)'B(t) + N"B(t) + "B (1),
H(t) = pl +p/'BY(t)B(t) + 4" B(t) + " B (t),

G(t) = 71+ 7B (t)B(t) + 7"B(t) + 7" B(t),
where N, NN ) )" o7 7" € C. The form of the coefficients is infered from Propo-
sition [6.1.
Remark 6.7. Now, that we have defined Fermion diffusions, the importance of Theorems[6.1]
and becomes clear, which together with the parity property (Remark’ tell us, specifically,
that general odd coefficients of a Fermion diffusion with one degree of freedom have 4 terms
and that general even coefficients have, at most, 2 terms different from zero. Furthermore,
it implies that the odd coefficients of Fermion diffusions with n-degrees of freedom have, in

general, 2% terms and that the even coefficients have, at most, 2"~ terms different from
zero.

Remark 6.8. For odd operators C; with i € {1,...,n} acting on a Zo-graded Hilbert space it
holds, by the Parity Property (Remark, that

s % C,

is even if n is even and odd if n is odd, respectively. As the sum of odd operators with even
operators is odd, we have that general odd operators are the sum of odd and even operators.
On the other hand, even operators can only have even operators as summands.

Example 6.9. Let (B'(t), BY(t)) be Fermion diffusions with n-degrees of freedom such that
n is even and let i € {1,...,n}. Then, the operators of the form

Hi:aibl*-u*f)z-*---bn

are odd, where b; means that the b;’s are to be omitted and o; € C.
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6.3 General consistency conditions

Now we give consistency conditions that all Fermion diffusions need to satisfy, this will allows
us to calculate the zerto terms of the coefficients of Fermion diffusions with one, two degrees
and three degrees of freedom. More specifically, we will find the zero terms of the even and
odd coefficients of Fermion diffusions.

As intuitively expected, the derivative of a “constan

7 18 zero

—_—~—

Remark 6.10. For the identity operator in I'q(Hy) we conclude I € M. Since F' = G =
H =0 are localy bounded square integrable functions it holds that

t t t
I(t) :/OdA+/ OdAT+/ 0 ds + I1(0),
0 0

0

since we have that

Irf(?ft]) @ Ir, (1) = Ihoela(L2(R1)))
it follows that

dI(t) = 0.

We use Lemmas|6.11] and|6.1%"| to prove Propositions|6.14), |6.15 and|6.16{ which will give us
the consistency conditions.

Lemma 6.11. For any X,Y and Z operators acting on a Hilbert space H we have that
(i) {X,Z} = 0 then {XY,Z} = XY, Z]
(i) {Y,Z} = 0 then {XY,Z} = —[X, Z]Y.
Proof. From the first equality we infer that ZX = — X Z. Therefore,
{XY,Z} = XYZ+ZXY = XYZ-XZY = XY, Z].
The second equality follows similarly from YZ = —ZY. O

Lemma 6.12. Fermion diffusions with n-degrees of freedom satisfy the following anticom-
mutation relations

{Bi(t),IF;(«?Z])@dA(t)} - {Bi(t),dAT(t)} - {B“(t),dA(t)} - {Bi(t), dA”(t)} = 0.

2"This lemma is not proven in[3].
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Proof. We have the following equalities

~

()& 3 223 (i 5
{b (t)@fra(y[tyfr(%t])@a (1[t,oo))} = (b (t)@IFa(H[t)> <Ira(Ht])®a(1[t,oo)> +

(112 Bt ) (¥02 1100,

W) ~ PP
2 (1) (1,57 Ball) ) (FORI, 01) +
( ®[p ) <Ira/(;{/t])®a(1[t’oo)> _
(0 ®a(lpe) + (6@ a (L))
= 0.
The other identities follow similarily. O

Remark 6.13. We observe that the conditions of Proposition can be infered from Propo-
sitions and [6.16] but we put it in an extra proposition in order to facilitate calculations

(e.g. 637

Proposition 6.14 (Consistency condition with the same index). Let (Bi(t), B'(t)),i €
{1,...,n} be Fermion diffusions with n-degrees of freedom, then for each i € {1,...,n} it holds
that

[F(t), B ()] + [G"(t), B(1)] = 0, (6.3.1)
{H' (1), BT (t)} + {B'(t), H (1)} = —(FT(t)F(t) + G" (1) G"N (1)), (6.3.2)
[F'(t), B'(t)] = 0, (6.3.3)

(G (1), B'(t)] = 0, (6.3.4)

{H'(t), B'(t)} = —G'(t) F'(¢). (6.3.5)

Proof. Now, we apply the Fermion Ito formula

0 dIh0®Fa(R+)
CAR d{BZ() B(t)”}
22 4 (Bi(t)B(t)” + B(t)”B(t))

540 4B B (t) + Bt)dB () + AB(t)AB' + dBTOB(t) + B(t)TdB (t)+
dBY(t)dB(t)

= Lapw), B0} + {B0,a8 0} + {aBi0), 4B}

{dATFZ +GI(t)dA + Hi(t)dt, B”(t)} +
{ i(4), dAD G (1) + FPH(1)dA®) + H“(t)dt} +
{dAT )+ GUHAA(L) + Hi(t)dt, dATF (¢) + G (H)dA(t) + H“(t)dt} .
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We do the same with {B(t), Bi(t)} = 0 and using the fact that {X,Y} = {Y, X} for all
operators X,Y we get

0 {dB'(t), B'(t)} + {B'(t),dB'(t)} + {dB'(t),dB'(t)}
2 {dAT(t)Fi(t) + GU)A() + Hi(t)dt, Bi(t)} +

{dAT(t)Fi(t) F GUHAA() + Hi()dt, dAT(£)Fi(t) + Gi(£)dA(t) + Hidt} .

=

On the other side, we infer by Lemma that

I—— ®&dAT, B =
{1 Baa 0} = o

then by Lemma it holds

I — @dAY) Fi@), BT Y = [ 1— @dAT ) [Fi@), B
{ (1, 204" ) P08 ] = (1 Baat) 7o), 57

hence we have by applying four times Lemma that

{(Irm])égd/l) Gi(t), Bi(t) } [Gl Bﬂ <1N ®dA>

_ [B“ G’} <1 777])®dA)

_ saat) ait Bl = (17— saat) [git B
{(Ira(Ht])®dA>G ,B(t)} <Ira(Ht])®dA> [G ,B(t)},

Ft (Il —~— ®dA).B'\ = |B, Fif| [ — &dA
{ (Fa(%})@d), } 2 }(Fa(%})@d),

and since it holds that for any operators that {A+ B, Y + D} ={A,Y}+{A,D}+{B,Y}+
{B, D}, we get

{dAT (O FU(t) + Gi(1)dA(t) + Hi(t)dt, dATFT (1) + G (£)dA(t) + HiT(t)dt}
dAT () Fip), dAT(t)Fi(t)} {dAT(t)Fi(t) G”(t)dA(t)} +

{ i( ), dATFi(1 )}
+ {GZ( )dA( ), H”(t)dt}

{
{dAT () Fit), H (t)dt
{
{

Therefore, we deduce
0 = daaf ( [Fi(t), B(t)ﬂ n [G“(t), Bi(t)D +
( [Bi(t), FiT(t)} n [B“(t), Gi(t)} ) dA+

(F“Fi FEOGT () + {Hi(t), B“(t)} + {Bi(t), H“(t)}) dt,
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and in the same way we obtain
0 = dAJ[F, b)) — [Gy, b]dA; + ({Hy, b} + GoF) dt,
and then we infer from Corollary that the desired consistency equations hold. O

The next proposition is proven in a similar way, but we simplify the notation by only
considering the operators satisfying CAR, that is, substituting B*(t) by b".

Proposition 6.15 (Second consistency conditions). Let (B (t), B'(t)) be a Fermion diffusion
with n-degrees of freedom, then for each i,j € {1,...,n}, with i # j, it holds that

[Fi, bj] + [Fy,bi] = 0,
[Gi, bj] + [G,bi] = 0,
{Hi, bj} +{Hj, b} = —GiF; — G; I
Proof. From

0 A" a{b;, b;},

and
d(bibj + bibi) P2 dbgb; + bidb; + dbidb; + dbsb; + bjdb; + db;db;
228 (dby, by} + {bi, db;} + {db;, db;}
D adTF + Giad + Hidt by} + {0, dATE; + GjaA + Hyat b +
{4ATF, + GiaA + Hit, dATF; + G;dA + Hjat |
LAl [F, 5] — (G by dA + {Hy, by}dt+
dAT[Fj, b] =[G}, bi] dA + {bi, H;} dt+
GiFj + GjFidt,

we conclude that

[Fi, bj] + [Fy, 0] = 0,
(G, bj] + [Gy,bi] = 0,
{Hi, bj} + {Hj, bz} = —GlF'] — Gsz

which finishes the proof. O

Proposition 6.16 (Third consistency conditions). Let (B¥(t), B1(t)) be a Fermion diffusion
with n-degrees of freedom, then for each i,j € {1,...,n}, with i < j, it holds that

[F;, bl} n [ij] —0,
|7o0l] + |Gl <o,

{H- b*} n {Hjb} - —FIF, - Gial.
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Proof. The proof is almost identical to the proofs of Propositions and O

Remark 6.17. Notice that the left-hand side of the second consistency condition of Proposi-
tion |6.10, is the adjoint of the left-hand side of the first consistency condition, and therefore
the first condition implies the second one and the other way around.

Remark 6.18. In particular, Proposition[6.1]] holds for the Fermion diffusion with one degree
of freedom given in Ezample [6.6.

Now, we have the following proposition, that intuitevely, tell us how “complex” are the
Fermion diffusions

Proposition 6.19. For i € {1,...,n} and t a real number larger or equal than zero, let
Bi(t) satisfy the conditions of Definition . Then, for the odd coefficients of B'(t), up to

adjointness, there are
n+t(n—-1)+.+n-—n-1)+n+((n-1)+...+(n—-(n-1))

different consistency conditions corresponding to these operators. For the even coefficients
there are

2n+2(n—1)4+n—-2)+...+(n—(n—-1)))+n+nn-1)

different consistency conditions corresponding to these operators, where we ignore the adjoint
conditions.

Proof. First we prove the formula for the even coeffficients. Let j € {1,...,n} with j different
from . Then, we observe that there are 2n consistency conditions such that

[Fi, bi] =[Gy, bi] = 0.
Further, we have 2((n — 1) + (n —2) + ... + (n — (n — 1)) consistency conditions of the form
(3, b5] + [Fj, bi] = [Gi, bj] + [G, bi] = 0.
Besides, we have n equations for which it holds
[F] 0]+ [GI,b;] = 0.
Additionally, we observe that we have n(n — 1) equalities satisfying
[, b5] + Gy, b]] = 0.

Finally, since these are all the consistency conditions, up to adjointness, we may conclude by
adding up the given results.
Similarily, for the odd operators and ignoring the adjoints, we have n different conditions

{0} + {8}, b} = —F/ Fi - GG,
Also, there are identities (n — 1) 4+ ... + (n — (n — 1)) that satisfy

gt Ty ot ot
{(H;, 01} + {H],bi} = ~FIF, - a6l
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Moreover, there are exactly n consistency conditions
{H'(),bi(t)} = =G' (1) F"(1).
Lastly, it remains to consider the (n — 1) 4+ ... + (n — (n — 1)) different identities
{H;,bj} +{H;, b} = =G Fj — G, F,.
From which conclude by adding the different posisbilities the desired result. O

Remark 6.20. We observe that the idententy for the number of consistency conditions for
even operators, can be simplified by the known formula of the sum of the first n natural
numbers to

n(n+ 1) +n?. (6.3.6)

Similarly, we can simplify the formula for the number of consistency conditions of odd oper-
ators to

n(n+1) N n(n+1)

5 5 =n(n+1). (6.3.7)

This means, that as the number, n of degrees of freedom, increases, the number of consistency
conditions for both the even and odd operators, does it at a pace O(n?). This results tells us,
roughly speaking, that it is unfeasible to find the zero terms (with these methods) of general
Fermion diffusions with many degrees of freedom.

