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Introduction

For the scope of these lectures we will agree that (scalar bosonic) Euclidean quantum fields are
a class of probability measures on S’(R%) endowed with three basic properties: Euclidean invari-
ance, reflection positivity (RP) and exponential integrability of some distributional norm. These
ingredients are the base for the reconstruction theorem of Osterwalder—Schrader that allows to
recover a quantum field theory from this probabilistic object. Working with a probability measure
is much easier than dealing with unbounded operators in Hilbert spaces, the disadvantage is
that the construction is quite far removed from the physical meaning of the various objects. The
reconstruction performs a complex mathematical procedure to link the two sides.

We know of several examples of EQF in dimensions d =1, 2,3. Their mathematical under-
standing was initiated long ago, essentially in the '70 and ’80 by Nelson, Glimm, Jaffe, Guerra,
Rosen, Simon and many others, which established results about their existence and basic proper-
ties. The branch of mathematics which they developed goes with the name of constructive quantum
field theory, in which the Euclidean approach played a major role. The book of Glimm and Jaffe [7],
that of Rivasseau [7] and the reviews of Guerra [?] and of Summers [?] are useful starting points
to capture the extents and the approaches used in the constructive EQFT literature.

We do not have a classification of possible EQFs. All the known examples, are obtained via
perturbations of the simplest of them, the (massive) Gaussian free field p (GFF). This is the
Gaussian measure on S’(R%) with covariance given by

/@(w)w(y)u(d¢)=(mZ—A)_l(ﬂc—y), r,yeRY,

where A is the Laplacian in R? and m >0 is a parameter called the mass. When d >2 we can take
m =0 but otherwise this expression makes sense as the kernel of a bilinear form on S(R¢) only
when m >0. When d > 1 this kernel is singular on the diagonal =y which signals the fact that the
measure p is not supported on functions but only on spaces of distributions of negative regularity.

The GFF is reflection positive, Euclidean invariant and has a suitable (exponential) integ-
rability. Its OS reconstruction gives rise to the simplest QFT, the free field of a family of non-
interacting particles of spin zero and mass m.

With the hope to obtain interesting theories where the particles are interacting we are led to
consider non-Gaussian EQF. Unfortunately Euclidean invariance and reflection positivity, taken
together, impose strong restrictions on the class of perturbations which are allowed and in partic-
ular it is not know how to perturb the GFF in a way compatible with these two constraint without
introducing an approximation procedure in which one of them is at least partially broken.

There are many ways to do this. We consider first to set up the theory on a finite discrete lattice
]Rg’L ={-L+e,—L+2¢,...,L —¢,L}%of mesh size ¢ and size L, with the understanding that there

exists IV € N such that L=ecN. We let pi. 1, the centred Gaussian measure on lR]Rng with covariance
given by (m? — A, )" Hx—vy), z,y € leyL where A, 1, is the discrete periodic Laplacian on ]RgL.
Consider perturbations of the measure . given by the Gibbsian tilting

V()
v e M57L(d<)0)
ve p(dyp):= [e V. 1(dy) :

v(p(x)) with v: IR — R any nice function bounded from below. These

where V(p) = ZQEE]R? 3

measures are still (discretely) RP and Euclidean invariant. The proof goes via a simple computation
involving the “locality” of the interaction potential V and the RP of the GFF (see e.g. [] for details).
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A natural strategy to obtain non-Gaussian EQF is therefore that of considering measures 1/‘;/7 L

and letting L — co and € — 0, possibly adjusting along the way the interaction potential V' in order
to obtain non-trivial limits. Once the limit is shown to exists, one can proceed to establish the basic
properties, like RP, Euclidean invariance, regularity but also obtain more detailed information like
decay of correlations, uniqueness of the limit, and eventually also an intrinsic characterisation of
the limiting measure. This of course does not exhaust the list of interesting questions one could ask.

It turns out that this strategy for the existence of EQF works in many situations and we can
make a list of the theories known so far for a scalar field:

e d=1: all v bounded below and sufficiently nice functions. This corresponds to (finite-

dimensional) quantum mechanics, and a nice account of these measures can be found in the
book [7].

e d=2: all even polynomials bounded from below (P(¢)2 models) and also the following
functions A cos(B¢) (the sine-Gordon model), Aexp(G¢) (the exponential or Heegh-Krohn
model or Liouville model), A cosh(B¢).

e d=3: fourth order polynomials bounded from below (the ¢4 model).
e d>4:only Gaussian (triviality of ¢}).

The d=1 setting is special in that the GFF is supported on a space of Holder continuous functions,
essentially matching the small scale regularity of the Brownian motion. This makes much easier
the definition of the interaction potential and the only serious problem is to address the large scale
limit L — oco.

The P(y)2 models has been the first models investigated with Euclidean methods, especially
after the pioneering work of Symanzik [?] on Euclidean methods in QFT and the seminal paper
of Guerra, Rosen and Simon [?] which showed the power of Euclidean methods over Hilbert space
techniques.

As d increases however, the severity of the singularities due to the local behaviour of the
Gaussian free field (GFF) p become more important and this creates a great deal of technical
problems, first solved by Glimm and Jaffe “by heroic work with cluster expansions” as Nelson puts
it in [7]. For d >4, the quartic interaction is trivial: the limiting theory with cutoffs removed is
non-interacting, as established for d >4 by Aizenmann and recently for d =4 by Aizenmann and
Duminil-Copin [7].

We will focus from now on on the case d=2,3 where the samples of the GFF are not supported
on a function space. This creates difficulties in controlling the ¢ — 0 limit and we need to introduce
an e-dependent interaction potential to obtain non-trivial limits. This particular modification of
the limiting procedure is usually called renormalisation.

The main technical difficulty to deal with is the fact that the limiting measures are not neces-
sarily absolutely continuous with respect to the GFF measure.

Plan of these lectures. These notes are organised in five parts.

Part I sets up the general framework: we recall the basics of stochastic quantisation and
introduce the forward-backward stochastic differential equation (FBSDE) that will be our main
tool throughout. The variational/Boué-Dupuis point of view on the FBSDE is explained and
related to the Polchinski flow equation of renormalisation group theory.

Part IT applies the FBSDE method to the two-dimensional sine-Gordon model. We prove exist-
ence and uniqueness of the infinite-volume measure via I'-convergence of the variational problem
and study the Laplace transform of the field using Gaussian multiplicative chaos techniques.

