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Introduction

Non-commutative probability is an area of mathematics which tries to understand non-
commutative algebras inspired by classical probability theory. In this framework, non-com-
mutative random variables are defined as abstract elements of non-commutative algebras.
Such a theory can emerge as a non-commutative generalization of classical probability
theory.

The fundamental notion in classical probability theory is that of a probability space (€2,
F,P), where Q is a set, F is a o-algebra on {2 and P is a probability measure on (2, F).
Starting with these data, it is possible to build commutative algebras of random variables
X:Q—C (e.g. L®(Q,F,P;C)). In probability and statistics, a lot of times is of interest
the computation or the estimation of the expected value E[X], in order to obtain useful
information for the random variable X € L'(€Q, F,P; C). Thus, the triple (2, F,P) is the
building block which allows us to define random variables X € L}(Q, F,P; C) and their
expected values IE[X]. A first step in order to pass from classical probability theory to non-
commutative probability is to ignore the probability space (€2, F,P) and to consider the
algebra of random variables (that we are interested in to study) and their expectations,
as being the foundational objects. This leads to a more general formalism of “algebraic
probability” where the algebra of random variables is replaced by an abstract unital algebra
A over C and the random variables can be identified with elements a € A. Moreover, the
expectation [E is replaced by a linear functional ¢: A— C, such that ¢(14) =1, where 14
represents the unit of the algebra 4. Of course the condition ¢(14)=1 is proportional
to the fact E[lpe(q,7 p;c)] =1. Thus, in this algebraic framework our main players are
the elements a € A that we want to observe and the functional ¢: A4 — C which can be
thought as the experimental mechanism which correspnds to every observable a € A a value
¢(a) € C, which provides useful information about a. For ay,...,a, € A, the expressions
¢(ay...ap) can be thought as the joint moments of the random variables ay, ..., a, € A.
In the context of non-commutative probability theory, the algebra A is not commutative
and the elements a € A are called non-commutative random variables. This more general
formalism encompasses quantum mechanics, since the random variables a € A can take
the rolle of physical observables and the expectation ¢(a) can be thought as the expected
value of a on a given quantum state |...].

Free probability is a mathematical theory that studies non-commutative random vari-
ables. It was introduced by Dan Voiculescu in the 1980’s. This branch of mathematics can
be described by the exact formula

free probability = non-commutative probability + free independence.

In the context of non-commutative probability, free independence is one of the most cele-
brated notions of stochastic independence, which comes to replace the classical notion of
independence. Free probability theory is extremely useful in order to study large random
matrices. Dan Voiculescu proved that independent Gaussian matrices behave as free random
variables in a non-commutative probability space, as their size goes to infinity |...]. Except
of it’s strong connections with random matrices, free probability has relations with other
fields of mathematics, such as combinatorics, operator algebras and representations of sym-
metric groups. It’s relations with combinatorics (especially non-crossing partitions) leads
to a lot of comparisons of free probability with classical probability theory, where the differ-
ence between the two is very concrete and stable. This fact leads to “free analogues” of some



of the most crucial notions of classical probability theory, such as Gaussian distribution,
Poisson distribution and Brownian motion. The goal of this Master Thesis is to present
some of these notions and to provide interpolations between classical and free probability.

The first part of this Master Thesis aims to present some aspects of free probability
theory, concentrated on their combinatorial structure. In the first section we present the
basics of free probability theory. In subsections 1.1 and 1.2 we start by defining the notions
of non-commutative probability space, non-commutative random variables and that of
free independence. We do so in mainly following the book [...]. In subsection 1.3 we
concentrate on the computation of joint moments of free random variables. Our goal is to
better understand the definition of free independence and to see whether this new notion
of independence can be related, in some sense, with the classical one. We also introduce
the notion of non-crossing partition, which will be crucial for the further development of
the theory. Our main reference for this subsection is [...]. Then, mainly based on |[...],
in subsection 1.4 we formulate the free analogues of the central limit theorem and of
the Poisson limit theorem. These lead to the determination of the free analogues of the
Gaussian variables and of the Poisson variables. At the end of the first section, in subsection
1.5, we give an example of “free Gaussian variables” in some non-commutative probability
space. In order to do so, we introduce the notion of Dyck paths. This example was taken
by the book |[...].

In section 2, we present the basics of the theory of free cumulants, which was intro-
duced by Speicher in proportion to the theory of classical cumulants of Rota. We start by
introducing some useful combinatorial properties about the lattice of non-crossing parti-
tions. One of them is the Md&bious inversion formula which will be very important for the
determination of free cumulants. Then, we continue with the definition of free cumulants.
The definition of free cumulants shows the analogy with classical cumulants quite clearly,
in the sense that compared to the latter, the lattice of all partitions of the set {1,...,n}
is replaced by the lattice of non-crossing partitions of that set. Our final goal is to show a
characterization of the notion of free independence via free cumulants. Similarly to classical
probability theory, in the context of free probability we have that non-commutative random
variables are freely independent if and only if certain cumulants vanish. In this section we
mainly follow [...].

In section 3 we turn to non-commutative stochastic processes. More precisely, in the
context of free probability we focus on non-commutative processes with stationary and
independent increments. In this framework, for a non-commutative process (ct)+>0 in some
non-commutative probability space, we demand the non-commutative random variables
Ct, — Ctg, Cty — Ctys- - - Ct,, — Ct,, , tO be freely independent, for all m € N and for all 0 <ty <
t1 < -+ <ty,. We give the definition of free Levy processes and we examine the combina-
torics of their non-commutative distribution. The special examples of free Levy processes
that we are interested in are the free Brownian motion and the free Poisson process. We
prove the free analogue of Wick formula that allows us to determine the non-commutative
distribution of the free Brownian motion. Whereas the moments E[X},...Xy,, | of a classical
Brownian motion (€2, F, P, (X;);>0) are related to the second moments E[X;,X; ] via a
sum on the whole set of 2-partitions of {1,...,2n}, the corresponding moments of a free
Brownian motion can be computed with the help of non-crossing partitions. Finally, we
realize the free Brownian motion and the free Poisson process as processes on the full Fock
space of L?(R). Our main reference for this section are [...] and [...].



Section 4 corresponds to the work of Bozejko and Speicher about the generalized Brow-
nian motion |...,...]. Inspired by the results of section 3 about free Brownian motion,
we present a non-commutative stochastic process which gives an interpolation between
classical and free Brownian motion. In order to do so, we present an interpolation between
the canonical commutation relations (C.C.R.) and canonical anticommutation relations
(C.A.R.). The C.C.R. are fundamental relations which are algebraically defined by

* *
ajaj —aja; =0; ;1.

These relations describe bosons in quantum mechanics. On the other hand, the C.A.R. are
defined by

* *
a;a; + a;a; :(52‘7]' 1

and they descibe fermions. In order to provide an interpolation between C.C.R. and C.A.R.,
we are interested in the generalized commutation relations, which are defined by

* * L.
aja; — paja; =6; i1,

where —1 <y < 1. These relations were also proposed by Greenberg |...], in order to
describe particles with statistics intermediate between Bose and Fermi statistics. Inspired
by the fact that the bosonic Fock space gives a natural realization of the C.C.R. and the
fermionic Fock space gives a realization of the C.A.R., we introduce the p-Fock space
(—1 < u <1) which gives an interpolation between the bosonic Fock space and fermionic
Fock space. It also includes the full Fock space (for p=0). In order to define the pu-
Fock space of a Hilbert space H, we consider the completion of the set of finite linear
combinations of product vectors, with respect to a scalar product (-, -),. This scalar product
differs from the usual scalar product of @, ., H @n_ In this direction, the main problem
is the positive definiteness of (:,-),. For this reason, we introduce the notion of a posi-
tive definite kernel, mainly following in |[...]|. We define the corresponding creation and
annihilation operators on the u-Fock space and we show that they satisfy the generalized
commutation relation. This is an analogous situation with the well known bosonic and
fermionic relations. Then, we give an example of a generalized Brownian motion, which is
formulated by considering the sum of creation and annihilation operators on the p-Fock
space. This comes in proportion to the examples of non-commutative Brownian motions,
which are given by [...].

Finally, in section 5 we continue our investigation of the generalized Brownian motion,
which was presented in section 4. We show that this non-commutative Brownian motion
which was motivated by the fact that the moments of classical Brownian motion can be
calculated by 2-partitions, can actually emerge via a central limit theorem. More precisely,
we examine the Gaussian distribution corresponding to this process and we show that it
can be derived from a non-commutative central limit theorem. In order to do so, we use a
stochastic interploation. Taking into account this non-commutative central limit theorem,
we generalize it to an invariance principle, which leads to the generalized Brownian motion
of section 4. The formulation and proof of this non-commutative central limit theorem is
due to Speicher [...]. Moreover, in order to determine this non-commutative analogue of
Gaussian distribution, we introduce the p-analogues of the Hermite polynomials, mainly
following in [...] and [...]. As a consequence, this leads to the determination of the



probability measure which characterizes the non-commutative distribution of this non-
commutative Gaussian variable. Inspired by the definition of u-Hermite polynomials, we
present the p-analogues of Charlier-Poisson polynomials. Given this sequence of poly-
nomials, it arises an orthogonalizing probability measure on R which is an p-analogue
of the Poisson distribution. We realize p-Poisson variables on the p-Fock space. This is
done in full proportion to the corresponding result of [...|, which gives non-commutative
realizations of Poisson variables in the bosonic Fock space. Our main reference for p-
Poisson variables is [...].



1 Combinatorics of Free Probability

Free probability is a non-commutative probability theory, in which the notion of inde-
pendence of classical probability theory is replaced by that of free independence. It was
introduced by D.Voiculescu around 1985, in order to study some problems in the context
of von Neumann algebras, but some years later, around 1991, he realized that a concrete
probabilistic model of free random variables is afforded by large independent random
matrices. Since then, free probability became the natural framework to study random
matrices as their size go to infinity. While the relation of free probability with random
matrices gave rise to important results about operator algebras and random matrices,
we shall not discuss these relations here. Free Probability Theory has a combinatorial
description, which was developed by Speicher around 1994, based on free cumulants. This
combinatorial description shows the analogy with classical probability theory quite clearly,
since compared to the later, in free probability the lattice of all partitions of a finite set is
replaced by the lattice of non-crossing partitions.

1.1 Non-commutative Probability Spaces

First, we start by introducing the notions of non-commutative probability space and non-
commutative random variables. As we already mentioned, non-commutative probability
can be thought as a kind of generalization of classical probability from a merely algebraic
point of view.

Definition 1.1. We say that a pair (A, ¢) is a non-commutative probability space, if the
following conditions hold:

1. A is a unital (associative) algebra over C
2. ¢ is a linear functional ¢: A— C such that ¢(1)=1.

An element a € A is called non-commutative random variable.

By abuse of notation, we will denote with 1 the unit of a unital algebra A over C. An
additional property that can be given to ¢ is that

¢(ab) = ¢(ba), for all a,be A.

Then we say that the non-commutative probability space (A, ¢) is tracial.

The previous definition can be extended to the case where the algebra A is endowed
with more structure. More precisely, if (A, ¢) is a non-commutative probability space where
A is a x-algebra and ¢ is a positive functional (i.e. ¢(aa*) >0 for all a € A), then we say
that the pair (A, ¢) is a x-probability space. In the framework of a *-probability space,
for a non-commutative random variable a € A we have that

e ¢ is said normal if a*a =aa*

e q is said self-adjoint if a*=a.



Note that if (A, ¢) is a *-probability space, then every non-commutative random variable
a € A can be written in the form a=x +iy where z, y € A are self-adjoint variables.

Definition 1.2. Let (A, ¢) be a x-probability space. The linear functional ¢ is said faithful,
if for a € A we have

¢(aa*)=0 if and only if a=0.

Remark 1.3. For a x-probability space (A, ¢) using the positivity of ¢, it is easy to note
that the functional ¢ is self-adjoint, which means that

$(a*) = ¢(a), forall ae A.

Example 1.4. We give some examples of x-probability spaces.

1. Let (2, F,P) be a classical probability space. We define the algebra

Lo7(Q,F,P;C):= (] LP(Q,F,P;C),

1<p<oo

of classical random variables with finite moments of any order. Then we have that
the pair (L~ (Q2, F,P;C),E) is a x-probability space if we consider the x-operation
as the conjugation of complex functions.

2. For d € N, we consider My(C) the algebra of d x d complex matrices. Then My(C)
is a *-algebra on C, if we consider the x-operation x: M;(C) — My(C), where for
A=(a; ;) € My(C) we define A*= (a; ;) such that a] ;:=a;; for all4,j € {1,...,d}.
Moreover, if we define the trace tr: My(C) — C by

d
tr(A):= Z a; i, forall A=(a; ;)€ Mq(C),
i=1

then the pair (Md(@), % . tr) is a *-probability space.

3. Let (A, ¢) and (B, 1)) be two *x-probability spaces. Then the vector space tensor
product A ® B is turned into a *x-algebra by setting

(a®b)(@a®b):=aa®bb
and
(a®b)*:=a*®0b*,
for all a,d € .4 and b, b € B. Moreover, if we define the functional ¢ ® v:. A ® B— C by
(6@ 1) (a@b):=(a)y(b), for all (a,b)€Ax B,

then (A ® B, ¢ ® ©) is a *-probability space.



For a x-probability space (A, ¢), given a family of non-commutative random variables
{a;}ier we can define the set of moments of {a;}ics as

{o(all).ali)) IreN, (i(1),...,i(r) €17, (k(1),... . k(r)) € {1,%}"}.

C*-algebras provide an appropriate environment where non-commutative probabilistic
ideas can be developed. For a C*-algebra A and a state (i.e. positive linear functional)
¢ we have that the moments of a normal element a € A can be characterized by a prob-
ability measure p on C, in the sense that there exist a probability measure p on C
(where it’s support is contained in the spectrum of a), such that

p(aF(a*)h) —/ 2F2lu(dz), for every k,l € N.
C

The existence of such a probability measure emerges from the functional calculus for a and
Riesz’s theorem. Note that if the element a € A is self-adjoint, then we have

le=zPutds) = [ c=2E=Fnta

. /D Eu(dz) — A} 2u(dz) — A} 2(d2)

= 2¢(aa*) - ¢(a?) - ¢((a*)?)
= 0.

Therefore, using that the function C 3 2+ |z — z|? is continuous and non-negative, we
deduce that supp(pu) C{z € C|z=2z}=IR. Hence the measure x can be seen as a probability
measure on R and we will have that

o(a”) —/ 2Fu(dx), for all k€ N.
R

So in this case we see that the moments of the non-commutative random variable a € A
can be identified with the moments of a classical random variable.

Definition 1.5. A C*-probability space is a *-probability space (A, ¢) where A is a unital
C*-algebra.

Remark 1.6. For every C*-probability space (A, ¢) we have that the linear functional ¢
is bounded.

Example 1.7. Let (H, (-, -)) be a Hilbert space. We consider the C*-algebra B(H) of
bounded linear operators on H (where the #-operation is given by taking the adjoint
operator). Moreover, for a vector e € H such that (e,e) =1, we define the linear functional
p: B(H) — C determined by

p(T)={(e,Te), forall Te B(H).

Then p is a state and (B(H), p) is a C*-probability space.



1.2 The Notion of Freenes

We now present the notion of free independence which is one of the most celebrated notions
of stochastic independence in the context of non-commutative probability theory. We start
by defining freenes and by giving some examples in order to better understand whether
this new notion of independence is related with the classical one.

Definition 1.8. Let (A, ¢) be a non-commutative probability space and I be an index
set. A family of unital subalgebras (A;)icr of A is called freely independent in (A, ¢) if
¢(ar....ax) =0 whenever

1. keN,
2. 4(j) €l forall j=1,... k,
3. aj€ Ay forallj=1,... k,

4. meighboring elements in a;...ax are from different subalgebras, i.e. i(j) #i(j+1)
forallj=1,...,k—1,

5. ¢(aj)=0 forall j=1,... k.

Remark 1.9. A family of non-commutative random variables (a;);c in some non-commu-
tative probability space (A, ¢) is said free if the unital subalgebras that each of a; generate
are free. In the context of x-probability spaces, we say that the family (a;);er is free if the
unital x-subalgebras that each of a; generate are free.

The concept of free independence has a probabilistic flavour. It is easy to note that if
a is a non-commutative random variable, then we have that a,1 are free.

Example 1.10. Let A;, A3 be free unital subalgebras in (A, ¢). For an arbitrary variable
c € A we define the zero mean variable ¢% =c — ¢(c)1.

1. Tf ay, a2 € Ay and by, by € As, we have
0= p(abYashs) = ¢l(a1 — ¢(a1)1)(br — ¢(b1)1)(az — d(az)1) (b2 — p(b2)1)]
which implies,
¢(arbrazhs) = p(a1a2) $(b1) d(b2) + ¢(a1) P(az) p(bibz) — d(a1) d(br) P(az) P (ba).
2. If a e Ay and b€ As, we have

0=6(a’") = ¢[(a — ¢(a)1)(b— $(b)1)] = ¢(ab) — ¢(a)B(b).

Hence,

¢(ab) = ¢(a) (D).



The previous example shows that independence and free independence are quite dif-
ferent. In fact, freenes is a really non-commutative notion of independence, which does
not have particular interest in the classical case, where A= L>*°~(Q, F,P;C) and ¢(X)=
[ X(w , for some probability space (2, F,IP).

Proposition 1.11. Let (A, ¢) be a x-probability space and ¢ be a faithful functional.
Assume that x,y € A are self-adjoint and free random variables such that xy=yx. Then
we have that,

r=o(x)1 or y=o(y)l.

Therefore, at least one of them must be a constant.

Proof. By the previous example we have

$(2?)d(y?) = dp(a%y?) = d(zya y) = 3(2%) d(y)* + 6(2)°b(y?) — B (2)?d(y)?,

where in the second equality we used that z,y commute.

Hence, it follows,

0=0(2?)d(y*) + d(2)?d(y)* — ¢(2*) d(y)? — d(x)?*6(y?) = [d(2?) — ¢(2)?][d(y?) — & (1)?].

Therefore, if ¢(x2) — ¢(x)?=0 we have,

where in the second equality we used that x is self-adjoint and ¢(a) € R for every self-
adjoint random variable a € A. Thus, because ¢ is faithful the claim holds. O

For the time being, we have not seen any example of free random variables. In classical
probability theory we can create independent random variables by forming products of
probability spaces. Analogously, in free probability we can create free random variables by
forming free products of non-commutative probability spaces.

Definition 1.12. Let {(A;, (;5@)}@61 be a family of C*-probability spaces. Furthermore, let
a unital C*-algebra A and a state ¢ on A be given. Then, the C*-probability space (./i, gf))
is called the reduced free product of the {(Ai, ¢i)}ier, if the following hold:

1. Foralli€ I, there exist unital *-homomorphisms jl-:.AZ-HA, such that A is generated
by the union of ji(A;), i € I as a C*-algebra.

2. qﬁo]Z ¢; for all i€ 1.

3. For keN, ifi(1),...,i(k) € I such that i(m )#z(m—i—l) forallm=1,...,k—1 and
aj € Aj(jy with ¢ 5 (aZ ))=0 forall j=1,... k, then we have,

Qg(ji(l)(al)- - Jiky(ax)) =0.



4. The GNS representation of (A, ) is faithful.

Voiculescu proved that for every family of C*-probability spaces {(A;, ¢:)}ier the
reduced free product exists and it is unique up to isomorphism. The proof can be found
in [...]. We will denote the reduced free product of {(A;, ;) }icr by *ic1(Aiy ¢3).

1.3 Joint Moments of Free Random Variables

Similarly with classical probability theory, the concept of freenes gives a rule in order
to compute joint moments of free random variables from the moments of the individual
random variables. Some simple properties of this computation procedure are given below.

Lemma 1.13. Let (A, ¢) be a non-commutative probability space with free unital subalge-
bras (Ai)ier and let non-commutative random variables a,....,a; € A, such that aj € Ay
forall j=1,... k, wherei(1l),...i(k)€I. We assume the following:

1. There exists ame{1,...,k} such that i(m)#i(j) for all j=1,... k.

2. ¢(am)=0.

Then ¢(ay...ax)=0.

Proof. We assume that i(j) #i(j+ 1) for every j=1,....,k —1. Otherwise, we consider
the product of neighbouring random variables that belong to the same subalgebra, as a
single random variable. We will prove the claim by induction. Obviously for k=1 the claim
holds and we assume that it also holds for all [ < k. From the freenes condition we have

¢(ar-..ax) = ¢l(af + p(a)1). .. (R + ¢(ar) )] = D Blax())- - P(an(m) S(ad()- - -G (k—n)

T,0,m

where we take the sum over all n=1,..., k (we exclude the case n=0 because i(j) #i(j+1)
for all j=1,....,k —1 and the subalgebras (A;);cr are free) and all {{n(1) <---<7(n)},
{o(1)<---<o(k—n)}} partitions of {1,..., k}. For such a partition {{7(1) < --- <m(n)},
{c(1)<---<o(k—n)}} of {1,...,k}, we assume that m € {m(1) < --- <m(n)}. Then
P(ar(1))- - -@(ar(n)) =0 because the non-commutative random variable a,, has zero mean.
Otherwise, if me {o(1)<--- <o(k—n)}, and we consider the product of neighbouring
random variables that belong to the same subalgebra as a single random variable, then
ag(l). . ..ag(k_n) can be writtten in the form b;....b; where [ <k and by,...,b € A are
non-commutative random variables that satisfy the conditions of the lemma. Hence, our
induction hypothesis guarantees that ¢(ag(1)...ag( k—n)) =0. Therefore, the claim holds. [J

Corollary 1.14. Let (A, ¢) be a non-commutative probability space with free unital subal-
gebras (A;)ier and let non-commutative random variables ay,...,a, € A such that a; € A;(j
forallj=1,... k, wherei(1),...,i(k)€l. Assume that there exists a me{1,...,k} such
that i(m) #i(j) for all j=1,...,k. Then we have,

od(ar...ax) = ¢lam)p(ar...am—1am+1...ak).

10



Proof. By the previous lemma it arises that,
dlay...ar) = o(a1...am—1(ad + ¢(am)D)ams1. . .ax) = dlam)d(ar. . .am—_1am11...a). O

We consider aj....ax, to be a product of non-commutative random variables, which satisfy
the conditions of the previous corollary. Also, let’s assume that a., is the unique random
variable among ay,..., ay that belongs to the subalgebra Aj,,), i.e. i(m) #i(l) foralll € {1,...,
k}\{m}. Hence in order to compute ¢(a;...ax), we have to compute ¢(aj...am—10m+41...ak)-
If every time that we remove some random variable from the product a;...ar we have
that the new product is a product of non-commutative random variables that satisfy
the conditions of the previous corollary (for example, for aj...am—10m+1...a; this could
be done if i(m —1)=i(m+1)#i() for all [€{1,...,k}\{m —1,m+ 1}, and in that
case the random variable a,,_1a;,+1 could be removed), then we will get that

olay...ap)=¢ H a;j |...¢ H aj |,
Jri(d)=k1 Jui(d)=kn

where we assume that {i(1),...,i(k)} ={k1,...,kn}, kiFkj for all i # j and [] denotes
the product of factors in the same order as they appear in the product aj...ag.

Thus, in that case the joint moments of free random variables can be computed as in
classical probability theory. In order to better understand what kind of products satisfy
these conditions, we introduce the notion of non-crossing partitions, which will be crucial
for the further development of the theory.

We will denote the set of all partitions of a finite totally ordered set S by P(S). For a
partition m ={V4,...,V;.} of the set S, the elements V;,...,V, C S are called blocks of 7.
For two elements p, g € S we write,

p~rq if and only if p,q are in the same block of 7.

Moreover, we denote by P»(S) the set of all 2-partitions of S, i.e. m€ P,(S) if each block
of 7 is an ordered set containing exactly two elements. Of course, when the set S has an
odd number of elements, then we have Py(S)=10.

Definition 1.15. Let S be a finite totally ordered set and m={Vi,...,V;.} € P(S) a partition
with blocks V; C S.

1. The partition 7 is called crossing if there exist p1, q1, p2, g2 € S such that
e pi<q1<p2<gz,
®  DPi1~xDP2, q1~xq2 and p1*xq.

2. If w is not a crossing partition, then it will be called non-crossing and we denote by
NC(S) the set of all non-crossing partitions of S.

We can depict crossing and non-crossing partitions in the following way: For a w € P(.S),
if we build bridges in order to connect the points of S that belong to the same block, then
these bridges will not cross if and only if 7€ NC(S).
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Example 1.16. The partitions {(1,4),(2,3),(5),(6))} and {(1,6),(2,5),(3),(4)} are non-
crossing partitions of {1,2,3,4,5,6} and they correpond to the following pictures.