Our intuition on this is confirmed by the calculations done in Subsection where we see
that general Fermion diffusions, already, have many non-zero terms, in contrast with the cases
with one and two degrees of freedom .

This results also tell us, informally speaking, that contrary to what we would expect by only
looking at the results for one, two and three degrees of freedom, that as n increases, both the
even and odd coefficients have a similar amount of non-zero terms, meaning that they become
similarily “complex”.

6.4 More general consistency conditions

In this subsection, we study Fermion diffusions with arbitrary degrees of freedom.

Remark 6.21. We observe that Fermion diffusions with arbitrary degrees of freedom satisfy
Lemma[6.19 as the proof only relies on the oddness of the operators.

By the previous remark, we can see that it holds

Proposition 6.22 (First general consistency condition). Let (B7(t), BT(t)) a Fermion dif-
fusion as in Definition[6.5 and H a Hilbert space, with f,g € H. Then, it holds that

[Df7b9]+[Dgabf] = 0,
[Gf7 bg] + [GQJ bf] =0,
{Hy by} +{Hqg,bs} = =GyDyg — Gy Fy.

Proof. Identically to the proof of Proposition [6.15 O
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It also holds

Proposition 6.23 (Second general consistency condition). Let (By(t), B}(t)) be a Fermion
diffusion as in Definition[6.5, and H be a Hilbert space. Then, for each f,g € H it holds that

D} bg| + |G| =0,
[Df,bﬂ n [Gg,bf]
{mpop )+ {mh.0, b = ~FiFy - G4,

0,

Proof. As the previous one. d

Remark 6.24. From the first and second general consistency conditions we can
infer both Propositions[6.15 and[6.10,.
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7 Coefficients

Now, we will give the explicit coefficients of Fermion diffusions with one and two degrees of
freedom, and the even coefficients of Fermion diffusions with three degrees of freedom. We
will also give the general form of the odd coefficients of a Fermion diffusion with 3-degrees of
freedom without applying the consistency conditions. What we will do, roughly speaking, is
to find the scalars that are zero in the linear combination of odd and even operators and to
put the scalars of these linear combinations in terms of other scalars, by using the minimum
amount of scalars to express the even and odd operators of Fermion diffusions. It means that
we will find the zero terms of the Fermion diffusions. This section summarizes some results
and concepts of [3].

Remark 7.1. Throughout this section we will use the fact that linear combinations of products
of operators satisfying CAR equated to zero, imply that all the coefficients are zero, that is

n
Z a,Cr, =0
k=0

implies that oy = 0, where Cy is the product of operators satisfying CAR. We can see that
this is true as from Theorem we know that operators satisfying CAR generate a unique
C*-algebra up to *-isomorphisms.

7.1 One degree of freedom

Now, we apply the consistency conditions to a Fermion diffusion with one degree of freedom
in order to find its explicit form.

7.1.1 Even coefficients

With the following proposition, we get the explicit form of the even coefficients of Fermion
diffusions with one degree of freedom.

Proposition 7.2. Fori € {1,...n}, t = 0. Let (B'(t)) be a Fermion diffusion with n-degrees
of freedom, A\, k,u,v € C, such that the even coefficients have the following form:

Fi(t) = A (Tgara(z20.00) + # (0T8T, 4, ) 0 (DT, 0y )
G'(t) = p (Ingwra (L210,00)) TV (b”(t)@ra(ﬂ[t)) (bi(t)@ram[t)) 7
for each i € {1,...,n}, it follows that
k=v=0.

Proof. We simplify the notation by dropping the time dependency and the algebraic amplia-
tion, that is

F =X +kb'b, G=pul+uvbl.
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Now, we have

i

.4

o B2 [AI+kab,bq + [/1+I+@bfb,b}

2 \pt 4 kbteot — AbT — kbibTo + b+ obtbb — i b — wbbTD

CAR kbbbt — o bbTh
CAR 1 ((1 - bbT) bT) — 3 ((1 - bTb) b>
CAR kbt — ob,
Therefore, k = v = 0. 0

Proposition 7.3. The coefficients F(t), G(t) of a Fermion diffusion with one degree of free-
dom have the form

F(t) = Mpyer.(z2(o,0)))s  Gt) = pInyer, (22(j0,00)))-

Proof. Since (dB(t),dB'(t)) are odd it follows from Remark that F(t) and G(t) are even,
then they have the form of the hypothesis of Proposition [7.2] by Theorem and hence the
claim follows. O

7.1.2 0Odd coefficients

Here, we use the consistency conditions [6.14], [6.15] and [6.16] to calculate the odd coefficients
of Fermion diffusions with one degree of freedom and give its more general form as done in
[3].

Remark 7.4. An admissible Fermion diffusion with one degree of freedom is given by putting
F(t) = G(t) = 0. In this case, we get the equations

dB(t) = H(t)dt, dB(t)" = H'(t)dt.
Remark 7.5. If F,G # 0, then, since H is odd, its general form is given by
H = pI + p/'b+ p"b" + ubb'.
Thus, from CAR we infer
{ T+ /b + 6" + o, b} 22 b+ /bt + bt + bbb+
pb + p1'bb 4 1" bbT + 11" bbb
— oub+ (bTb + bbT) = (b (I . b‘fb))

CéR 2Mb+M//I+LL///b.
which implies that
2ub 4+ "I+ b —Aul.
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Then,
wo=—=Ap.
Finally, H has the form
H = —\ub' + ab,

with a € C.
Now, we only need to substitute H to get

16.3-2])

{=aubt + ab, vt} + {b, b + @b’} A+ @) I = — (AP+p) 1. (7.1.1)

On the other side, we have that the equation (7.1.1)) is equal to

—AubTbt + abbt — Aubtet + btb — N + @bb’ — Aibb + @bTh “A abbt + abtb — abbt — a@bls,

hence, we have
ol +al = (I\*+[ul?) I,
which implies that
2Rea = — (|A*+|ul?).
Therefore, we get that the general form of H is given by
H = —\ub' — % (IA2+]pf?) b+ b, (7.1.2)

where f € R and with = Im a.

7.1.3 General form
Now we give the general form of a Fermion diffusion with one degree of freedom.

Remark 7.6. By lettting H = H' + Hy with i [W,b] and W self-adjoint, we infer from the
general form of H given in equation that Hy = b + 0b', with v,5 € C. Also, by the von
Neumann-uniquness theorem and the hypothesis on H we have that

W = tI + wb + wb* + 2b'b,
where t,z € R,w € C. Therefore, we have that
4ot = [tl + wb+ @bt + 2bTh, b]
=i (tb+wbb+ @bTb+ 2010b) — (tb+ wbb + Tbb + 2bb1h)
B (@ (b — bl + 2b)
Then § =0 and v = —iz and hence
Hy=—1iz

we call Hy the “Hamiltonian” aspect of the evolution, we consider equations of the forn@

283ee in [3] for the reference on how to “ignore” the “Hamiltonian” term of an equation.
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Proposition 7.7. The general form a Fermion diffusion with one degree of freedom is the
following

1
dB(t) = MAT 4 pdA — ()\MB(t)T +5 AP+ pl?) B(t)) dt, (7.1.3)
- — 1
dB1(t) = nd A" + XdA — (u)\B(t) +5 (A + 1 [?) BT(t)> dt. (7.1.4)
Proof. Tt follows from the results on odd and even coefficients. O

7.1.4 Uniqueness

We now prove that Fermion diffusions with one degree of freedom, have only one solution.

Definition 7.8. The Fermion Brownian Motion (P;,Q;) is given by
P(t) = —i (A() - AWT). QW) = A1)+ A(),
and the process (p(t), q(t)) by
p(t) = =i (b(t) — b)) . a(t) = b(t) + b (1),

fort = 0.

Remark 7.9. (p(t), q(t)) satisfies the fized time relations
gt =pt)> =1, {p(t),q(t)} = 0.
Remark 7.10. By adding the equation (7.1.3)) to equation (7.1.4)) we obtain
1
dg(t) = (A+p)dQ — 5 (A + p)*qdt, (7.1.5)
and substracting the equation (7.1.4)) from equation (7.1.3|) gives
1
dp(t) = (1 = N)AP — (1 - A)2pdt. (7.1.6)

We give also the explicit form of the solutions

Proposition 7.11. The following are solutions of the equations (7.1.5) and ([7.1.6)

i) = exp( =3t ) + [ (=357 - )aqio)

1 t 1
p(t) = eXp<—2pzt>po+/0 eXp<—2p2(t—T)>dP(7)7
where p = A+pu, 0 =pu—A

Proof. Follows immediately. O
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Proposition 7.12. There exists a unique Fermion diffusion with one degree of freedom sat-
isfying the conditions of Example[6.6

Proof. For notational convenience we drop the time dependency and we avoid writing the
algebraic ampliation of (b,b) and (bl,bJ{) be solutions of the equations (7.1.3) and (7.1.4)

Then, we know that
p=—i(b=v"), p=-i(0-b]),

are solutions of the equation (|7.1.6). On the other hand, we have,
q:b+bT7 q:b1+b1iu
are solutions of the equation (|7.1.5). From [2] we know that the equations

dp—p1) = —=(u— N2 —po)dt, dlg—a1) = —=(\+ w)2(g — @),

1
2 2

with initial conditions
p(0) —p1(0) = 0, ¢(0) —q1(0) = 0,

respectively, have a unique solution, which is the zero operator. Therefore, we have,

i (b - bT) = (bl - bi) (7.1.7)

and

b+ b = by +bl. (7.1.8)
Hence, we infer from the following

b—bl = b — b} (7.1.9)
by adding equation to equation we obtain

2b = 2b;

which implies that b = b; and bf = b];. Thus, the solutions are unique. ]

7.2 Two degrees of freedom

As in the case of one degree of freedom, we use the consistency conditions given by Proposi-
tions [6.14], [6.15] and [6.16] in order to find the even and odd coefficients of Fermion diffusions
with two degrees of freedom.

Remark 7.13. In the case of a Fermion diffusion with two degrees of freedom we have
equations of the form

dBY(t) = FY(t)dAT(t) + GYT(t)dA(t) + H'(t)dt,
ABY(t) = FY(t)dA(t) + G (t)dAT(t) + H'dt,
dB%(t) = F2(t)dAT(t) + G*(t)dA(t) + H* (t)dt,

dB?(t) = F2T(t)dA(t) + G2 (t)dAT(t) + H*dt.

51



Remark 7.14. Let Fy, F5, Gy and Gy be the even coefficients of Remark[7.13. Then, from
Theorem [6.9 we infer that general even operators in the CAR-algebra has the following form

Fi = M1+ Aabibl 4 A3bibg + Aabibh + Asbibg + Aeblbh + Arbobl + Agbibbabl,
Fy = p1d + pigb1bl + psbiby + p1abybl + psblby + pugbi bl + 11709l + pugby bbbl
G = kal + rabib] + k3biby + Kabibh + Ksblby + keblbh + rrbabl + rsbiblbabl,

Go =11l + I/lebJ{ + v3b1bo + U4blb£ + I/5bJ{bQ + Vﬁbibg + 1/7be£ + nglbibgb;

7.2.1 Even coefficients

Our purpose here, is to find the even coefficients of Fermion diffusions with two degrees of
freedom.