Part III treats * theories in dimensions two and three. After a detailed discussion of the
Gaussian free field and Besov-space regularity, we develop the stochastic control approach in finite
and infinite volume, proving tightness and non-Gaussianity of the limiting measures.

Part IV extends the FBSDE framework to Grassmann (fermionic) field theories. We develop the
necessary Grassmann stochastic analysis, including non-commutative probability spaces, Grass-
mann Brownian martingales, and It6 calculus, and use it to construct measures corresponding
to interacting fermionic models on the lattice.
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Part V presents the Wilson-Ito6 diffusion (WIDE) approach, which replaces the Euclidean
field with a stochastic process indexed by an observation resolution. This leads to a formulation
of Euclidean quantum field theory via stochastic differential equations rather than functional
integrals, with connections to the Polchinski renormalisation group equation.
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Stochastic quantisation and
the FBSDE approach












Chapter 1

Stochastic quantisation

We can summarise the basic idea of stochastic quantisation as:
realise the EQF as a random variable on some Gaussian probability space.

In this respect can be considered an ‘“horizontal” perturbation instead of a “vertical” perturba-
tion of a Gaussian measure, as would be the case in the Gibbsian description provided by eq. (1),
that is we are looking at a push-forward which will realise a given random variable from a Gaussian
and not for a description of the law of such random variable as a Radon-Nykodym density wrt. a
Gaussian.

The study of the mathematics of stochastic quantisation is yet not well developed and there are
still many open problems. The goal of these lectures is to provide an introduction to this subject
by analysing a particular kind of stochastic quantisation for EQF which we will refer to as the
FBSDE method where FBSDE stands for forward-backwards stochastic differential equation.

Before discussing the details of this method it can be useful to have a wider perspective on
other stochastic quantisation methods for which we have some rigorous results.

e In parabolic stochastic quantisation the discretised EQF VX 1, is produced as the fixed-
“time” marginal ¢(¢,-) of an infinite-dimensional Langevin SPDE of the form

O (t,x)=—(m?—A)p(t,z) —vl(p(t,z)) + 21/2§(t,x), t>0,z¢ ]Rg,L,

where ¢ is a space-time white noise, v’ the derivative of v and where 2'/2 is put to ensure
that, at least formally the measure UX 1, is invariant under the stochastic dynamics. Under
suitable conditions on the potential, there exists a stationary solution of this equation
with VX 1, as invariant measure. A mix of probabilistic and analytic techniques allow to
deduce properties of the measure from those of the equation and of the white noise. This
approach has been introduced in the seminal work of Parisi-Wu [?]. They used an equation
of Langevin type to construct the correlations functions of Euclidean gauge theories without
the need to fix a gauge. Since then, the idea was extensively explored in the physics literature
as an alternative quantisation method for EQFTs. Damgaard and Hiiffel reviewed these
early developments in a report [?] and their subsequent book [?] presents a collection of influ-
ential papers. The first paper to rigorously study parabolic SQ is the work of Jona—Lasinio
and Mitter [7] on the ®3 model in a finite volume. Then Da Prato-Debussche |?] obtained
the first results on strong solutions to the Langevin SPDE for the ®3 in finite volume.
The construction of global solutions in time of the dynamical ®3 model in finite volume
was achieved in the work of Mourrat-Weber [?]. Only much later Hairer [?, 7] was able
to devise a theory to tackle the more challenging singularities present in three dimensions
(the ®3 model) and finally the first construction of the ®3 model in the full space via
stochastic techniques was achieved via a improved understanding of the coercivity for the
singular Langevin dynamics in the work of Gubinelli-Hofmanova [?] which used seminal
ideas introduced by Mourrat—Weber [7].

e Elliptic stochastic quantisation exploits an elliptic equation of the form

_83¢(Zax) = _(m2 - A)¢(t,$) - vl(¢(z7 LI,‘)) + (47T)1/25(Z,$), AS R27.'IJ € Rg,L
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where z has to be a continuous variable and ¢ a white noise in R? x ]Ri 1. Provided appro-
priate conditions holds for the potential v it is possible to prove that there exists a stationary
solution of the SPDE for which the marginal law of ¢(z,-) for fixed z € R? is given by
VX - This approach has been essentially introduce by Parisi-Sourlas [7] via the study of a
supersymmetry hidden in the path integral representation of the solution to the elliptic equa-
tion. The rigorous analysis of this problem has been initiated by Klein—Landau—Perez [7]
and partially completed by Albeverio-De Vecchi-Gubinelli |7, 7]. Proofs of SQ via elliptic
equations have been established for the exp(¢)a [7] and for the sinh(p)s [7] models. A
supersymmetric analysis of parabolic stochastic quantisation can be found in [7].

These methods have been used in various recent works to provide a (still partial) alternative
approach to the construction of Euclidean quantum fields. It is difficult here to give the full extent of
the recent developments in the field of stochastic quantisation, in particular in the very interesting
direction of Yang—Mills theories, which is nowadays an active field of research (see e.g. [7, 7]). For
a more comprehensive account please check the recent review [7].



Chapter 2
The FBSDE approach

We turn now to the analysis of a further method of stochastic quantisation which will occupy us
for the rest of these lectures. We describe it for the regularised measure VX 1, and then discuss, for
several models, the removal of the cutoffs and other properties.

The method starts by fixing a continuous decomposition of the GFF conveniently provided by
a Gaussian martingale (X¢);c[0,00) such that X is distributed as j.,z and

d(X (2), X (y))s = Gi(w, y)dt
where Gy = 8,Gt, Goo = (m?—A)~! and Gp=0.
For example we can take

t. .
Gtz/ G 4s, Gi/Qzée_(mLA)/s, t,s>0. (2.1)
0

Other choices are also possible, depending on the context.
For nice test functions f, we can write

o~ V(Xa0)
o stdg) = B Bl ()

where we defined
dQ e*V(XOO)
dP  Ele V&)
If we let

Vi(p) := —log Ee~V (¢t Xec=Xt),

then E[e™" (X=)| F] = eV (X*) and V; is C? and satisfies the non-linear PDE
1. 1.
0Vi() +5GDWVi(p) = 5GDVi(9) DVi() =0, (22)

which do not pose particular problem as we are dealing with an essentially finite-dimensional
situation thanks to the presence of the cutoffs.
By It6’s formula

ft(Xt)@ivt(Xt) = 3tft(Xt) — Df(Xt)GtDVt(Xt) + %GtDQf(Xt) eivt(xt)dt + martingale

so under the measure @) the process (X;);>0 is a weak solution to the SDE
dX; = —G:DVy(X;) +d X,
where (Xt)@o is a Brownian martingale with quadratic variation
Ad(X )y =Gt

Taking f;:=DV,; we deduce also that DV;(X;) is a martingale and therefore that

DVi(Xt) = Eq,t[DVac(Xoo)] = Eqi(DV (Xo0)] (2.3)
where Eq  =Eq[:|F:]. Under the condition that the time-dependent SDE

d®, = —GDVi(®,)dt + d X, (2.4)

15
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has a unique strong solution, the above argument gives the following representation for the measure

v .
Ve L'

/ F(9)ve 1(dg) = E[f(@a0)],

which establishes (2.4) as a stochastic quantisation formula.