On the other hand, the partitions {(1,4), (2,5), (3,6)} and {(1,3),(2,4),(5),(6)} are
crossing partitions. The respective pictures are

|

For a totally ordered set S we will freely identify P(S) with P(1,2,...,#5), since only
the order of S matters. It is easy to note that every non-crossing partition 7 of the finite
set {1,...,n} contains an interval block, i.e. a block V € m of the form

V={k,k+1,....k+r}C{1,....,n},

and that 7\{V'} is a non-crossing partition of {1,2,...,n —#V }.
For example, 7={(1,6,8),(2,3,4,5),(7)} is a non-crossing partition of {1,2,3,4,5,6,7,8}

and m\{(2,3,4,5)}={(1,2,4), (3)} is a non-crossing partition of {1,2,3,4}

Returning to the discussion about the computation rule of the joint moments of free
random variables, let’s assume that (A, ¢) is a non-commutative probability space with
free unital subalgebras (A4;);er and non-commutative random variables a, ..., a; € A such
that a; € A;(;) for all j=1,...,k, where i(1),...,i(k) € I. Then, by the previous corollary
we see that the criterion for deciding if the calculation rule for the moments ¢(a;...ay) is
the same as in the classical case, is whether for two random variables a.,, a,, we have that
they belong to the same subalgebra or not, i.e. for which n,m € {1,...,k} it is true that
i(n)=1(m). This is the reason that leads to the following definition.

12



Definition 1.17. Let I be a set, k€ N and i=(i(1),...,i(k)) be a k-tuple of elements of I .
For such an i we define its kernel ker(i) € P(1,...,k), by demanding for allp,q€{1,...,k}:

P~ker(i) @ if and only if i(p)=1i(q).

Example 1.18. For i=(10,3,4,10,10,3,4) we have that its kernel is given by

ker(i) ={{1,4,5},{2,6},{3,7}} e P(1,...,7)

which corresponds to the following picture

Note that for j=1(9,3,7,9,9,3,7) we have ker(i)=ker(j).

Let (A, ¢) be a non-commutative probability space, with unital subalgebras (.A4;);cr and
non-commuatative random variables ay, ..., ar € A such that aj € A for all j=1,... k
where i(1),...,i(k) € I. Then, taking into account the previous corollary in order to obtain
that the calculation rule for the joint moments ¢(a;...a) is the same as in the classical
case, it is necessary every time that we remove an element from the product a;...ax to be
valid that in the new product there are some neighboring random variables that belong to
the same subalgebra and there is not other random variable, except of them, which belongs
to this subalgebra. It is easy to note, that this is true if and only if for i = (i(1),...,i(k))
we have that ker(i) e NC(1,..., k). Hence, we see that non-crossing partitions appear when
we want to deduce some properties of freenes with probabilistic flavour.

We present some lemmas, in order to better understand the calculation rule for the
joint moments of free random variables, when their product do not correspond in the case
that we described above.

Lemma 1.19. Let (A, ¢) be a non-commutative probability space, with free unital subal-
gebras (A;)ier and random variables ay, ..., ax € A such that a; € Ay for all j=1,... k,
where i(1),...,i(k) € I. We consider s:=#{i(1),...,i(k)}. Then ¢(a;...ax) can be written
as a sum of products of elementary moments (i.e. moments of random variables that belong
to the same subalgebra) of the aq, ..., ax, where each summand contains at least s factors.

Proof. We prove the claim by induction. For k=1, 2 the claim holds and we also assume
that it holds for all [ < k. It suffices to assume that i(j) #i(j+1) forall j=1,...,k—1,
because otherwise the induction hypothesis guarantees the claim. Similarly with the proof
of Lemma 1.13 we consider the factorization,

$lar...ar) = > D(ax))- - D(anm) H(ad(). - a9k —n)

T,0,m
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where the sum runs over all n=1,...,k and over all {{r(1)<---<7w(n)},{c(l)<--- <
o(k —n)}} partitions of {1,...,k}. Hence, if {{nm(1) < ---<7(n)},{c(1)<---<o(k—n)}}
is a partition of {1,...,k}, because #{i(1),...,i(k)} =s, we will have that

s—n<#{i(c(1)),...,i(c(k—mn))}.

Therefore, by the induction hypothesis we deduce that qﬁ(ag(l). . .ag(k_n)) can be written
as a sum of products of elementary moments of the ag(j), where each product contains
at least s —n factors. But the elementary moments of the ag(j) are sums of products of
elementary moments of the a; and consequently, ¢(a3(1). . .ag(k,n)) is a sum of products of
elementary moments of the a;, where each product contains at least s —n factors. Taking
into account that ¢(a2(1). . .ag(k,n)) is multiplied by ¢(ar(1))...#(ar(n)), it emerges that
the claim holds. OJ

In the case where ker(i) € NC(1,..., k), we saw that ¢(a;...ax) is the product of s
elementary moments. Using the previous lemma we deduce the following result for the case
where ker(7) is a crossing partition.

Lemma 1.20. Let (A, ¢) be a non-commutative probability space, with free unital subal-
gebras (A;)ier and random variables ay, ..., ar € A such that a; € Ay for all j=1,... k,
where i(1),...,i(k) € I. We also assume that ker(7) is a crossing partition of {1,...,k} and
we consider s:=#{i(1),...,i(k)}. Then ¢(ai...ar) can be written as a sum of elementary
moments of the a;, where each summand contains at least s+1 factors.

Proof. We can assume that i(j)#i(j+ 1) for all j=1,...,k — 1. Otherwise, we just
consider the product of neighbouring random variables that belong to the same subalgebra
as a single random variable. Also, by Corollary 1.14 it suffices to assume that each ()
occures at least twice. We consider again the factorization,

$lar...ar) = Y Parq))- - 3(arm) (a501)- - A (1—n))-

T,o,m

Let {{r(1)<---<m(n)},{o(l)<---<o(k—n)}} a partition of {1,...,k}. If we have that
#{i(m(1)),...,i(m(n))} =mn, then {i(7(1)),...,i(7(n))} C{i(c(1)),...,i(c(k —n))} becauce
each i(j) occures at least twice by assumption. Hence, s = #{i(c(1)),...,i(c(k —n))}.
By Lemma 1.19 it emerges that the moments ¢(a2(1). . .ag(k_n)) can be written as a
sum of products of elementary moments of the ag(j) where each summand contains at
least #{i(c(1)),...,i(c(k —n))} = s factors. But, since the elementary moments of the
ag( ;) can be written as a sum of products of elementary moments of the a;, we see that
P(ar(1))-- .gb(aﬂ(n))gb(ag(l). . .ag(k,n)) is a sum of products of elementary moments of the
a;, where each summand contains at least s 41 factors. On the other hand, if we have
#{i(m(1)),...,i(mw(n))} <n, i.e. there exist m, j € {1,...,n} such that i(w(m))=i(n (7)), then

s <H#{(n(1))ensi(m ()} + #{i(0(1))snsi(o(k —1))} <11+ #{i(0(1)),enri(o(k —n))}.
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Therefore, we will have #{i(c(1)),...,i(c(k—n))} > s —n+ 1. Taking into account Lemma
1.19, the moments ¢(a2(1)...a2(k_n)) can be written as a sum of elementary moments of the
ag( ;) Where each summand contains at least s —n +1 factors. Hence, since the elementary
moments of the ag(j) can be written as a sum of products of elementary moments of the
a;j, we deduce that (b(aw(l))...qﬁ(aﬂ(n))qﬁ(ag(l). . .ag(k,n)) is a sum of products of elementary
moments of the aj, where each summand contains at least s+ 1 factors. Therefore, the
claim has been proven. O

1.4 Free Central Limit Theorem

In this subsection, we want to investigate if some standard notions and results of classical
probability can be generalized to the non-commutative setting. Our first attempt will be to
try to understand if there exists some analogue of the Gaussian distribution, in the context
of free probability. One of the reasons that makes Gaussian distribution important and
usefull is the fact that arises by the central limit theorem. The free central limit theorem
will be the main criterion which will make us decide which is the analog of Gaussian
distribution in the non-commutative case. Hence we will show that the normalized sum of
free random variables converges (in some sense) to a specific probability distribution.

Before we formulate and prove our limit theorem, we pause in order to introduce some
notation. Given a unital algebra A over C and X C A, we denote by alg(X) the subalgebra
generated by X.

Theorem 1.21. Let (A, ¢) be a non-commutative probability space. For n € N fized, we

consider n non-commutative random variables a11\47N, coyapr v €A, where M, N € N. We
assume that for every N € N, the unital subalgebras {alg(l,a}\/[’N,...,a}\‘LN)}MeN are free
and the non-commutative random variables {(ajl\/[,N7 ...,apr N)fmeN have the same joint

distribution, which means that for P € C(Xy,...,X,) arbitrary we have

o[P(abs N, -- - afr n)] = ¢[Plak - - -, afk N)],
for all K,M € N. For Pe C(Xy,...,X,) we define,
¢[P(ax, ..., af)] == ¢[P(arr n - - - afir, n)]-
If for all ke N and i(1),...,i(k) €{1,...,n} the limit
Q(z‘(1),...,z‘(k)):leiinooN-gﬁ(a}é”...a}'V(’“))

exists, then we have for the sums
SN=ally+ - +an N

for all ke N and i(1),...,i(k)e{l,...,n}:

lim ¢(Sk".. .53 =

N—oo

QW)...Q(Vp),

p=1 {Wi,...,V,}eNC(1,... k)

where for V={vi<---<v} C{1,...,k}, Q(V) stands for Q(i(v1),...,i(v))).
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Proof. We consider k€ N and i(1),...,i(k) €{1,...,n} to be fixed. Then, we have,

S(Sa. SN = o[(af R4+ h) (@R k)]

k N .
i(1 A
= 2 D Rt R

Let two k-tuples j=(j(1),...,75(k)) and = (I(1),...,l(k)) such that ker(j)=ker(l), i.e.
j(a)=j(b) if and only if I(a) =1(b). Then, we have,

i(1 i(k i(1 i(k
¢(aj((1)),N- : 'aj((k)),N) = ¢(%E1§,N~ . 'al((k)),N)'
This is true because for all » € N and for all Py,..., P.€ C(Xy,...,X,) we have,
¢[P1(%1‘(1),N7 e 70?(1),N)- . -Pr(ayl‘(r),Na cee a’?(r),N)]

:¢[P1(a}(1)7N, ceny aln(l)w). . ..Pr(al(TLN, ‘e a{‘(TLN)].

Ineed for r =1 the above equality holds because the non-commutative random variables
{(ajl\/f, N»---»> @i N)}MeN have the same joint distribution. Also, because the unital subal-

gebras {alg(1, a}VL N»---» a0, N)MeN are freely independent, by induction we can see that
the above equality holds for all r € IN.
For V={W,...,V,} € P(1,...,k), the number of k-tuples j=(j(1),...,j(k)) such that
Jj(1),...,j(k)e{l,...,N} and ker(j) =V, is A, n:=N(N —1)...(N —p+1). For such a
) i(k)

J, because the expressions d)(a;((ll),N. . .aj(k.),N) do not depend on j, they will be denoted

by ¢(Vi,...,Vp; N). Therefore, we have,

k
oS\ SN =" A 3 d(Vi, ..., Vi N).
p=1 Vi, ...V} €P(,... k)
We consider a crossing partition V ={V;,...,V,} € P(1,...,k) and j=(j(1),...,j(k)) such
that ker(j) =V. By definition, ¢(V1,...,Vp; N)= ¢(a;((11))7N. . a;((i))N) and since ker(j) is
crossing, by Lemma 1.20, we can write ¢(Vi,...,Vp; V) as a sum of products of elementary

moments of the a;((ll)) N a;((lz_)) ~» Where each product contains at least p+ 1 factors. The
existence of the limits Q(i(1),...,i(r)), implies that,

lim o(aiV. . .ay =0,

for all » € N and all i(1),...,i(r) € {1,...,n}. Therefore, for every crossing partition
VeP(1,...,k), we deduce that,

Nlim Apn-o(Vi,..., V3 N)=0.
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On the other hand, if V' ={Vi,...,V,} is a non-crossing partition, then using Corollary
1.14, we have ¢p(Vi,..., Vi N) = ¢(Vi; N)...¢(Vp; N), which implies,

Jim Ay 6V, Vs N) = QUA). . Q(V).
Therefore, the asserttion holds. O

In the previous theorem, a lot of conditions about the non-commutative random vari-
ables were necessary in order to prove the limit theorem. These conditions are satisfied,
if we adopt the following setting: We consider (A, ¢) to be a C*-probability space and
for each i € N let (A;, @) := (A, ¢). Let also (A, ) = #21(A;, ¢;) to be the reduced free
product of the C*-probability spaces (A;, ¢;), with the canonical embeddings j;: A; — A.
Given n € N fixed, for each N € N we consider n random variables by, ..., bR € (A, ¢).
Then, if we define aﬂ7 ~ = ju(DX), it is clear that for N € N fixed, the non-commutative
random variables a}m No-oo QN N E (A, qg) have the same joint distributions for all M € N,
because the linear maps j;: A; — A; are s*-homomorphisms, and gf)o ji=¢ for all i € N. The
free independence of the unital subalgebras {alg(1, a}W’ N»---> G0 N) }MeN is also satisfied
by the definition of the reduced free product.

Theorem 1.22. (free central limit theorem) Let (A, ¢) be a non-commutative prob-
ability space. For n € N fized, we consider non-commutative random variables ajiy, . . .,
aly € A, where M € N. We assume that the unital subalgebras {alg(1,al;,...,aly) }amen are
free and the non-commutative random variables {(ajy,...,aly)}amren have the same joint
distribution, which means that

$[P(air, ..., air)] = ¢[P(ak., ..., ak)],

for all Pe C(Xy,...,Xy) and for all M, K € N. For P C(Xy,...,X,) we define,

¢[P(a',...,a")]:= ¢[P(ais,. .., afy)]-
We also assume that ¢p(a™)=0 for allme{1,...,n}. Then, if we consider the sums

vl ol
Sy i=———,

VN

for all ke N and i(1),...,i(k)€{l,...,n} we have:
0, kodd
lim (S, .. SiF) =

N—o0 3 d)(ai(el)ai(Zl))‘ ] -¢(ai(er)ai(zr)), k=92

{(61731)7 s 7(57‘737‘)}
eNC(1,...,k)

1
VN
that the non-commutative random variables a]]f/L n satisfy the assumptions of Theorem
1.21 . Hence, it suffices to show that for all k € N and for all i(1),...,i(k) €{1,...,n} we have,

Proof. For me{1,...,n} and M, N € N, we consider aj; y:= ajy. We want to show

lim Ngb(ajffl,)]v. . GE\SIIT)N) =0.

N—oo
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For k=1 we have,

lim Nd)(ajl\ffl,)N) = lim LN d(a'M) =0.

N—oo N—oo

For k=2 we have,

lim Ng(ap - apin) = ]\}Enoo(b(ai(l)ai(z)): (' Vi),

n—oo

For k >3 we see that,

lim Nqﬁ(a;\%)N. . a}é}f)}v) = lim

p(a™M. . .0’ Ry =0,
N—oo N—oo N

k
-1

Therefore, by Theorem 1.21 the assertion holds. O

Following the setting of the previous theorem, for n =1 we have a sequence (aps)yren of
free random variables such that ¢(af;) = ¢(ak) for all k, M, N € N (identically distributed)
and ¢(apr) =0 for all M € N (zero mean). Hence, under the assumption ¢(a3;) =o%>0
for all M € N, by Theorem 1.22 is obtained that if

SN:m—i----—i—aN

VN

is the normalized sum of the free random variables, then

0, for k odd
lim (b[(SN)k] =

N—o0

#NCo(1,...,k)- o, for k even.

We recall that in the classical case, where A= L>*~(Q, F,P;R) and ¢(X) = E[X], if
(Xi)ien is a sequence of i.i.d. random variables with zero mean and variance o2, then by
the classical central limit theorem, for the normalized sum

_Xit-- 4+ Xy

S,
N N

we have

0, for k odd
N—oo R i
#Po(1,...,k)-0", forkeven

where 7 is the Gaussian measuse on R with mean 0 and variance o.

Hence, we see another case where partitions of a finite set have to be replaced by non-
crossing partitions in order to obtain some results in the context of free probability theory,
which have a classical probabilistic flavour.

Definition 1.23. Let {(An, &n)}nen as well as (A, @) be non-commutative probability
spaces. We consider (by)nen to be a sequence of non-commutative random variables with
by € Ay, for everyn €N and let be A. We say that b, converges in distribution to b, if and

only if,
lim ¢, (b)) = ¢(b*%), for all k€ N.

n—oo
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dist
Convergence in distribution will be denoted by by, =,

According to the previous definition, the classical central limit theorem shows that in
the classical case, where (A, ¢) = (L>°~(Q, F,P;R),[E), the random variable Sy converges
in distribution to some Gaussian random variable X € L~ (2, F,P;R). It is easy to note
that the free central limit theorem gives a similar outcome. This is due to the fact that the
number of non-crossing pairings of a finite set can be determined by a well know recurrence
relation.

Lemma 1.24. Let m € N and Cp,:= #NCy(1,...,2m) be the number of non-crossing
pairings of the finite set {1,...,2m}. We also define Co:=1. Then, for the sequence
(Crm)menN we have for allm € N,

Cn=)_ Ci-1Crn—t.
k=1

Proof. For m € N, we consider m ={(e1, 21),..., (€m, 2m) } € NCa(1,...,2m), where e; < z;
foralli=1,...,mand 1 =e; < --- <ep. Because 7is a non-crossing partition, z; must be
an even number. We consider j=1,...,m such that e; €{2,..., 2 —1}. Then, since 7 is
non-crossing, we must have e; <e;j < z; <21 — 1. Therefore, we will have that the restriction
of mto {2,...,21 — 1} gives a non-crossing partition of {2,...,2; — 1}. In the same way, the
fact that 7 is non-crossing implies that if z1 < z; for some j=1,...,m, then 21 <e; < z;.
Hence, the restriction of 7 to {z1+1,...,2m} leads to the construction of a non-crossing
partition of the finite set {21 +1,...,2m}. The previous observations show that for some
non-crossing pair partition 7 of {1,...,2m}, with z; fixed, the procedure of making the
pairs (€2, 22), ..., (em, 2m) is equivalent to the construction of a non-crossing pair partition
of {2,...,21— 1} and of a non-crossing pair partition of {z1+1,...,2m}. Hence, we see
that for an even number 27 € {2,...,2m},

#{{(61,2’17),..., (€m,2zm)} €ENCa(1,...,2m) | 21 =21} =#NCq(2,...,1 — 1) - #NCy(I + 1,...,2m)

=Ca—2-Com-a=Cj_1-Cy_y.

2 2

Therefore, considering all the different possible values that z; may have, we deduce that
the claim holds. OJ

The unique solution of the recursion equation of Lemma 1.24 is given by the sequence
(Crn)menN, where

Cm:;<2m)’

is the the mth Catalan number.

Catalan numbers occur in various counting problems and for every m € N they have
the following integral representations

2
Cm $ t2my /4 — t2dt.

:27T -9
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Therefore, we conclude that the free central limit theorem implies that

lim 6[(Sy)H] = / ths(dt),

n—00 R

where the probability measure s(dz) = f(z)dz, with density function,

F(@) = =100y () V207 — 22

2102

is called semicircle distribution.

—9% 20

Definition 1.25. Let (A, ¢) be a x-probability space and o >0. A self-adjoint random
variable a € A is called semicircular variable of variance o2, if it’s moments have the
following form

0, for k odd,

a*mC,,,  for k=2m for some m € N.

A semicircular variable will be called standard or normalized if 2= 1. The conclusion of
the free central limit theorem is that the sum Sy converges in distribution to a semicircular
variable. In free probability, the semicircle distribution is the analogue of the Gaussian
distribution, since for a semicircular variable a € (A, ¢) of variance o2 >0, we have

20
P(a”) ! / th\/40? —t2dt, for all k€ N.
20

C 2no?

Theorem 1.26. (Poisson limit theorem) Let (A, ¢) be a non-commutative probability
space. For M ,N € N we consider non-commutative random variables apr n € A, such that
for every N € N the unital subalgebras {alg(1, an N)}men are freely independent and the
non-commutative random variables {aMJV}Me]N have the same distribution, which means
that for every k, M, K € N we have

¢l(anr, N)M = dl(ax n)M).

For k, N € N we define ¢[(an)¥]:= ¢[(ans n)¥]. We also assume that there exist X such that
for every k€ N

lim N ¢[(an)¥] = \.

N—o0
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Then we have for the sums
SNi=ai,N+ - +an,N
for all k € N:

k
lim ¢[(Sn)"=> > NP,

N
e p=1 {Vi,....,}ENC(, ... k)

Proof. Since for every k € N we have

lim N ¢[(an)" =,

N—oo

the claim holds by Theorem 1.21 . O

We recall, that in the classical case the analogous theorem gives a limit theorem for the
Poisson distribution. Due to this analogy, it is reasonable to consider that the sequence
(Sn)nen of Theorem 1.26, converges in distribution to the free analogue of a Poisson
random variable. This is the reason that leads to the following defition.

Definition 1.27. Let (A, ¢) be a x-probability space and X >0. A self-adjoint random
variable a € A is called free Poisson variable with parameter A, if it’s moments have the
following form

p(a¥) = Z Z AP, for every k € N.

p=1 {Wi,...,V,}eNC(1,... k)

As we expected, in terms of their moments, the difference between Poisson random vari-
ables and free Poisson variables comes by replacing partitions with non-crossing partitions.
1.5 Semicircular variables

In the previous subsection we identified the free analogues of the Gaussian and Poisson
distribution. However, we do not know yet if non-commutative realizations of these distri-
butions exist. In this subsection we present an example of semicircular variables on some
non-commutative probability space. Examples of free Poisson variables will be presented
later. Throughout this subesction we consider a *-probability space (A, ¢) and a non-
commutative random variable a € A such that the following conditions hold,

o a'a=1%#aa"
e q gerenates A as a x-algebra.
e the elements {a"™(a*)"| m,n >0} are linearly independent.

e the linear functional ¢: A — C satisfies the following equation
1, ifm=n=0

¢(a™(a®)") =

0, otherwise.
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Later on, we will present specific examples of non-commutative probability spaces (A, ¢)
where there exist a random variable a € A such that the above conditions are satisfied.
By the previous conditions, it is easy to see that A =span{(a)™(a*)™| m,n >0} because,
due to the first assumption, we have that the family {a™(a*)"| m,n >0} is closed under
multiplication. Obviously, it is also closed under *-operation. Hence it’s linear span is a *-
subalgebra of A which contains a. Since a generates A as a x-algebra, we must have that
the two *-algebras are equal.

Such a x-algebra it is easy to be studied since it is closely related with the Toeplitz
algebra. We recall that on the Hilbert space [?:=I[2(NU {0}; C) there is a standard ortho-
normal basis (ep),>0, where,

en=1(0,...,0,1,0,0,...),

with the 1 appearing on the nth component.

We consider the one-sided shift operator S € B(I?), determined by the relation
Sen,=ent1, foralln>0. (1.1)
It is straightforward to verify that the adjoint operator S* is determined by
S*¢g=0 and S*e,=e,_1, foralln>1 (1.2)

and the condition S*S =1pg(2)# 55 is satisfied. The Toeplitz algebra is the C*-algebra
generated by the one-sided shift operator S € B(I?).

Since A =span{a™(a*)"|m,n >0}, we can define a linear map 7: A — B(I?) such that
w(a™(a*)") =5"(S*)", forallm,n>0

and extend by linearity. Note that since the elements {a™(a*)"|m,n >0} are linearly
independent, we have that the map 7 is well defined. Moreover, it is easily verified that =
is a unital *-homomorphism.

Proposition 1.28. The elements {S™(S*)"|m,n >0} are linearly independent.

Proof. Let T € span{S™(S*)"| m,n >0} such that 7'=0. Then the operator T' can be
written as a finite sum of operators a S™(S*)", where a € C and m,n > 0. We consider
ap S™(S*)",...,a S (S*)" to be the summands of 7" such that n is minimal and m; # m;

for all i # j. Then we have

ay S™(S*)ep + - -+ +ar S™(S*) e, = a1 S™eo+ -+ ap S

- alem1+"'+akemk

and SM(S*)Ne,, =0 for all M € N and N > n.
Therefore, the fact Te,,=0 implies that

a1em, + -+ agem,=0.

Since m; # m; for all i # j, we deduce that a1 =---=a;=0.

Continuing in this way, we see that if a S™(S*)" is a summand of 7', then a=0. O
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Because the elements {S™(S*)™ | m,n >0} are linearly independent, the *-homomor-
phism 7 is injective. Therefore, the *-algebra A can be identified with an algebra of
bounded operators on /2. This identification allows us to compute moments of random
variables in A with respect to ¢, by computing moments of random variables on B(I?), with
respect to a suitable state. Indeed, we consider the vacuum state ¢o: B(I2) — C, determined
by

¢0(T) = (e, Teo)s2, forallT € B(I?).
Then, by definition we have

1, form=n=0
Po(S™(S¥)™) = ((S*)™ey, (5*)™eq)2 =

0, otherwise
—6(am (@),
Therefore, the triple (12,7, ¢€g) is a representation of (A, ¢), which means that
o(x) = (eg, m(x)ep);2, for all z € A. (1.3)

We remind, that our purpose is to give non-commutative realizations of semicircular random
variables. In our example, the semicircular random variable will be an element of the algebra
A. Hence, from now on, we will focus on the computation of the moments qﬁ(as(l). . .as(k)),
where k€ N and {e(1),...,e(k)} € {1,*}. Up to now, we saw that we can reduce the study
of the moments ¢(a®™M...a*®)), to the study of the corresponding moments ¢o(S=...55F)).
In order to understand how the k-tuple (¢(1),...,e(k)) affects the value of ¢o(5=...55%)),
we introduce the notion of Dyck paths.