Proposition 7.15. Let Fy, F5,G1 and Gy be given as in Remark [7.1]) the coefficients of a
Fermion diffusion with two degrees of freedom. Then, they are the multiples of the identity
operators.

Proof. We will apply all the consistency conditions of Propositions and in order to
get equations of the coefficients Fi, Fy, F3, Fy. Furthermore, we will repeatedly use Remark
to find the terms of the equations that are zero. We start by computing F} and Gz in the
third and fourth equalities of Proposition [6.14] meaning the following

[F1,b1] = [G1,b1] = 0.
By the symmetry of these conditions and Remark we obtain the zero terms
A=A =g =Ag =Ko =Kks = kg = kg = 0.
By substituting F5 and Go in the third and fourth equalities of Proposition we obtain
[F2, bo] = [Ga,ba] = 0,
and by Remark the zeros
fa = plg = p7 = g = Vg4 = Vg = vy = vg = 0.

We carry on with this technique and substitute Fy, F», G, G2 in the first equality of Propo-
sition [6.15] to get

[F1,bo] + [F2,b1] = [G1,b2] + [Ga,b1] = 0,
which is equivalent to

0 = [AL + Agbibg + Aab1bg + Arbabd , ba] + [p1] + pobiby + pigbiba + psbi ba, by],

29Gee the proof of three degrees freedom for a better understanding of the computations or see below for
this sort of computations.
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applying the definition of the commutator operator and the canonical commutation relations
allows us to deduce

0 = \gb1b3 by — Agbabiby + A7baby by + pobibi by + pusby baby — psbiby ba.

Then, we simplify this equation with the canonical anticommutation relations, and obtain an
equivalent identity

Aab1 + A7ba + poby + psbe = 0.
With Remark we deduce that the equation above implies
AMr+ps = kr+uvs =0, \M=—pz, Kg=—1o.
We now put F; and GJ{ in the second condition of Proposition to get
[Fl, bﬂ n [GL bl] — 0,
then we only need to compute
0= [MT 4+ Agbiba + Aababi + Arbobif b1 | + [ 1 + sbfb] + Fabad] + Frbad b

to find the zero terms, which we can do by using the definition of the commutator operator
and the canonical anticommutation relations. From this observation, we see that it holds

0 = Agb1babl — Azblibiby + Aabibhb! — Xgbib1b), + Fabiblby — bbbl + Faboblby — Fabibobl.

We may further simplify this equation, by appliyng the canonical anticommutation relations,
to get

0 = —X3by — )\4b£ + Egbg + K4bs,

and find by Remark [7.1] the following conditions

We substitute F; and G5 in the secod condition of Proposition in order to obtain the
identity

[Ff, bQ] n [Gg, bﬂ — 0.
More precisely, we have the conditions
0 = [N+ Xsbhbl + Xabab] + Xebob,bs + [T + vabib] + vabubs + vsblba, ]|

Again, by applying the definition of the commutator operator and the canonical anticommu-
tation relations, we see that the equation above is the same as

0 = A3bbblby — X3boblb! + Arby — vab! + v3b1bobl — vblbiby.
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Continuing with the use of this technique, we simplify the terms more to get an equivalent
identity to the one above

—ngi + X7bg — ng]; 4+ v3by = 0,
and conclude by Remark [7.1] that
X3 — 19 = A7+ 13 =0.

Since the even coefficients FzT and G of the Fermion diffusion with two degrees of freedom
satisfy the second equality of Proposition we obtain the consistency condition

o]+ [Guvl] = o,
that is the same as having
0 = [f] + igbib] + asblb] + fisbhbn, ] + [maT + rgbaby + rababf + nrbadd, bf |

Using the same techniques that we have used so far to simplify equations with the terms of
even operators, we can see that it is true that

0 = Tioby + Tizbiblby — Tagbibbbl + rabibobl — k3bibiby + rabibbbl — rgblbibl.

Further reducing the terms of the last equation with help of the canonical anticommutation
relations, we conclude that the following equation

0 = Tigh1 + Jighl — kzby — Kabl.
has the same zeros as the last one that we presented. Therefore, by Remark we have
fig = fig — kg = —k3 = 0.
Together with the previous found conditions, we can see that the terms below are also zero
A =Ky = A3 = vy = ug = 0.

The even operators F5, Gg, with their current values, satisfy the second consistency condition
of Proposition [0.16| and this condition is given by

P2 0}] + [Ghb| =0,
specifically, it means
0= |pul+ /mbﬂﬂ + ,usbJ{bQ, 51] + [?1 +P3b£bJ{ +?5b;bl, 52] ;

hence, by applying the canonical anticommutation relations we cann see that the identity
below

0 = paby + usblbaby — psbiblby + T3bhblby — T3bablbl + Tsblbiby — Tsbablby.
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is equivalent to the previous one. Carrying on, as previously done, we have the equivalent
identity

—piaby — pisba — 73bl — Tsby = 0.
Hence, by Remark we have that the following terms of F» and G5 are also zero
pe —vs = pus = vz = 0.

Furthermore, from Ay = —75 = 0, we find the last zeros

A7 = p2 = K7 = 0.
Finally, we see that the even operators are the identity, consequently, we may put

Gi=kl, Go=wvl, F=MI F=ul,

which finishes the proof. O

7.2.2 0dd coefficients

Now, we only need to apply the consistency conditions to H; and Hy to give explicitely a
Fermion diffusion with two degrees of freedom. In order to achieve that, we calculate the
terms of the odd coeflicients that are zero.

Remark 7.16. Since Hy and Hy are odd operators, we deduce from Theorem that its
more general form is given by

Hi = 611+ by + O3ba + 04b] + 05b5 + Osbrb! + 67b1by + Bsbibh + Bgblby + 010b] b+
011b2bl, + 019b1b1 by + 0136161 + 014boblby + O15bob5bT + 016b1bTbabl,

Hy = I +loby + Igby + Lybl + Isbl + lgb1b] + Lrbiba + Igby bl + loblba + L1obT b5+
I11babb + Liab1blba + 113bybTbY + 114bobiby + 115bablb] + 116b1b1 babl.

We observe that from Propositions [6.1], [6.15 and [6.16 we infer the following consistency
conditions for Hy and Hs

{Hl,b{}Jr{bl,HI} = (=[] = ), (7.2.1)
(Hi,bi} = —Mimal, (7.2.2)

{H1,bo} + {Ha, by} = —kypn] — Ml (7.2.3)
{H2,bo} = —p111, (7.2.4)

{H2,05} 4+ (b0, B} = (<l = I0P?). (7.2.5)
{HI, b;} + {H;, bl} =M — k7l (7.2.6)
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Proposition 7.17. The odd coefficients, Hy and Hs, of a Fermion diffusion with two degrees
of freedom, given as in Remark|[7.16, can be reduced to

H = (_’)‘1‘2 - ‘/‘51|2) by +iBby + (=g A — kD7 — o) ] — /\mlbi—i—
(—k1pn — 1AL — Lg) by — T7bobl + icbablby + 2170161 bobl,

Hy = II+1Doby+ (=|pl® = [f?) by + ipby + Lab] + (— )b} + lbi b+
Lzb1by — T7blby + Igbabh + Liob1 bl by + —21gby bl bobl,
where B, a, p denotes the imaginary part of 02,07 and l3, respectively.

Proof. We will use repeatedly Remark and the consistency conditions to find the zero
terms of the coefficients of Fermion diffusions. The consistency condition (|7.2.2) implies

{Hi,bi} = 2b161 + 04+ 061 + 2995151172 — Ogba — 2910171515% + 910b£+
2011b1babl — G12b1by — G13b1bY + O15b2bh + O16b1bob)
= - )\1/431[.

Hence, it is true by Remark [7.1] that

04 = —A1K1, (7.2.7)
and
201 + 06 = Oy = 019 = 2011 + 016 = 012 = 013 = 015 = 0. (7.2.8)
From the consistency conditions and we get
(2= )T = {911 + Oaby + O3by + 0401 + O5bh + O6b1b] + O7b1bo+

Bsbybh -+ 611babh + 614bobbby + B16b1 bl bobl, b{}+
{b1,001 + Bob] + Bob + Oy +
O5ba + +07b30] + Ogb1b] + Osbab] + O11babi+
1461 bobl + Grgbablby b{}

= 201b] + 09T + 06} — 207101 by + O7bo+
205b1 by bl — Ogbl, + 2011 b1babl + 014b2b}, + O16b1babl+
201b1 + O3 + Ogby + 075 — 207b5b1b] — 20551610+
Osba + 2011b1bob} + O14bsb}, + r6b1b2b]

= 2Re(fa) + 208b1b1bl — 207b5b1bT + G7b5 — bl — 207b1b1 by —
203b1b1by + Oby + O7by + 2Re(614)babl.

As a result of this, Remark allows us to put

2Re(92) - _’/\1’2 - ’/i1|2, gg +97 = 2R6<914) = 0.
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The consistency condition ([7.2.4]) leads to the equation

—pinil = {H, by}
= 2byly + Is] + 2gbabib! + Igby — lgboblby + L1gb! —
2l10b1b2b£ + 11109 + llgble{ — l14bob1 — l15bzbJ{ + llﬁbzblbi.

Thus, by Remark [7.1] we obtain
U+ =0, Iy=—pr, 2+le=1Is=1lo=ls=1Il4=1ls5=0. (7.2.9)

From the equation and the consistency condition we infer

{01+ laby + Iy + 4] + (=)o + lobab] + Lrbaby + Lob by +

11620 + L12b1b{bz + Ligbib{bab}, b] -+

{02, 1 + T30 + bl + Taby + (~7m )b + Tobb] + Trbib] + Tybho+

Tribob + Tizblbad] + Tighablond] |

= 2630y + 3] 4 2gbibib] + 27boblby — I7by — lob! + 2gblbybl + 11161+
Liobib! 4 Ligbi bl + 2boly + I3 + 2lbabi b + 2l7bablb] — I7b! -
20obbbaby + 2lgby + l11ba + l12bib! + T16boby b}

= 7byblby — lrby — lobl + 2lgblbobl + 119b1 bl + I3 + 3T+
27babbbl — I7b] — 2lgblboby + loby + L12b1b!.

Therefore, by Remark [7.1] we get
2Re(l3) = —|u|> — [m1|?, 2Re(l12) =0, Iy +1y = 0.
Substituting H; and Hs in gives us the relations
{eg + 0oy + O3by + 04DT + 05, + Osbib] + Osby bl +
11626} + 614bablbn + Br6b1b]bob, by b+
{111 + Loy + Igby + LbT + (=g )b + lbib] — lobiba + loblby + l11babl+
l12b1b{bs + Ligb1b{bah, by }

= 201by + 051 + 296b2b1b1 + Osb1 — 298615253 + 01162 — O14b9by + 916ble{b2+
20101 + L + lgby — by + 2lgbab1b] + 2011b1bob} — L12b1by + Lib1babl.