When (G); is chosen as to give a scale decomposition of the GFF, as in (2.1), the Markov
process generated by (2.4) is called the Polchinski process [7].

Alternatively, the process (®;); is described by the stochastic equation

dd, = —GLE[DV (®s0)] + dX; (2.5)

as the conditional expectation E; =IE[* | F¢] is computed explicitly by the function DV; as DVy(®;) =
E;DV (®oo)] (cfr. eq. (2.3)).

This equation is not a standard SDE as it is written since it depends on its “terminal” value
® ... The computation of the conditional expectation giving the drift can be cast into a backwards
differential equation (BSDE), and in this sense the equation can be interpreted as a forward-
backward SDE (FBSDE).

The advantage of this formulation is that it avoids to solve the PDE for (V).

Remark 2.1. Note that, by It6 formula,

B[V (®a0)] = Vi(Py) +1E{ / “(asvs@s) —DV(®4)GDV(By) +%GSD2VS(<I>S))ds}

Vt(<I>t)%IEt[ / DV4(®,)GDVs(®,)ds | < Vi(Py).
t

Which in particular implies that E.[V (®o)] is a supermartingale.

If V is bounded and smooth then DV, is Lipschitz and standard results on SDEs guarantee
that the SDE (2.4) has a unique global strong solution.

We will have soon to move away from this easy setting since the removal of the cutoffs ¢, L and
the consideration of more general problems will drive us to less well-behaved functions.



Chapter 3

Variational structure

First of all we look for the variational structure underlying the FBSDE (2.5). Assume that Gy has
a positive and symmetric square root Gi /2 and let

uf =GP EDV(®u0)].
We can then write

t .
O, = X+ I(u*), with u»—>It(u)::/ Giﬂusds.
0
Let v be any L? adapted process and consider the scalar product

]E/ (vg, uZ)ds = f]E/ (05, GYPE,[DV(9..)] )ds
0 0

:71]3/00(@;/2@5,ES[DV(q)OO)])ds:f]E/OO<Gi/QUS,DV(<I>OO)>ds
0 0

:_]E<Ioo(v)7 DV(@OO)>>

where we used the symmetry of G;/ % This computation implies that u* is a critical point of the
functional

TV (u):=E [V(\I!};o) + %/j(us, u5>ds}, Ui i= Xy + L(u).

For the solution (V;); of the PDE (2.2), by Itd’s formula, we have the interpolation

V@@:w@+/

DV,(T2)dX, + /
0

0 1. .
{atvt(w) + 5GtD2vt(w) +u Gy 2th(\If#)}dt-
0

Taking expectations and using the PDE (2.2) it gives

EV (T%) =Vo(0) + E / <ut +§Gi/ QDvaf#))G%/ DV, (U dt
0

and therefore

JV(u):V0(0)+E[/ <ut+%Gi”th(w))G}/QDVt(w)dt+%/ (uhut)dt}
0 0

I K

up=—G1/P DV (T, (3.1)

—Vo(0) +LE i+ GY2DV, ()

2

and the equation

characterises an optimal feedback control for the minimisation of the functional 7.
For any control u € H, (where H, is a space of L? in w,t,x and predictable processes) satis-
fying (3.1) we have that

t .
q/g:Xt—/ GPDY,()ds,
0

so by the Lipshitzianity of DV; for all s € [0, 00] we can infer that this equation has a unique solution
and that the solution u of (3.1) is (a.s.) unique.

17
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Note that at the minimum 7" (u) = Vo(0) so by the martingale property of e™"*(X*) we also have
—log E[e™"(¥=)] = —log E[e 0] =V;,(0) = inﬂg TV () (3.2)
uel,

We collect these findings in the following theorem

Theorem 3.1. Let V be a bounded and C? potential, then the FBSDE (2.5) has a unique strong
solution (Wi)icjo,00]- This solution satisfies

Law(\l/oo): X,Lv
and the process
uf=—GPEDV (¥, >0,

1s the unique optimiser of the stochastic control problem

inf JV(u)=J(u*).

ueH,

From (3.2) we have the following formula for the Laplace transform of ¥ ;:

W(f);:—1og/e—f<¢>yXL(d¢)= inf 75V (u)— inf JV(u).

ueH, ucH,

The above discussion seems an overly complicated way to deal with a relatively simple measure
as fte,. However, we will see that we have uncovered a representation of this measure in which
the removal of the cutoffs ¢, L can be performed with relative ease.

Having established the general FBSDE framework and its connection to variational problems
and the Polchinski equation, we now turn to concrete applications. Our first example is the sine-
Gordon model in two dimensions.
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The sine-Gordon model












Chapter 4
The sine-Gordon model

The variational representation, or the associated FBSDE computing the optimally controlled pro-
cess, have been used to provide stochastic quantisations of various models, see e.g. the work of
Barashkov and the author on @‘2{3 models both in finite and infinite volume [, 7, 7], the work of
De Vecchi, Fresta and the author on the construction of Fermionic models [7].

More recently Barashkov and Gunaratman [?] used the variational approach in a remarkable
proof of the Markov property of ®3. It remains an open problem to understand fully the FBSDE
associated to models with unbounded force, in particular 613373 models.

In the following we will focus on a specific model with a bounded interaction potential which
is interesting enough to provide a lot of discussion but which avoids the difficulties of models with
unbounded interaction potential.

Before continuing lets make a small change of our setting. The lattice regularisation we chose is
not ideal for a pedagogical exposition as it forces us to discuss irrelevant technical details. Looking
for a simpler setting where to expose some basic ideas, we are going to change the way we regularise
the EQF both in small and large scales.