Definition 1.29. We define NE-SE paths, (where NE stands for North-FEast and SE
stands for South-East) to be paths in 72 which starts at the origin and makes finitely many
steps either of the form (1,1) (North-East steps) or of the form (1,—1) (South-FEast steps).

Remark 1.30. For k € N, there is a bijection between the set of NE-SE paths with &
steps and the set {—1,+1}*. More precisely, we can identify a NE-SE path with & steps,
with a k-tuple (A(1),...,\(k)) € {—1,+1}* where for j€{1,...,k}, A(j)=1 means that
the j-th step was a NE step, while A\(j) = —1 means that the j-th step was a SE step.

We will distinguish some NE-SE paths, called Dyck paths.

Definition 1.31. A Dyck path is a NE-SE path which stays above the x-azis and ends
on the x-azis. This happens if the path visits only points of the form (i, j) € Z? with j >0
and the last point that it visits is of the form (k,0) € Z?, where k € N is the number of steps.

Remark 1.32. For k € N, we consider the identification of NE-SE paths with k steps and
{—1,1}%. Then it is obvious that a NE-SE path (A(1),...,A(k)) € {—1,1}¥ is a Dyck path
if and only if

A1)+ -4+ X)) >0, forall je{l,...,k} and X1)+---+A(k)=0. (1.4)
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The inequalities in (1.4) guarantee that the path never goes strictly below the z-axis, while
the equality in (1.4) guarantees that the path ends on the z-axis. Also, the same equality
implies that

o [=1,... k| Aj)=1}.

Therefore, a Dyck path makes even number of steps.

Example 1.33. The path (1,1,—1,1,—1,—1) € {4-1}% is a Dyck path with 6 steps, but
the NE-SE path (1,—1,—1,1,1,—1) € {#1}% is not a Dyck path because at the third step
it goes strictly below the z-axis. We can visualize the previous paths in the following way

IN_ N
NS

There are five Dyck paths with 6 steps:

(17 _]-a 17 _1a 17 _1)

(17 17 _17 _1a 17 _1)

(1,-1,1,1,-1,-1)

(1,1,-1,1,-1,-1)

ie:

(1,1,1,-1,-1,-1)

24



We recall that for an integer n € N, we defined the nth Catalan number
1 /2n
Cni= n+1 ( n )

Proposition 1.34. For all p € N, the number of Dyck paths with 2p steps is equal to the

pth Catalan number.

Proof. Let p € N. In order to compute the number of Dyck paths with 2p steps, we will
compute the number of NE-SE paths with 2p steps and the number of NE-SE paths with 2p
steps, which are not Dyck paths. We consider a NE-SE path which makes u NE steps, and
v SE steps. Then, u+v >0, and the ending point of the path must be (u+v,u —v) € Z2.
Note that for a point (m,n) € Z2, if there exist u,v € NU{0} such that u+v>0, m=u+v
and n=wu — v, then we have m > 0, |n| <m and the integers m,n have the same parity.
On the other hand, for m,n € Z such that m >0, |n| <m and m,n have the same parity,
there exist unique u = %(m +n)e NU{0} and v :%(m —n) € NU{0}, such that u+v >0,
m=u-+v and n=u —v. Therefore, we deduce that a pair (m,n) € Z? is an ending point of
a NE-SE path, if and only if, m >0, |n| <m and m,n have the same parity. In that case
the path makes %(m +n) NE-steps and %(m —n) SE steps. Therefore, identifying the NE-
SE paths that make m steps with {—1,1}", we see that the number of NE-SE paths with
ending point (m,n) € Z? is equal to ( (m JZL) y 2). Therefore, the number of NE-SE paths
arriving at (2p,0) is (2pp>.

Now, we want to compute the number of NE-SE paths arriving at (2p,0) which are not
Dyck paths. Let v be a NE-SE path arriving at (2p,0) which is not a Dyck path. Since the
ending point of v is on x-axis, we must have that after some steps v goes strictly below
the x-axis. Let j€{1,...,2p— 1} be the number of steps that 7 needs to do in order to go
under the x-axis for the first time. Of course, this automatically means that after the jth
step the path ~ will be in the position (j, —1). Therefore, we can split v in two paths v;
and 2, where 1 goes from (0,0) to (j,—1), and 2 goes from (j,—1) to (2p,0). In that
case, we will write v =1V 2. We consider 3 to be the reflection of 72 in the horizontal
line of the equation y = —1. This automatically means that 3 is a path from (j,—1) to
(2p,—2). We define F'(7y):=~1V 73 which is a NE-SE path arriving at (2p, —2). In order
to better understand the construction of the path F(+y), we give a concrete example: Let
p=5and y=(1,1,—-1,-1,-1,—1,1,1,1,—1). In that case, j =5, 1 is a path from (0,0)
to (5,—1), 72 is a path from (5, —1) to (10,0), and 3 is a path from (5,—1) to (10, —2).
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Hence, we have constructed a map F' from the set of NE-SE paths ending at (2p,0) and
which are not Dyck paths, to the set of NE-SE paths ending at (2p, —2). From the definition
of F, it is clear that F' is injective. Moreover, the map F' is surjective. Indeed, let § be a
NE-SE path ending at (2p, —2). Let i € {1,...,2p — 1} be the number of steps that J needs
to do in order to go under the x-axis for the first time. Like before, we can write 6 =01V o,
where ¢; is a path from (0,0) to (¢, —1) and d2 is a path from (¢, —1) to (2p, —2). Therefore,
if 03 is the reflection of d2 in the horizontal line y = —1, then we have F'(§;V d3) =0.

As a consequence, the number of NE-SE paths ending at (2p,0) and which are not Dyck
paths is equal to the number of NE-SE paths ending at (2p, —2), which is (pr 1). Finally,
we deduce that the number of Dyck paths with 2p steps is

(5)-(")=6 .

We now return to our discussion about semicircular variables. We recall that we con-
sider the non-commutative probability space (A, ¢) and a € A introduced at the beginning
of the current subsection. Dyck paths will give us a rule in order to compute the moments
d(a®W. . .a*®)), where k € N and &(1),...,e(k) € {1, %}.

Proposition 1.35. Let k€N and e(1),...,e(k) € {1,x}. For all j€{1,...,k} we define
1 ife(j)=x

A(G) = (15)
~1 ife(j)=1.

Let v be the NE-SE path which corresponds to the k-tuple (A(1),...,A(k)) € {—1,1}*. Then
we have that

1 if v is a Dyck path
P(a*V .. .ask)) = (1.6)
0 otherwise.

Proof. From the relation (1.3) we will have that
d(a*W...a*®) = (eg, 7M. .55 Kleg) o = ((S=W)*. (55 W)*eq, eq)pe.

Using the relations (1.1) and (1.2) we can see that the vector (S5*))*.. (§5()*¢q is equal
either to the zero-vector, or to an element of the orthonormal basis {e,|n >0} of % In
fact, by induction on j=1,...,k, we have that

ex(D)4--4A(G) ML)+ +A(m)>0,foralll <m <j

(55y* . (§5My*ey =
0 otherwise.

Therefore, we obtain
(€0, ex() -2z HAL) 4+ -+ A(j) >0, forall1 < j <k

0 otherwise.
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Since the vectors {e,}n>0 are orthonormal we will have that (eq, ex(1)+...4ak))i2 =1, if
and only if A(1)+ --- 4+ A(k) =0, or equivalently, ¢(a®...a**®)) =1, if and only if 7 is a
Dyck path. Finally, we deduce that

1, if v is a Dyck path
(b(ae(l), ey ae(k)) = O
0, otherwise.

The previous proposition provides a rule in order to decide whether the moments
¢(a5(1). . .as(k)) are equal either to one, or to zero. Using this rule we will conclude that
the self-adjoint random variable a 4+ a* € (A, ¢) is semicircular.

Corollary 1.36. Let k be a positive integer. For the self-adjoint random variable a 4+ a* €
(A, ) we have

0, for k odd
¢l(a+a")k]=
Cp, for k=2p.

Proof. We have that

ola+a")] — ¢< > ae<1>...ae<k>>
e(1),...,e(k)e{1,*}

= Z P(a*V). . .a*®).

(1), e(k)efl,x}

Using the relation (1.5) we have that the set of k-tuples (¢(1),...,e(k)) € {1, *}* is identified
with {—1, 1}¥. Moreover, taking into account the relation (1.6) and the identification
between the NE-SE paths with k steps and {—1,1}*, we deduce that

0, for k£ odd
Cy /2, for k even.

ol(a+a*)k) =

- {
Dyck paths with k steps

Remark 1.37. Up to now, we have seen only one example of a *-probability space such
that the conditions that we made at the beginning of the current subsection are satisfied.
We refer to the case where a is the one-sided shift operator on [?, and ¢ is the vacuum
state on B(I?). Later on we will consider the case, where a is the creation operator on the
full Fock space F(H) of some Hilbert space H, and ¢ is the vacuum state on B(F(H)).

The previous corollary shows that the operator S+ S* € (B(1?), ¢o) is a standard semi-
circular variable. Similarly, we can construct an unbounded operator, defined on a dense
subset of [, which is a non-commutative standard Gaussian variable. To be more precise,
we define the linear operators Sy, ST:span{e,|n >0} — span{e,|n >0} by

Si*e(]::(), (17)

Sten:=+y/ne,_1, foralln>1
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and
Siten:=vn+1leyrq, forall n>0.

It is easy to verify that the operators Sy, ST satisfy the relations

(SH€,n) = (€, Sz, for all €, € span{e, |0 >0} (18)

and
S7S1— 5187 =1. (1.9)
It has been noticed |[...] that the relations (1.7), (1.8) and (1.9) imply that the non-

commutative random variable S7 + ST is a standard Gaussian variable, which means that

2
\/12_T[/Rtkexp<—%)dt, for all k€ N.

Notice that the operators S1, .57 do not differ a lot from the operators S, S* respectively. For

¢0[(Sl + Sf)k] - <eO7 (Sl + Sf)ke(ﬁp =

this reason, later on we will present an example of a non-commutative random variable in
(B(1?), ¢o), which gives an interpolation between standard Gaussian variables and standard
semicircular variables.
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2 Free Cumulants

In this section, we introduce the notion of free cumulants which is one of the main tools
for dealing with free independence. Free cumulants were introduced by R. Speicher around
1994. Cumulants are quantities related to some combinatorial notion of connectivity and
some probabilistic notion of independence. Similarly with the classical case, we can obtain
an equivalent characterization of free independence via free cumulants.

2.1 Basic combinatorics

In order to formulate and present the basic results about free cumulants, we first introduce
some useful combinatorial properties about the lattice of non-crossing partitions.

Definition 2.1. Forne€N and m,0 € NC(1,...,n), we write m <o if and only if, for every
block of , there exists (a unique) block of o which contains it.

Note that the pair (NC(1,...,n), <) is a partially ordered set (poset).

Example 2.2. Consider the non-crossing partitions o ={{1,2,5,6},{3,4},{7,8}}, and
m={{1,2},{3,4},{5,6},{7}, {8}}. Then it is clear that 7 <o.

For n € N, the maximal element of NC(1,...,n) is denoted by 1,,:={{1,2,...,,n}} and
the minimal element of NC(1,...,n) by 0,:={{1},{2},...,{n}}.

Definition 2.3. Let P be a finite poset and define P?) :={(r,0)e P x P|x <o}. For
functions F',G: P® € we define their convolution ' G: P® by demanding

(FxG)(m,0):= Z F(r,7)G(r,0), forall (x,0)eP®. (2.1)

m<r<o
TEP

Similarly, given two functions f: P— C, and G: P® — C, we define Gx f, f+G: P— C
by requiring

(fxG)(0):= Z f(r)G(r,0), forallocP

7<0o
TEP

and

(Gx f)o):= Z G(o,7)f(1), foralloeP.

o<T
TEP
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Remark 2.4. Let P be a finite poset.

1. Assume that P has a unique minimal element 0 (e.g. P=NC(1,...,n)). Then, a
one-variable function f: P— C can be seen as the restriction of some two-variables
function F: P?) — C with f(0)=F(0,0) for all o € P.

2. The convolution * is associative, whichs means that for all /', G, H: PP ¢, we
have

(FxG)xH=Fx(G*H).
3. Consider the function 6: P — C , defined by

1, if 7=0
dm,o):= for all (7,0) e P@,
0, if 7<o

Note that ¢ is the unit of the % operation, namely for all F": P® €, we have
Fxd=4§«F.

Therefore, the set of all functions F': rPA_¢C equipped with pointwise defined addi-
tion and with the convolution * as multiplication, is a unital (associative) algebra
over C.

For a finite poset P, we also define the function ¢: P®) — C by requiring ((,0):=1
for all (r,0) € P?.

In classical probability theory, moments of classical random variables can be written
as a sum over partitions of classical cumulants. We will see that a similar formula holds in
free probability except that partitions have to be non-crossing. In order to formulate this
relation between moments of non-commutative random variables and free cumulants, we
introduce the notion of Mobious function.

Proposition 2.5. Let P be a finite poset. It’s ( function is invertible, namely there exists
a function p: P® . C, called Mobious function, such that

Proof. For a function p: P®) — C that satisfies the first equality of (2.2), we must have

for all (r,0) e P,

1, ifr=0c

S ulmm)= (23)

n<r<o 0, ifr<o.
TEP

Since P is finite (2.3) can be solved recursively by defining (7, 7):=1 for all 7 € P and

u(m,o):=— Z u(m,7), for all (r,0) e P®,

T<t<0o
TEP
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Therefore, there exists a function u: P® — C such that ux ¢ =9. However, it is not sure
that for this function u: P — @, the relation ¢ % =4 is satisfied.

We make the following observation: We assume that P ={py,..., pn} and we consider
three functions F, G, H: P®® — C. Then, defining,

F(pzvp]) ::Ov G(pzvp]) ;=0 and H(plap]) ::Oa

for all 4, j € {1,...,m} such that p; £ p;, we have constructed three m x m matrices 13'7 G’,
H, with entries F,] = F(pi, pj), G*” :=G(ps, pj) and ffu :=H(pi,pj) forall i, j=1,...,
m. By the relation (2.1), it is clear that F G = H, if and only if F'- G = H. Note that §
is the identity matrix. Then, the relation - é =4 implies that é = 5. Asa consequence,
we have that ux(=4d=(x* pu. O

Corollary 2.6. Let P be a finite poset. Then, for any f, g: P — C we have

f=g%C ifandonlyif g=fxp.

Proof. We assume that P={pi,...,pm}. For f,g: P® . C, we consider the 1 x m matrices
Fr=(f(p) - f(pm)) and G:=(g(p) ... 9(pm))-

Then, since the matrix 6 is the inverse of i, we have that
f=g9xCef=g-Cog=[f-psg=[*p. O

From now on we will consider our finite poset to be the set NC(1,...,n), for some
n € N. Before we give the definition of free cumulants, we need to racall a key property of
non-crossing partitions.

Proposition 2.7. For each n € N, the poset NC(1,...,n) is a lattice. This means that:

1. Let {m}¥_, be a finite family of non-crossing partitions of {1,...,n}. Then there
exist a greatest lower bound of {m;}¥_1 denoted by Ni_qm;.

2. Let {m}¥_ be a finite family of non-crossing partitions of {1,...,n}. Then there
exist a least upper bound of {m}*_, denoted by VE_ m;.

Proof. Let k,neN and {m;}¥_; be a family of non-crossing partitions of {1,...,n}.
1. We define the partition A¥_;m; in the following way: For p,q € {1,...,n}we demand,
P~Ak 7, if and only if p~z,q forall j=1,... k.

It is a routine to check that AF_;7; is a non-crossing partition. By definition, for
every j€{l,...,k} we have

/\i'c:lﬂ'i <.
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It remains to show that the partition AF_;7; is a greatest lower bound of {m}le.
Let 7 be a non-crossing partition of {1,...,n} such that 7 <m; for all j=1,..., k.
Then, for p,q€{1,...,n} such that p~;q, we have p~y. q for all j=1,... k, or

equivalently p~ A7 G- Therefore, we deduce that 7 < AF_;7;.

2. The family {r e NC(1,...,n)|m; <7 for all j=1,...,k} is non-empty since it
contains 1,. It is straightforward to verify that the partition

VA mi=A{T€NC(,...,n)|m <7 forall j=1,...,k},

satisfies all the desired properties. O

Example 2.8. For m={{1},{2,3,4}} and o ={{1,4},{2,3}} we have

T Ao={{1},{2,3},{4}} and 7Vo=14

2.2 Definition of free cumulants

Before we define free cumulants, we pause to introduce some notation. Define NC :=
Up>1NC(1,...,n). Suppose we are given a sequence of multilinear functionals {p,: A" —
C}ren on a fixed complex algebra A. Then we extend {p;,: A" — C},en to a family {p,:
A" — C}renc in the following way: Let n € N and let © be a non-crossing partition of
{1,...,n}. We define the functional p,: A™ — C by requiring, for all (ay,...,a,) € A",

prlal, ... ap) = H pxv(a,...,anlV),
Ver

where for every block V={l1<--- <y} e,

p#v(al, e an|V) = Pm(allv R alm)‘

It is straightforward to see that for all m € NC, p,: A" — C is a multilinear functional. The
family (pr)renc is called the multiplicative family of functionals on NC determined by

(pn)nelN-

Example 2.9. Let A be a complex algebra and let {p,: A" — C},enN be a sequence of
multilinear functionlas on A.

1. Then, for the multiplicative family of functionals {p,: A" — C},enN, we have for all
n €N and for all (ay,...,a,) € A",

p1,(at,...,an) = pn(ai,...,an) (2.4)

and

pOn(a17 B an) - pl(al)' : 'pl(an)'
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The relation (2.4) justifies thinking of (pr)renc as “extending” the family (pp)nen-

2. For m={{1,4},{2,3},{5}} e NC(1,...,5) and ay, ..., a5 € A, we have

pr(ai,. .., as5) = pa(a1, as) pa(az, as) p1(as).

Definition 2.10. Let (A, ¢) be a non-commutative probability space. Then, we define, for
every n € N, the multilinear functionals ¢,: A™ — C by

dn(ay,...,an):=¢(ay...a,) for all (ay,...,a,) € A"

and consider (¢r)reNc to be the multiplicative family of functionals on NC determined by
(¢n)nelN-

The corresponding free cumulants k:= (kz)zenc are for each n € N,m € NC(1,...,n),
multilinear functionals

A o

(a1y...,an) — Kx(ay,...,an)

which are defined by k:= ¢ * u, which means, by

Folar, van)i= S éelar,....an)pu(m,0),

for allne N,o e NC(1,...,n) and (ay,...,a,) € A™.

Proposition 2.11. Let (A, ¢) be a non-commutative probability space with free cumulants
(kr)renc and consider the multilinear functionals ky:= k1, (n € N). Then, the family
(kx)renc is multiplicative, determined by the family (Kp)neN-

Proof. Seein |[...]. O

Remark 2.12. Let (A, ¢) be a non-commutative probability space with free cumulants
(kx)renc. By Corollary 2.6, the definition k:= ¢* p is equivalent to demanding ¢ =k * (.
Then, our moment-cumulant formula can be written

(ba(ala"-aan): Z "fﬂ'(ala"wan)a

for all ne N, 0 e NC(1,...,n) and (ay,...,a,) € A" More precisely, the free cumulants
are determined by the fact that (kr)renc is a multiplicative family of functionals and that,
for all n€ N, and (ay,...,a,) €.A"

dlar...an)= Y kalar,...,an). (2.5)

TeNC(1,...,n)
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We give some examples in order to better understand how the free cumulants can be
comptuted using the relation (2.5).

Example 2.13. Let (A, ¢) be a non-commutative probability space with free cumulants
(kr)renc. Using the relation (2.5) and the statement that 7 r, is a multiplicative family
of functionals, we make the following computations:

1. Since NC(1) ={{1}}, for a; € A we have
¢(ar) = ¢1(ar) = k(a).

2. Let aj, az be in A. Taking into account that the elements of NC(1,2) are the
partitions {{1,2}} and {{1},{2}}, it follows that

p(araz) = ¢2(a1,as)
ko(a1, az) + k1(a1)k1(az)

= rz(a1,a2) + ¢(a1)d(az).

Hence, we deduce that ka(a1,a2) = ¢(a1a2) — ¢(a1)p(ag).
3. Let s € A be a standard semicircular variable. Then, for all n € N,
0, for n odd

#NCy(1,...,n), for n even.

1, ifn=2
0, otherwise.

Let (kr(s,...,s))renc be the family of multiplicative functionals on NC, determined
by (kn(s,...,S))neN, which means that for every n € N and 7 € NC(1,...,n),

1, for meNCy(1,...,n)
Ern(8,...,8)= H kuv(s,...,s|V)=
Ver 0, otherwise.

As a consequence, for every n € N, we have

P(s™) = Z Kr(S,y...,8),

meNC(1,...,n)
and by Remark 2.12, the expressions kr(s,...,s) must be the free cumulants of s.
4. Let a € A be a free Poisson variable of parameter A >0 and define

En(a,...a): =\ (neN).
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In the same way, let (kr(a,...,a))renc be the family of multiplicative functionals
on NC, determined by (kn(a,...,a))nen. Then, it follows that for all n € N,

Z Kr(a,...,a)= Z H A= Z NET = p(a")

TeNC(L,...,n) TeNC(L,...,n) Ver meNC(1,...,n)

and by Remark 2.12, the expressions fr(a,...,a) must be the free cumulants of a.

Let (A, ¢) be a non-commutative probability space with free cumulants (kz)zenc. As
mentioned earlier, for every n € N and 7 € NC(1,...,n), the functionals k,: A" — C are
multilinear. We are interested in to understand how the algebra structure of A, affects the
cumulants. Note that the moment functionals are “associative”, e.g. for all ai, as,as € A,

P2(araz, ag) = [(araz)as] = ¢lai(az as)] = ¢(a1, az as).
Since, the functionals ¢ and (kz)renc are related through (2.5), it is natural to ask if ko

has a similar behavior with respect to the multiplicative structure of A.

Before we consider this question, we start by introducing some notation: Let (A, ¢)
be a non-commutative probability space and let m,n € N such that m <n. Then, for
1<i(l)<---<i(m—1)<i(m)=n and ay,...,an € A, we define

A = ay.. -Qi(1)

A2 = ai(1)+1...ai(2)

Am = ai(m,1)+1...an.
Therefore we group the elements ay, ..., a, € A, by taking into account their order in the
product aji...an,.

We want to relate the free cumulants of (ay,...,a,) and (Ay,..., Ay,). First, we have

to understand for which partitions o € NC(1,...,n) and 7 € NC(1,...,m), we may have a
relation between ky(ai,...,a,) and k(A1 ..., Ap).

For m € NC(1,...,m), we define a partition 7 € NC(1,...,n), in the following way: Define
i(0):=0. For j,ke€{1,...,n}, we require j ~zk if and only if there exist p,q€{1,...,m}
such that

o jelilp—1)+1,...,i(p)}, ie. a;is a factor in A,

o ke{i(q—1)+1,...,i(q)}, i.e. aiis a factor in A,

& pP~=q.

Using that m € NC(1,...,m), it is easy to observe that the new partition 7 is a non-crossing
partition of {1,...,n}. Also, we have 1,,=1p, but is not true in general that 0,,=0,,.

Given n,m € N such that n <m and ay,...,a, € A, the construction of the variables

At,y..., Ay € Ais equivalent to the construction of an interval partition (0,,) of {1,...,n},
with m blocks. For every m € NC(1,...,m), it is easy to see that,

(ﬁﬂ(Al, ceey Am) = ¢ﬁ(a1, ey an). (26)
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We give an example in order to illustrate the action of the map “:NC(1,...,m)—NC(1,...,

Example 2.14. Let m=5, n=10, 7 ={{1,4},{2,3},{5}} and for ai,...,a10€ A, define,
Ar:=a1az2a3, Az:=agas, Az:=as, As:=aras, As:=agai.

Then #:={{1,2,3,7,8},{4,5,6},{9,10}}, and 05 ={{1,2, 3}, {4,5},{6},{7,8},{9,10}}.

—o
——e
_—e
L o
—e
L o
EN

Remark 2.15. We want to mention some key properties of the map “: NC(1,...,m)—
NC(1,...,n).
1. The map NC(1,...,m)>7—7 €NC(1,...,n) is injective and it’s image is

—

NC(1,...,m)={r €NC(1,...,n) |0, <7}

More generally, for 7,0 € NC(1,..., m)(g) we have
/\
{reNC(,...,m)|n<7<0}={7eNC(,...,n) |7 <T7<5}. (2.7)

Note also that 7 <o for m,0c € NC(1,...,m) implies 7 < 4.
2. We have
w(m, o) =u(#,6), forall (r,0)eNC(,...,m)?. (2.8)

Indeed, we define the function g: NC(1,..., m)(Z) — C by demanding,
i(m,0):=u(x,6), forall (r,0) e NC(,...,m)?.
Then, for (7,0) € NC(1,...,m)?, we have

(C*ﬂ)(ﬂ—70) = Z M(’f7&)



Similarly, we can prove fi* (=49 and the relation (2.8) holds.