Then, by Remark [7.1] it follows
200 + 6011 —lg=0, O5+4+14=—kKiur —vir, 0Os+2l1+1=0,

0= —20g + 2l11 + l1g = 266 + 016 + 2lg = 011 — lg = —014 + [12.
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By applying to Hy we obtain
{001 + 8201 + B3y + 0151 + O35} + B5b1b] + Osb1bl+
11020} + 01152601 + 01610020, 0] |+
{I0T -+ b+ Tbl + Taby + (~7 )b + Tobib] + Trbib] + bl +
T11bob}, + Trablbibl + Trgbablby bl bl}
= 201b} + O3] + 206b5b1b} + 61165 + 014b%b1 + B16b1 b b+

211y + Io] + by + l7bh — 207b1b1bY + 2011b1bobl+
1125551 + ilengbly

and consequently we find with Remark [7.1] the zero term relations

0 = 201 +01 +17 =01 +17 =014+ 112 =206 + 015 — 2I7

_ _ _ _ (7.2.10)
= 24+, lo+03=—pA —r1v1, 2011 +1lig=0.

By substracting the second equation from the first equation in the consistency condition
(7.2.10) we find another zero of H;

61 =0,
combining it with means that the following is true
0s = 0.
By seeing that 201 + 011 + 7 = 0, we may put

011 = —I7.

From the third equality of the consistency condition (7.2.7) and 26;; + 616 = 0, together with
the fourth equation ([7.2.10)) give us

016 = 2l7 = —2lg = —2011.
Because we have Re(l12) = 0, it follows I35 = —l12, which implies
Re(614) = 0.
From the fifth equality of the equation ([7.2.10|) we infer
Os + 21, +15 =0,

and as a consequence, we have

0s = 0.
Furthermore, since it is true that s = —67, we find the zero term
07; = 0.
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Finally, the equalities
201 + 111 = 2lg + l16 = 2l11 + 116 = 211 + 16 = 0,
lead to
=1, 20 =—ls, lie=—2l1,
which finishes the proof. O

7.2.3 General form

Finally, we give the general form of a Fermion diffusion with two degrees of freedom.

Proposition 7.18. The general form of a Fermion differential equation with two degrees of
freedom, is the following

dBi(t) = MdA +kdAT + ( (=N = [k]*) B1 + iBB1 + (—f\ — k7 — p)I—

AB] + (—kp — v\ — v)B} — 6ByB} + ia By By B, + 20B, Bl By B} )dt,

dBy(t) = pdAf+vdA+ (u + pB1 + (—|pul? = |v[*) By + io By + vB] + (—pv) Bi+

¢B1B] + 0B1B; — 0Bl By + ¢ B2 B} + ®BBI By + —2¢BlBIB2B§)dt,

dBi(t) = XAT+%dA + ((—|/\\2 - |/<,|2)BI - z’ﬂBI + (—p\ — v — p)[—

NeB1 + (—Ff — A — ) By — 0By B} — ia B By B} + zeBngBlB{)dt,

dBl(t) = pdA+ vdAt 4+ (ZI + 9Bl + (—|u® = |v[*)B} — iocB} + By + (—aw) Ba+
BBl +0BiBl — 0BIB) + ¢B, B} + ®BIB Bl + —2$B2B;BlBj)dt,
where A\, K, B, 1, p, v, 0,0, P, 0,1 € C. with initial conditions
B1(0) = bi(0)&Ir, (r2(=,)), Bi(0) = b1(0) @I, (r2(®, )
B3(0) = ba(0)®Ir, (12(R, ) Bl0) = b2(0)I &I, (12(R,))-
Proof. Tt follows from Propositions and O

7.3 Three degrees of freedom

In this section, we calculate the zeros terms of the even coeflicients of Fermion diffusions with
three degrees of freedom and we give the general form of the odd coefficients(but we do not
find the zeros of this operators) of a Fermion diffusion with three degrees of freedom. By doing
this, we see that, cotrary to the cases of one and two degree of freedom, the terms of the even
coefficients (and hence those of the odd operators) are considerably more complex, meaning
that they have more non-zero terms. More precisely, the main motivation of the computations
done in this subsection is to illustrate how the Fermion diffusions grow in “complexity” as
the number of degrees of freedom increases.

99



7.3.1 Even coefficients

Remark 7.19. From Theorem[6.9 we infer that the even coefficients of a Fermion diffusion

with three degrees of freedom have the following form

Fi = AT+ Aabibl + A3bibg 4 Aabibl + Asbibs + Asbibl + Arbabl, + Agbobs+

Aobabl 4+ A1obsbl + A11bT by + A1abl bl + A13bibs + A1abTbh + Ai5blbs+
A16bbbk -+ A17b1blbobh + A1sbibibabs + A1ob1blbabl 4+ Aggbyblbsbl+
Aa1b1b]bYbs + AgabiblBIBE + Agsboblbibs + Aagbobbbibl + Aasbablb]bs+
A26babbbl bl ++ Ao7boblbsbl + Aogbsblbiby + Aggbsblibibh + Asobsbliblby+
A31b3b5bT b5 + A30b1bT bablbsbl,

Fy =l + pobib} + pzbibs + p1abibl + pusbibs + puebibh + prbabl + pgbabs+
M9bzb;§ + Mlob:’,bg + Nlle{bQ + mbibﬁ + M13bib3 + M14b§b;t, + N15b£b3+
11160505 + p117b1bTbab] + 1118b1b]babs + p1gb1blbabl + poobiblbsbl+
11210161 bbb + p122b1DIbLDY + 1123bablb1bs + p1aabablbibl + prasbablblbs+
p126b2bbbIbY + 1127b2bibsbl + prosbsblbiby + p129bsbibibl + psobsbib]ba+
1131b3D51bY + 1300161 bablbsbl,

Fy = il 4 robibl + kgbiby + kabibh + rsbibs + rebibl + rrbabl + Ksbabs+
Kobabl + K10b3bl + k1161 + k12b1 b + Kk13blbs + K14bTbE + K15bhbs+
K16bLbY + K17b1b]babl, + k1gb1b! babs + K19b1blbabl + Koobibl bbl+
K1 b1 bl bibs + roab1blbLbL + Kasbabbbibs + rosbablbibl + kosbablblbs+
Ko6babbbl bY + karbablbsbl + rogbsblibiby + ragbsbibibh + K30bsblb!by+
k31b3bbIbY + rzobi bl boblbabl

G1 = NI+ Nobibl + Nybibg + Nybrbh + Asbibs -+ Asbibk + Nsbobl, + Ngbobs+
Agb2b} + Njobsbh -+ N1b{ba + Niab1bh + Xibibs + Niub[bh + Nsbhbs+
16D5DY + N b1 bbbl 4+ Ngb1blbabs + Nigbiblbabl + Noob1b!bsbi+
1010 b bs 4 NyobrbTbIbE + Nyaboblbibs + Noybabbbibl + Nosboblbl bs+
Lbabibi bl + Xyrboblbsbl + Nogbsbibiby + Noobsblbibh + Nyobsblib! by+
Ny babibl b + Nsob1 bl bablbsbl,
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Gy = pI+ Mlgbﬂq + psbibe + Mﬁ;blb; + psbibs + M%blbzr), + —i—//752b£ + pgbobs+
Hobabl + piobsb + 11b1ba + pablb] + p3blbs + p4blbY + pisbhbs+
1y bRY + 1170161 babh + 1y 5b1b]babs + 15 b1 bl babl + 1hoby bl bsbl+
ey b1b1 bbby + rhbiblbLbL + phsbabhbibs + 1 babhbibl + phsboblblbs+
hbabhbIbY + 1hrbablbsbl + pihsbsblbiba + hgbsbibibh + isobsbiblba+
1 b3bEDIDY + ppb1b]bablbsbl,

Gy = K\I + khbibl + rybiby + Kb1bh + Khbibs + kgbibh + bbbl + Kisbobs+
rgbabl + Khobabl + £11bb2 + Kiab]bY + K3blbs + 1bIBL + Ki5bLbs+
Kh bbbl 4 70101 babl + K gb1blbabs + Kigb1 bl babl + Khob1b! b3bl+
Ky b1bT b3 + KhobiblBIDY + Khaboblbibs + Ky bobbbibh + Khsbablbl by+
Khgbabb bl bl 4 Khrbablbsbl + Khbsbhbiby + Khgbsbibibl + khobsblb! by+
iy b3bibl bl + ryob1 bl boblbsbl.

7.3.2 Consistency conditions

Now, we reduce the even coefficients of a Fermion diffusion with three degrees of freedom
with the consistency conditions given by the Propositions [6.14] [6.15] and [6.16]

Remark 7.20. We will use in the next propostion that

[b;-rbj,bi} = —b;, [bjbj,bi} =b;, [b}bi,b” — o, [bibT bT] = bl

Jr i
Furthermore, it holds

[bibolb, bi| = vidb,  [bfbiblbb;| = ~blbjbr, [bblblb ;| = —bible
and

[bibolb,bf| = —bleler,  [bisbln, ]| = —bjoln

We have similar identities by interchanging the sign on the right side.
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Proposition 7.21. Let Fy, Fs, 3, Gy, Go and Gs, be the even coefficients given as in Remark
of a Fermion diffusion with three degrees of freedom. Then, by expressing the even
operators in terms of the non-zero terms, we get

Fi = A+ Agbiby + Aabybb 4 Asbibs + Agbibl+
Arbabl + Agbobs + )\9526;, + )\1053551;7

Fy = il — Aabid] + Re(uz)biba + psbrbs + pigbibi+
pgbabs + Mlobsbg + >\7bib27

Fs = ril-— /\Gble{ + k3b1by + M(jblb; + Kk5b1bs+
kgbabs + H11bJ{b2 + u1ob3b£

Gy = )\,11 + Agbibo + nglbg + X6b1b3 + X5blbg+
Re(j13)babl, — ighobs + pisbabl + risbsbl

Gy = phT + X3bibl + Xrbiby + Aobibs + Agbibh + Tighabl+
Fgbsbl + Re(us)blby — k3blbs + Njsbl bl

G3 = Rlll — X5b1b]; — nglb; + Xloblbg — ,ugbzb; + ﬁ10b2b3+
Tisbiby + Niblbl + ksblbs + mblbs.

Proof. We observe that the commutator of b; or bZT- with an operator that is the product of an

even amount of operators that does not include b; or bj- is zero. Furthermore, we will use, as
before, Remark We start as in the previous cases by applying the consistency conditions
given by Proposition

The third and fourth conditions of Proposition imply

[F1,b1] = [G1,01] = 0,
and
0 = Agbi — Aiblbiby — Ap1bibliby — Ajablbibh — A1abiblbh — A13bib1bs — Ai3biblbs—
A1ablb1bL — A1abibibl + Ai7b1bobl + A1gbibabs + A1gbybabli+
A0b1b3bl 4+ Aa1b1bhbs + Aaabibhbh — Aasbobl bl bibs — Aasbabbbiblbs—
Aa6babbbl — A3obsbibs — Az1b3bibl 4 Azobybablbsbl.
Thus, by Remark we get that
0 = obi — Arrbo — Ai2bh — Aizbs — Aiabl + Ai7bibobl + Aigbibabs + Aigbrbabl+
Ao0b1b3bh 4 Aa1b1bhbs + Aaabibhbh — Aasbablbs — Aagbabibl — Azobsblba—
A31b3bbY + A32b1bablbsbl.
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Hence, by the symmetry of the conditions and Remark it hold$™]
A =\, =0, (7.3.1)

for i € {2,11,12,13,14,17,18, 19, 20, 21, 22, 25, 26, 30, 31, 32}. Now, the symmetric conditions
obtained by susbstituting F5, G2 in the third and fourth identities of Proposition [6.14

[F27 b2] - [G27 b2] - 07
together with Remark give us

0 = p4by + prbe + ,ume{ — p15b3 — u16b§ + u17b1b§b2 — M2151b§b3 - M22b1bib;§+
1123b2b1b3 + 1124bob1bY + pio5bablbs + poebab]bi+
M27bzbgb§ + u29b3b§b1 + MSlebg);b]; + M32blbib2b3b£~

Then, we have for i € {4,7,12,15,16,17,21,22,23, 24, 25, 26,27,29, 31, 32} and Remark
that it holds

wi = = 0. (7.3.2)

Now, by considering the last identical consistency conditions with only one even operator for
the operators F3 and G3 we obtain

[F3,b3] = [G3,b3] = 0,
and by Remark

0 = kgby + Koba + K10b3 + /€14b]i + /43161); + Iﬂgblbibg -+ /ﬁ;zoblb{by, + Hggblblbgﬁ-
/1241)25;[)1 + HQGbeEbJ{ + H27b2b£b3 + Kogbsb1by + Knggblbg-i-
/igobgblbg + K‘glbgbib; + Hggblbibzbgbg.