In particular let’s focus on measures vr , on S'(R%) defined by choosing 0 <7 < oo and p:
R?— R of bounded support and letting

B[]
[ san=FE L v = [ et

where (Xt)¢>0 is a Brownian martingale closed by a Gaussian free field X, of mass m on R<. The
infrared cutoff p plays the role of L while the finite regularisation time T’ < oo that of £~1.

These measures are not reflection positive nor Euclidean invariant, but they provide a con-
venient pedagogical setting to study the problem of the removal of the cutoffs and the associated
renormalisation.

The infinite volume limit will be taken by taking p= pr, where pr: R?— [0, 1] such that pr =1
in a ball of radius L centred at the origin and then letting this L — oc.

With small changes the discussion in the previous section can be extended to this new situation,
which is right away infinite dimensional, but which, for any finite T, involves only smooth fields
provided the scale decomposition (G;); is chosen appropriately (like in our example). This is left
as an exercise to the reader.

We are now ready to consider a specific model which will constitute the test-bed for the FBSDE
approach and the principal topic of these notes. We will follow closely the analysis of Meyer and the
author [7]. The reader is invited to peruse the paper where all the proofs are given with full details.

Let d =2 and take

v(ip(x)) = A cos(fp(x))

for some fixed 3 such that 5% € (0,87) and constant A= Ar to be adjusted as T— oo to obtain a
nontrivial limit. This prescription defines a cutoff version of the so called sine-Gordon model. For
a short literature review, please refer to Section-7 below.

The parameter 3 has a special role in this model and via a specific mechanism determines the
distance to criticality of this model, where criticality is identified, informally, as the situation where
the perturbation to the measure, induced by the interaction, is comparable to the GFF at small
scale.

To apply our stochastic quantisation method of choice we have to deal with the FBSDE

d®, = ~GE(DV(®r)] +dX,,  t€[0,T].

23
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What happens after time 7" is not very important for us as the measure vr , is given by the law
of (bT-
As T'— oo the force F:=DV given by

F(®r) =DV (®r) = p(x)AGsin(fPr(z)),

become very singular. A preliminary computation to understand what is going on is given by
substituting X for @1 as a first approximation (e.g. in a Picard iteration). In average this would
give

E/[DV (X7)] =p(z)ABE[sin(8X7(z))]
=p(2)A8 Efsin(8X(x) + B(Xr — X) (2))]

=p(2)ABsin(BX(z))Elcos(B(Xr — X)(x))]

2
= pl)AB sin(BX,(x)Jexp| ~2-(G(0) - G1(0)) |
Using the explicit expression (2.1) for G+, we have

T
~ [ L emsgen L
GT(O)~/O st ds~47Tlog(T)—>oo, T — oo.

We see that 4DV (X7)] — 0 and we can (heuristically) conclude that in this limit we converge
to a GFF unless we “tune up” the interaction along the way, that is we counterbalance the factor

exp(—%ZGT(O)) by choosing
) 2
A=Ar=\ exp(%GﬂO))

in which case we will, in this first approximation, have the well defined limit

2

Jim E[DV(Xr)(2)] = pla)X eXP(%Gt(O) )B sin(8X4(z)) = p(2) A B sin(BX ().

The “renormalisation” we put in place allowed us to replace the diverging “bare coupling” Ay with
a scale-dependent (“running”) coupling constant

. 2
A=A exp(%Gt(O)).

While this computation hints to a possible approach to a non-trivial limit, we still need to confirm
it rigorously for the full FBSDE. We should however keep with us the idea of the running coupling
and the possible non-existence of the limiting potential V' in the ultraviolet limit.

Instead of using the potential V' we prefer for the moment to focus on its derivative F'=DV
which we call the (microscopic) force and try to obtain a representation of the FBSDE which will
allow us to perform non-perturbatively the passage to the T'— oo limit, which is usually called the
UV limit.

For any smooth functional (F}).c[o, ) for which Fr=F = —DV we have, by It6 formula:

T . .
E[Fr(®r)] = Fi(Py) + / ]Et[GSFS(CDS) + DFy(D) G Es[Fr(Pr)]ds + %GSDQFS(CI)S) ds.
t
If we introduce the new variable

Rt = Et[FT(q)T)} — Ft(q)t),

we cast the FBSDE into a system of two equations for the unknown (@, R):

By=X;+ [ G Fy(D,)ds + [) GReds,

4.
Ry= [TE[H.(®,))ds + [T E[DF(®,)G,Ru)ds (4.1)
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where
Hs((bs) = 8st((b9) + DFs((bs)GsFe((I)s)dS + %GS‘D2FS(@S‘)

In this system the UV cutoff T appears only as bound of integration, so we can imagine that,
provided we obtain sufficient integrability for Hs(®;) as s— oo and a nice behaviour of the function
(Ft)s for finite ¢, this systems could be under control.

As safety check note that if we take F; = —DV; then indeed H¢(®;) =0 and R;=0 for all
t €0, 7] (since the equation for R behaves like a linear ODE with final condition Rr=0), and we
re-obtain the fact that ®, has a Markovian drift given by —G;DV,. Therefore the new formulation
give the possibility to work with approzimate solutions of the HJB equation (2.2) or better, with
approximate solutions (Fjs)s of the equation solved by the derivative of the solution:

O.F(®s) + %D[FSGSFS] (@) + %G‘SDQFS(@S) ~0, (4.2)

how well we need to approximate these solutions will depend on the integrability of Hy(®s) (or
more precisely of E[H,(®P,)]) for s — oco.

We call (4.2) the flow equation for the effective force of the FBSDE and in the next section we
sketch how to approximate its solutions well enough to control the UV limit.






Chapter 5

Solving the flow equation

We need any (approximate) solution with prescribed final condition

Fr(g)(@) = ~DV(p)(x) = p(x) Brersin(Bp(e)) = LELAT (@itets) _ c=iopto

(and recall that we agreed to take A= Ar even if we do not stress it in the notation for V). Note
that De?##(®) = ¢15¢(2) (35 (x)), so we can look for solutions (or approximate solution), in the space
of polynomials in e**#(*) To ease the notation we let £ = (o, z) and

Y(€) =7 (x) =7 ),

moreover if we have multi-indices &1., = (&1, - . ., &n), then

n
D(&n) =[] w(&).
i=1
With these notation we can introduce the functionals (th) i—1. .