Proposition 2.16. Consider a non-commutative probability space (A, ¢) and let (kx)reNc
be the corresponding free cumulants. Let m,n be positive integers, such that m <n and let
i(0),...,i(m)€{1,...,n}, such that 0=1(0) <1<i(1)<i(2)<---<i(m)=mn. For arbitrary
non-commutative random variables aq,...,a, € A, define

Ak::ai(k,1)+1...ai(k), fO’/” allk:zl,...,m.
Then, for all c € NC(1,...,m) we have

K/U(Alv"'vAm): Z ’iﬂ(ala"'aan)‘

Proof. Using the relations (2.6),(2.7) and (2.8) we have

oAl ..., Ap) = > (Al Ap)p(r,0)

<o

TENC(,..., m)

O <w<é T<w

Since

Ko(Al, ..., Ap) = Z Z Kr(al,...,an)w(w,d)

<& O VT <w<é
TENC(L,..., n) weNC(1,..., n)
= E [L(W,O') K/W(alv"'van)
m<é& OmVr<w<é
TENC(L,..., n) \weNC(l,..., n)

A~

= 00 V7, 6)kr(ar, ..., an).

By the definition of § function we conclude that the partitions m which satisfy the relation

O, V7 S 6, do not contribute to the sum. Hence,

ko(Al,y ..., Am) = Z Kx(al,...,an). O



2.3 Free cumulants and Free independence

We now turn to the description of the notion of free independence in terms of free cumu-
lants. We have mentioned several times that compared to classical probability, in free
probability the lattice of all partitions of a set is replaced by the lattice of non-crossing
partitions. In that spirit, we recall that in the theory of classical cumulants, which was
developed by Rota around 1964, the classical cumulants are defined in an analogous way,
as a multiplicative family of functionals on P:=U,>1P(1,...,n). Moreover, in classical
probability theory we have a characterization of the notion of classical independence via
cumulants. Roughly speaking, classical random variables are independent if and only if
certain cumulants vanish. An analogous result holds in the case where cumulants and
independent random variables are replaced by free cumulants and free random variables.

Proposition 2.17. Consider a non-commutative probability space (A, ¢) with free cumu-
lants (Kx)renc. Forn>2 and ay,...,an € A, we have kp(ay,...,ay) =0, if there exist at
least one i € {1,...,n}, such that a;=1.

Proof. For simplicity, we consider the case i =n. Therefore, we have to prove that £, (a1,...,
an—1,1)=0, for n >2. We give a proof by induction over n.

For n=2, we have shown that
ra(a1, 1) = ¢(a1-1) — ¢(ar)$(1) =0.

Now, we assume that for all £ <n the assertion holds. Then, using that ¢ =k * (, we have

En(al, ..., an_1,1)+ Z Er(a1, ... ap_1,1) = Z Kr(al,...,an_1,1)

<lp, TeNC(1,...,n)
TeNC(1,..., n)
= ¢(ay...ap-1-1)
= ¢(a1. . .an,l).

Taking into account that the family (kr)renc is multiplicative and the induction hypoth-
esis, we see that for a non-crossing partition 7 < 1,, we may have £ (a1,...,an—1,1)#0 only
if the set {n} is a block of . Therefore, in order to compute the sum on the left hand side,
it suffices to consider partitions 7 < 1,, such that 7 =cU{{n}}, for some o € NC(1,...,
n —1). For such a partition, we have

Ra(@1y ..y an—1,1)=kKe(as,...,an—1)k1(1) =kKe(a,...,an—1).
Therefore, using again the relation ¢ =k * {, we have

En(at,...,an—1,1) = ¢(ar...an-1)— Z Ko(@i, ... an_1)
c€NC(L,...,n—1)

= ¢(ar...an-1) — ¢(a1...an—1)
-0

and the assertion holds. O
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Finally, we are ready to prove the main theorem of this subsection which gives a
characterization of free independence through free cumulants. The previous proposition is
a special case of the next theorem and it mainly holds because the random variable 1 € A
is free from every random variable in A.

Theorem 2.18. Let (A, ¢) be a non-commutative probability space, with free cumulants
(kr)renc and let (A;)ier be a family of unital subalgebras of A. Then, the subalgebras
(Ai)ier are independent in (A, ¢) if and only if for all n >2 and for all aj € A;;) with
i(1),...,i(n) € I, we have that kn(ai,...,a,) =0 whenever there exist I,k € {1,...,n} such

that i(1) £ i(k).

Proof. We assume that the free cumulants (x,),>2 vanish when they are evaluated at
elements of different algebras. We want to prove that the subalgebras (A;)ics are free. Let
n be a positive integer and let i(1),...,i(n) € I such that i(j)#i(j+1) for every j=1,...,
n — 1. We consider non-commutative random variables ay, ..., a, € A such that a; € Ai(j)
and ¢(aj) =0 for all j=1,...,n. We want to prove that ¢(a;...a,)=0. Using the relation
¢ =k ( and the fact that the family (k:)renc is multiplicative, we have

olay...an) = Z KErx(@1,...,an)

TeNC(1,...,n)

= Z H n#v(al,...,an\V).
TeNC(L,...,n) Ven

As it has been mentioned, if 7 € NC(1,...,n), then it will have a block V' of the form
V={l,l+1,...,1+p}C{1,...,n}. For such a block V, if p=0, then

K/#V(ala sy an|V) = Hl(al) = (;S(Cbl) = 05

because it is assumed that the non-commutative random variables az, ..., a, € A have zero
mean. Otherwise, for p >0 we will have #V =p+1> 2, and

kyv(at, ..., an|V)=rpi1(ar, ..., ar4p) =0,

by our assumption of vanishing of cumulants, because a; € A;(;), ai+1€ Aj41) and i(l) #
i(l4+1). As a consequence, we deduce that ¢(a;...a,) =0, and the subalgebras (A;);cr are
free.

We continue with the proof of the inverse direction. Let (A;);er be a family of unital
subalgebras of A such that (A;)icr are freely independent in (A, ¢). For n > 2, indices
i(1),...,i(n) € I such that #{i(1),...,i(n)} >2, and a; € A;(;) for all j=1,...,n, we have
to prove that kn(ai,...,a,) =0. Assume first that neighboring elements in aj...a, are
from different subalgebras, i.e. that i(j)#i(j+1) for all j=1,...,n— 1. Also, note that
by the previous proposition we have

Knlag, ... an) =rn(al, ..., ad).
Therefore, it suffices to show that r,(a},...,ad) =0. By definition, we have
Kn(a(l]a ) a?l) = Z (bﬂ'(atl)a R a?l)/'b(/in 1n)

TeNC(L,...,n)

— Z M(W’ln) H qﬁ#v(a(l),...,agﬂ/).

TeNC(1,...,n) Ver
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As before, for m € NC(1,...,n), choosing an interval partition V € 7, we have qﬁ#v(a?, -
a2|V) =0. Indeed, this is true if #V =1 because the non-commutative random variables

a?,...,ad € A have zero mean, but it is also true if #V > 1 because the subalgebras (Ap)ier
are freely independent in (A, ¢). Hence we have s, (al,...,ad) =0.
Now, we treat the more general case where {i(1),...,i(n)} is a set of more than one

element, but not necessarily i(j) #i(j+1) for all j=1,...,n— 1. We proceed by induction
on n > 2. Obviously, for n =2 the assertion holds and we also assume that it holds for all
2 <r <n. After combining neighbouring elements from the same subalgebra, we have that
ar...an=Ay...Am, where A;€ Ay; forall j=1,....,m and I(j) #I(j+1) forall j=1,...,
m — 1. Since, #{i(1),...,i(n)} > 2, we have that m > 2. Thus, from the above we have
KEm(A1, ..., Ap)=0. Moreover, by Proposition 2.16 it follows that

0=rtm(A1,..., An) = Z Er(ai,...,an)

= f1,(a1,...,an) + Z KEr(ai,...,an)

mV0,,=1, and T#1y,
TENC(1,..., n)

= kpla,...,an) + Z Er(@ly...,an).

7V0m=1, and T#1y,
TeNC(L,..., n)

We will show that the sum on the right hand side is equal to zero. Let 7 € NC(1,...,n)
such that 71, and 7V 0., =1,,. For a block V = {p1<---<p}E€m, we have r <n because
7 # 1. Assume that #{i(p1),...,7(pr)} > 2. Then, our induction hypothesis guarantees that

kyy(al,...,an|V)=r(ap,...,ap) =0,

which implies that kr(ai,...,a,)=0. Hence, for such a 7 € NC(1,...,n), we have r.(ay,...,
ap)#0, only if i(p) =i(q) for every p, g€ {1,...,n} such that p~,q. Therefore, it follows
that

Z Er(ai,...,an)= Z Kra(ai,...,an).

mV0,=1, and T#1, VO0m=1n, w#1, and ker(i) >m
TeNC(L,..., n) TeNC(L,..., n)

Note that ker(i) > 0,,. Hence, for m € NC(1,...,n) such that 7V 0,, = 1,, 7 # 1,, and
ker(i) >, we have ker(i) =1,, saying that #{i(1),...,i(n)} =1. Thus, by contradiction
we deduce that

Iin(al,..-,an):’im(Alv"'vAm):o' O
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3 Non-commutative Stochastic Processes

In this section we focus on non-commutative stochastic processes. In the context of classical
probability, stochastic processes with stationary and independent increments, form one
of the best studied and important classes of stochastic processes. The understanding of
their structure was crucial for many developments in classical probability theory. We will
present the natural non-commutative analogues of some of the most celebrated examples
(e.g. Brownian motion and Poisson process) of such stochastic processes, in the context
of free probability theory. Therefore, in our case we are interested in stochastic processes
with “free increments”.

3.1 Definition and Combinatorics of Free Levy Process

We recall that in the classical case, a stochastic process (X¢)¢>0, on some probability
space (£, F,P), with values in C", is called an independent increment process, if for any
0<t1<ta< -+ <ty <00, the random variables X;,, Xz, — Xy,,..., X¢, — Xi
independent. Also, the process (X;);>¢ is called a stationary increments process, if for

are mutually

n—17

every s <t, the random variable X; — X; is equal in distribution to X;_g .

Now, we start by defining such a stochastic process, in the context of free probability
and studying the behaviour of it’s moments.

In the following, let R be the ring generated by all semiclosed intervals I C R, of the
form I ={s,t), for s <t. Also, we denote by \, the Lebesgue measure on R.

Definition 3.1. A n-dimensional free Levy process (C, p,(ct,...,c/)ier) consists of
1. a unital C*-algebra C,
2. a state p on C,
3. a finitely additive mapping R —C", I+ (c},...,c}),
such that if Cr:=C*(1,c},...,c}) is the C*-algebra generated by 1,c}, ..., cf€C, then the

following conditions are satisfied:
1. The C*-subalgebras Cy,,...,Cy,. are freely independent in (C, p) for all r € N and for
all I,...,I. € R disjoint.

2. The joint distribution of the non-commutative random variables c},...,c} with respect
to p depends only on \(I). This means that for every I,J € R such that \(I)=\(J),
we have for all r € N and for all k(1),...,k(r)e{1,...,n},

k(1) Ak(r))

)

where ¢ stands for c€C or it’s adjoint c* €C.

Remark 3.2. In order to compare our definition of free white noise with the analogous
definition in the classical case, we can think of a 1-dimensional free white noise, as

Xi:=cp,y), forevery t>0.

Then, for 0<t; <to< -+ <t, <00, the fact that the map R —C, I+ ¢y is finitely additive,
implies that for every k=2,...,n,

Xy, = Xty 1= €[0,t5) = C0,t5 1) = Clt_1,ts)-
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Therefore, since the C*-subalgebras Cig ¢,),Ct,,15),-->CJt,, _1,1,,) are freely independent in (C,
p), this implies that the non-commutative random variables Xy, X¢, — X4y, ..., Xt — Xt
are free.

Finally, since the distribution of ¢; € C, depends only on A(I) and X;— Xs = c[, ),
Xi_s= Cl0,t—s)s for s <t, we deduce that the non-commutative random variables X; — X,

)

Xi_s have the same distribution, with respect to p.

In the next theorem, we see that for certain n-dimensional free Levy processes, it suffices
to know their moments at time ¢ty =1, in order to determine their moments at every time
t € Rxo.

Theorem 3.3. Consider a n-dimensional free Levy process (C, p, (ct,...,cP)rer), and
define cf::cfat) forallk=1,...,n. Assume that for allr € N and all k(1),...,k(r)e{1,...,

n}, we have

lim p(c; D .cf(r)) =0.
t—0
Then, for every t >0, there exist a map Q¢ Um>1{1,...,n}" — C, called generator, such

that for allr € N, and all k(1),...,k(r)€{1,...,n} we have

r

p(cf(l)...cf(r))zz Z Q:(V1)...QuV}),

p=1 {Vlv 7‘/;)}ENC(17---77")

where we define Qi(V') := Q¢(k(v1),...,k(vn)), for V={vi <---<wvn} C{1,...,r}. Moreover,

for every t >0, we have

Qi=t- Q1.
Proof. Let r be a positive integer and let k(1),...,k(r) € {1,...,n}. By induction, we
see that the continuity of the map ¢ — p(cf @ .cf (T)) at tg=0, implies that the map is

continuous at every t. We will only treat the cases r =1, 2, because it saves us a lot of
indices and illustrates the procedure sufficiently. For r =1, and t > tg, we have

k(l))

(e k(1) k(1) K )

1
pleiy)+ pleli) = plety )+ p(ei),
which implies that p(cf(l)) — p(cfo(l)), as t|tg. For r=2, we have

ple V™) = pl (cly” + i) (ciy” + clyo)]

0,t
=p(etyety”) + plery ) o(eliy) + o) ple™) + (e )

P(Cfo(l)cfo( ))+P( k(l))P(Cf(Qt)o)+P(Ct£t)0)P(ct0( ))+P( t(lt)ocf@t)o)

where in the second equality we used that the C*-algebras Cg 1), Cj4,,¢) are freely indepen-

dent and in the third equality we used that the joint distribution of ct,...,cr, depends
k(1) k(ﬂ)) ( 5(1)05(2))
0 0

only on A(I). Therefore, we have that p(c; — p(c , as t|tog, and similar
arguments for ¢ < tg, show that
k(1) Ry k) Ry g k(1) k(r)
linp(ey e ) = pleg iy ) =limple o)
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The fact that the map I+ (cf,...,c}') is finitely additive, implies that for all K € N and
t >0, we have

N-1
cf=>Y_ cf, where Iy=[Mt/N,(M+1)t/N). (3.1)
M=0
Since, (C, p, (cf,...,cM)rer) is a n-dimensional free Levy process, by the relation (3.1) it

follows that ¢f, can be written as a sum S§ of Theorem 1.21 if we identify ch with af% N-
Since, for every M =0,..., N —1,

p(ciéjl). : 'C;CJ\EIT)) - p(cf/(]l\; : Cfﬁ\?)?

from Theorem 1.21 follows that if the limit

. k(1 k
Quk(1), ..., k(r)):= lim N p(c;fy. . .c;in), (3.2)
N—o00
exists, then the first assertion holds. We will prove the existence of the limit stated in (3.2),
by induction on r € N. Again, in order to avoid extremely lengthy computations, we only
treat the cases r=1 and r =2, since they illustrate the procedure sufficiently. For r =1

we have
My~ kD)
k(1 k(1 k(1
p(Ct ): p(CIJ\/I ):Np(ct/(]\;)’
M=0
which implies that Q.(k(1)) = p(cf(l)). For r =2, we have
k(1) _k(2) MY k(2)
1 2 1 2
P(Ct Ct( ) = p(c[l-t/N,(l+1)-t/N) c[m-t/N,(erl)-t/N))
[,m=0
kD) k) — k(1) 2)
1 2 1 k(2
= p(ct/NCt/N)+ Z p(Ct/N)p(Ct/N)
[,m=0 1,m=0
l=m l#m

= No(eifn ) + NN = 1) plegf)p(eify)

—

k(1) k(2
Thus, Qi(k(1), k(2)) = p(ef e = Qu(k(1)) Qu(k(2))..

In order to finish the proof it remains to show that Q;=t- Q1, for every t > 0. Let
reN, and k(1),...,k(r)€{1,...,n}. Since the function ¢+ p(cf(l). . .cf(r)) is continuous,
it is easy to see that the function t— Q(k(1),...,k(r)) is also continuous. Therefore, it
suffices to show that Qiys=Q:+ Qs, for every t, s >0. As above, we only treat the cases
r=1 and r =2 since they indicate sufficiently why the cases r >3 hold. For r =1, we have

. k(1
Qi+s(k(1)) = lim NP(C(t(+)s)/N)
N—00
L k(1) . k(1)
_’&T&Np®ﬁNy+$T;Np@WNﬁ+WWQ
. k(1
= Qu(k(1)+ lim Np(c[fy)

Qu(k(1)) + Qs(k(1)).
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For the case r =2, we have

. K1) | k(1 K2) | k(2
Qi+s(k(1),k(2)) = lim Np[(ct/(]\;+C[t(/]27,(t+s)/N))(ct/(]\;+C[t(/]2],(t+s)/N))]

N—oo

=Qu(k(1),k(2)) + lim N [p(cf\) p(cf) + p(chi) p(chin) ] + Qulk(1), k(2))

n—oo

=Qi(k(1), k(2)) + Qs(k(1), k(2)). O

The special examples of free Levy process that we are interested in are the free ana-
logues of Brownian motion and Poisson process.

Definition 3.4. Let (C, p, (cr)rer) be a 1-dimensional free Levy process.

1. The triple (C, p, (cr)rer) is called a free Brownian motion if for every I € R with
A1) >0, the element cr € C is a semicircular variable of variance A(I).

2. The triple (C, p, (cr)rewr) is called a free Poisson process if for every I € R with
A(I) >0, the element c; €C is a free Poisson variable with parameter \(I).

Remark 3.5. Let (C, p, (c1)rer) be a free Brownian motion. For 0 < s <t we have
pleecs) = plescs) + plegs ) ples) = s
and
pleser) = ples ) + ples) pleie.y) =s.
Therefore, similarly to the classical case, for s,t > 0 the “covariance” of ¢s and ¢; is
pleecs) =sNt=p(csce),

where s At stands for the minimum of s, ¢ .

We recall, that for a classical Brownian motion (2, F, P, (Xt);>0), we can compute
it’s moments E[Xy,...X; | explicitly, using it’s Gaussian structure. More precisely, from
Wick’s formula we have that for every ti,...,t,>0,

0, forn odd
E[X,,...X; | =
> [T tint;, for n even.
mePy(1,...,n){i,j}ET

A similar formula holds for the moments p(cy,...cy,) of free Brownian motion except that
partitions have to be non-crossing.
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Theorem 3.6. (free Wick formula) Let (C, p, (cr)rer) be a free Brownian motion. For
everyn € N, and ty,...,t, >0, we have

0, form odd

Ct,...C = 35
pley tn) D [T tint;, forn even. 33

meNCy(1,...,n) {i,j}en

Proof. Let n be a positive integer, let 1,...,t, >0 and consider 0 < s1 < -+ < Sy, such
that {t1,...,tn} ={s1,...,5m}. We will compute the moments p(c,...cs,) using the relation
p=k*(, where k= (kz)renc are the free cumulants of (C, p). We have that

plet...ct,) = Z Ka(Ctyy-ovsCty)-

meNC(1,...,n)

Since the map I — ¢y is finitely additive, it follows that the non-commutative random
variables ¢y, ..., cs,, can be written in the form

081:X17 682:X1+X27 7Csm:X1+X2+"'+Xm7 (34)

where X7,..., X, €C, are free semicircular variables. Let m € NC(1,...,n), and assume
that there exists V €7, such that #V =1. Using that (kr)reNnc is a multiplicative family
of functionals and ki(ct,) = p(cy,) =0 for every i =1,...,n, we deduce that kr(cty, ...,
ct,) =0. Now, let 7€ NC(1,...,n) such that there exist V € = with #V > 3. Using the
equalities stated in (3.4) and the fact that the cumulants are multilinear, we see that
Kyv(Cty, -5 ¢, | V) can be written as a sum of free cumulants kv (X, .., Xizv)),
where i(1),...,i(#V) e {1,...,m}. We claim that x;(X;(1),..., X;)) =0 for all [ >3 and
all i(1),...,i(1)e{1,...,m}. Indeed, let [ >3 and i(1),...,i(l) € {1,...,m}. If there exist
a,be{l,...,1} such that i(a) # i(b), then it follows that xi(X;(),. .., Xjz)) =0, because
[ >3 and the random variables Xj(4), X;) are freely independent. On the other hand, if
i(1)=1i(2)=---=1i(l), then we have,

ki(Xiry, - Xi) = w( Xy, - - Xi(l))
/ X2
2

because the element [p(Xi(l))]_l/ 2Xz~(1) € C is a standard semicircular variable. Therefore
the claim holds.

From the above, we deduce that kr(cty,...,ct,)#0, only if m€NCy(1,...,n). Then,
we have p(cy,...ct,) =0 for n odd and

= 0’

plct,...ct,) = Z Ka(Ctyyosct,)

WENCQ( L. ,n)
= Z H "("‘2(6151'7 Ctj)
TeNCy(L,...,n) {i,j}em
= Z H ti Ntj, for n even.
TENCy(L,...,n) {i,j}em
Hence, the relation (3.3) has been proven. O
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3.2 Free Levy Processes on the Full Fock Space

In this section, we realize free Brownian motion and free Poisson process as processes on
the full Fock space of L?(R). In that case, our C*-algebra A will be the algebra of bounded
operators on the full Fock space of L2(IR), and our state p will be the corresponding vacuum
state.

Let (H,(-,-)) be a Hilbert space. The full Fock space of H is the Hilbert space

F(H) ::C@é Hen
with scalar product A
(1@ @ fn, 1@+ @ gm) = On,m(f1, 91) "+ (fn, gn)
10 @ fa)=0
(©Q,0) =1,

where n,m € N, and fi,..., fu, 91,...,gm € H. By @=(1,0,0,...) we denote the vacuum
and by Fji, the set of finite linear combinations of product vectors.

On the C*-algebra B(F(H)) of bounded operators on F(H ), we consider the vacuum
state p: B(F(H))— C, which is given by

p(X)=(Q,XQ) for every X € B(F(H)).

For f € H, we define the left annihilation operator {~(f) and the left creation operator
FE(f) by

()@@ fu=(f, 1)o@ ® fn
and
Q= f,

() =frehe: & fu
where n€ N and fy,..., fp€e H.
Furthermore, given T € B(H ), we define the gauge operator p(T") by

p(T)Q2:=0

P f1® @ frni=(T(f1)® f2® - @ fn,

where n€ N and f1,..., fn€ H.

Creation operators, annihilation operators and gauge operators are extended by lin-
earity to Fin. Therefore, the above operators have been defined on the dense subset Fii,
of the full Fock space F(H). However, the operators [=(f),lT(f), p(T) can be extended
on the full Fock space.
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Proposition 3.7. Let (H,(-,-)) be a Hilbert space. Then, for f € H and T € B(H), we
have that the operators l+(f), I=(f),p(T) are bounded and have the norms

1EOI=NE=HI =111,
(D)= IT]]-

Also, we have (IT(f))*=17(f), which means that the operators I=(f) and I (f) are mutu-
ally adjoint.

Proof. Let f € H and 7, £ € Fiin. Then by the definition of IT(f), I(f), it is easy to note
that

SO =(f Fim and - (@F()En) = (& 17(F)n).

Therefore, we have that

I, 5 ()m)y =, (O = (f 5 £){n,n)

and we deduce that the operator I*(f) is bounded, with norm [[I*(f)| = | f]|. Since
(IT(f)&, ) =(&, I (f)n) for every &, n € Fiin, we deduce that [=(f)= (IT(f))* and con-
sequently we have [|[I=(f)[| = [lI* () =If]-

It remains to show that ||p(T)||=||T||. Let n€ N and x1,...,z, € H. Then, we consider
the n x n Hermitian matrices A= (a;,;) € M, (C) and B = (b; ;) € M,(C), with entries

a; j=(T(z;),T(xj)) and b; ;= (zxs,x;), foreveryi,je{l,...,n}.

Then, for A € C**!, we have

XA = Z T(a)

()

|T||2<zn: A xz,z A x>

3

IN

Since
NBA= <i Ai%‘,i Ai$i>7
i—1 i=1

we deduce that \* (||T||?B — A) A >0, which implies that ||T'||>?B — A > 0. Therefore, there
exists a matrix C € M,,(C), such that ||T||?B — A= C C*. Without loss of generality, we
assume that ||T||=1. Let de N and ) € H, where i € {1,...,n} and j€{1,...,d}. From
the above (if we identify x; with 21) we have that there exist ¢; ; € C, such that for every

i,7€{l,...,n},

(eh2f) = (T(@}). T)) + 3 ciacir. (3.5)
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Then, multiplying both sides of the relation (3.5) by (z5® --- ® x?,, x% Q- ®3va>7 we have

Q- Qi rle -zl =

n
=(T(z}) @} - @ah, T(2]) @u5@ - @zl + > CipGr(th® - Qh, 25 @ ®@zl).

k=1
Therefore, it follows that
i=1 ij=1
= ZT(xﬁ)@x%@---@x% Z Z GRTh) QTER - @y,
i=1 k=1 |li=1

As a consequence, we deduce that

d
T><zxa®...®xa)
=1

or equivalently ||p(T")|| <1. Since,

Y

d
i=1

1=|T]l= sup [T(f)ll= sup [lp(T)f]I<I[p(T)I,
[ £1I=1 7l1=1

we have that ||p(T')] = 1.