Therefore, we have for ¢ € {6,9,10,14, 16,19, 20, 22, 24, 26, 27, 28, 29, 30, 31, 32}, by Remark
the following equality

= 0. (7.3.3)

By the symmetry of the conditions obtained by substituting Fi, F5 in the first consistency
condition of Proposition and G1,G4 in the second one, we get

[F1,b2] + [F2,b1] = [G1, b2] + [G2,b2] = 0,
and by Remark the following

0 = by + Ay — Aisbs — Aigbl + Aasbabibs + Agsbobybl+
)\27()2[)3[); + )\29()3[)2&[)1 + paby — p11bo — p13bs — M14b£—|—
18b1babs + M1951bzb§ + Mzoblbsbg - Msobsbgbz

30Notice that half of the coefficients are zero, exactly as in the case with two degrees of freedom.
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Which means by Remark that the following terms must be zero

A+ p2 =0, Ny + ph =0,
A7 — 11 =0, A7 — phy =0,
A5 — pig = 0, 15— i3 =0,
—A16 — p1a = 0, ~ N — #ha =0,
—Xog — 18 =0, —Ay3 — g =0, (7.3.4)
—A24 + p19 =0, — Aoy + piig = 0,
Ao — p30 = 0, b7 — 159 = 0,
A2g — p20 = 0, 59 — Moy = 0.

The identical symmetric consistency conditions obtained from substituting Fj, F3 in the first
consistency condition of Proposition [6.15] and G, G3 in the second consistency condition

imply
[F1, 03] + [F3,01] = [G1,b3] + [G3,01] = 0,
which together with Remark allows to put

0 = JXgbt + Agbo + Aigbs + )\16b£ + /\24()2()£b1 + /\27bzb£b3+
)\nggblbz + )\29()3()15; + Iizbl — /ﬂle — Iﬂgb; + /€13b3 + K17blbzb£+
Iilgblbgbg + I€21b1b;b3 - K25b2b£b3.

Thus, by Remark [7.1] we deduce

X6 + k2 =0,
Ag — k11 = 0,
Ao — K13 =0,
A1g — K12 =0,
Aoy — K17 =0,
Ao7 — ka5 = 0,
Aog + k1g = 0,
A2g — ko1 = 0,

i !

6+K‘2:03
! !
g+ K =0,
! r
10— k13 =0,
/ /
16 — K12 =0,
/ / _0
24 — K17 =Y,
!/ / _0
27 — Koy = U,
/ /
98 T K1g = 0,

/ !
99 — Ko = 0.

(7.3.5)

The equalities obtained by putting F5, F3 in the first consistency condition of Proposition
and G9, G3 in the second one lead us to the following identities

[F2,b3] + [F3,b2] = [G2,b3] + [Gs, ba] = 0.
Applying Remark to the equation above gives us the conditions

0 = — pebr — poba + p10b3 — M14bJ{ + u19b1b§bz + u20b1b§b3+
Hogbsbibo + MgobgbIbQ + Kab1 + Kby + ngbi — K15b3+
I€17b1bJ{b2 — Iﬁ;glblb{bg + Ko3bob1b3 + I€25bng{b3.
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The previoius equation together with Remark gives us the zero terms

—pi6 + k4 =0, 1 + Ky = 0,
—pig + K7 =0, wy + Ky =0,
p10 — k15 = 0, {10 — K15 = 0,
—p1a + K12 =0, —phy + K1 =0, (7.3.6)
p19 — kir = 0, f1g — K17 = 0,
pi20 — k21 =0 fiag — kg =0,
piog — kg3 = 0, fog — fh3 = 0,
p3o — ko5 = 0, o — Khs = 0.

Substituting the even coefficients, Fl,GI in second identity of Proposition allows to
equate

[Fl,bﬂ + [G{,bl} —0,
and Remark [7.20] lead us to conclude

0 = —Asba — Aabb — Asbs — Abl — Aasbablbs — Aoaboblbl—
Aosbsblby — Aagbsblbl, + Agbl + Njba + Asbl + Aghs—
Noabhbobb 4 Xo,bablbs + Aagbsbhbh + Aogbsblbs.
Hence, by Remark [7.1] we may put
0 = —d3+Ag=-M+Arg=—-As+As = —Ag+As = —Aa3+ Aoy 731
= ot — gz = —Aas+ Mg = —Azg + Nag. -

Finding the zeros of the operators F7, G; in the second equality of Proposition implies
the validity of

[Fl,bﬂ n [G;,bl} —0,
and together with Remark the correctness of
0 = Aghy — Arbl — Agbs — Agbh + —Aozblbibs — Agsblbybl—

Ao7bibabh + Aogbsblby + Taby + Tisbh + ThbY + Tighs+

T, sbkbhb1 + Ti9bsblby + Tihobsbliby + Thgbbbsbl.
Therefore, Remark means that the following

0 = X+ = —Ar+fg = —As+g = —Ag+i5 = —Aoz + g
= — Ao +lg = Aoy + iy = Aag = fiay,

is true. Thus, from the equations , and , respectively, it follows

!/ !/

(7.3.8)
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Considering the second identity of Proposition for F1, Gg give us
[7,85] + [6h.01] =0,
consequently, by Remark we have
0 = Asbi+ Asba — Aiobh + Aisb), + Aagbabbby — Aazbobbbl—
Aoblkbrbb + Fhby + Fab + Fyba + Fabh + R)7bablbi+
Fgbibiby + Fhbhbabl.
Therefore, by Remark [7.1] we deduce

0 = )\5+E/2Z)\g—i-ﬁﬁl:—)\lo-l-ﬁir):)\m—i-ﬁg

7.3.9
= A3+ E’17 =—Xo7 + 5/23 = =Ny = 5/17- ( )

Hence, we have by the equations ([7.3.4)), (7.3.5)), (7.3.6)), (7.3.7) and ([7.3.8]) the zero terms

foo = K21 = Ayy = phg = a3 =0, (7.3.10)
By considering equation we find the zeros
pg = —Apy = 0. (7.3.11)
A consequence of the second result of Proposition for the operators Iy, G is
[Fg,b;} + [GT,bQ} —0.
This being equivalent, by Remark to

0 = u3by — ugbs — Mgb; + Mnbi - M13ble{b3 - Mlgble{b;T), + Mzsb3b£52 + Msob3b£bi—
Tisb] + TIgbY + Figbs — T11b1 + Tibibib] — Tihsblbsbl — isbablbs.

Thus, from Remark we infer

0 = p3—My =—ps+ g = po — fig = p11 — 3 (7.3.12)
= —ju3 = —pg + i1 = pos = iz = Hog = [i30-
From the equalities ((7.3.9)), (7.3.10), (7.3.8)), (7.3.6)), we deduce
—Xo7 = Khy = Kby = Koz = MNyr = A\i5 = —Aoy =0, (7.3.13)
Furthermore, by , , we obtain
Ky = Ny3 = p19 = O. (7.3.14)

That together with (7.3.11)) and ((7.3.6]), allows us to find the zeros

!/
mis = ko5 = 0,
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of F3, Go. The equality with adjoints infered from Proposition [6.16
[£2,b8] + [G.ba] =0,
give us
0 = psby + bapis — p10bk + p1abl, — Fybl + Rhby + Fs'bl — Rir'by + Figbiblbl,
which implies by Remark the following

ps — i1 = ps + Ky = —po + Ry = pia = Kk = K1g = 0. (7.3.15)

The identities (7.3.15)), (7.3.4), (7.3.6) and (7.3.9) lead to

Ag = K12 = A15 = 0, (7.3.16)
Doing the same as before with Fj, G;E’ in Proposition we consider
[Fg,bg} n [Gg,bg} —0,
and by Remark we conclude
0 = kb + rgba + K13bl + K15bh + Kosbabbb! — REDT — RLbY — Figby — Risbo.

As a result of this, we find, by Remark, the following zero terms for the even coefficients
F3 and G3

K5 _E/13 = K§ —E/15 = K13 —E/5 = K15 —Eg = Koz = 0. (7317)
By solving one of the conditions of Proposition for Fs, GI
[F2.bf] + [6lb] =0
and Remark [7.20 we have
0 = —pobl — pi3by — psbs — pebl + Xy + Aghh + Xgbz — Apghsblb!.
This gives us the following terms
— —/ ~/ ~/ ~/
—p2— A3 = —pz+ Ay = —ps+Ag = —ps+Ag = —Ayg = 0 (7.3.18)

of the even coefficients, that are zero by Remark Remark implies the identities

iabibl bl] = kbl [Xsblol.bs] = —Xsel,
igbibo, bl = —ksba, [nggb;bg_ = bl
eabibl, o] = — bl [X’mbgb},,bg_ = Niobs,

:%551173,51: = —~sbs, Fmbgbz,bz{ = —Aisba,
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and
[ra7bib{bath, bl | = —ki7blbabh,
which by the condition
[Fg, bﬂ n [GI, b3] — 0,
obtained from Proposition [6.16] allows us to deduce
~/ ~/ ~/ ~/

Then Remark has as a consequence

[ngblbg,b;_ — ksby, [ﬁgbng,bg_ = —mbl,
[meb;,bg_ = —kirbs, [ﬁgbgbg,bg_ = —qbl,
{Hsbzb:a,b;: = —kgbs, [ﬁllob3b:§7b3: = Tyobs,

[’ille{b%b;: = _/illb]iy [ﬁ,13b§blvb3: = —Tiy3b1.

Furthermore,
[P, b5] + [Globs] =0,
give us by Remark [7.1] that
K3 — i3 = —K7 = —Kg + g = —K11 + 5 = —pg = 0. (7.3.20)
Lastly, by Remark [7.3.6) we have found the last term that is zero
py = 0.