F(p) (1) = > 01/ F(Erg) eiPretan) | eiboec@iqy,,,
oie{—1,1}* (R2)¢-1

= ¥ o Aeoviaode
0’16{71,1}
where it will be clear from below that the kernels ft[e](fl;g) can be chosen to be symmetric wrt.
permutations of the £ variables. We require that they satisfy the equation
Ging [y pled) L pepld
o.F 5 3 DIRMGFY ]+ 5G.D2E =0 (5.1)
Li4ba=¢
This is an almost triangular system which can be solved explicitly via a variation of constants:
T .
Fl = exp| 2(Gr = G)D? |Ph— 1 [ exp| 2(G.—GoD?| S D[F“IGFIas.
2 2/, 2
b1+Llo=4
A simple computation shows that the “Laplacian” acts on the kernel as
GD Q) @)= > o / e[ =07 Y. oronGular — ) | fiN(Eu0) b (Ene)
ore{-1,1} kl=1,...¢
which together with the mild formulation and introducing the function
2
Wsl€) = 23" 010y(Ga— G)(wi—y), t<s. (5.2)
2]
gives us the following equation for the kernels. For /=1,

&

t~ -
21’

1) =g J—exp( ~2-(Gr(0) - Gi0) P =

27
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while for £ > 1,

R GHE Z C (Hal, | L2]) / Weslnd) £ (&) [Z > 0i0;G ;) | fs(&)ds. (5.3)

11+12 i€l jela

modulo positive combinatorial coefficients which we hide in the constant C(|I1], |I2]). Note that
here we are using the running coupling

Ay = :\exp(%th(O)>. (5.4)

At this point we can form the partial sum

o
o] Z Fi
)
=1
and observe that it satisfies

<], L < pl<e L Lg <] 1 (4] &y palee)
Al ]+§D[F[ IGF! ]]+§GSD2F[ 1_5 Z D[E,"G,F™],

L1+ > 0%
£y,lo<L*

which will contribute as a source term to the remainder term in the FBSDE (4.1).

What kind of estimates we could hope for in terms of these functionals? Since FI! is explicit,
this is easy:

IDEM ()| e+ [|F ()] e S e S (0010,
where

2
=1—-=— .
1) 87r>0

The structure of the equation (5.1) and the fact that we have the bound
Gl S ()72,

for the smoothing operator, suggests that

IDES@)|| oo + | F @) || oo S NE() D S (2140 (5.5)

~

could propagate inductively provided
o0 >1. (5.6)

Indeed in this case, the non-linear term can be estimated as

Z / ||D 41]G F[L’2 ||L°°d </ )\l €d8</ < >—6€d5§<5>1_5€%)\§<8>7(Z71)a

b1+lo=4

while we will see below that the linear term will not pose particular problems and actually will help.

Due to (5.6), we will not be able to propagate the regularity when £ is small. The smaller £
which we have to determine is £ =2 so this constraint give  >1/2, that is 3% < 4. This is called
the first threshold of the sine-Gordon model.

We will show how to handle the first non-trivial case, that is beyond the first threshold an up
to the second, where 32 € (47, 67) and for which 6 € (1/4,1/2). To achieve this we need a careful
consideration of the equations for f1? and f to look for gains which allow better estimates.

The relevant, translation invariant norm is:

[:=sup [ agu sieial

and, using the positivity of Gy, the function W can be estimated by
m,s(§1:5><0; for t<s.
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For this reason the exponential e"#+(¢1:¢) <1 will not pose problems to us. This bound is sharp,
since if the total charge of the configuration £;., defined as

l
q(gl:l) = Z Ok,
k=1

is zero, then W; s(&1.¢) =0 when all the z; are equal. Such a configuration is neutral. A non-
neutral configuration is called charged and the key point is that charged configuration have a
better behaviour for W; 4(&1.¢) captured in the following lemma whose proof is given by a specific
computation which will not provide.

Lemma 5.1. Suppose that &1.¢ is charged. Then there is a constant C >0 such that for all s>t,

2
Wis(€r s ) <~ (Gof0) ~ Guf0)) +C, (57)
and in particular
eWe a8 < A\ AL

Charged configuration gain a better UV behaviour from the linear part of the equation. This
helps us with integrability, as can be easily shown. Recall the definition (5.3), that the kernel f (21
is given by

T
26, &)= C/ dseWie (606 () gy 0y Gy(arr — 22) f1(&2).

t

If the pair is charged then we estimate as follows (with ¢ =2)

H ft[Z] (charged)

T . ,
‘gS?pAt/ dsA;1|Hfs[1H||2||Gs||L15)\15/ s (5) "2 S AL(E) (D),
1 t .

It remains to deal with neutral contributions. The first thing to note is that in this case
We,s(&1, &2) + B2G5(0) = B°G1(0) — B°Gelw1 — x2) + B2Gs(w1 — 22) < B°Gs(1 — 22)

so we can absorb the divergence of A2 coming from the two factors fl!l as

Jes |

T .
C'sup /d§2kt(§17§2)/ dseMeo@u82) (e (&) Gy — 20)
&1 t
T

A

sup / ds dxo Gs<1‘1 — -’172)|.1‘1 _ x2|2a taecﬂrl_IZ‘Q eWt's(§1’§2)+/82GS(O)
2

A

] t R
T
P*G0) t"‘/ ds/ da |z |2 et P Gy(2)ePCs (),
t R2
where we introduced in the norm the weight

o 2a.ct|d122|? N
kt(fl,gg):{ t ‘6121’" € ) q(§17€2)—0

1, otherwise.
which allows us to propagate the bound for o > (1 —2§) V 0 since in this case a direct computation
shows that
/ dm|x|20‘ ect|rc |2 Gs(x)eﬁ%}s(z) < <S>—2—a
]RZ

so we get

~

[ O e [ asts) =20 ) =xiy .
t

We skip the simpler analysis of fI3 which will lead to the fact that for a =1/2 and § >1/4
(3% < 67), it holds that

|72 2y =2 =gy -
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so also this kernel is under control. Recall that « is the exponent in the weight for f ], This
estimate is actually true also for all others ¢ > 2 but we will not need it in the following. If we
want to improve on 32 < 6 these simple estimate are not more possible, there are other strategies
available which however spoil some uniform bound for the coefficients of the FBSDEs.

Remark 5.2. It is currently an open problem to devise a “simple” approach to the regime 32 € (67
8m) in d=2.