For T € B(H) arbitrary, since p(T)=||T|| p(||T|| 71 T), we deduce that p(T)=||T||. O

In addition, for A\, u€ C, f,g€ H, and T',T1,T> € B(H), we have the following prop-

erties:

A f+pg) =)+ pl*(g)
(N (g)=(f, 9)1
() =1(f)
p(T*) =p(T)*
pATi+ pTy) = Ap(Th) + pp(T2)
p(TiTy) = p(Th) p(13)
() p(T) =17(T"f)
p(T)IF(f) =17 (Tf)
(eI (g) = (f, T(g)1.
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As we already mentioned, for f, g€ H, the operator [~ ( f)IT(g) is trivial, due to the relation
(3.7). On the other hand, the operator ()l (g) can be expressed as a gauge operator.
More precisely, if we define Ty , € B(H) by demanding T} 4(h):=(g, h) f for every he H,

then I7(f)I™(g9) = p(T}.g)-
For f € H, taking into account the relations (3.7) and (3.8), we see that the unital *-

subalgebra of B(F(H)) generated by () is equal to span{(I™(f))™(~(f))™|m,n >0}.
Furthermore, by the definition of I7(f) and I~(f), we have that

1, m=n=0

PO AT ()™) = (&, ()™ ()" =

0, otherwise.

Therefore, we see that if the elements {(IT(f))™(~(f))"|m,n >0} are linearly indepen-
dent and (f, f) =1, then the triple (IT(f),span{(IT(f))"(I~(f))"|m,n >0}, p) can be
identified with the triple (a,.4, ¢) that we studied in subsection 1.5. In that case we have
that the operator I*(f)+17(f) € B(F(H)) is a standard semicircular variable with respect
to p.

Proposition 3.8. Let (H,(-,-)) be a Hilbert space and let f be a non-zero vector of H.
Then, the operator IT(f) +1-(f) € B(F(H)) is a semicircular variable of variance || f||?,
with respect to p.

Proof. First, we consider f € H, with | f||=1. As we mentioned above, the assertion
holds if the elements {(IT(f))™(I~(f))"| m,n >0} are linearly independent. Let T €
span{(IT(f))™(~(f))"|m,n >0}, such that T'=0. Then, the operator T’ can be written
as a finite sum of operators a (I7(f))™(I"(f))", where a € C and m,n >0. We consider

a (I ()™=, -y a(TT(F)™ (1~ (f))", to be the summands of T such that n is
minimal and m; # m; for all i j. Then we have,

ar(IH ()™M AN FE A+ ar(TH ()™ () fen
=ar(f, /" O™+ Fag(f, f)M O™
and (IF(f)MI=(f))Nfe =0 for all M € N and N > n.
Therefore, the fact T f®™ =0 implies that,

arfEm™M 4 O =)
and because the vectors f&™1 ... f®" ¢ F(H) are linearly independent, we deduce that

ai=as="---=ar=0.

Continuing in this way, we see that if a (IT(f))™(~(f))™ is a summand of T, then
a=0. Therefore, the assertion holds for f € H with || f|=1.

For a non-zero vector f € H, since the operator IT(||f||=*f) +1=(||f||~%f) is a stan-
dard semicircular variable, we have that the operator I*(f)+1=(f)=|fIIC(If]71f) +
(I £1I71f)) is a semicircular variable of variance || f||?. O

49



As we saw in Example 2.13 semicircular variables and free Poisson variables can be
characterized by their free cumulants. The free cumulants of creation, annihilation and
gauge operators on a full Fock space, can be computed explicitly.

Proposition 3.9. Let (H,(-,-)) be a Hilbert space and consider the C*-probability space
(B(F(H)),p). Then, for f,g€ H and T € B(H), the cumulants of the non-commutative
random variables IT(f),1(g), p(T) € B(F(H)) are of the following form. We have

kn(1=(F), p(Th), -+, p(Tn-2),17(9)) = (f, Th.. . Th-29),

foralln>2, f,ge H and Th,...,T,,_o€ B(H). All the other free cumulants of the form
kn(ai,...,an), where ay,...,an € {IT(f)| fEH}U{l (g9)|ge H}U{p(T)|T € B(H)}, are
equal to zero.

Proof. Seein |...| O
Remark 3.10. Let f € H with ||f||=1 and A >0. We consider the operator

c(f,\) =1 (O )+ VAT () +X-1=p(Tp 1) + VAU () +17(f) + VA1

Note that x1(x(f,\)) = p(z(f,A))=A and

pa(a( £, 0), 2 (£, 0) = A= ()IF(f)) = A

By Proposition 3.9 we also have

Fn(@(f, ), 2(F,0) = k(WYX (f), p(Th p), - 0(TF 1), VATH(S))
= M (T %)
= M)
= A

Therefore, we deduce that the operator IT(f)I=(f) + VAU (f)+17(f))+ - 1€ B(F(H))
is a free Poisson variable of parameter . Since ¢o(S™(S*)™) = p((IT(f))™(~(f))™) for all
m,n >0, we also have that the operator SS*+ /(S +S*) +A-1€ B(I*(NU{0})) is a
free Poisson variable of parameter .

Notice that up to now we have not seen any example of freely independent subalgebras
on some non-commutative probability space. As we will see in the next proposition, the
creation and annihilation operators on the full Fock space are connected with the notion
of free independence because the orthogonality of vectors translates into free independence
of the corresponding creation and annihilation operators. Actually, we can even say more.

Proposition 3.11. We consider the C*-probability space (B(F(H)), p), where (H,(-,-))
1s a Hilbert space. We also consider Hy,..., Hy to be linear subspaces of H and we assume
that for every i,je€{1,...,k} such that i # j, the subspaces H;, Hi C H are orthogonal.
For every i€ {1,...,k}, let A; be the unital C*-subalgebra of B(F(H)) generated by the
elements {I=(f)| fe H; yU{p(T)|T € B(H),T(H;) C H; and T vanishes on H; for every
jF#i}, then the C*-subalgebras Ay, ..., Ak are freely independent in (B(F(H)), p).
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Proof. For simplicity, we will only prove that the C*-subalgebras generated by the ele-
ments {{=(f)| f € H;} are freely independent. For every i =1,...,k, let A; be the C*-
subalgebra generated by {I=(f)| f € H;} and let B; be the %-subalgebra generated by
{l=(f)| f € H;}. Note that since p is continuous, the subalgebras Ay, ..., A are freely
independent if and only if the subalgebras By, ..., By are freely independent. Therefore,
we will show that By,..., By are freely independent. Using the relations (3.6) and (3.7) we
see that for every i =1,..., k, the elements of B; can be written in the form:

p
T'=al+ Z F(f50)- () (95,1) 17 (95,m())s
j=1

where a € C, pe N and for every j€{1,...,p} we have (m(j),n(j))+# (0,0) and fj 1,...,
JinG) 93,15+ 5 95.m(j) € Hi- In order to apply the definition of free independence, we
need to know which elements T' € B; have zero mean with respect to p, i.e. p(T)=0. For
j=1,...,p, using that (m(j),n(j))#(0,0), we have

P (fi0) - U (f5 ) (g5.0) - 17 (95,m(5)))
=" (fini) -1 (F5,0017(g5,1) - - 17 (95,m(;))2) =0,

because [~ ( f)2=0, for every f € H. Therefore, due to the linearity of p, we have p(1) =0
if and only if a=0. As a consequence, for every i=1,...,k, if we denote BY :={T € B; |
p(T) =0}, then we have

BY =span{I*(f1)... 1 (f)17(g1).. .17 (gm) | (m,n) % (0,0) and fi,..., fu, g1, gm € H;}.

Now, we are ready to check (using the definition of free independence) if the *-subalgebras
Bi,..., By are freely independent. In order to do so, we consider [ € N and ky,..., k€ {1,...,
k} such that kj# kjy1 for every je{l,...,l —1}. We also consider T1,...,Tj€ B(F(H)),
such that T} € B;%j for every j=1,...,l. Our goal is to show that p(T;...T;) =0.

Using the linearity of p, for every j=1,...,1 it suffices to consider operatots T} of the form

Ti=1"(f50) - (fimG)(95,1) -1 (95,m0))

where (m(j),n(j))# (0,0) and f; 1,---, £ n(j)» 9,15+ > 9j,m(j) € Hr;- It is easy to note that
in certain cases the orthogonality of H;, H; C H, for i+ j, in combination with the relation
(3.7) implies that 77...7j=0. Indeed, we assume that there exists j € {1,...,l — 1} such
that m(j)#0 and n(j + 1) #0. By definition, the operator Ti...7] is a product of creation
and annihilation operators. But, due to our assumption, the operator I~ (g; ;) * (fi+1,1)
is a factor of the product. Using that g; ;) € Hk;, fj+1,1 € Hy,;,, and k; # kj11, we have
that 17(g; m()! T (fi+1,1) = (9j,m(j)» fi+1,1)1 =0. Therefore, we deduce that Tj...7; =0,
which implies that p(73...7;) =0.

On the other hand, let’s assume that for every j €{1,...,l — 1} we have m(j)n(j+1)=0.
By contradiction, we will show that p(Ti...T;) =0. If p(Ti...T}) # 0, then since IT(f) =
(I=(f))" and I=(f)Q2=0 for every f € H, we must have n(1) =0. Then, because (m(1),
n(1)) # (0,0) and m(1) n(2) =0, we must have m(1) >0 and n(2) =0. But, taking into
account that (m(2),n(2))+# (0,0) and m(2) n(3) =0, we must have m(2) >0 and n(3) =0.
Continuing in that way, we must have

m(j)>0 and n(j)=0, forevery je{l,...,l}.

51



Then
7. Ti=1"(g1,1)- - 17 (g1,m)- - -1 (g,1) - - -1 (91,m))

and p(T3...7}) =0, which cannot be true by our assumption. Therefore, by contradiction
we deduce that the claim holds. OJ

We recall that our goal is to realize free Brownian motion and free Poisson process
as processes on the full Fock space of L?(R). From now on we consider H = L?(R). For
h € L>®(R), we define the multiplication operator Tj,: L2(R) — L*(R) by T;,(f) := hf, for
every f € L?(R). We also define p(h):= p(T},).

For every I € R, let us denote by 1; the indicator function of I. By Proposition 3.8
we have that the operator [T(1;) +17(1;) is a semicircular variable of variance A(I), for
every I € R with A\(I)>0. Moreover, for I € R let C; be the unital C*-algebra generated by
IM(17)+17(1;) € B(F(L?*(R))). Then, by Proposition 3.11 we have that the C*-subalgebras
Cry, - - -, Cr, are freely independent in (B(F(L?*(R))), p) for all r € N and disjoint Iy, ...,
I. € R. Now we can summarize our result.

Theorem 3.12. The triple (B(F(L*(R))), p, (IT(1;) +17(17))1er) is a free Brownian
motion.

Now, we turn our attention to the realization of free Poisson process. For every I € R
we consider the self-adjoint operator p(17) +17(17) +11(1;) + A(I) 1€ B(F(L*(R))). It is
easy to note that the distribution of this operator with respect to p depends only on A(I).
Given I4,...,I, € R disjoint, we consider the subspaces of L?(R)

H;={feL*R)| f(x)=0, for every x ¢ I,}, foreveryic{l,...,r}.

Obviously, 1z, € H; for every i € {1,...,r} and the subspaces Hy,..., H, are orthogonal.
Then, for i,j € {1,...,7} such that i # j, by definition it is clear that T3, (H;) C H;, and
Tlli(f) =0, for every f € Hj. For I € R let C; be the unital C*—algebrf; generated by
p(17) + 17 (1) +1(1;) + A(I) 1 € B(F(L?*(R))). Then, by Proposition 3.11 we have that
the C*-subalgebras Cr,,...,Cy. are freely independent in (B(F(L%(R))), p).

Theorem 3.13. The triple (B(F(L*(R))), p, (p(17) + 1= (1) +1T(1;) + A(I) 1)1eR) is a
free Poisson process.

Proof. Let ¢;:=p(1j4) + 1" (1j0,)) + 17 (1)) +t 1, where ¢ > 0. In order to prove the
assertion, it suffices to show that for every »r € N and ¢ > 0, we have

ole)=3" ) .

p=1 {W1,...,V,}eNC(1,...,r)
Using that
N-1
ct= Y ¢, where Iy=[Mt/N,(M+1)t/N),
M=0
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we see ¢; can be written as a sum Sy of Theorem 1.26, if we identify ¢, with aa .
Therefore, by Theorem 1.26 the assertion holds, if for every r € N we have

lim Np[(cy/n)"]=t. (3.9)

N—o00

Because p(c;n) =t/N and p(cyneyn)=(t/N)?+t/N, we see that the relation (3.9)
is satisfied for r=1,2. For r >3, we have that p[(c;/n)"] can be written as a sum of joint

moments of the operators I (1o +/n)), 1™ (Ljo,¢/n)), P(L[o,¢/n)) and % 1. Using that 7%, =Ty,
for every I € R, we see that

Pll= (Lo, m) [P0t/ 8] "2 (X0 a)] = P~ (Lo,e/n)) P(Ljo,e/3)) 1T (X0, /)] =1t/ N.

Moreover, it is easy to note that the other summands are equal to 0 or (¢/N)", for some
n > 2. For these reasons, the claim holds. O
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4 The generalized Brownian motion

In this section we present an example of a non-commutative stochastic process which
provides an interpolation between fermionic, free and bosonic Brownian motion. This non-
commutative process gives an example of a generalized Brownian motion. The notion of
generalized Brownian motion was introduced by Bozejko and Speicher around 1990, who
established the existence of such a non-commutative stochastic process.

4.1 Motivation

In the previous sections we presented some of the basic results of free probability theory
(free central limt theorem, free cumulants, free Levy processes) and we concentrated on
their combinatorial structure. As we stressed out multiple times, our goal was to show that
free probability is related to the lattice of non-crossing partitions of the finite set {1,...,
n} in the same way in which classical probability is related to the lattice of all partitions
of that set. A concrete example that we examined was the Wick formula. More precisely
for a classical Brownian motion (2, F,IP, (W;)¢>0), for every ti,...,t2,41 >0 it’s moments
are determined by the relations

E(W.. Wy) = Y I[ tirt; and EW...W,,,,)=0. (4.1)
meP(1,...,2n) {i,j}en

On the other hand, for a free Brownian motion (C, p, (¢r)rer), for every t1,...,tap41>0
it’s moments are determined by the relations

P(Cl0,t1)- - -C0,t2n)) = Z H tiAt; and  p(clo,y)- - -Cl0,t0n 1)) =0 (4.2)
TENCy(1,...,2n) {i,jlenr

Using this analogy, we will present an example of a non-commutative stochastic process
which depends on a parameter p € [—1, 1] and gives an interpolation between classical
and free Brownian motion, in the sense that in terms of it’s moments, for =0 the non-
commutative stochastic process coincides with the free Brownian motion, while for p— 1
we obtain the dynamics of the classical Brownian motion.

We want to introduce our framework for the construction of such a non-commutative
stochastic process. In the previous section, we introduced non-commutative stochastic
processes (cr)rewr, on C*-probability spaces (C, p). Now, for our purpose we have to replace
the C*-algebraic framework with a x-algebraic framework. The main reason is that we are
interested in (u =1) self-adjoint random variables a on some *-probability space (C, p),
where their non-commutative distribution is determined by a Gaussian measure v on R
(with mean 0). This means that for every k € N,

pla¥) = [R R (dt).

Therefore, if C is a C*-algebra and p is a state, using that |p(a¥)| < |la*| < |la||*, we will
have for every k€ IN

/ thy(dt) < [la]*,
R
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which is impossible for a Gaussian measure 7 on R (with mean 0). Therefore, we are
interested in (n-dimensional) non-commutative stochastic processes (C, p, ((cf,ct*),..., (¢},
cl))rer), where C is a unital x-algebra, p is a state and for every I, Is € R disjoint we have

chun,=cr,+cp, foralli=1,... n.

Of course, the element ¢}* denotes the adjoint of ¢j. For I € R, we consider C; C C to be
the unital *-subalgebra generated by cf, ..., c}.

Such an n-dimensional stochastic process will be a generalized Brownian motion if for
Iy, ..., I, € R disjoint we have some notion of independence for the subalgebras Cr,, ...,
Cr, (independent increments). We will use the following notion of independence which
was given by Kiimmerer [...]. This allows us to obtain a calculation rule for certain joint
moments with respect to p. More precisely, we demand that pyramidally ordered products
factorize, i.e.

plai...arby...b1)=p(aiby)...p(arby),
if a;,b;€Cr, and I1 < --- < I, where J; < Jy means that for all ¢; € J; and t2 € Jo we have

t1 <to.

Example 4.1. Let a € C, and b€ Cy, with I1 < I5. Then, for the products aabb=aa-1-bb-1
and abba € C we have

p(aabb) = p(abba) = p(aa)p(bd) .

Note that we do not have any rule in order to compute p(abab).

We will now give the definition of generalized Brownian motion which is due to Bozejko
and Speicher |[...].

Definition 4.2. (Bozejko-Speicher 1991) Let (C, p) be a *-probability space and let
(c},...,c?) 1er be a family of non-commutative random variables such that the map R —C",
I—(ct,...,c}) is finitely additive. Then, the triple (C, p, ((cf,ct®), ..., (c], ¢ ))ier) is
called an n-dimensional generalized Brownian motion if,

1. pyramidally ordered moments factorize (independent increments).

2. If é stands for ¢ or ¢* and [ +t:={s+t|s€ 1}, then the moments p(éfl(}r)t. . .éi(i)t)
are independent of t €R for allr € N, k(1),...,k(r)e{l,....,n} and I1,..., [, ER
(stationarity).

3. For everyr € N, k(1),...,k(r)e{1,...,n} and I € R we have

0, r odd

p(é?(l) ) é?(’")) _

r k(1 ~k(r
A(I) /2p(c[0(71%...c[0(,1)]), r even
(Gaussianity of the distribution).
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In the case that we have an 1-dimensional generalized Brownian motion (C, p, (cr,
cf)ier), in contrast with the classical or free case, we do not assume that ¢; has a specific
non-commutative distribution with respect to p. This is because our goal is to construct, for
every p € [—1,1], an 1-dimensional generalized Brownian motion (Cy, pu, (1, ¢f)rer) which
gives an interpolation between classical and free Brownian motion, as far as moments are

concerned. Therefore, for different p € [—1, 1] the values pu(é?(l). . .éﬁ(r)) should differ. In
order to motivate the construction of the example that we will give in the next subsection,
we recall a few facts about the non-commutative realization of the classical Brownian
motion on the bosonic Fock space of L?(R).

Let (H,(-,-)) be a Hilbert space. For hy, ..., h, € H we define the symmetric tensor
product

1
hlo"'ohn::mz h0(1)®...®hg(n),
oceS,

which is the orthogonal projection of h1 ® -+ ® h, € H®™ to the subspace of symmetric
tensors.

The closed subspace of H®" generated by hjo --- o h, is denoted by H°" and it is
called the n-fold symmetric tensor product of H. Then, the bosonic Fock space of H is
the Hilbert space

fS(H)::@@é He"
with scalar product "
(fro0 fag10+0 gmdo=0nm > [ {fir 9o
o€S, i=1
(Q, fio-+0 f)o=0
(Q,02)o=1,

where n,m €N and f1,..., fn, 91,---, 9m € H.

For f € H, we define the bosonic annihilation operator a( f) and the bosonic creation
operator a™(f) by

o (f)fro-ofai=) (f ffio-ofiorofy
and =

a*(f)fro- o fui=fo fio o fu.

The symbol f; means that f; has to be deleted in the product. The above operators extend
to the set of finite linear combinations of symmetric product vectors. Moreover, it is easy
to note that the operators a~(f) and a™(g) satisfy the C.C.R..
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For H = L*(R), if we consider a;:=a" (1)) +a™(1j9 ), then for ¢y,..., ¢, >0 the joint
moments of a¢,,...,as, with respect to the vacuum po(-) :=(£2,-Q), are given by the formula

0, for n odd

pola,...as,) = (4.3)

> [T tint;, for n even.
m€P(L,...,n){i,j}Em

Therefore, in terms of it’s moments, (a+)+>0 is a non-commutative realization of the classical
Brownian motion.

An anti-commuting analogue of Brownian motion is obtained by replacing the bosonic
Fock space of L%(R) by the fermionic Fock space of L?(R). To be more precise, let H be
a Hilbert space. For fi,..., fn, € H we define the antisymmetric tensor product

1
fl/\/\fn:mz 80’fo’(1)®"’®f0(n)’
oesSy

where ¢, is the signature of the permutation o € S,,. The closed subspace of H®" generated
by fiA--- A fnis denoted by H" and it is called the n-fold antisymmetric tensor product
of H. Then, the fermionic Fock space of H is the Hilbert space

fa(H)::@@é HN"
with scalar product !
(JUN - A fry gu A== A gm) n = bn,m det[((fi; 95))1<i,5<n]
(€ fin- A fa)a=0
(Q,r=1,

where n,m €N and f1,..., fn, 91,---, 9m € H.

For f € H, we define the fermionic annihilation operator b~(f) and the fermionic
creation operator b*(f) by

b_(f)fl/\.../\fn:zz (_1)i<f,fi>f1/\"'/\fi/\"'/\fn
and =1

bH(f):=f,
bE(F) N Afui=FANfIA A [

The operators b*( f) and b~ ( f) are bounded and they extend to the space F,(H). Further-
more, it is easy to note that the operators b™(f) and b~ (g) satisfy the C.A.R.. Therefore,
for H = L*(R), the non-commutative process (b™ (19 4)) +b~(1[p,4))):>0 can be considered
as an anti-commuting analogue of Brownian motion. Putting b;:= b+(1[07t)) +b7(L0,1))
for all ¢ >0, note that the joint moments of by, ..., b, with respect to the vacuum state
pa(+) == (Q, -Q)» are not equal to the left hand side of (4.3). Thus, the connection with
classical Brownian motion is now only formal.
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In the context of non-commutative probability theory, except of free independence,
there are other notions of stochastic independence, which lead to Brownian motions (at)¢>0
(bosonic Brownian motion) and (b¢)¢>0 (fermionic Brownian motion).

Definition 4.3. Let (A, ¢) be x-probability space. A family of sub-x-algebras {Ag}ren
of the x-algebra A is independent in the sense of the Bose independence if the algebras Ay,
commute with each other (i.e. aya;=ajay if ap € Ag, a1 € A; and k#1) and

d(ar...am)=d(a1)...o(am),

whenever a; € Ay, and i j implies k; # k;.

We omit the definition of Fermi independence [...]. As we saw in Proposition 3.11, the
free independence appears in the full Fock space. Similarly, we can prove that the Bose
independence appears in the bosonic Fock space and the Fermi independence appears in
the fermionic Fock space.

In the following, we will construct generalized Brownian motions which are interpola-
tions between fermionic, free and bosonic Brownian motion. We recall that the proof of
(4.3) is based on the relations

(@ (f)n, &)o=(n,a=(f)&)s, for every &, n in the domain of a*(f),a™(f)

and
a=(f)at(g) —a*(g)a=(f)=(f,9)1, a (f)Q2=0.

On the other hand, for the creation and annihilation operators on the full Fock space of
H, the relations (3.7) and (3.8) were crucial in order to prove that the self-adjoint operator
IT(f)+1=(f) (f € H with f+0) is a semicircular variable. These observations will be our
main motivation in order to define the p-Fock space and the corresponding creation and
annihilation operators.

4.2 The p-Fock space

Our goal is to construct generalized Brownian motions which are interpolations between
fermionic, free and bosonic Brownian motion. In this context, taking into account our
observations in the previous subsection, our aim is to consider operators ¢~ (f),c"(g) and
a vacuum vector € such that ¢~ (f)Q =0 for every f € L?(R) and

¢ (f)et(g) — uct(g)e™(f)=(f,g)1 forall f,g€L*(R) (4.4)

with —1 < <1. We refer to the relations (4.4) as generalized commutation relations.

Our main goal in this section is to show that there exist operators on some Hilbert space
and a corresponding vacuum vector in this Hilbert space which fulfill the above relations.
In this direction, let (H, (-,-)) be a Hilbert space and consider the full Fock space of H
F(H). As before, by Q=(1,0,0,....) we denote the vacuum vector and by Fii, the set
of finite linear combinations of product vectors. For each f € H we define the p-creation
operator ¢*(f) and the p-annihilation operator ¢~ (f) by

C+(f)ﬂ = f7

HNAQ @ fu=fR 1@ @ fa
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and

(NG @ far=)  pF N )@@ @ ® fa.
k=1

The operators ¢ (f),c™(f) are extended by linearity to Fii,. Note that for ;=0 we have
that ¢t (f)=1"(f) and ¢~ (f)=1"(f), for every f€ H.

Lemma 4.4. Let (H,(-,-)) be a Hilbert space. For every f, g€ H, the operators ¢~ (f),
ct(g) satisfy on Fin the relation

c(f)ct(g) —pct(g)e™(f)={f, 1. (4.5)

Proof. For f,g, f1,..., fn€ H, using the definition of ¢*(g) we have

() (PDhQ @ fa=c ([l [i® @ fa

But, by definition,

(g i@ fa={fLa)[i® @ fotpg@c (i®w- & fa].