Finally, by expressing the coefficients in the hirarchical order, A\, u, , N, 1/, k' we get the even
coefficients. That is, we express F; only in terms of \’s, F5 with A’s and p’s, F3 just with \’s,
w’'s and k’s and so on. O

Remark 7.22. We observe that in contrast with the cases of one and two degrees of freedom,
the even coefficients are not trivial. Intuitively, this makes sense as in the case of Fermion
diffusions with three degrees of freedom we have 192 terms. On the other hand, we have
only 21 consistency conditions. Furthermore, we notice that the amount of terms of the even
coefficients increases a lot “faster” than the amount of consistency conditions, which is a
good reason to believe that the number of non-zero terms of the even coefficients of a Fermion
diffusion with many degrees of freedom is also large. For general Fermion diffusions with more
than three degrees of freedom the amount of non-zero terms of the even and odd coefficients
should be considerably larger.
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7.3.3 0Odd coefficients

Here, we give the general form of odd coefficient but we do not apply the consistency conditions

due to the large amount of calculations required.

Remark 7.23. We observe, that exactly as for the even coefficients, the odd coefficients of
a Fermion diffusion with 8 degrees of freedom have 192 terms. On the other hand, there are
only 12 consistency conditions for the odd coefficients of Fermion diffusions with three degrees
of freedom. Finally, we point out that the computations of this subsection are considerable
more detailed than the ones that we did for Fermion diffusions with lower degrees of freedom.

Remark 7.24. From Theorem we infer that the general form of an odd operator with

three degrees of freedom has the following form

H =

Hy, =

041 + 041} + 04b1bo + 04b1b), + 05b1bs + O5by bl + O5bobl, + Obobs+
Ogbabl + 0b3bY + 01,b1b2 + 075010 + 01351 b3 + 07,510} + 05bhbs+
1 6DhDE 4 077b1bTbabl + 0131 bTbabs + 019b1 bl babl + B b1 bl b3bi+
10101 bLbs + O by bIbIbE + 03boblbbs + 0,bablby bl + 0h:boblbl b3+
bsbablbl bl + 0 boblbabl + Ohgbsbibiby + Ohgbsblibibl + 050bsblb!by+
5103b501BY + 00161 bobibsbl + O3b1 + 03,0 + O5b + O6bh047bs + Oasbi+
O9b1b1 by + 040b1b1bY + 016161 + 00b1bTbL + 0)3b1b9b), + 04b1babs+
0)5b1babl + 05b1bYbs + 0)7b1bEbE + 05b1b3bl + 0)gbl bobs + 05,b! babl+
05110505 + 05150} + 053D bsbl + 05,b1b3bY + 055bablbs + O5sbabhbl+
0L7babsbl + O bhbabl + 05ob1bT bablbs + Olsobiblbablbl + 6l b1b] bsblbo+
0s5b1 b1 bsbibl + 0fsaboblbsblby + 05,boblbsbib!,

071 + 04b1b] + 041Dy + 0/1b1b + 02b1bs + 04 b1bL + 02bobl + 04 bybs+

05 babl + 010bsbl + 0101 by + 01D1b] + 05b1bs + 07,b1b% + 05b3bs+
1sbEbE 4 0701 babl + 071 bl babs + 07gbr bl babl + 65 b1 bl b3bi+
410101 bLbs + 0 bbIbIbE + 04aboblbibs + 6,babl by bl + 04:boblbl b3+
bsbabibl bl + 04 bablbabl + 04sbsbibiby + Osbsblibibl + 04b3blb! by+
$1b3b5b1b + 0ob1b]bablbsbl + 04b1 + 05,61 + 045bs + O45bL6kbs + B4+
Vb1l by + 0o brbl bl + 0 b1b1bs + 04,b1bIbE + 0351 bobl + 07,b1bobs+

0/)sb1babl + 0/f5b1bLbs + 01 bibl + 0/1b1bsbl + 0gbl bobs + 02,b! babl+
5,b1bbbs + 05,1bL6Y + 653b1bsbl + 65,61 bsb] + 0%5bsblbs + 05sbablbl+
U bobsbh + 0L babl + 0Lgby bl bablbs + 0 b1bl bablbl + 01t b1b]bsblbo+
1101 bsbibl, + 0abablbsbliby + 0f,bablbsbib!,
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Hj

_ 9///I+9///b1bT + 9///1)1()2 + 0///b1bT —l—@”’blbg + mele + meng +9”lbgbg+

04" bobl + 015 babl + 071 b1by + 075bIbY + 675blbs + 674b1bL + 67 bl b+
VDL + 070 by bbbl + 074101 babs + 07b1blbabl + 030 b1 bl b3bl+
Y b1l blbs + 0ahbbIbIbE + 043bablbibs + 044bablby bl + 04Lbablbl bs+
Y boblbl bl + e boblbabl + 04kbablbiby + Basbsblbi bl + 04 bsblb| by+
01 b3blbl bh + 0nb1 bl bablbsbl + 04y + O4bT + Gitby + GasbhOnbs + O4sbh+
b bibl by + O bibl bl + 07 biblbs + 0hb1blIbL + 075b1bobl + 653b1babs+
045 b1bobl + 015b1bLbs + 0sbybibY + 0/18b1bsbl + 045D bobs + 66T babl+
bl blbs + 0BT bIbE + 0151 bsbl + 024bTbsbl 4 01Lbablbs + 025 boblbl+
U bobsbl + ’”bTbng ”’ blebngbg + 6 blebeTbT + 01010 b3bibo+
1 b1blbsbib), + 0k bobd bngbl + 0/, boblbsblb! .

where 0},07, 0/ € C and i € {1,2,3,4,5,...,64}.
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8 Some general results

The purpose of this section is mainly to show, what we believe, should be the line of work
of this theory. By playing with the different possibilities for the terms of the odd and even
coefficients or by imposing conditions derived from the consistency conditions (Propositions

and [6.15)) we get some interesting results.

Here, we find the even coeflicients of Fermion diffusions with certain properties. We will like
to point out, that it might be that some of the results presented here, could probably be part
of a more general theorem. Exactly, as the first and second results are a consequence of the
third proposition.

Proposition 8.1. Let (B'(t), B'(t)) as in Definition let n be even, assume that all the
even coefficients are the identity operator multiplied by some constant, that is, for

ALy ooy Ay U1y ooy i € C

1t holds

F=MI,...F,=)\1,Gi=ml,... G, = pupl.
Furthermore, that the odd coefficients, Hi, ..., Hy, are given exactly as in Ezample[6.9. Then,

M==XA =11 = pn =0.

Proof. From the second condition of Proposition we have

{Hi(t), B ()} + {H] (1), B'(t)} = —|\l* — |
Then, the left handside is zero, since we have

(c1by *--~ai5i*---*anbn)*bg+bj* (c1by *--~ail;i*~--*anbn)
is equal, by the canonical anticommutation relations, to
(—1)”_1bg * (pby * - by %k anby) + bj * (pby * - by %k anby)

but since it holds that n is even it follow that n — 1 is odd and this implies

{H;,bl} = 0.

Similarily, we can see that {HlT ,bi} = 0, hence we have —|\;|?> — |i;]> = 0. Then, it follows,
since both numbers need to be larger or equal to zero, that A\; = p; = 0. O

We observe, that by symmetry, we have the following result

Proposition 8.2. Let (B(t), B'(t)) as in Definition with n even, assume that all the
even coefficients are the identity operator, that is, for A1, ..., An, 41, -y fbn € C, it holds

F1 == )\1[, ,Fn == )\nI, G1 == ,U,lf, ,Gn == MnI

Furthermore, that the odd coefficients, Hu, ..., H,, are given in the following way

H;, = albi K ooe ek az-l;iT . --anb;rl,
where /l;l means that b; is to be omitted. Then,
A1::)\7’L:M1:,un:0
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Proof. By symmetry, similar to the proof of Proposition [8.1 O

Furthermore, these results inspire a generalization

Proposition 8.3. Let (B'(t), BY(t)) as in Definition with i € {1,...,n}, assume that
all the even coefficients are the identity operator, that is, for A1, ..., An, t1, ---, tn € C, it holds

F=MI,... . F,=)\I,Gi=mul,...G, = upl.
Furthermore, that the odd coefficients, Hy, ..., Hy, satisfy
{#:(t), BI()} + {H] (1), Bi(1)} = 0
Then,
AM=-=Ag=p1- = pp =0.
Proof. Tt follows by equating the condition of the hypothesis to —|A\;|? — |u;|? O

By considering even coefficients with the same term, we can find a similar result

Proposition 8.4. Let (Bi(t), Bl (t)) as in Deﬁm’tz’on with i € {1,...,n} and with n
larger or equal than two, assume that all the even coefficients are the linear combination of
I and bz-b;r. Let M1, ...; p, AL, oo, A, € C. Furthermore, we assume that they have the same
terms, that is

Fi =M+ XNbibl, oo Fy = M + Xobabl, Gy = AT 4 Nobpbl, .o.s G = AT + X, bybl
Additionally, that the odd coefficients, Hy, ..., H,, satisfy
{Hi(t), B (1)} + {H] (1), Bi(t)} = 0
Then,
M=-=X=N-- =N =0.

Proof. From the third equality of Proposition [6.16/and the hypothesis, we deduce the following
equation

0 = —(Ad 4+ Nibb) )T + Xibibl) — (A + XNTbib) ) (AT — Xibib)).
Hence,
0 = (AT + Nibb) ) (NI + X;bib)),
which implies, by the canonical anticommutation relations, that
0 = |Xi[2T + XiXibib! + NiXibibl + [N 2b;b!.
Therefore, by Remark we deduce
Ai = MM+ A + NP =0,
this last equation being equivalent to
IXI* =0,

and we conclude the proof. O
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Remark 8.5. We notice, by considering the odd operators of Example|[6.9, that for i # j, we
have by the third consistency condition given by Proposition[6.16 and that by Proposition[8.1
(assuming these hypothesis) we have

{Hi, b} + {H], b} =0 (8.0.1)

J
and by the third property of Proposition |6.15 we have
{Hi,bj} +{Hj,bi} = 0.

The left handside of the last equality can be seen to be zero, without considering Proposition
. On the other hand, (8.0.1) implies for the case of a Fermion diffusion with two degrees
of freedom, the following

12bobl + 12bby + 12bobl + 12biby = 0,
which implies
1=0,

meaning that, the odd coefficients can only be zero. Which lead us to conjecture that, by
assuming

{Hi(t), BI(t)} + {H] (1), B;(t)} = 0

and that the even operators are a multiple of the identity, that the odd operators need to be
zero. Contradicting the hypothesis of a Fermion diffusion and showing that no such Fermion
diffusion can exist as the zero operator can not satisfy the canonical anticommutation rela-
tions.

Proposition 8.6. Considering the operators of Example[6.9 and the hypothesis of Proposition
[8.1] we get that there can not be a Fermion diffusion satisfying the hypothesis of Proposition

]
sketch. By Proposition [8.1] we have
{H;, b0} + {H] b} =0
but
ai(bl*~--*b;bj>k---l/)\i*--o*bn)

has the same sign as

ai(bl*---*ajbjb;*u-*gi*---*bn)
which implies by the canonical anticommutation relations the following

ozi(bl*---*bjb}*---l;i*--~*bn:0

that only can happen if a; = 0. O
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9 Conclusion

From equations and we know that as the number of degrees of freedom of a
Fermion diffusion, with n-degrees of freedom, increases, the number of the consistency con-
ditions of the odd and even coefficients grow at a pace of O(n?). On the other hand, we infer
from Theorem that, in general, the coefficients of a Fermion diffusion with n-degrees of
freedom have 22" terms and the odd coefficients have 227~1 4 227~ in total. As we could
corroborate in the case of three degrees of freedom (Subsection , the amount of non-zero
terms of the even coefficients increases considerably in comparison with the cases of one and
two degrees of freedom. In this sense, the results presented here seem to only be useful to
find the zeros of non-general coefficients with only a small amount of non-zero terms or with
certain properties imposed on the coefficients. For instance, we could calculate Fermion dif-
fusions with 4 degrees of freedom such that the even operators are the identity and the odd
operators have only 2 or three non-zero terms. Moreover, we can apply the consistency condi-
tions to Fermion diffusions that satisfy certain imposed conditions, such as having only trivial
even coefficients, as we did in Section [8] In this sense, by using combinatorial arguments and
studying “families” of Fermion diffusions rater than general ones, it might be possible to get
a lot of information on the nature of these quantum differential equations.
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Appendices
A C*-algebras

Here, we make a short review of C*-algebras. We shall use the concepts presented here in
order to define Fermion diffusions (Definition [6.11]). We use the definition of a C*-algebra
several times throughout this work (e.g. Theorem . We take the definitions and concepts
from [28].