This leads directly to basic estimates on force which reads

Proposition 5.3. For any ¢ € S'(R?), the following estimates apply uniformly in p € S'(R?),p<1
and T < oo (with Q=G 1/2)

1

1Q: Fi @) e S elt)™
IDES(0) Q| poe S Aelt) Y, (5-8)
o Mo~ < (Aelt) 1),
Q. F!¥ (o) — QFW e < M) o=@l
IDF(0) Qi = DF(@) Q| S Ae(t) Ml — Bl (5.9)
1H () — Ht< M= S Qelt) ™D e - @ll.

The only tricky part is how to estimate the neutral pair kernel, and there we use crucially the
presence of the operator Q;= 1/ to conclude.

The Lipschitz bounds holds also in weighted norms.

For the dependence on p we need to observe the following proposition, introducing explicitly
this dependence with the notation F'*, H”.

Proposition 5.4. For p € §'(R?) and p1, p2 < 1,it holds that

1Qi(FY" = FP) (@)l —n S At
[(DES" =DE) () Qullpz—n S At
I(H? = HE) ()l < (A

) o1 — pallpz—n,
)L 11— pallp2 —n, (5.10)
£ 1 — p2llp2. -

where

I flIE2-n=

o

)" ()P

is a weighted norm which focuses on what happens locally around the origin and for which when

n is large enough (n > 2) one has HpL — pL/’ _—0 when L>L"— oo.

L2



Chapter 6

Well-posedness for the FBSDE for weak inter-
actions

The bounds for the force give right away existence and uniqueness of solutions to the FBSDEs for
small \ uniformly in the regularisation parameter 7.

With these informations we go back to the analysis of the FBSDE (4.1) which is now straight-

forward. In L we can indeed estimate, with Proposition 5.3, and recalling that |G|z < (s) 72,

HG;/QHU S <S>_1, and letting
¢, =X+ 7y,

we have

t . . t .
1Z4l~ < / 1G22|| |G /2F(®y)|| ds + / |Gllza || R oedls

t t
<c/ /\s<s)_2ds+/ (5) 2| Ry | 1oedls
0 0
T T ~1/2 ~1/2
1Rl [ 1@ omds + [ [DR@IE] | NGl Rileas

T T
< / (Ael(s)~1)4ds + / Mo(5) 2| Rllp~ds.
t t

The inequality for ||R:||L- gives via a (reverse) Gronwall (and 6 >1/4)

Rl esp [Tt 2as) [T 0uts ks s [T Ou s S o

and then that for ||Z||L

oo

Hztnmﬁcf Ao(s)~%ds + / (5)~2|| Rullp~ds < C.
0 0

We have been careful not to estimate ®; in L because it wouldn’t work. Stationary Gaussian
fields like Xy grow at infinity, at least with some power of log.

Remark 6.1. These preliminary estimates are particularly pleasant. They show that the inter-
acting multi-scale field (®¢);c[0,7) is an a.s. bounded perturbation (Z;).co,7] of the multi-scale
GFF (Xt)¢ejo, 1), a very powerful control which is available essentially on in this model and in some
other Grassmann theory, see. [7].

A similar argument involving the study of a fix-point equation for the solutions and the Lipschitz
estimates in Proposition 5.3 shows also that for small A there is a unique solution to the FBSDE.

Therefore at this point we have a tight control of the interacting field (®f ’T)t where we intro-
duced explicitly the dependence on the UV cutoff T' coming from the initial condition of the flow
equation for the effective force (Ff ’T)t and on the IR cutoff p which appears in the kernels of the
effective force. Proving that (®77); has a limit when T'— 0o and p— oo involves a comparison
of two solutions ®#1'7t and ®°>7% via the equations they satisfy (together with the associated
remainders) and the use of the informations gathered on the stability of the flow equation.
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We note that the estimates we performed in L° could have been done also in any weighted space
LP>~™ with pn>d and p> 1. In particular the removal of the IR cutoff requires to use weighted
spaces as it can hold only in a local topology.

For small A we can then prove that, for any n >0,

lim  sup {1207 = Zellpe.n 4 | RYT = Rellym. -0} =0,
p— t

T— oo

where (Z, R) is the unique solution of the FBSDE with the effective force F'*'*° obtained as the
limit of F”T as T — o0 and p— 1.
Since

Law(Z87 + Xp) =P 7T,
this implies the weak convergence of (z/p’T)mT to a limiting measure
vsg = Law(Z + Xoo)

in the space of probability measures on H~%~" (for example, with £ >0 and n > d) since it is in
this space that X7 — X,. The measure vgg is the sine-Gordon EQF.
The choice of H 57" is a bit arbitrary, dictated by the properties of the GFF more than by the
convergence of Z{i"T—> Z s which holds almost surely in the stronger space L>>~", as stated above.
Note that Z, € L, so this measure has at least the (negative) regularity of the GFF. It is
interesting to obtain a more precise regularity for Z,, from the FBSDE we have for o >0 and
n >d, and provided a < 26

[ as el + R

2

N

| Zooll e =

/Oods GS(E;(Xs) + Ry)
0

He:—n

N

N

/O Tds (s) 10| GYA(R(X) + Ro)||2
< /Ooods (s)71He((s) 720+ (s)71) < 0.

Therefore Zo, € H*~". (And a similar estimate would also show that Z., € BS ).

As a byproduct of this kind of construction we always obtain a coupling m =Law (X, Xoo + Zoo)
of the GFF p with the EQF vgg, i.e. a measure on a product space for which the two marginals
are the two given measures.

This coupling is quite nice and actually much better than the trivial coupling obtained by taking
the product of the two probability measures, indeed under w(dp, d) the difference x:=¢ — ¢
lives almost surely in L> as can be readily checked, which is not the case for the product coupling
since in that case x would have, in general, the regularity of the worst of the two factors.

The existence of the coupling implies for example that there exists a small v >0 for which

2
/ T v de) SELp(2y | Kool et 27| Zicl )] < 0
S'(R

where the integrability of X, follows from Fernique’s theorem (or from Boué-Dupuis formula).
This integrability condition is well enough to satisfy the regularity axiom needed for OS recon-
struction.

We note also that, if \ is not small, our estimates of the effective force and of the approximate
solutions of the FBDSEs give good bounds on (ZT’T)‘LT allowing to prove the tightness of the
family (v7°1), rin H==~". As a consequence the UV limit exists for the sine-Gordon model but
uniqueness then it is not clear (at least in this approach). See Section 7 for more on the available
literature on the subject.