Therefore, we deduce that

c (Nt fi@- @ fu=[f,9)1+pct(gec (NS @ fa

and by the linearity of ¢~(f),c*(g), the claim holds. O

Therefore, we have found operators on Fyy;, that satisfy the generalized commutation
relations. It remains to find a suitable scalar product (-, -), such that for every f e H and
&, 1 € Fiin the relation (cT(f)&, n)u= (&, ¢ (f)n), will be satisfied.

We define the symmetric bilinear form (-, -), on Fii, which is determined by

(i@ @ fn,1® - @ gm)u:=0 for n#m

and otherwise recursively by

(fi®- ®fnagl® Q) ={f2@ @ fa, ¢ ()P D R gn)y

—Zu (f1, 9) (2@ ® fr, 1® -+ @ Gh @ ® G-

Lemma 4.5. Let (H,(-,-)) be a Hilbert space. For every f € H and &, n € Fi, we have

(N Mu= (& (HHmu- (4.6)

Proof. For n,meN and f, fi,..., fn, 91,--., gm € H by definition we have

(N[ @ frg1® @ gmhp=(/1® @ fn,c™ ()91 @+ @ gnt1)p,
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if m=n+1, and otherwise

("N @[ 1@ @ gm)p=0=(f1i® @ fa,c ()1 ® - @ gm)p-

Therefore, by linearity the assertion holds. O

As a consequence, we have for every fi,..., fn,91,.-.,9gn € H,

<f1®"'®fnagl®"'®gn>u = <C+(f1)'--c+(fn)Qvgl®"'®gn>u
= (e (fu)...c([1)1® - @ gn).

In order to prove that the bilinear form (-, -), is a scalar product, the hardest part is to
prove that it is positive definite. For this purpose, for € [—1, 1] we want to consider a
map P, Fiin— Fiin, such that (&, n),= (&, Pun) for evey &, n € Fiin, where we denote with
(-,-) the usual scalar product on the full Fock space of H. In that case, we are interested
in whether P, is a (strictly) positive operator. We consider

o
P=@@ B" with P".HE"— HO,
n=0

In order to define P;EN)v we consider for every n € N and 7 € S,,, the operator U,: H®" — H®"
such that

Unf1® - ®fn:fﬂ(1)®®fﬂ(n) forall fi,..., fn€ H.
For m € S,,, we define i(7) to be the number of inversions of 7, which means that

i(m):=4#{(i,j)€{1,...,n}?|i<j and 7(i) >7(5)}.

Then, we define

(n)._ i(m
pY=3" iU,
TES,

Since i(7 =) =i(r) and (Uy)*=U,-1 for all 7 € S,,, we have

(P ="y U =P, forallneN.
TESn

Lemma 4.6. Let (H,(-,-)) be a Hilbert space. For all £&,m € Fin, we have

(& mu=1(& Bun) -

Proof. By the definition of (:,-), and due to linearity, it suffices to show that for every
neN and fi,..., fn, 91,-.., 9n € H we have

(1® @ frn1® gy = (1® ® fr, PVg1® - © gn)
= Z 11 G ) - s G (n)-

TES,
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This can be proved by induction on n. For n =1 we have nothing to prove and we assume
that the claim holds for n — 1. We consider S,(Lk_)l to be the set of all bijections from {2,...,
n} to {1,...,k,...,n}. Then, for every m € S, there exist unique k € {1,...,n} and

oe sk )1 snch that 7(1)=k and (1) =& (1) for all {=2, ..., n. Similarly, we can define for
o€ S(k)l the number of inversions, i.e. the number of (i, j) € {2,...,n}? such that i < j
and o(i) > o(j). Therefore, for such 7€ S,,, k€ N and o € ™ we have

n—1»

i(r) = i(o)+#{ji=2,....,n|w(1)>7(j)}
= i(o)+#{j=2,....n|k>7(j)}
i(o) +k—1.

By the definition of (-, -), we have,

n

(@ @ frg1® @ ga)u= D U 1, )o@ @ fr, 1@ @ GE® - @ gy
k=1

and for k=1,...,n our induction hypothesis guarantees that
(2@ @ fr 1@ @G Dgadu= > 1 fo, go@)- - (frr Goim)-
JESSC_)

Therefore, taking into acount that

i(m)=i(o)+k-1 and Y =S 3

w€Sy k=1 UESflk_)l

we deduce that

(1® @ o, 1@ @ gn)u= > 11, gr )+ (frr Gz () O
TES,

Remark 4.7. It is obvious that for every n € N the operator P;@‘ H®" — H®" is bounded
(as a finite sum of bounded operators). On the other hand, for f € H such that (f, f)=1,
we have that

(fen f®n>ﬂ =(1+p+--+ Mn—l)(f@(nfl)’ f®(n71)>ul

Therefore, for every n € N, we deduce that

n—1
Fom Puf @)y = (19, F5mu= ] (it 1)
i=0
and the operator P, is unbounded for x> 0.

4.3 Positive definite kernels

Before we prove that the map P, is positive, we pause in order to introduce the notion of
positive definite kernel which appears in (non-commutative) probability theory |[...] and
other areas of Mathematics. A positive definite kernel is a generalization of a positive
definite function.
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Definition 4.8. Let X be an arbitrary set. A complex valued function K: X x X — C is
called a Hermitian kernel if K(x,y)=K(y,z) for all z,y € X. A Hermitian kernel K is
called positive definite kernel on X if, for every n € N, z1,...,2, € X and ay,...,a, € C,
we have

> aid; K(zi,x;) > 0. (4.7)
i,j=1

A Hermitian kernel K is said to be strictly positive definite if for everymn € N, z1,...,x,€ X
and a1,...,a, € C,

Z a;a; K(zi,25)=0 if and only if a1=---=a,=0.
ij=1

Remark 4.9. Let X be any set and let {K,;,}men be a family of positive definite kernels
n

on X. Given ay,...,a, >0, the map > a; K; is a positive definite kernel on X. Moreover,
i=1
if the sequence { Ky, } meN converges pointwise, we will also have that lim K, is a positive

definite kernel on X. m—00

Example 4.10. Let X be any set, let (H,(-,-)) be a complex Hilbert space and consider a
map v: X — H. Then, we define the map K: X x X — C by requiring, for all (z,y) € X x X,
K(z,y):=(v(z),v(y)). Note that K is a positive definite kernel on X since, for every
neN, x1,...,xp,€ X and ay,...,a, € C, we have

Z a; v(x;)
i=1

Conversely, we have that every positive definite kernel can be written in this form.

2
>0.

n
Z (Ii(ij(xi, SU]‘) =

i,j=1

Theorem 4.11. Let X be an arbitrary set and let K: X x X — C be a positive definite
kernel on X. Then, there exists a complex Hilbert space (H,(-,-)) and a map v: X — H
such that, for every x,y € X,

K(z,y) = w(z),v(y)) .

Proof. Let n be a positive integer and let x1,...,x, € X. Since K is a positive definite
kernel on X, by definition we have that the Hermitian matrix (K (x;, ;))i j=1,... n is
positive definite. Therefore, there exists a Gaussian measure i, ... -, on C" with zero
mean and covariance matrix (K (z;,x;))i j=1,... n- It is clear that the family of probability
measures [ig,, ...z, is consistent. We consider X" to be the set of all functions from X to
C and A to be the o-algebra generated by the projections II,: ¥ — C, f+ f(y). Then,
by Kolmogorov’s extension theorem we have that there exists a probability measure i on

(X, 2) such that, for every n € N, z1,...,z, € X and A C C" Borel subset we have

p{f e X[ (f(21),. -, f(an)) € A}) = piay, . 2 (A) -

We consider the Hilbert space H = L?(y) and for every x € X we define v(x): X — C, by
demanding, for all f € X, v(x)(f):= f(x). Then v(z) € L?(u) for every x € X, because

/ | F () Pudf) = / |2 Ppa(dz) = K (z, 7).
X C
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Therefore, for x, y € X we deduce that

(@), v(9)) 20 = /X @) Floyuldf) = /@ iy ded) = K (@.). 0

Corollary 4.12. Let X be an arbitrary set and let K, L be two complex valued functions
on X x X. If the maps K,L: X x X — C are (strictly) positive definite kernels on X, then
the pointwise product K - L: X x X — C is a (strictly) positive definite kernel on X.

Proof. First, we assume that the maps K, L: X x X — C are positive definite kernels on
X. By the previous theorem there exist Hilbert spaces (Hi, (-, -)1), (Ha, (-, -)2) and maps
v1: X — Hy, vo: X — Hs such that for every =,y € X the relations

K(z,y)=(z),n(y) and Lz, y) = (va(z),v2(y))2

hold. Then, for n€N, a1,...,a, € C and x1,...,z, € X we have

Z a;a;(K - L)(z,zj) = Z aitj (1 (i), vi(zj)(va(@i), va(zj))2
i,j=1 i,j=1
" 2
= Z a; I/l(l'i) & 1/2(1'1‘)
i=1
> 0,

and we deduce that K - L: X x X — C is a positive definite kernel.

Now, we assume that the maps K, L are strictly positive definite kernels on X. Let,

n be a positive integer and let =1, ..., z, € X. Without loss of generality, we assume that
vi(zi)#0 for alli=1,...,n and va(z;) #0 for all i=1,...,n. Since K is a strictly positive
kernel on X, we have that the elements v1(x1),...,v1(x,) € H; are linearly independent.
Similarly, we also have that the elements va(x1),...,va(x,) € Ha are linearly independent.

Then, it is easy to note that the vectors {vi(z;) @ va(z;) |i,j=1,...,n} C Hy ® Hy are
linearly independent, which implies that K - L is a strictly positive definite kernel on X. [J

Now, we are ready to tackle the problem of the positive definiteness of (-, ).

Proposition 4.13. Let (H,(-,-)) be a complex separable Hilbert space. The operator P,:
Fiin — Fiin s positive for all p € [—1,1] and strictly positive for all pe (—1,1).

Proof. It suffices to show that the corresponding assertions hold for the operators P;En),
for every n € N. For p € [—1,1], we will first prove that the map K,: S, x S, — C, (o,

) — ui(fl") is a positive definite kernel on S, i.e. for any r: S, — C we have

S T 20

m,0€S,

In order to do so we have to find a nice formula for Mi(“_la).
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We define
® = {(i,j)e{L,....n}*[i#j},
ot = {(i,j)e®li<j}.
For m €S, and A C ®, we also define
m(A):={(m (i), 7(4)) [ (i, j) e A} C .

Since the map A > (i, j)— (7(i), 7(j)) € 7(A) is a bijection, we have that #A =#m(A).
Moreover, since the elements of the set 7(®T)\®" are of the form (7 (i), 7(j)) where i < j
and 7(i) > m(j), taking into account that i(7)=#{i,j=1,...,n|i<j,w(i)>m(j)}, we
see that the relation i(7) = #m(®T)\®* holds. Using the fact that the map

{9 e{l,...,n}?li<g,m(i)>7(j)} — {G,5)efl,....n}2li<j,n~ (i) >71(5)}
(,7) — (7(4),7(7))

is a bijection, we deduce that i(7) =i(7~!) and the map K is a Hermitian kernel on S,,.
From the above we have that i(7) =i(7~!) =#7r~1(®*)\®*. But, taking into account that
the map

T RPN\ — &T\m(2T)
(1), 77 1(4) — (i, )
is a bijection, we have #7~1(®)\®+ = #®\7(®7T), which implies that
2i(m) =i(m) +i(r ") = #r(P)\F + #DF\7 (DY) =#7 (DY) AT,

where for two sets A, B we denote by AAB the symmetric difference (A\B)U (B\A) of A
and B. For every m,0 € .5, using that the map

{G, ) e{l,....n}?li<j, m7lo() > 77 lo(j)} — o(@F)\m(®F)

(i,9) = (a(i);0(4))
is a bijection, we deduce that
2i(r o) =i(r o) +i(o 7 ) = #o(OH)\m(®F) + #7(®)\o(®F) = m(dF)Ac(DT).
But, for A, B C ® we can write

#40B=" [La(x) ~ 1p(0)| = 3 [1a(e) - 1p(a) 2

zed rzed

In order to show that K, (—1 <y <1) is a positive definite kernel on S,, we will consider
two separate cases. First, we consider the case 0 < 1 <1. Then, we can write pu=e~*, for
some A > 0. Hence, we have

pi™ ) = exp(—i(r o))
= exp<—%~#a(<l)+)A7r(<I>+)>
=TT (5 o)~ Lo )

zed
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Therefore, taking into account that the product of positive definite kernels is a positive
definite kernel, we see that in order to prove that K, is a positive definite kernel on S,
it suffices to show that, for every = € ®, the maps S,, x S, 3 (o, 7) — exp(—%\lg(qﬁ)(x) -
1ﬂ(¢+)($)|2> are positive definite kernels on .S, i.e.

5 exp{ = lofe () ~ L @)? o) T 0.
m,0€S,

Let x € ®. Note that defining y9:=0, y;:=1 and

r)i= 3 o), r)i= 3 (o),

cES, ocESH

zgo(@t) zeo(@¥)
we have
A — ! A S—
5 exo( o)~ Lo @) @it = 3 exp( <3l u? ()il
m,0E€S, i,j=0
>

Y

. A . . .
because the function R > x +— exp( -5 x2> is the Fourier transform of a Gaussian measure

on R, which means that is a positive definite function, by Bochner’s theorem. Hence, the
map K, is a positive definite kernel on S, for every 0 < p <1.

For the case —1 < pu <0, we first notice that K_; is a positive definite kernel on 5.
Indeed, using that the signature function S, 3 7 — (—1)*™) is a character on S, we see that

> (1) r(m)

TES

S VT ro)r(m) = Y (1) (=) r(o)r(m) =

m,0€S, T,0€Sy,

>0.

For —1 < pu <0 we have K, = K_1-K_,. Therefore, using that the product of positive
definite kernels is again a positive definite kernel, we deduce that K, is a positive definite
kernel on S,,.

For =0, since Ko(o,m)=1 for 0 =7 and Ko(o,n)=0 for o #m, it is obvious that K
is a positive definite kernel on S,,.

Now, we are ready to show that for every n € N, P( " s a positive operator, i.e. we
have <17, 77> >0, for all ne€ H®". We consider {e;} to be a CONS of H®™. Then, we have

(n, By = N W™y, Uy

7r€S
= TL' Z H aU 77>
WUES
= ’I’L' Z H 7r77aU0'77>
WUES
= S KT U e e o)
TI‘O'GS {ei}
_ n,Z{ S 1v>—<ei,an><ei,UJn>}
{ei} |m,0€Sn
Z 07
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where the third equality holds because for every 7w, 0 € S, UrUy =Uyry and U,—1 = (Uyr)*,
the fourth equality holds because {e;} is a CONS of H®" and the last inequality holds
because K, is a positive definite kernel on S,.

In order to conclude the proof it remains to show that for every p € (—1,1) and n €N,
the operator PP(Ln) is strictly positive. Note that it is sufficient to show that K, is a strictly
positive definite kernel on S,,. We will only consider the case p € (0, 1) since the case
i€ (—1,0) can be proved in a completely similar manner. The case p =0 is trivial.

We assume that there exist p € (0, 1) such that K, is not a strictly positive definite
kernel on Sp. Then, since K, = K ;- K ;; and the product of strictly positive definite
kernels is a strictly positive definite kernel, we deduce that K ; is not a strictly positive
definite kernel on S,,. Because /i # i, we get in this way infinitely many positive definite
kernels K,,,, i € N, which are not strictly positive definite kernels. But the fact that K, is
not a strictly positive definite kernel, implies that det(A) =0, where A:= (;!("~ "))m,e S,
Since det(A) is a non-constant polynomial in p we deduce that the polynomial equation
det(A) =0 has finitely many solutions and this fact leads to a contradiction. Therefore,
for every p € (0,1) we have that K, is a strictly positive definite kernel on S,. O

From now on, we will denote by F,(H) the completion of Fi;, with respect to the scalar
product (-,-),. In the cases =1 and pu=—1 we first have to divide the kernel of P,, thus
leading to the bosonic and fermionic Fock space, respectively.

4.4 Interpolation between fermionic, free and bosonic Brownian
motions

Lemma 4.14. Let (H,{(-,-)) be a Hilbert space. For every u€[—1,1) the operator c*(f)
on Fu(H) is bounded and has the norm

1
e (Nl = Nae=T for pe0,1), (4.8)
e (Dl = IFI for pe[-1,0]. (4.9)

Proof. We will first treat the case u € [—1,0]. Using the generalized commutation relations
stated in (4.5), for f € H and n € Fjin, we have

(T (Hn, et (Hmup = e (Het(HHmu
= (fL OYmmu+ ple(H)n, e (FHnu
S <f7f><77 77>Ma

because p1 <0. Therefore, we have ||ct(f)[|,<| f]|. Using that || f||=||ct (/)2 < leT ()l
we deduce that the relation (4.8) holds.

Now, we turn to the case p€[0,1). For every i <n, we consider m; € S, to be the
transpositions of the symmetric group, i.e. m; interchanges ¢ and i+ 1 and keeps all the other
elements fixed. We recall that the symmetric group S, is generated by the transpositions
T1,...,Tn—1. Moreover, the maps 71, ..., m,_1 satisfy the relations:

T T41 T = Ti41 T4 Ti+1, for all izl,...,n—Q
mimj=mjm;, foralli,j=1,...,n—1with |[i—j|>2,

7rl-:7rl-_1, foralli=1,...,n—1.
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Using the above relations, we can easily see that each permutation 7 of the symmetric
group can be written uniquely in the form 7)) 41+ TR 4r(1)- - Th() TR +1- - Th(5)+r(0)
with ¢ >0, r(¢) >0 and k(1) > k(2) > --- > k(¢). Furthermore, for such a permutation its
number of inversions is equal to (r(1)+ 1)+ (r(2)+1)+---+ (r(i) + 1). From these facts,

it follows that the bounded operator PlEnH) can be written in the form:
P}E”Jrl) (1 ® P(n))(l + MUM + M2U771Uﬂ'2 Tt MnUmUﬂ‘T . 'Uﬂ‘n)'
Since, Ur Uy = Uyry and (Uy)*=U,-1 for all w,0 € Sy, it follows that,

n—+1 n—+1 n—+1 n+1)\x
OB )

:(1®Pl5"))(1+,uUm+ v W Wy )L+ Upy + '-'—i—u"U,rn,__,rl)(l@P;E"))*.
Therefore, using that U, <||Ux||1=1 for all = € S,,, we have,
I+ pUn+ -+ p"Uny ) (L Uy + -+ p"Ur,,. o)
<(A+p- 14 +p™ DA +p- 14 +p™1).
This implies
PP < (1@ PMY (14 p 1 -+ p™ 1)L g 1o 4 p™- 1) (1@ PY).

Finally, we deduce that

(n+1) (n+1) p(n+1)
b, =\ B b

< (@B (A4 p o+ (A 14+ 1) (10 PY)

—( 4t tp )1®p<”><1 10 P,
Now, for f € H and n€ H®", we get

(fon fon, = (fonB" Vfon)
< ﬁ(f@m (1@ P")(fomn)

= ﬁﬁ,ﬁ(n,ﬂﬁ")n)

This shows that |[cT(f)|| < (1 — u)~"/?||f||. That the norm of ¢t(f) is equal to (1 —
1) "Y2|| f|| can be seen from ¢t(f) fO = OO+ and

(fERHD, pEOED) = (L -+ ™) I ) e 0

The previous lemma implies that for every f € H and pu€[—1,1), the operators ¢ ( f),
¢ (f) can be extended on F,(H). Moreover, the relations (4.6) and (4.5) hold on F,(H).
On the other hand, for =1 our operators are unbounded and they can be defined only
on the dense domain Fj, of F,(H).
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Now, we are ready to consider our concrete example of a generalized Brownian motion.
For this purpose, we choose H = L*(R) and fix a 1€ [—1,1]. We consider C, to be the unital
x-algebra generated by all ¢~ (1) for I € R and p,(+) := (€, -§2), to be the vacuum state on
C,. We claim that the triple (Cp, pu, (¢~ (11), ¢t (11))rer) is an 1-dimensional generalized
Brownian motion. By induction, it is easy to note the factorizing of pyramidally ordered
moments. Therefore, in order to prove the claim it remains to show the stationarity and
the Gaussianity of the corresponding distribution. This is a consequence of the fact that all
(joint) moments of our operators, with respect to p,, are determined in a specific way by
the second (joint) moments. In order to describe this connection between the moments we
have to define the number of inversions (V') of a 2-partition V. The number of inversions
counts the number of crossing points that we have if we build bridges that connect the
points which belong to the same block of the 2-partition V. More precisely, for r even and
a 2-partition V' ={(e1, 21),..., (er/2, 2r/2)} € P2(1,...,7), where e; <e; for all i <j and
e; <z foralli=1,...,r/2, the number of inversions is defined as

i(V):i=4#{(,5)€{1,...,r/2}?|ei<ej <z <2}

Example 4.15. For the partitions V1 ={(1,6),(2,5),(3,4)}, Va={(1,4),(2,5),(3,6)} and
V3={(1,3),(2,4),(5,6)} we have i(V1) =0, i(V2) =3, i(V3) =1 and the above partitions
can be depicted in the following way

%1 Va

Remark 4.16. Let V be a 2-partition of the set {1,...,r}. Since i(V') counts the number
of crossing points, we have that (V) =0 if and only if V' is a non-crossing partition.

Let (H,(-,-)) be a Hilbert space. For f € H, let ¢c~'(f):=c(f) and c'(f) :=c*(f).
Our first task is to compute expressions of the form pu(ck(l)(fl). (), where re N
and k(1),...,k(r)e{—1,1}. For k(1),...,k(r) e {—1,1}, we define

Or = k‘(’l“),
or—1 = k(r—1)+k(r),

72 = K@)+ A,

o1 = k(1)+k(2)+ - +k(r).
A straightforward induction shows that if o,.,0,_1,...,0;>0, then ck(l)(fl). ) .ck(r)(fr)ﬂ c
H® and otherwise *O( f;)...c*( £,)Q=0. Therefore, by the definition of p, we deduce
that p(cFO(f1)...cE(£,)) #0 only if (k(r), k(r —1),..., k(1)) € {~1,1}" is a Dyck path.
Hence, we have pM(ck(l)(fl). ~PO(£)) =0, for 7 odd.
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Proposition 4.17. Let (H,(-,-)) be a Hilbert space. Forne N, k(1),...,k(2n)e{-1,1}
and fi,..., fon € H we have

n

Pu(ck(l)(fl)- L (fo)) = Z ') H Pu(ck(ei)(fei) HE(f.)) . (4.10)

V={(e1,21),---,(en,2n)} i=1
ePy(1,. .., 2n)

Proof. First, we show that the above formula is valid for products of the form
c(f1) .o (fm)e (fms1) e (fme2) - - - (fon). For m # n, taking into account that
pu(D(f1). PPV (f2,)) # 0 only if (k(2n), k(2n —1),..., k(1)) € {~1,1}*" is a Dyck
path and p,(cf(f)c!(g)) #0 only if (k,I) =(—1,1), we see that both sides of the above
formula vanish. Now, we assume that m=n, i.e. k(1)=---=k(n)=—1land k(n+1)=---=
k(2n)=1. We have

pul@PD(f1). PO (fon)) = (e (fa). et (F)Q et (farr) - T (fon) Q)
= ([n® @ f1, fat1®@ - ® fon)y

- Z (fns fn+7r(1)>' ~(f1, fn+ﬂ(n)>'ui(7r)_

TES,

In order to compute the left hand side of (4.10), we see that for V-={(e1, z1),..., (en, 2n) } we

have pu(cMV(fey) V(o). o (fe,) ME(L,)) 0 only if k(er) = =k(en) =1
and k(z1)=---=k(z,) =1, 1. only if e;=i foralli=1,...,n and 21,...,2z,€{n+1,...,
2n}. Then, we have
PO pulP D (fo) (1) = > pWOTT Sis £20)-
V:{(617Z1)7"'7(en7zn)} =1 V:{(l,z1),...,(n,z")} =1
ePy(1,..., 2n) ePy(1,..., 2n)

But, every partition V ={(1, 21),...,(n, z,) } € P2(1,...,2n) corresponds to a unique 7 € Sy,
by defining 7 (i) = zp4+1-; —n, for all i=1,...,n. Then, for these 7,V using that me map

{(i,j)e{1,...,n}Y?|i<j,m(i)>n(j)} — {(,5)€{l,...,n}?|i<j<zi<z}
(i,7) — (n+1—j,n+1—1)

is a bijection, we deduce that i(7) =4(V). Therefore, we have

S LG s = 5 O] s

V={(1,z1),...,(n,2zn)} i=1 €S, i—1
ePy(1,..., 2n)
= Z ( fns fn+7r(1)>. A f1, fn+7r(n)>,ui(7r)
TES

= pu(O(f). .. (f)).

Hence, the formula is valid for products of the form ¢ (f1)...c™(fm)e™(fm+1)---cT(fon).