Definition A.1. Let A be an algebra and let x,y,z € A. Then A is said to be associative

if
- (y-2)=(x-y)- 2
where - denotes the multiplication.

Definition A.2. A Banach algebra is an associative algebra A over the real or complex
numbers that is also a normed space and complete in the metric induced by the norm and
such that the norm satisfies

lzyll< [l Iyl
for alll z,y € A.

Definition A.3. A C*-algebra, A, is a Banach algebra over the field of complex numbers,
together with a map * : A — A, such that, for all x,y € A,

(i) (2)* = o*
(ii) (wy)* = y'a*
(m) (a? + y)* =z* +y*
(iv) (z*)* ==
(v) for every A € C it holds
(\z)* == Az,

(vi) the C* property holds

[a* || = ]| [l«"]]

Example A.4. The bounded operators B(H) over a Hilbert space H with the *-map given by
the adjoint 7.

Definition A.5. A bounded linear map w: A — B, between C*-algebras A and B is called
a *~homomorphism if

(i) for x andy in A
m(zy) = w(x)7(y),
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(i1) for x € A
m(z*) = n(z)". (A.0.1)

The following definition is a formalization of the concept of quantum sothcastic processes
and it is taken from [6]

Definition A.6. Let B be a C*-algebra with identity and let T' be a set; a stochastic process
over B indexed by T is a triple (A,{j; : t € T},w) where A is a C*-algebra with identity and,
for each t € T, j, is a *-homomorphism of B into A with j;(1g) = 14, A is generated by the
image algebras { Ay = ju(B) : t € T} and w is a state on A.
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B Quantum probability

Quantum probability is a non-commutative generalization of probability theory, where the role
of random variables is played by self-adjoint operators acting on a Hilbert space. Probability
measures are replaced by normal states, i.e., positive weakly continous linear functionals on
a von Neuman algebra and such that w(I) = 1@ This section summarizes some results and
concepts from [4] and [19].

Definition B.1. Let H be a finite dimensional Hilbert space with scalar product denoted by
(-,-), and A: H — H an operator. Then, if (u, Av) = (Au, v) for all u,v € H, then we say
that A is a self-adjoint operator and we write A = A*.

Definition B.2. We call a pair (H, p) a quantum probability space if H is a Hilbert space
and p : H — H, satisfies Tr(p) = 1 and (u, pu) > 0 for allu # 0 in H. We call any operator
satisfying the previous conditions a state.

Definition B.3. For a quantum probability space (H,p) we call the expected value of a
self-adjoint operator A with respect to the state p the trace of the product of the state p with
A and we denote it by

E(A) = Tr(pA).

Definition B.4. The law of a self-adjoint operator A is the measure p on the spectrum o(A)
given by

p=Tr(pf(A))
for all bounded measurable functions on o(A).
The following results are standard, the proofs are therefore omitted.

Theorem B.5. If H is a Hilbert space of finite dimension and A is Hermitian, then there
exists an orthonormal basis of H consisting of eigenvectors of A. Fach eigenvalue is real.

Theorem B.6. If we let (p;)i=1,..n be an orthonormal base of eigenvectors of a finite di-
mensional Hilbert Space H corresponding to eigenvalues \; of a self-adjoint operator A. Then
we have

A= Nlea(eil,
1=0

where the operator |u){v| is defined as |u)(v|p = (v, p)u.

Remark B.7. If u is any vector in a Hilbert space H then we put Q = {1,..n}, X (i) = \;
and p(i) = (@i, u). Then we get

E(X) = 37 hui) = 3 Astuloi) (i) = (u, Au),

31See [].
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hence we see that the expected value of a random variable with probability measure u coincides
with the expected value of a self-adjoint operator. More generally, if f is any bounded function,
then we have that

= 2 F0u0) = 32509l ) = G S(A)0)

Here the operator f(A) is defined as f(A) v; = f(Ni)pi for alli € {1,...,n}.

Remark B.8. If we have a collection of elements u; of a Hilbert space H such that ||u;|| =1
and a collection of numbers such that ), p; = 1 then a general state is a convex combination
of the previous construction:

5 s S(A)u) = Tr(p (4)

with
p =Y pilu) uil.

States are also known as density matrices.
Definition B.9. We say that a state is a pure state if it has the form p, =| u){u | .

Theorem B.10. Pure states are extremals in the convex set of all states S(H) = {p €
L(H)|p > 0,Tr(p) = 1} where L(H) denotes the linear operators acting on a Hilbert space H.

Remark B.11. It is an easy task to define the law of a family of commuting self-adjoint
operators, for example if A and B are both commuting observables then their law is given by
the measure p on o(A) x o(B). But if A and B are non-commuting, it is not clear how to
define f(A, B). Take for example f(x,y) = 2%y, then it clearly holds that f(x,y) = xyry
but it does not necessarily hold that

A’B? = ABAB.
We have the more abstract definition

Definition B.12. A quantum probability space is a pair (A, P), where A is a *-algebra
and P is a normal state. The orthogonal projections of A are the events in A and P(p) is the
probability that the event p occurs.

B.1 Example of Quantum Probability Spaces

Now, we give the explicit form of certain quantum probability spaces. We prove the following
lemma to prove Proposition (B.14]),

Lemma B.13. Let T : H — H be an operator acting on a complexr Hilbert space H such
that

(Tu,u)y =0

for allw € H. It holds that



Proof. Let u,v € H, then
0=(T(u+v),(ut+v)) = (Tu,u) + (Tu,v) + (Tv,u) + (Tv,v) = (Tu,v) + (Tv,u).
On the other hand, we have that
0= (T(u+iv),u+iv) = (Tu,u) + (Tu,iv) + (Tiu,v) + (Tiu, Tiu) = (Tu,iv) + (Tiv,u).
Therefore,
(Tu,v) = —(Tv,u), (Tu,v) = (Tv,u),
which implies that
(Tu,v) =0
for all u,v € H. Therefore, T is the zero operator. O
Proposition B.14. Consider the Hilbert space of dimension 2:
H = spanc(| 0)(1 ]).

Then, all the quantum probability spaces have the form (H, p) with

| r
P=1F 1-al’
a€0,1],r€C,a(l —a)—|r*>0.
Proof. Let
_ |, 0
P= Qs QY
be a state, we observe that the condition p > 0 implies that p is self-adjoint. Since (u, pu) € R,
we have that

(u, pu) = (puyu) = (pu, u) = {u, p*u).
Then
((p* = p)u,u) =0,

which by Lemma (B.13) implies that p = p*, from which we have that as = @z. From
Tr(p) =1 it follows that ay = 1 — ;. On the other side, we have that

e 12l o] o) =

which implies that a; > 0 and from

el BB =



we infer that 1 > a;. Now let A be an eigenvalue of p and let u be an eigenvector corresponding
to this eigenvalue, then we have that

(u, pu) = Xu,u) >0,

which implies that A > 0. On the other hand, we have that

ERE: V1=4(1-a1)ar — |azf?) >0,
2
which in particular implies
051(1 - Ozl) - \a2|22 0.

Which finishes the proof. O

B.2 Borel Calculus

In this section we make a summary of some results and concepts of operator theory taken
from [14], furthermore we make a short review of Borel functional calculus, as given in [19], we
mantain the informality of that paper for communicative reasons. Borel functional calculus,
roughly speaking, allows to apply a general Borel function to self-adjoint operators.

Definition B.15. Suppose A is an operator defined on a dense subspace Dom(A) = H. Let
Dom(A*) to be the space of all ¢ € H for which the linear functional

¢ — (¢, A),

¢ € Dom(A) is bounded. For ¢ € Dom(A*), define A*¢ to be the unique vector such that
(6, A) = (A*,16) for all Y € Dom(A),

Definition B.16. An unbounded operator A on a Hilbert space H is a linear map from a
dense subspace Dom(A) C H into H.

Definition B.17. Let A be an unbounded operator on H and let Dom(A) C H be the domain
of A, then the graph of A is the linear manifold G(A) C H & H defined by

G(A) = {(u, Au)|u € Dom(A)}.
Remark B.18. A linear functional (¢, A-) is bounded if there exists a constant C' such that
lp, Ap|< O\ for all v € Dom(A). A* is linear on its domain, and is called the adjoint of
A.
Definition B.19. An unbounded operator A on H is self-adjoint if
Dom(A*) = Dom(A)
and A*¢p = A¢ for all ¢ € Dom(A).

Definition B.20. A family {Pq} of projections on a Hilbert space H such tha@

$25ee page 235 in [25] for the definition.
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(i) each Pqo is an orthogonal projection.
(ii)) Py =0, P_qq =1, for some a.

(iii) if Q@=U;2; U, with Q,NQy, =0, for all, n #m, then

N
Po=s— 1 P

is called a bounded projection valued measure (pvm)FE]

Definition B.21. An unbounded operator A on H is said to be closed if the graph of A is a
closed subset of H x H. An unbounded operator A on H is said to be closable if the closure
in 1 x H of the graph of A is the graph of a function. If A is closable, then the closure A%
of A is the operator with graph equal to the closure of the graph A.

Definition B.22. An unbounded operator A on a Hilbert space H is symmetric if
(¢, Avp) = (Ad,¥)
for all ¢, € Dom(A).

Definition B.23. An unbounded operator A on H is said to be essentially self-adjoint if
A is symmetric and closable and A is self-adjoint.

Proposition B.24. Suppose p is a projection valued measure on (X, Q) with values in B(H)
and f : X — C is a measurable function (not necessarily bounded). Define a subspace Wy of

H by

wy={ve %\ JUCEINEOEN

Then, there exists a unique unbounded operator on H with domain Wy which is denoted by
fX fdu with the property that

<w, < /X fdu> w> - /X FO)day ()

for all p € Wy. This operator satisfies

() (100 o)
= [ 11 .

Proof. See Proposition 10.1 in [14]. O

33]imit taken in the strong sense.
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Theorem B.25 (Von Neumann spectral theorem). Suppose A is a self-adjoint operator on
H. Then, there is a unique projection-valued measure p” on o(A) with values in B(H) such
that

/ Adpt(N) = A
o(A)

where o(A) denotes the spectrum of A.
Proof. See in [19]. O

Definition B.26 (functional calculus). For any measurable function f on o(A), define a
(possible unbounded) operator, denoted f(A), by

f(A) = / L, J a0,

Definition B.27. If A is a self-adjoint operator on H, then for any unit vector b € H, define
a probability measure H{Z‘ on R by the formula

1y (E) := (b, p (E)) .