In general, any limit will be described by a solution of the unregularised FBSDE where (F}); is
the limiting approximate effective force. Note that there is no ambiguity in defining this effective

force for any A since it is specified by a triangular system which has always a unique solution.
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The possibility to have more than limiting measure or more than one solution of the FBSDE
is linked also to the phenomenon of phase transitions. However in finite volume uniqueness of the
Sine—Gordon measure can be established via a stochastic approach, as the next section will show.






Chapter 7

Uniqueness of the measure in finite volume

In the presence of a finite volume (p < 1), we can prove the existence of a unique limit in law as

T — oo for the SG measure for any value X of the coupling constant.

Keeping a fixed compactly supported cutoff function p € C2°(IR?) means we allow interaction
only in a bounded domain.

Let @ be a probability space where we have a copy W® of our regularised GFF (W) >0
Consider the (approximate) effective force (Fy)s>0 with cutoff p (that we omit to indicate, for

simplicity, but keep it in place and fixed in the whole of this section).
Let now (®4):>0 be the solution to the “standard” SDE

t .
By =R — /O CLoF,(®,)ds, (7.1)

which exists and its unique since our estimates imply that the drift term is globally Lipschitz and
bounded. Construct now a new measure P7 obtained from @ via the density

T T T '
Er ::ﬂzexp(/ Fs((bs)dVVsQ _l/ Fs((DS)Gst(‘I)s)dS)'
d@ 0 2Jo

By Girsanov’s theorem (®;)¢c[o,7] is a Brownian martingale under P such that

Lawpr(®) = Lawg(W®),
i.e. Cov(®;)=G,. Using that F;=DV;, where (V;)s is an approximate solution of Polchinski’s flow
equation [7], we have

V(@) — Vi) — /O (@2 ds = /O R (@) am® -1 /0 R (@) G F(®.)ds

with
Hyi= 0.V + 5CLD; + %DVSGSDVS.

By argument similar to those used in the construction of the effective force we can prove that the
approximate effective potential (V;)s satisfies

[Hs(Ps)] S (s)! .
This implies that
<1

/0 TH (D) ds

almost surely, from which we deduce that
EQ[O(WZQ)e*VT(Wﬁ)} — E]PT[O(®T)€7VT((I>T)]
:EQ[O(Q)T)e*VT(‘PT)gT] - EQ[O((I)T)G—VE)(‘I’O)—fOTHS(@s)ds} .
We can then introduce the measure PT by the density

APT e—vb(%)—ﬁm(@s)ds e—f(;‘FHs(és)ds

aQ EQ[ef‘/()(@o)*fOTHs(‘I’S)ds] - ]EQ[eff(;‘FHS(@S)ds}
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and obtain the representation

JO(p)e " DuT(dy)
/O(so)VsTG(dW T e i@uT(dy)
Eq[O(WiR)e Vr(W)]

= EQ[GfVT(W;;)] :E]PT[O(@T)]?

for the approximate Sine-Gordon measure v7. Moreover we can directly take the limit as T — oo
to obtain that PT” — P weakly, where

@_ effgoHs(q)S)ds
a0~ pyfe @]’

and therefore that vdg — vgq weakly.
We conclude that vgg has the representation

Eq[O(®)e fo (@]
]EQ[eifoooHs(q%)ds] _EIP[O((POO)] (72)

/O(@)Vsc(dsﬂ) =

that is it is obtained from the law of the endpoint @, of the SDE (7.1) via a scale-dependent tilt
e—f(j"37‘1ts(<1>s)ds7

which is bounded above and away from zero.



Chapter 8

Absolute continuity and singularity in finite
volume

The discussion in Section 7 gave a representation of the Sine-Gordon measure as an absolutely
continuous perturbation of the measure Q under which the (canonical) process (®);> satisfies an
SDE driven by a Brownian martingale. In particular this shows that there is a bounded coupling
between @, and W, which under @ is distributed as a GFF.

Note that the quantity

/ TFS(CDS)GSFS(@S)ds
0

can be estimated by

T . T
/ Fy(®5)GsFs(P5)ds §/ (s)~%ds
0 0

and it is uniformly bounded as T — oo only if § <1/2, i.e. 3% < 4. In this case, by Novikov’s cri-
terion, the @Q-martingale (E7) is uniformly integrable with limit £, which is the Radon-Nykodym
derivative of the measure P =limr_,o,P7 wrt. Q. Under P the process (®:);>0 is a Brownian
martingale with covariance (Gy);>0 and

1

= / OOFS(<I>5)GSFS(<I>S)ds .
0

@:&;1 exp[/ Fy(®,)d®, — 5
0

dPp
In particular this implies that vsg is absolutely continuous wrt. the GFF due to eq. (7.2) and the
fact that
dP_dPdn_  leon
dIP dQ d]P EQ[e*foaoHs(q)s)ds} Rl

This result is optimal, indeed we are going to prove now that when (32 € [47,67) the (finite-volume)
Sine—Gordon measure is singular with respect to the GFF. Singularity does not seems to have any
particular physical significance, but it is an interesting probabilistic property.

The proof proceeds by finding an event which has full measure with respect to SG but zero
measure for the GFF. From the point of view of the coupling ®,, = W, + Z., obtained via the
FBSDE, the singularity is due to a low regularity of the shift Z.,, which does not belong to the
Cameron—Martin space of the GFF. A witness of this behaviour can be obtained by looking
at specific regularised observables and quantify their degree of divergence as a regularisation is
removed.

For any ¢ € (0,1] and ¢ > 0 consider the functional

Uf(cp)::r(e)/p(x)[ %cos(ﬂ(xf*go)(x))fl]dx

where ¢ is a scalar field, x°(x) = x(x/e)e~¢ with y: R? — R a nice test function with compact
support in Fourier space, (r(g)). some function of ¢ to be chosen below, and finally where we let

2
i:zexp[%G%w)}

with G§(z) :=Cov(Wi(z), W (0)), and Wy := X« W,. This is regularised version of the covariance
of the GFF, and it is not difficult to show that

GF(0) =log((e =2 A ) V1) +0(1),
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38 ABSOLUTE CONTINUITY AND SINGULARITY IN FINITE VOLUME

see e.g. Lemma 6.3 in [7]. As a consequence we have also the asymptotic

N~ (e72At)1 0
as t— o0.