The assertion has been proven because it is not hard to note that both sides of the
formula stated in (4.10) change in the same way if we replace in ¢*M(f1)...c*@M(f,) a
factor ¢~ (f)cT(g) by ¢*t(g)c™(f), using the generalized commutation relations. O
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If we return to the case H = L*(RR), for every I € R we denote ¢j *:=c~'(17), ¢} :=c!(1y).
The Gaussianity and the stationarity of the distribution of the process (Cy, py, (¢ ', ct)1er)
emerges from the previous proposition, and the relation

( puler'er) puler'ch) >:< 0 A(INJ) >

pulcier)  pulcic)) 00

Therefore, for every p€[—1,1] the triple (Cp, pu, (e, eDier) is an 1-dimensional general-
ized Brownian motion. The importance of this specific example of a generalized Brownian
motion comes from the fact that it gives an interpolation between fermionic, bosonic and
free Brownian motion. More precisely, for t1,...,t2,4+1 >0, we have
pul(Ciost) + €0.) (€012, F 0.12,0)] = > pu(clordy o)
k(1),...,k(2n)e{-1,1}

and using the relation (4.10) and the fact p,(c*(f)c!(g))#0 only if (k,I)=(—1,1), we have

Pu[(c[_o,ltl) + C[lo,tl))- . -(C[_o}m) + c[lo,th))] = Z Mi(v) H Pu(c[a,ltei) 0[107%,))
V={(e1,21),-..,(ens2n)} i=1
ePy(1,..., 2n)
— Z ,u,i(v) H t; N\ tj
VePy(1,...,2n) {i,j}eVv
and

pﬂ[(c[a,ltl) =+ C[lo7t1)) e (0[6,1t2n+1) + C[lo,t2n+1))] =0.

Therefore, the joint moments Pu[(c[_o}tl) + 0[107,51)). "(C[E,ltT) + c[lo7tr))] coincide with the corre-

sponding joint moments of a fermionic, free and bosonic Brownian motion, for the cases
pw=-—1, u=0and p=1, respectively.

4.5 Another representation of the generalized commutation rela-

tions
In the previous subsection, we saw that the generalized commutation relations

¢ (fet(g) —pct(g)e (N)=(f,9)1 (f, g€ *R)),

were crucial in order to construct an example of a generalized Brownian motion, which
gives an interpolation between fermionic, free and bosonic Brownian motion. For f € L%(R)
fixed, in order to construct the operators ¢t (f), ¢ (f), we considered ¢ (f)=1"(f) and we
defined ¢~ ( f) in such a way that the generalized commutation relations are satisfied. By the
definition of ¢~ (f), we have ¢~ (f) =17 (f) for u=0. Now, we will give another example of
a pair of operators (d~(f),d"(g)) that satisfy the generalized commutation relations. For
f € L%(R) fixed, in order to define d*(f), d=(f), we will do the inverse procedure than the
one that we did in order to define ¢*(f) and ¢~ (f). Namely, we consider d(f) =1"(f)
and we will define d(f) in such a way that the generalized commutation relations are
satisfied. For u=0, we will have d*(f)=17(f).

Let (H, (-,-)) be a (complex) Hilbert space. For each f € H, we define the operators
d*(f),d=(f) by

d=(f)=17(f) (4.11)



and
dr(f)Q:=f,

AP (NQ - Qfn = fRAR Q@ fat pfi® f R f2Q -+ @ fut -+
TR @ 1R fR [t 1R @ [® f.

The operator d*(f) is extended by linearity to Fj,. Note that, for =0, we have that
dr(f)=1"(f).

Lemma 4.18. Let (H,(-,-)) be a Hilbert space. The operators d~(f),d"(g) on Fin fulfill,
for all f,g€ H, the relations

d=(f)d*(g) — pd*(g)d=(f)=(f g)1.

Proof. Let n be a positive integer and let fi,..., fnt1,9,91,-..,9gn € H. Then, for every
ke{l,...,n} we have,

(i@ @ far1, Q10 Q1 QIR G ® - - D gn)
=g, fi) 1® Q@ fk®@ @ fat1, 1@ -+ ® gn).

Then, if we multiply both sides by p*~! and take the sum over all k=1,...,n+ 1, we have

(i@ ® fo41,dT (9N @ @ gn) =(cT(9) /1@ ® frt1,1® @ gn),

which implies that

(€,d(g)n)=(c"(9)&,m), forall & n€ Fin. (4.12)

Then, for &, 7€ Fin and f, g € H we have

(§,d=(fd*(g)n) = ()& d*(g)n)
= (¢ (9)e™(f)&:n)
= (pct(f)e(9)§+ (g, /)& m)
= (& pudt(g)d=(fHin+(f,9)n),

where we have used that d=(f)=17(f), ¢ (f)=1"(f) and IT(f)=(I"(f))*. Hence, the
assertion holds. O

Let p€(—1,1) be fixed in the following. In order to show that the operators d*(f),
d~(f) behave exactly as the operators ¢ (f),c™(f), we have to introduce a scalar product
which makes d*(f) and d~(f) adjoints of one another. To work in this direction, we choose
a scalar product (-, )" using Pu_l. More precisely, we define (&, n)H:= (¢, Pu_lm,for every
€, 1 € Fiin. Note that P, " exists, i.e. P, (Fiin) = Fiin.

Lemma 4.19. Let (H,(-,-)) be a Hilbert space. For all f € H and &,n € Fiin we have

(n, dT())EF = (d=(f)n, )"
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Proof. Using the relation (4.12), for all £, n € Fji, we have

(& Buct(f)m)=(& T (Himu = (7 (& mu
= (c(f)¢, P;ﬂ7>
= (&, d"(f)Pun)-

Therefore, we have P, ¢ (f)=d"(f)P,, which implies ch(f)P;j1 = PJldJr(f). Hence, by
the definition of (-, -)* we deduce that

(n,d* ()" = (n, P ld*(f >§>
= (n,cH(f)BE)
= (d(f >n,P ')
= (d7Nf)m O,

where in the third equality we used that ¢t(f)=1"(f) and (I*(f))*=1"(f)=d~(f). O
We now denote by F*(H) the completion of Fji, with respect to (-, -)*.

Lemma 4.20. Let (H,(-,-)) be a Hilbert space. For f € H, the operator d*(f) is bounded
on FH(H) and has the same norm as ¢ (f) on F,(H).

Proof. First, for n € Fi, and €= P;;ln we see that

(& O u=(& P&)= (P, 'n,n)=(n, )"

Furthermore, using that 7= P, we have

(5 (fyn,d*(Fym)t = (d*()Bg, B d™(f)Pg)
= (Buc™(f)E, lpuc+(f)§>
= (Buc™ ()€, ( )€)
(T (g, ( )E)us
where, in the second equality we used that d*( f)F,= P,c"(f). Therefore, we deduce that
the claim holds. g

The previous lemma implies that Lemmata 4.18 and 4.19, which were proved only on
the dense domain Fjiy, remain valid also on F*(H).

Given a Hilbert space (H, (-, -)), we consider the vacuum state p#(-):= (€, -Q)* on
B(FH(H)). Let d*(f):=d*(f), d " (f):=d~(f), for every f €& H. Then, the joint moments
of the non-commutative random variables d_l( f) with respect to p* are equal to the cor-
responding joint moments of the non-commutative random variables c_l( f) with respect

to py-

Proposition 4.21. Let (H,(-,-)) be a Hilbert space. For everyreN, k(1),...,k(r)e{-1,
1} and fi,..., fr € H, we have

pH(d" D (f). . d" T (£) = pulO(fr). . FO(£)), (4.13)
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Proof. It suffices to prove the weaker condition: for all n,m € N and g1, ..., gm, h1,...,
hn, € H we have

(AN (g1). A" (gm)d (R). .. d () = ple™(g)- .. (gun)eH (). ..} ()

Indeed, this is so because using the generalized commutation relations and the linearity of
PH, pu we see that both sides of the formula stated in (4.13) change in the same way if we
replace in dk (f1)...d*0(f,) a factor d=1(f)d(g) by d'(g)d~1(f) and respectively if we
replace in cFW(f1)...cF0)(£,) the factor ¢~ 1(f)el(g) by ¢X(g)e1(f). Therefore, we have

p*(d Y g1)...d Y (gm)d (h1)...dY(hn)) = (dYgm)-..d (g1) d (h1)...d (h,) Q)"
— <d1(gm)...dl(gl)Q,P,;ldl(hl)...dl(hn)m.

But, since d*(f)P,= Fuct(f), for every f € H, we have d'(gm) = Fuc'(gm)F, *, which
implies

d*(gm)- - -d"(g1)2= Puc'(gm) P, d (gm—1)- . .d*(g1)Q2.
Using that Plfld*(f) :c*(f)PH_1 for every f € H and P,Q=Q, we have

d'(gm). ..d"(91)Q= Puc'(gm)...c'(g1)Q

and similarly
dY(hi)...d (hy)Q2= Puct(h)...cH(hy)Q.

Therefore, we deduce that

P (A= (g1)...d (gm)d (h)...d (ha)) = (Puc'(gm)---c'(91)Q2, ¢ (ha)...c'(hy)2)
= (c"(gm)---c" (g0, Buc'(M)...c' (7))
= (e (gm)-- - (g)Q ' (m)...c'(hn)Q)y
= pulcH(g1). .7 gm)c (h). . .c'(hn))
and the assertion holds. O

Taking into account that, for € [—1,1], the triple (C,, p,, (cfl7 cr)rer) is a generalized
Brownian motion, by the previous proposition we deduce that, for p€ (—1,1), the triple
(D, p*, (dfl7 d})rer) is a generalized Brownian motion, where we consider D,, to be the
unital x-algebra generated by all dfl, for I € R.
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5 A non-commutative central limit theorem

In this section we continue the investigation of the non-commutative stochastic process
(Cuy pus (e L c)rer). We will show that the 1-dimensional generalized Brownian motion
(Cus pus (1 Y cl)rer) arises via some non-commutative central limit theorem relying on the
notion of Kiimmerer independence [...]|. In order to determine the Gaussian distribution
corresponding to this process we introduce the p-Hermite polynomials. In full proportion
with the above, we also introduce the u-Poisson distribution and the p-analogues of Char-
lier-Poisson polynomials.

5.1 Overview

In the previous section we introduced generalized Brownian motion and we gave an example
of an 1-dimensional generalized Brownian motion which gives an interpolation between
fermionic, free and bosonic Brownian motion. More precisely, for the non-commutative
stochastic process (Cp, ppu, (¢7(11) + ¢~ (11))rer) we have seen that the interpolation is given
by the relations

pul(c™ (o) + ¢ (o)) (T (L) +e ()= > V] ting
VePry(l,...,2n) {i,j eV

and
pul(c™ (L) + ¢~ (Ljo,0)) - - - (€T (Ljo,t9,4 1) T ¢ (110,t5,,1)))] =0,

for every p€[—1,1] and for every ti,...,ton+1>0.

In this section we want to understand if the Gaussian distribution, which correspods
to this process, can be emerged from a central limit theorem and whether this can be
generalized to an invariance principle yielding the process itself. By Gaussian distribution
corresponding to this process, we mean the probability measure v, on R which determines
the non-commutative distribution of the self-adjoint variable ¢*(f) 4 ¢~ (f) for ||f] =1
(f € L*(R)), in the sense that

pllet )+ ()= [ touian)

for every k € N. We have seen that the moments of ¢~ ( f),ct( f) with respect to p, depend
only on || f|| and p. Therefore the measure v, does not depend on f € L%(R). Of course,
the cases =0 and p =1 correspond to the semicircle and normal distribution respectively.
For p € (—1,1), since ¢™(f)+c7(f) is a bounded and self-adjoint operator on F,(L*(R)),
the existence of such a probability measure v, can be derived from the functional calculus
for ¢™(f)+ ¢~ (f) and Riesz’s theorem. For the fermionic case, = —1, it is not hard to
note that the corresponding measure v_; is given by

1
Vfl(dw) 25(571(61.%) + 51(d$))
Since our goal is to obtain v, via a central limit theorem, we are interested in finding
appropriate x-probability spaces (A, ¢) and non-commutative random variables a; € A for
every ¢ € N, such that for the sum



we have that Sy € (A, ¢) converges in distribution to ¢~ (f) € (Cu, pu) as N — oco. By
convergence in distribution we mean that all moments of Sy, Sy with respect to ¢ converge
to the corresponding moments of ¢~ (f), c™(f) with respect to p,. In that case, for every
k € N, we will have

lim ¢[(5N+va)k]—pu[(c(f)+c+(f))k]—Athu(dt)-

N—o0

As usual, in order to formulate and prove the non-commutative central limit theorem, the
non-commutative random variables a; will be considered in some sense as independent and
as identically distributed. Form now on, we shall call a sequence (a;);eN of non-commuta-
tive random variables on some *-probability space (A, ¢) independent with respect to ¢,
if ¢ of naturally ordered products factorizes in the following sense: If A; is the unital *-
algebra generated by a;, then we demand

A(ai(1)- - -Air)) = A(ai(1))- - - H(Ai(r)),

for every r € N, d;(x) € Ajr) and i(1) < --- <i(r).

This notion of independence was introduced by Kiimmerer and it is called Kiimmerer
independence. The important examples of Kiimmerer independence are free independence,
Bose independence and Fermi independence.

5.2 Central limit theorem

We shall now formulate and prove the non-commutative central limit theorem. In order
to do so, we consider the following framework: Let (A, ¢) be a x-probability space and
let (a;)ien be a sequence of non-commutative random variables such that ¢ of naturally
ordered products factorizes. We define a; ' :=a; and a} := a, for every i € N. For i+ j and
k,l€{—1,1} we assume that the non-commutative random variables af and ag» commute
or anticommute, meaning that

akal = s(i, )akal, (5.1)
where s(i, j) € {—1,1}. For concreteness we may also define s(i,7) :=0. Note that by
definition s(i, j) =s(j,14), for every i, 7 € N and for i # j the relation (5.1) implies that if
al and ajl- commute (or anticommute) then the variables a; Land ajl- will also commute (or
anticommute).

To formulate the central limit theorem some assumptions have to be done for the infinite
symmetric matrix s = (s(7, j));j=1. Before we present these assumptions let us introduce
some notation: For an arbitrary partition V ={Vi,...,V,} € Px(1,...,2n) we will write
Vi = (€4, zi) with e; < z;, for all i=1,...,n. We can also assume e; < -+ < e,. For such a
partition, we define the set of inversions of V' by

IV):={(i,j)€{l,...,n}?|ei<ej <z <z}

We recall that we denote the number of inversions of V' by (V) = #I(V) and we have
I(V)=0 if and only if V is a non-crossing partition.
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Our assumption on s will be the convergence of specific sums where each of them
corresponds to a 2-set partition. More precisely for V € Py(1,...,2n)\NCay(1,...,2n) we
assume the existence of

1 N
t(V):= lim > [T stiter)ie). (5.2)
i(el)v---vi(en)zl (k“J)eI( )

i(ej)Filem) for jm
For Ve NCy(1,...,2n) (i.e. I(V)=0) we define t(V):=1.
If s(i,j)=1 for every i, j € N, the limit exists and we have

=1

t(V) = lim NN~ 1)-J-V-SLN—n+1)

Similarly ¢(V') = (—1)i(v) if s(i,j)=—1 for every i, j € N.

Example 5.1. For the partitions V ={(1,3),(2,4),(5,6)} and W ={(1,4),(2,5),(3,6)},
we have I(V)={(1,2)} and I(W)={(1,2),(1,3),(2,3)}. This implies that

(V)= lim — S s(i(1),i(2)= lim % S s(i(1),i(2)

N=oo Vi) i3)=1 N=eo Vo yi@)=1
i(1)#4(2) #i(3)#4(1) i(1)#4(2)
and
N
1 o o o
)= Tm sh S s1),i2)s((1),6(3)s((2),i(3)).

i(1),i(2),i(3)=1
i(1)#i(2) £(3) £i(1)

Now we are ready to prove the non-commutative central limit theorem under the
assumption of the convergence of ¢(V') for all n € N and for all V € Py(1,...,2n). Later
on, we shall see that under some probabilistic assumptions about s we can compute ¢(V)
for almost all infinite symmetric matrices s. The computation of #(V') will show that
the measure v, (where p € [—1,1] will be specified from our probabilistic assumptions)
arises from the non-commutative central limit theorem as a non-commutative analogue
of the Gaussian distribution.

Theorem 5.2. (non-commutative central limit theorem) Let (A, ¢) be a x-proba-
bility space and let (a;)ien be a sequence of non-commutative random variables such that ¢
of naturally ordered products factorizes. We consider, for every 1€N, a{l :=a; and a} :: a}k
and we assume, for every i €N and k,l € {—1,1}, that $(a¥) =0 and the covariance ¢(aral)
is independent of i. We define ¢p(aFal) := ¢(aFal). Assume further that for alli,j € N with
i#jand k,le{-1,1},

afal=s(i, j)akaf, with s(i,j) e {-1,1}, (5.3)

and that for alln € N and V € Py(1,...,2n) the limit t(V') exists. Then, if we consider the
sums
ai+---+an

VN

ai+---+ay

and Sk =Sk = )
VN

Syti=Sy=
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we have for all €N and k(1),...,k(r)e{-1,1},

0, for r odd

i (5505 -
& > t(V) [] ¢(a (ei)q, (Zi)), for r=2n.
V={(e1,21),--.,(en,2n) }€P(1,...,2n) =1

Proof. Let r be a positive integer and let k(1),...,k(r) €{—1,1}. In order to show that
the assertion holds we have to calculate the expression

My = g(SED. . ghiny — qﬁ[(alf(l)*"'ﬂfkv(” af"” 4+ ay”

N

_ 1 k(1) k(r)
B W,(l) Z( - ey - i) )-

For every r-tuple i=(i(1),...,i(r)) € {1,..., N }" there exists a unique partition V € P(1,...,
r) such that ker(i) =V, since, by definition, for p, g€ {1,...,7} we have p ~yey;) ¢ if and
only if i(p) =i(q). Therefore we have,

N

1 k() k()
My = Z N2 Z d(ai)- i )- (5.4)
VeP(,...,r) i(1),.. i(r)=1
ker(1)=V
Since the set P(1,...,r) is finite and independent of N and we focus on the computation

of My, as N — oo, we will concentrate to the last sum of the right hand side of (5.4),
separetely for all V € P(1,...,7).

Let V.={W,...,Vp,} € P(1,...,7) such that #V; =1 for some i € {1,...,p}. Then,
since ¢(a¥) =0, for every i € N and k € {—1,1}, using the relations stated in (5.3) and our

assumption that ¢ of naturally ordered products factorizes, we will have qﬁ(af((ll)) ak((r))) =0,

ey ) =
for all i(1),...,i(r) €{1,..., N} such that ker(i) = V. Hence, in order to compute My it
suffices to take the sum over all V.={Vi,...,V,} € P(1,...,r) such that #V; >2 for all

i=1,...,p. For such a partition V' we have
P
2p < #Vi=r.
i=1

By our assumptions, for V ={Vi,...,V,} € P(1,...,r) the expression ‘qﬁ(af((ll)). . .af(gf)))‘ has
the same value my, for all i(1),...,i(r) € {1,..., N} such that ker(i) =V. Also, choosing
an r-tuple ¢ = (i(1),...,i(r)) of elements of {1,..., N} such that ker(i) =V is equivalent
to choosing p distinct numbers from the set {1,..., N'}. This is true, because for such an
i, it’s values at two points of {1,...,r} are the same if and only if these points belong to
the same block of V. Therefore by the triangle inequality we deduce that,

N N

1 k(1) k() 1 o Apn
NT/2A(1) Z( - d)(a@(l) .- ‘ai(r) ) S—NT/QA Z my=my NT/2’
by AL
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where A,y :=N(N —1)...(N —p+1). Since,

lim ApN _ =0,

f r
N N2 or p<-,

the partitions V ={V,...,V,} € P(1,...,r), with p <r/2, do not contribute to the sum
as N — oo. Hence, only the partitions V of {1,...,r}, with #V =r /2, may contribute to
the sum as N — oo (if they exist). This means that My — 0 as N — oo, for r odd and

N
: _ 1 k(1) k(2n)
i My = > i N2 > Oty itamy ) |- (5.5)
V={(e1,21),... (en,zn)} i(1),...,2(2n)=1
ePy(1,..., ker(1)=V
for r =2n.

Let V={(e1,21),...,(én, 2n)} € NCsy(1,...,2n). Then, there exist a m € {1,...,n} such
that z,, = e, + 1. Hence, for i(1),...,i(2n) € {1,..., N } with ker(i) =V, since i(ey,) =i(zm)
the relations stated in (5.3) imply that the element a ((em))af((zzn”:)) commutes with everything.
Since V' is a non-crossing partition, V'\(em, zm) can be identified with a non-crossing
partition of {1,...,2n — 2} and as a consequence it will also have an interval block.

Therefore, using that ¢ of naturally ordered products factorizes, by induction we have that

¢(a§((11)) aic((;:))) ¢(ak(el)ak(z1)) o ¢(ak(e")ak(z’l)),

which is independent of N. Taking into account that

An.
li N;r/2

e =1, forr=2n,
N—o0

and t(V)=1for V€ NCy(1,...,2n), we see that for non-crossing partitions the corresponding
limit stated in the right hand side of (5.5) is equal to the expression that we claimed.

It remains to compute the corresponding limit for crossing partitions V' ={(ey, 21), ...,

(en,2n)} € Po(1,...,2n). We consider such a V and i(1),...,i(2n) € {1,..., N } such that

ker(i) = V. Then using that af((;m))af((;n’j)) commutes with everything and applying the

relations afal = s(i, j)a}af in order to bring the factors af((e )), l((zp (pe{l,...,n}) in
neighbouring positions in case where there exist ¢ € {1,...,n} with (min {p, q}7 max {p,

q}) € I(V), we have

k k(2n k(e1) k(z k(en) k(zn
a’i((ll)) l((22n)) = a@((ell))%((zf))- : -%((en))%((zn)) H s(i(ex), i(er)).
(k) eI(V)

Since ¢ of naturally ordered products factorizes we have

n

k k(2n
o(ar)- - asom ) =T o ) TT stiten).ite)
7=1 (k,D)eI(V)
which implies
1 al k k
: 1 2n e z e 2z
]\}gnoom Z gf)(ai((l)). . .ai((Zn))) = ¢(aFDFE)Y | p(aPEn) gk Y (V).
(1),1( (71)(72‘7}):1
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Therefore, the assertion holds. O

In the context of the previous theorem, we make the additional assumption

p(a”la™?) ¢la~tal) \_[(0 C
( é(a'a™l)  ¢(a'a)) )—(0 0 ), for some C > 0.

Consider f € L%(R) with norm || f||>=C. Then, the relation

oY) = 1, if 5(i,j)=1for alli,j €N
| (—D' ) if s(i,j)=—1foralli,j €N

implies that, for all » € N and all k(1),...,k(r) € {—1,1},

pr (V). PO, ifs(i,j)=1foralli,jeN
li Sk(l) k(r)y —
im ¢(Sy ...Sn )=

N—o0

p_1(FDF) D)), if s(i, ) =—1 for all i, j € N.

We shall now examine the computation of ¢(V'), in order to verify whether under appro-
priate conditions for the signs s(i, j), the distribution that arises from the non-commutative
central limit theorem is equal to the distribution of ¢=1(f) € (Cy, py), for some —1 < pp < 1.
As we will see, a possibility is to interpolate stochastically, in the sense that, for every 7,
j€N, with i < j and s(i, j) € {—1, 1}, we choose in a probabilistic way if s(i, j) =1 or s(i,
)=-1.

We recall that s = (s(i, j)); =1 is said an infinite symmetric matrix if s(i, j) = s(j, )
and s(i,7) =0, for all i, j € N.

Lemma 5.3. Let S be the set of infinite symmetric matrices and let § be the o-algebra on
S, generated by the functions S > (s(k,1))g=1=5ss(i, ), fori,j € N. Moreover, let P
be a probability measure on (S,§) such that for i> j, the random variables S > s+ s(i, j)
are independent, with probability distribution

P({sesS|s(i,j)=1)=p, P{seS[s(i,j)=-1})=q:=1-p.
Then, for almost all s, we have for alln € N and all V € Py(1,...,2n),

t(V)=(p—q)'".

Proof. Let n be a positive integer and let V ={(e1, 21), ..., (én, 2n)} € Po(1,...,2n) with
e1<---<epandep<zgforall k=1,...,n. For N €N, we define the random variables
Xn:S— R, by demanding for all s €S that,

N
Xn(8) =~ > IT  stiter)i(en)).

i(e1),...,i(en)=1 (k,1)eI(V)
i(ej)q&i(em) for j#m
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For i > j, the assumptions about the probability distriburion of &> s+ s(7, j) imply that
| 554, 7)P(ds) = p — q. Therefore, using our assumption about the independence of the
random variables S 3 s+ s(i, j) (i, 7 € N,i> j), we have,

1 . .
E[X\ = 1o / [T it i)
i(e1),. l(en (k,el(V
i(e;)#ilem) for o
1 N
- L 11 / s(ilex), i(er)P(ds)
i(er),.. ilen)=1 (k,)el(V) 7S
i(e)i(em) for j£m

_ N(N—l)NSLN—TL—F 1) (p_ q)i(v)

i(V)

—(p—q)""/, as N — 0.