Remark B.28. For a normal state w we have that w® = wé? is a Borel probability measure
on R and that

w(f(A4) = f(a)dw?(a)

a(A)
We call w? the law of the observable A, where o(A) is the spectrum of the operator A.
In general, we have

Theorem B.29. Let Aq,..., A, be a commuting family of self-adjoint operators, then there
exists a spectral measure EA1-An on R™, such that

(u, f1(A1) -+ fu(Ap)u) = /fl(al)”-fn(an)d (u, €41 An)

for all w € H and for any bounded Borel functions fi, ..., fn and we call the Borel probability
measure w o EA1An on R™ the joint law of the n-tuple (A, ..., Ay).

Proof. See in [19]. O

Remark B.30. Therefore, when we consider commuting families of self-adjoint operators,
quantum probability coincides with classical probability. But, in case that we have a family of
noncommuting self-adjoint operators A and B then, in general, there exists no measure p on
R? (in the case of having a family of two observables) such that

w(f(A)f(B)) = / £(@)g(b)dpu(a b)

for all bounded Borel functions f and g.
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C Stone’s Theorem

Stone’s theorem allows to consider strongly continuous (one parameter) unitary groups
instead of self-adjoint operators. Stone’s theorem is extensively used in proofs of results
concerning the Weyl operators and hence its importance. This section summarizes some
results and concepts of [§].

Definition C.1. Let H be a Hilbert space. Let {U(t)}er be a family of unitary operators
such that U(t)U(s) = U(t + s) and such that they are strongly continuous, i.e. for all
to e R,y € H:

i [U7(4) = Uy ()= 0.

Then, we call {U;}1er a strongly continuous (one parameter) unitary group.

Theorem C.2 (Stone’s theorem). Let H be a Hilbert space and let (Uy)ier be a strongly
continous one-parameter unitary group. Hence, there exists a either a bounded or unbounded
self-adjoint operator A : D — H, that is self-adjoint on D4 and such that

U = exp(itA),t € R.

The domain D4 of A is explicitely given

DA:{lﬁG/H

%E%Z%(UA¢)—WM exhﬁs}. (C.0.1)

Conversely, let A : Dy — H be either a bounded or unbounded self-adjoint operator on
D4 C H. Then, the one-parameter family (Uy)ier of unitary operators given by

U :=exp(itA),t € R.
s a strongly continuous one-parameter group.
Proof. See 10.14 and 10.15 in [14]. O

Definition C.3. If {U(t)}ier is a strongly continuous one-parameter unitary group on a
complex Hilbert space H, then the unique self-adjoint operator A such that U(t) = exp(iAt)
is called the infinitesimal generator of U(t) or stone generator.

Remark C.4. The infinitesimal generator of (Uy)icr. may be calculated as

A = —ilim 2P =Y

t—0 t

with the domain given in (C.0.1) and with the limit calculated with respect to the norm in the
Hilbert space H.
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D Realization of the commutation relations

This section summarizes some results and concepts of [14].

Definition D.1. Let A, B be two operators acting on a Hilbert space H, then we define the
commutator operator

[A,B] .= AB — BA.

Definition D.2. We say that two operators A, B satisfy the canonical commutation rela-
tions if [A, B] = ihI, where I denotes the identity operator and h is the Maz-Planck constant.

Example D.3. Let H = L*(R), then the position and momentum operators satisfy the canon-
ical commutation relationsY

Remark D.4. It can be proven that operators satisfying the canonical commutation relations
can’t be simultaneously bounded >

Definition D.5. We define a representation to be a a group homomorphism U from G to
the space B(H) of bounded operators on some Hilbert space H.

Definition D.6. We say that two one-parameter unitary groups {U(t)}er, and {V (t)}icr,
satisfy the Weyl-commutation relations if

U(t)V(s) = exp(—ist)V(s)U(t)
Vs, teRy.

Theorem D.7 (Neuman). Let U(t) and V(s) be one-parameter, continuous, unitary groups
on a sepamble{ﬂ Hilbert space H satisfying the Weyl relations. Then, there are closed subspaces
H; so that

(i) H =N Hi, N a positive integer or infinity,
(i) U(t) : Hy — He, V(s) : He = He s,t €R

and for each t, there is a unitary operator Ty : Hy — L*(R) such that T,U ()T is translation
to the left by t and T,V (s)T;" is multiplication by exp(isz).

Corollary D.8. Let U(t) and V(s) be continuous one-parameter unitary groups satisfying
the Weyl relations on a separable Hilbert space H. Let P be the generator of U(t), Q the
generator of V(s). Then, there is a dense domairE] D C H so that

(i) P:D—D, Q:D— D,
(ii) PQ¢p — QP¢ = —i¢p, forall ¢ € D

(iii) P and Q are essentially self-adjoint on D.

34see Proposition 3.8 in [14]

35see Example 2 in page 274 of [25].
36see page 275 in [25].
%7see page 275 in [25].

84



E General Boson integration

Here, we give a short presentation of a more general approach to the Boson stochastic inte-
gration defined in Section 4] in which instead of considering Lebesgue measures we consider
measures with bounded variation. This section summarizes some results and concepts of
Chapter 24 and 25 of [1].

E.1 Adapted processes

We are interested in operators acting in the Hilbert space (4.1.1) and we shall use here the
same notation as in Section Ml

Definition E.1. Let H be an arbitrary complex separable Hilbert space and define for any fixed
measurable space (2, F) an Q-valued observable & as a mapping § : F — P(H) satisfying

(i) £) =1,

(1) E(U;Fy) = > E(Fy) if F; N Fy =0, where j = 1,... and the infinite series of projection
operators on the right hand side is interpreted as a strongly convergent sum,

where P(H) denotes the projection operators acting on a Hilbert space H, and F is a o-algebra
of subsets of €.

Example E.2. Let (Q, F,u) be any o-finite measure space where F is countable generated.
In the complex separable Hilbert space L*(p) define &* : F — P(H) by

(EM(E)S) (w) = Ip(w)f(w), f e L*(n)
where Iy denotes the indicator function of E@

Remark E.3. We call a function & : Fr, — P(H) a R-valued observable with no jump points
if E({t}) =0Vt 2 0, where Fgr, denotes a o-algebra of subsets of Ry.

Remark E.4. We denote as Hy, Hy 5 and Hy, the range of the projections £([0,t]), £([s, ])
and &([ t,o00]), respectively. In general we can decompose a Hilbert space into orthogonal
subspaces given by the range of the projections of spectral measures:

H - /Htl} ®H[t1,t2] b--- @H[t b---D ,H[tn—htn} b---D H[tna

j—1:t5]

where 0 < t] <ty < ... < t, < 0.

Example E.5. Given H = L*(R,) and taking the orthogonal projections
Ljo,t)s Lt to]s -5 Lfto0)

we get the decomposition

L*(Ry) = L ([0, t1]) ® L*([tr, ta]) @ - @ L? ([tn, 0))

forO <ty <..< t, <oo.

38Example 7.1 in [I].
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Definition E.6. A subset M of a Hilbert space H is a linear manifold if it is closed under
adition of vectors and scalar multiplication.

Remark E.7. We will write for any u € H
Uy = 5([0’ t])uv U = 5([757 OO])uv Uls,t] = 5([87 t])u
where & 1s a spectral measure and H is a Hilbert space.

Definition E.8. Let Dy C Hoy, M C H be linear manifolds such that £([s, t])u € M whenever
u€ M forall0 < s <t<oo. We denote by Doy@E(M) the linear manifold generated by all
vectors of the form f®e(u), f € Do,u € M. A family X = {X; |t = 0} of operators in H is
called an adapted process with respect to the triple (£, Dy, M) if

(i) Do®E(M) C D(Xy).
(i) Xif ®e(uy) € HNt] and X f @e(u) = {Xef ®e(uy)} @e(uy) for allt 2 0,u € M, f € Dy.

It is said to be reqular if, in addition, the map t — X;f ® e(u) from Ry into H is
continuous for every f € Do, u € M.

Definition E.9. A map m :t — my from Ry into H is called a {-martingale if mi € Hy)
for every t and ([0, t])my = my for all s < t.

Definition E.10. We define the Boson creation {Al, | t = 0} and annihilation {A,, |
t =2 0} processes associated with the {-martingale m by

(i) D(A%(t) = D(An(t)) = £(H);
(ii) Ah(t)e(u) = at(my)e(uw) = {Le(ug + emy) li—o} ® e(up);
(ii1) Ap(t)e(u) = a(my)e(u {<< m,u > ([0,])e(up) } ® e(up) for all u € H.

where <K -,- > is a complew valued measure in R which has finite variation in every bounded
interval, for details see in [1].

Definition E.11. Let m,m’ be two &-martingales and define the conservation process asso-
ciated with the pair (m,m’) of {-martingales Ajpy | (t) in Ts(H) by putting

(i) D(Apy | (1)) = E(H);
(i6) Ajy e (D)e(w) = A ) (my |) @ e(w).

(

where A(| m)(m' |) is the second differential quantization given in Definition|[3.12

Let H € B(H) and HE([0,t])H = Hy for all t. Define the operators Ag(t) in T's(H) by puttz’ng
)

(1) D(Au(t)) = E(H);

(it) A (t)e(u) = {N(Hi)e(uy)} ® e(uy) for all u € H where \(Hy) is again the second
differential quantization.
We call

{Ar(t) [t =0}
the conservation process in I's(H) associated with H.

Proposition E.12. The creation {A;rn(t) |t = 0}, annihilation {An,(t) | t 2 0} and the con-
servation {Ag(t) | t 2 0} processes are reqular adapted processes with respect to (§,H).
Proof. See Examples 24.1 and 24.2 in [1]. O
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E.2 Stochastic integration

Now, we define the stochastic integration with respect to annihilation, creation and conser-
vation processes.

Definition E.13. We call the creation {A,Tn(t) | t = 0}, annihilation {An(t) | t = 0} and the
conservation processes {Ag(t) | t = 0} the fundamental processes.

Proposition E.14. Let M denote one of the fundamental processes then it holds that
(M — My)e(u) = e(ug) {(My — My)e (ugsq) } e(up)
for all0 < s <oo,u€H.
Proof. Claimed in page 183 in [1]. O

Definition E.15. Let L be an adapted process in H with respect to (&, Dy, M) and simple as
in Definition 1D and let M be one of the processes A;rn, Ap, Ay, Define the linear operators

t t
Xy —/ LdM—/ LsdM,
0 0

by putting
(i) D(X¢) = Do ® {(M)

(i) Xif @ e(u) ={Lof ®e(0)} @ M(t)e(u) if 0 <t <ty,
= X1, [ @e(u) + {L, f @ e(ug,)} @ (M(t) — M(ty))e(ur,, )
iftn <t<tpi1,n=12 .

where the right hand side is determined inductively in n for each f € Dy, u € M.
Proposition E.16. {X; | ¢t > 0} is a regular adapted process with respect to (£, Dy, M).
Proof. See page 183 in [1]. O
Remark E.17. The correctness of Definition can be infered from Proposition .

Remark E.18. The stochastic integral can be defined for stochastically integrable functions,
see pages 188-190 in [1].

For this more general setting we have a Boson Ito formula

Theorem E.19. Let My, My be fundamental processes in U's(H). Then, My, My is a (§,H)-
adapted process satisfying the relation

dMi My = MidMs + MadM;dM;dMs
where dM1dMs is given in the following table

dAl, dAg,  dAp,
dAl,, 0 0 0
dAg,  dAY,..  dAmpm, 0
dAml <K mi,mg > dAHgml 0

Proof. See Proposition 25.25 in [I]. O
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