Hence, it suffices to show that lim Xy = lim E[Xy], for almost all s. We will prove the
N— N—
strongest condition * *

lim 1P<{ sup |XM—E[XM]|ZO£}):O, for all a > 0.
N—oo M>N

For v > 0, we have

Ly oo el ze} )

IA IA
M =
A
C8
/—\
— ——
¥ T
|
E =
£ F
WV, V2
MR oo
=

< ?Z Var[ Xy,

where in the last inequality we used Chebyshev’s inequality. Now, using the formula
Var[Xys] = E[X#] — (E[Xa])?, we get

M M

VarlXu = Y 3

i(el)y"'vi(en)zl j(el)y"'vj(en)zl
i(e;)ilem) for jm j(eg)#d(em) for itm

{ / [T sCilex)ien)s (J(ek),j(el))IP(ds)_(p_q)%(w}_
(k,)eI(V)

Let (i(e1),...,i(e,)) and (j(e1),..., j(en)) be allowed indices. Since the random variables
S3s—s(i,7) (i, €N,i> j) are independent and s(k,l) € {—1,1}, almost surely for k#1,
we get that the corresponding integral is equal to (p — ¢q)", for some r € {0,...,2i(V)}.
Therefore, it has finitely many possible values which does not depend on M. If r=2i(V),
then such indices do not contribute to the sum. By the independence condition, r < 2i(V)
only if there exist (k, 1), (k,[) € I(V) (which may be equal) such that ( (ex),i(er))=(j(e )

)=
j(ep) or (ilex), ier)) = (G(ep), j(eg))- The number of such (i(e), . .., i(en)), (j(e1), -
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j(en)) is of order M?"~2. Hence, from the above, we deduce that there exist C' >0 such
that Var[Xjs] <C'/M?, which implies,

4 = C
lim P sup | Xy —E| Xy >« < lim — — =0,
Jim_ ({M2N| (X }) >

o0
1
because )’ 3z < oo O
M=1

The non-commutative distribution that arises from the non-commutative central limit
theorem under the additional assumptions t(V) = (p — ¢)"") and ¢(a"'a™) = d(a'a™") =
#(ata?) =0, ¢p(a=tal)=C (C >0), is exactly the non-commutative distribution of ¢=(f) €
(Cuy pp), in the case p=p—q and f € L*(R) with | f|>=C. Therefore, Lemma 5.4
shows that our stochastic interpolation gives that the non-commutative distribution of
c¢™(f)€(Cy, pu) can be derived from a central limit theorem.

A possible choice of a x-probability space and of a sequence of non-commutative random
variables, such that the assumptions of Theorem 5.2 are satisfied, are the following: Consider

the x-probability space (A, ¢) = < & M>(C), ®trw>, where for w € [0, 1], try: My(C) —
j=1 j=1

C is the state given by the density matrix W := ( w 0 ), ie. try(A) :=tr(W - A).

0 1-w
N o
We also consider the non-commutative random variables a; € K Ma(C) C K Ma(C), where
Jj=1 Jj=1

| 01 10
a@':12x2®"'®12x2®-ath®12x2®'-'®12xz’ Wltha_( 00 ) and 12X2_< 01 )
i

Because a-1loywo=19x92-a, a*-loywo=1542-a* we have that af‘ and aé- commute for i # j, k,
1 €{1,x} and it is also easy to note that ¢ of naturally ordered products factorizes. Since
o(a;a;) = Pp(afa;) = p(afal) =0, ¢(a;af) =1, for w=1, Theorem 5.2 implies that the sum

N~V2%a14 - +ay) e | @ My(T), ®tr1> converges in distribution to ¢~ (f) € (C1, p1),
j=1 j=1
for fe L?(R) with || f|| =1.

For the anti-commuting case, we can consider the non-commutative random variables

b; € < & M>(C), ®trw>, where
j=1 j=1

. 1 0
bi=03® - ®03® a @laxa® - ®1layxo, with o3= :
i-th 0 —1
Because a-03=—03-a, a*- 03 = —03-a*, we have that b¥ and b;- anticommute for i # j
and k,l € {1,*}. Similarly with the above example, we have that ¢ of naturally ordered
products factorizes and ¢(b; b;) = ¢(b7b;) = ¢(bib;) =0, ¢(b;bf) =1, for w =1. Therefore,

o0 o0
Theorem 5.3 implies that the sum N~"/2(by + --- +by) € ( QR M(C), ®tr1> converges
j=1

j=1
in distribution to ¢=(f) € (C—1, p—1), for f € L*(R) with | f||=1.
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The Lemma 5.3 shows that if we interpolate stochastically, in the sense that we consider

) 00
c; € ®MQ(C), ®t1‘1 , where
j=1 j=1

CG=Cc® - RcR®a®@laxa® -+ ®1axo,

and we randomly choose ¢ = 12«2 with probability p or c= 03 with probability ¢:=1 — p,

oo oo
then we have that almost surely, the sum N~Y2(¢; 4+ - +¢y) € < Q) Ms(C), ®tr1>

j=1 j=1
converges in distribution to ¢~ ( f) € (Cyi, py), for f € L*(R), with || f[| =1 and p=(p— q)*").

5.3 p-Gaussian and p-Poisson distribution

Now, we consider p € (—1,1) and we want to find the probability measure v, on R (with
compact support) which characterizes the non-commutative distribution of ¢*(f)+c~(f) €
(Cy, pu), where f € L%(R) with || ]| =1.

Definition 5.4. Let (A, ¢) be a x-probability space. A self-adjoint random variable a € A
1s called standard p-Gaussian variable if it’s moments are of the form

0, if ks odd

P(a¥) = pul(ct(f)+ ()= 5 Mi(V)7 if k=2n.
VePy(l,...,2n)

Our attention concentrates on finding the measure v, which characterizes the non-
commutative distribution of standard p-Gaussian variables. We recall that in classical
probability theory, a standard Gaussian measure 7 can be characterized by the Hermite
polynomials Hj, where

2\ gk 2
o (_1\k z d _x >
Hy(z):=(-1) exp< 5 )d:r:k exp( 5 ), k>0.

For the sequence {Hj }3Zo we have,
/ H,(z)Hp(x)y(dx)=n!6y m, foralln,m>0 (5.6)
R

and for n > 1 they satisfy the recurrence relations Hy,+1(z) =2H,(z) — nH,—1(z) [...].
Note that the relation stated in (5.6) allows us to compute explicitly all moments of ~.
Similarly, in order to find v, we will rely on p-analogues of Hermite polynomials.

Before we define pu-Hermite polynomials, we first introduce some notation. For n €
NU{0} we put

[n]u:= T =1+p+-Fpu"t forn>0
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We also define the p-binomial coefficient

n\ [n]! 7” 1 — pkti
(k),/_ [k]u![n—k]#!_n 1—Mm '

The importance of the above definitions comes from the fact that for indeterminates x, y
such that zy = qyx, we have the p-binomial formula,

(x—i—y)":zn: (Z)uykx"*k, for all n € N. (5.7)

The equality stated in (5.7) can be easily verified by induction and by the easily checked

n g N _(n+ 1)
(k),ﬁ“ (k+1>,f (+ i1 n
Since bosonic relations are connected with the Gaussian distribution, taking into account

the p-binomial formula and the fact that the operators ¢=(f),ct(g) (f, g € L*(R)) satisfy
the generalized commutation relations, we define p-Hermite polynomials in a similar way.

equality

Definition 5.5. For p€(—1,1), we define the u-Hermite polynomials {Hé“)}zozo to be
the one vartable polynomials which are determined by

HW(z)=1, H"(z)=z,
and

Hé’jr)l(x) :xHT(L“)(J:) - [n]MH(“)l(x), for alln>1. (5.8)

n—

As we will see, similarly with the classical case, the u-Hermite polynomials {H,g“ )};’f:o
are orthogonal elements of L?(v,,).

Remark 5.6. For the fermionic case (= —1) where it is valid
vo1(de) = (51 (d) + 61 (da)),
we see that the corresponding sequence of (—1)-Hermite polynomials is essentialy finite,
Héfl)(x) =1 and Hffl)(x) =x.
Lemma 5.7. Let f € L>(R) with ||f||=1. Then, for all n >0 we have,
H (e (f)+ e (£)Q= 1o

Proof. We will show the claim by induction on n € N. For n=0,1 we have nothing to
prove. Let n >2 and we assume that the assertion holds for every k <n. Since || f| =1,
by the definition of ¢~(f) we have ¢~ (f) f®™ = [m], f€™ =1 for every m € N. Hence, our
induction hypothesis and the relations (5.8) imply that

H () +e ()2 = (€ () +e (D = [n—1],f50 2
= f®n + C—(f)f@(nfl) _ [n B 1]Mf®(n,2)
= fon,
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Therefore, the assertion holds. O

Let f € L?(R) with || f||=1. Then, the previous lemma implies that for the self-adjoint
operator x =ct(f)+c~(f) we have,
P (H(M)( )H(M) ) <Q H(M)( )H(M)($)9> _ <H(M)($)Q H(M)(:U)Q>
H n m I n yftm
(O F2

- [n]ﬂ' 5n7m7

I

which implies that
/ HP O HW (), (dt) =[] 6nm-

Therefore, by the above formula, the moments of v, can be calculated and it arises |...]
that v, is the measure on the interval [—-2/+/1 — p,2/+/1 — p] given by

Vu(dt) = K sinf H (1 — Mn)|1 _ Mn62i9|2dt7

where

t:

2
cosd with 0 € [0, ).
Vi—p
In the first section we saw that the sum of the one-sided shift operator on I>(NU{0}) with
it’s adjoint gives a standard semicircular variable (i.e. a standard 0-Gaussian variable).
More generally, we can obtain standard u-Gaussian variables by considering the sum

of a weighted shift operator on I2(NU{0}) with it’s adjoint. If {e,}n>0 is the standard
orthonormal basis on [*(NU{0}), the weighted shift operator S, is determined by

Spen=+/[n+1pent1 (n>0).
The adjoint operator S}, of S, is determined by

n]yen—1, forn>1
Spen=

0, for n=0.

The operator S, is a bounded operator with norm
1
NI

Moreover, the operators Sy, S, satisfy the generalized commutation relations, i.e. we have
S5y — wSpSy,=1.

1Sull =

for p€[0,1) and |S,||=1, for pe(—1,0].

Lemma 5.8. The operator S, + S, € B(I*(NU{0})) is a standard p-Gaussian variable
with respect to the vacuum state ¢o(-) = (eq, -€o);2.

Proof. First, we will show that for all n >0 we have,
H,(L“)(SM +S5)eo=1/[n]u! en.
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For n=0,1 we have nothing to prove. Let n > 2 and we assume that the claim holds for
all k <n. Then, our induction hypothesis and the relations (5.8) imply that,

n— 1] (Su+ Sien—1—[n —1u/In — 2], en_s
Vin=10fen+/In =1/ In = 1]l en—s
~[n=1]/In =2l en—2

Therefore, for the self-adjoint operator x =S, + S}, we have,

HM (S, + SHen

do( HM (2)HW(2)) = (eo, HY (@) H (2)e0)p = (HY(x)eo, HY ()eo)

= VLIl e eme

= [n]u! 0n,m-

Hence, the assertion holds. O

We saw that the p-Gaussian distribution v, can be characterized as the orthogonalizing
probability measure for the sequence of pu-Hermite polynomials. We recall that the classical
Poisson distribution is the orthogonalizing probability measure for the sequence of Charlier-
Poisson polynomials [...]|. Inspired by that, we can define the u-Poisson distribution.

For pe(—1,1) and A >0 we define the p-analogues of the Charlier-Poisson polynomials,
as the polynomials C’r(f ) (ne NU{0}), determined by

cP@)=1, @)=z
and

C () = (x = A = [n],)C (&) = A[n],C (z), for all n>1. (5.9)

n

Definition 5.9. Let p€(—1,1) and A > 0. We define the u-Poisson distribution with
parameter X, as the probability measure v, » on R, determined by the relations

/ CY (@)U (@) v a(dr) = N[ 4! .
R

The existence of such a probability measure emerges from Favard’s theorem. Similarly
with the Gaussian case, a self-adjoint random variable a of a x-probability space (A, ¢) will
be said a u-Poisson variable with parameter A > 0, if it’s non-commutative distribution is
characterized by the p-Poisson distribution +, ), in the sense that

b(a) = / thy,2(df), for all k€ N.
R

In the free case (1 =0), we saw that for f € L2(R) with || f|| =1, the self-adjoint operator
FO () +VAIE(f) +17(f)) + A-1is a free Poisson variable with parameter A >0, with
respect to the vacuum state. Therefore, that’s a similar situation with the bosonic case,
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where a non-commuatative realization of the classical Poisson distribution with parameter
A can be given by considering the operator a®(f)a=(f) +vVA(aT(f)+a=(f))+X-1][...].
We recall that a*(f) and a=(f) stand for the bosonic creation operator and the bosonic
annihilation operator, respectively. In the same way we will give the operator on the u-
Fock space of L?(R) which is a u-Poisson variable with parameter ), with respect to the
vacuum state p,.

Theorem 5.10. Let f € L2(R) with ||f||=1 and let X be a positive number. Then, the self-
sdjoint operator ct(f)e=(f) +VA(eT(f)+c(f)) +A-1€ B(F.(L*(R))) is a u-Poisson
variable with parameter \, with respect to py,.

Proof. Let z=c(f)c(f)+VA(cT(f)+c (f))+ - 1. First, we will show that

CW ()= /X7 f for all n > 0. (5.10)

For n=0,1 we have nothing to prove. Let n > 2 and we assume that the equality stated
in (5.10) holds for all k£ <n. By the definition of ¢*(f),c™(f) we have,

cH(f) fEm= fEmED e (f) O = [m], fm D and ct(f)e (f) fO™ = [m] fom,

for all m € N. Then, our induction hypothesis and the relations (5.9) imply that

CH@)Q = (z—(A+[n—1]) 1O (@)~ Aln — 1], Yy (2)0

= VNI 0T — (A [n = 1) VAT O - A — 1],V A2 pn )

= VX ln - 1], f®(nfl) VAT O L X — 1]uf®(nf2) + )\\/Ffe@(nfl)
_)\\/Ff@’("—l) _ \/F[n _ 1]yf®(n_1) —V2[n — 1]uf®(n_2)

= VAT fen,

Hence, we have,

pu( P (@) O (@) = (2, P (@)W (2)), = (CF:
= (g
= 2[n ]u-an,m

()€, ( 7)),
VAR R

Therefore, we deduce that the assertion holds. O

Slnce for p=0 we have ¢t (f)=17(f) and ¢~ (f) =1"(f), we see that the polynomials
{C’ -, are the orthogonal polynomials for the free Poisson distribution.

In the same way, using an induction argument, we can show that the self-adjoint
operator 5,55 +vVA(S,+S5) +A-1€ B(I2(NU{0})) is a pu-Poisson variable with parameter
A, with respect to the vacuum state ¢.
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Remark 5.11. For the fermionic case (= —1) we regard the fermionic Fock space as the
(—1)-Fock space because, as we saw, for = —1, we get a kernel of our scalar product (-,-),
consisting of antisymmetric tensors. In this case we can consider the self-adjoint operator
bE(H(F) +VAOT(f)+b7(F))+ X1 (|| f]|=1,1>0) as the fermionic Poisson variable
with parameter . We recall that b™(f) and b~ (f) stand for the fermionic creation operator
and the fermionic annihilation operator, respectively. Then, for

LIV 1, 1
2 CET YT I 1

7=

the probability measure y_1 \(dt) :=md,_(dt) +m_0,,(dt) is the fermionic Poisson dis-
tribution, i.e. we have,

Al (F)b=(F) + VAH(F) 4 VAB(f) +A- 1] = / th -1 (dt), for all k€N
R
As a consequence, the corresponding orthogonal polynomials are given by,

Ci@)=1, ¢ V@)=z—A and Cf V(z) =2 (2A+ Dz + )2

5.4 Invariance principle

In subsection 5.2, using our stochastic interpolation, we saw that the non-commutative
distribution of ¢~ (f) € (Cy, pu) (f € L*(R),—1< 1< 1) can be derived from a central limit
theorem. Now we are interested in the generalization of Theorem 5.2 to an invariance
principle which will lead us to the whole non-commutative process (Cp, py, (¢; Y cHrer). In
order to obtain this generalization, we will mimic in the non-commutative framework, the
standard procedure from Donsker’s theorem, which allows a passage from classical random
walk to classical Brownian motion. To be more precise, let (A, ¢) be a x-probability space
and let (a;)ien be a sequence of non-commutative random variables which satisfy the
assumptions of Theorem 5.2. In this context, for N € N and I =[s,t) CR we define,

(N-t]

1
SV=—0u 3w (5.11)
'Ni:[N~s]+1

For x € R, we denote by [z] the largest integer which is less or equal than x. For notation
homogeneity, for every N € N and I =[s,t) CR, we define

S =5 and 5= (5P

Then for i=—1,1 and N € N, the definition of SI(N)’i extends to I € R, in such a way that
the mapping R> I+ (SI(N)’_l, SI(N)’l) is finitely additive.

Using our stochastic interpolation, we will show that the non-commutative stochastic

process (.A, o, (SI(N) S(N) ) I E’R) almost surely converges in distribution to the non-
commutative stochastic process (Cy, py, (cfl, cHrer), as N — oo.
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Theorem 5.12. Let S be the set of infinite symmetric matrices (s(i, j));j=1 and let § be
the o-algebra on S generated by S > (s(k,1))i =1 =5+ s(i, ), for i, j € N. Moreover, let
P be a probability measure on (S,F) such that for i > j, the random variables S > s+ s(,
j) are independent, with probability distribution

P({s€S|s(i,j)=1})=p.  P({s€S|s(i,j)=—1})=q:=1-p.

Let (A, ¢) be a *-probability space and for every s = (s(i, j))ij=1€ S with s(i, j) € {1,
1}, consider a sequence of non-commutative random variables (a;);enN such that we have
for alli,j €N with i+ j and all k,l€ {—1,1},

afaé =s(i, j)aé- af

and such that ¢ of naturally ordered products factorizes. Assume further that for all i € N,
we have

osn=00. () 8D )-(50)

Then for almost all (s(i, j));j=1, we have for all r €N, I1,..., I, € R and k(1),...,
k(r)e{-1,1},
. N),k(1 N),k(r k(1 k(r
]\}Enm¢(5}1 ),k( )"'SI(T ),k( )):pu(ch( )"'CIT( ))’

where p:=p—q.

Proof. We will only sketch the proof since in order to prove this theorem we just have
to use similar arguments as in the proofs of Theorem 5.2 and of Lemma 5.3. Let r € N,
L,...,[,eR and k(1),...,k(r) €{—1,1}. Without loss of generality, we can assume that
for i # j we have I;=1I; or I; N I;=( and that every interval I; has the form I; = [s;, t;).
This is so because for every N € N the maps [ — (SI(N)’A, SI(N)’l) and [ — (cl_l, cf) are
finitely additive. We have to calculate the following expression, as N — 0o:

[N'tl} [N't'r]
1 r
= E e E gf)(af((ll)). . .af((r))).

1(1)=[N-s1]+1 i(r)=[N-s,]+1

- 1 k(1) k(r)
_ oy Ly ),
N /2(1‘(1),...,i(r))€A1><---><AT W (

ker(i)=V

where A;:={[N-s]+1,[N-si]+2,....,[N-t;]} forall i=1,...,r. We consider the last
sum separateley, for all V € P(1,...,7) and we use the same arguments as in the proof of
Theorem 5.2. Then, for 7 odd we have that My is equal to zero, as N — co. Moreover, for
r =2n, only the partitions V = {(e1, 21),..., (en, 2n) } € P2(1,...,2n) contribute to the sum,
as N — oco. Since the allowed indices (i(1),...,i(r)) belong to a more complicated domain,
using the same arguments as in Lemma 5.3, we can see that for V ={(eq, z1),..., (en,
Zn)} € Py(1,...,2n), the analogue of ¢(V) is now equal to (p — q)"VIN(I,,N L,)...\(I., N I..),
almost surely. Therefore, the assertion holds. O

88



Bibliography

[1] Applebaum, D. B., Hudson, R. L. (1984). Fermion Ito’s formula and stochastic evolu-
tions. Commun. Math. Phys. 96, 473-496.

[2] Bogachev, V. 1. (1998). Gaussian Measures. Mathematical Surveys and Monographs,
Vol. 62, American Mathematical Society. Providence, RI.

[3] Bozejko, M., Speicher, R. (1991). An example of a generalized Brownian motion.
Commun. Math. Phys. 137, 519-531.

[4] Bozejko, M., Speicher, R. (1992). An example of a generalized Brownian motion II.
Quantum Probability and Related Topics VII, ed. L. Accardi. Singapore: World Scientific,
pp- 219-236.

[5] Bozejko, M., Speicher, R. (1992). Interpolations between bosonic and fermionic relations
given by generalized Brownian motions. Math. Z. 222, 135-160.

[6] Bozejko, M., Kiimmerer, B., Speicher, R. (1997). ¢-Gaussian Processes: Non-commu-
tative and Classical Aspects. Commun. Math. Phys. 185, 129-154.

[7] Cockroft, A. M., Hudson, R. L. (1977). Quantum mechanical Wienner process. J.
Multivariate Anal. 7, 107-124.

[8] Deya, A., Schott, R. (2018). On stochastic calculus with respect to g-Brownian motion.
J. Funct. Anal. 274, 1047-1075.

[9] Greenberg, O. W. (1991). Particles with small violations of Fermi or Bose statistics.
Phys. Rev. D 43, 4111-4120.

[10] Guionnet, A., Shlyakhtenko, D. (2014). Free monotone transport. Inent Math 197,
613-661.

[11] Hudson, R. L., Parthasarathy, K. R. (1984). Quantum Ito’s formula and stochastic
evolutions. Commun. Math. Phys. 93, 301-323.

[12] Kiimmerer, B. (1988). Survey on a theory of non-commutative stationary Markov
processes. In: Quantum probability and applications. I1II. Oberwolfach 1987, Lecture Notes
in Mathematics, vol. 1303. Berlin, Heidelberg, New York: Springer, pp. 154-182.

[13] Meyer, P. A. (1995). Quantum Probability for Probabilists. Lecture Notes in Mathe-
matics, LNM 1538. Springer-Verlag.

[14] Mingo, J., Speicher, R. (2017). Free Probability and Random Matrices. Fields Institute
Monographs 36. Springer-Verlag.

89



[15] Nica, A., Speicher, R. (2006). Lectures on the Combinatorics of Free Probability.
London Mathematical Society Lecture Note Series (335). Cambridge University Press.

[16] Parthasarathy, K. R., Schmidt, K. (1972). Positive Definite Kernels, Continuous
Tensor Products, and Central Limit Theorems of Probability Theory. Lecture Notes in
Mathematics, LNM 272. Springer-Verlag.

[17] Saitoh, N., Yoshida, H. (2010). g-deformed Poisson random variables on ¢-Fock space.
J. Math. Phys. 41, 5767-5772.

[18] Schiirmann, M. (1993). White Noise on Bialgebras. Lecture Notes in Mathematics,
LNM 1544. Springer-Verlag.

[19] Segal, E. E., Mackey, G. W. (1963). Mathematical Problems of Relativistic Physics.
Lectures in Applied Mathematics Series, Vol. 2. American Mathematical Society. Provi-

dence, RI.

[20] Speicher, R. (1990). A new example of “Independence” and “White Noise”. Prob. Th.
Rel. Fields 84, 141-159.

[21] Speicher, R. (1992). A non-commutative central limit theorem. Math. Z. 209, 55-66.

[22] Speicher, R. (2019). Lecture notes on “Free Probability Theory”. arXiv:1908.08125
[math.OA]. 21 Aug 2019.

[23] Strocchi, F. (2008). An Introduction to the Mathematical Structure of Quantum
Mechanics: A short course for Mathematicians (2nd ed.). World Scientific.

[24] Szego, G. (1926). Ein Beitrag zur Theorie der Thetafunktionen, Sitz. Preuss. Akad.
Wiss. Phys.Math. KI. XIX. (1926), 242-252; reprinted in Collected papers, Vol. 1,
Birkhauser, Boston, MA, 1982, pp. 795-805.

[25] Voiculescu, D.

90



	Acknowledgments
	Introduction
	1 Combinatorics of Free Probability
	1.1 Non-commutative Probability Spaces
	1.2 The Notion of Freenes
	1.3 Joint Moments of Free Random Variables
	1.4 Free Central Limit Theorem
	1.5 Semicircular variables

	2 Free Cumulants
	2.1 Basic combinatorics
	2.2 Definition of free cumulants
	2.3 Free cumulants and Free independence

	3 Non-commutative Stochastic Processes
	3.1 Definition and Combinatorics of Free Levy Process
	3.2 Free Levy Processes on the Full Fock Space

	4 The generalized Brownian motion
	4.1 Motivation
	4.2 The μ-Fock space
	4.3 Positive definite kernels
	4.4 Interpolation between fermionic, free and bosonic Brownian motions
	4.5 Another representation of the generalized commutation relations

	5 A non-commutative central limit theorem
	5.1 Overview
	5.2 Central limit theorem
	5.3 μ-Gaussian and μ-Poisson distribution
	5.4 Invariance principle

	Bibliography