With such a definition, the factor A ensures that (Ui (W;)):>0 is a martingale with zero mean:

t
U (W) = / DUE(W,)dW, =: M§
where 0

DUF () - h=r(2) / p()[ X6 sin(B(x* * 9)(2)) BOE * h)() ]de,

SO
de(Me); = B%r(e)*(N)? P(ﬂf)/P(l")Siﬂ(ﬂms(x))sin(ﬂma(l"))><
x dg(We(z), We(a'))dada’,
We can then estimate
B0 5 [ dster0i)? [ pla)de [ plaryia

x / dydy’|x*( — y)x*(@' — )Gy — o)

and by Young’s inequality, using that ||X8HL1 = ||XHL1 S,
B9 S r(ef [ Tas 002 v 16
0 5(672/\5)2(1—5)

e=2 . 0o ) (81)
’I"(E)2 / e~ ™m /352(1—6)—2d8+/ e~ ™ /55—4(1—6)5—2d8
0 _

e—2

A

S 7”(6)2672(1726)
(this when § < 1/2, if § =1/2 we have a logarithmic factor in place of ¢~2(172%)),
As a consequence as long as we choose r(¢) such that 7(g)e 1729 — 0 as e — 0 we can extract
a subsequence (&,,), and obtain that, M5 — 0 almost surely as n— oo.
On the other hand, again by It6 formula, we have that Uf(®;) behaves differently as t — oo, in
particular

t t
U (@) = | DUA®)aZ+ [ DUZ @IV,
0 0

. I e
the martingale term

s ;:/ DUE(®,)dWW,
0

can be controlled essentially as M} and therefore we can make it go to zero in the same way, i.e.
E(M®) o Sr(e)2e 21729, (8.2)

The analysis of the contribution I coming from the drift term is a bit more involved and crucial
to the argument. First observe that

4Z, =G FN(@,)ds + Gy (F2 Y (®,) + Ry)ds
where

Fi(p)(@) =AY 7o
o==+1

and where from the estimates on the remainder R and on the contributions Fsm for ¢ > 2 we have

|dZ, — G FMN(®,)ds| < (s) 2120,
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so we can split
t . t .
— / DUE(®,) G FIMN(®,)ds + / DUE(®,)(dZ, — G, FM(@,)ds) =: A5+ Bs. (8.3)
0 0

Let us first consider the term Aj. Expanding both DUS(®;) and Fs[l](fI)S) in terms of complex
exponentials we get

/tDzﬁ( ,)GF(®,)ds

=—3%r(e) 0102/ A5 )\/ dm/dx' Bo1®s (@) +iBo223 (") (G s %) (x — 2')ds.

01,02= :I:l

The main contribution to the sums over o1, 0y comes from the term where the oscillations of the
complex exponential are minimal near the diagonal x = z’, i.e. from the terms where o1 = —0o9, in
this case we can, in first approximation let

¢iB01®s(2) +ifo225(2") g 1 (8.4)

and observe that the contributions Dj to A7 coming from these terms behave as

/)\E/ dx/de*X (x —2')ds

€ 28
5/0)\)\ s)~2d (535)

e—2

~ r<5)/0 <s>—26ds+r(e)g—2<1—5>Li<s>—1—6ds

~ r(e)e 21729,

Dy

Q

Q

A careful analysis of the other contributions and the errors in the approximation (8.4) shows that
|AEOO - D§o| ~7r(e)e 21 =20)0_(1).
Remark 8.1. The proof requires some attention in order to extract additional powers of €. For
example when o1 = o9, the exponentials behave, for x~z’ and ¢ — 0 as
eiﬁolés(w)Jriﬁo’g‘I’g(a:') ~ eQiﬂo'1<I>5(a:)

modulo lower order terms. From here we see that the term in the integral behaves as
t
7’(6)/ )\i)\sx\;4/p(a:)dm [Aﬁemﬁglm(z)} 2iBorZs( 1)/dx (Gox X°)(z —2')ds (8.6)
0

where we split the interacting field and introduced enough powers of Ag as to construct the Wick-
renormalised exponential X287t Ws(®) Now M\2e2iA71Ws converges as s— oo to a well defined random
distribution [e?##71We]  while €2/571Z: converges to a relatively smooth function e2#71%=_ Ignoring
these spatial regularity issues, and using that

L S(s)7

' / A2/ (Cy# x) (2 — o)

we expect, roughly, that the quantity (8.6) can be bounded by

) [N )2 o) [ s 2as 006 [ )7 )20

which shows indeed a gain in €. The proper analysis of the interaction between the asymptotic
irregularity of Me2Po1We(®) with the spatial behaviour of e2/891%s and (Gs * x¢) produces additional
positive powers of €. Finally however the net gain is in our favour. A similar analysis is needed
for the corrections coming from the terms where o1 = —03, to the main contributions.
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Let us now go back to (8.3) to consider the term Bf. Observe that, making rigorous the
estimates for the effective force in (5.5), we have

oo

S 7(e) [ s $rle) [ sned st

T(E)UOE

S r(e)|1+e720-)].

sup ‘lBi
t

-2

N

<s>35d8+/i(6>2(16)<8>126d5] (8.7)

Overall we see now that can choose r(¢) — 0 such that (cfr. eq. (8.5))
r(g)e 21720 - o0,

while (cfr. eqns. (8.1), (8.2) and (8.7)),

r(e)e=(1729 0, r(e) 1+5’2(1’36)] —0.
This guarantees that as e — 0 (e.g. almost surely along a fixed subsequence (g,,))

IS — DS —0, M3 —0,  MZ—0,
and therefore that, almost surely

U (Doo) — 00, while Usr(Wa) — 0,

proving the singularity of SG wrt. the GFF.



Chapter 9
Renormalised variational structure

We give a look now at what happens to the variational structure of Theorem 3.1 as T'— oo and
p— 1. Recall that the variational problem is given by the minimisation of the functional

T
i) = | V@n) +5 [ uleas],
with 0

t .
@g:X#/ G uds.
0

If 3% <4, the variational description in the finite volume is essentially a direct consequence of the
convergence of the Wick-ordered cosine using results from [7]. More in detail, one can establish,
using a continuity argument that

lim inf Jf(u)= inf JZ(u) (9.1)

T—ooucH, ueH,
where

. 1 [T
Too(u)=FE {)\/p[[cos(ﬁ@go)]]dx—i—g/ ||us||2d8],
0
where &% = Xoo + 2%, Z5% = f;o Gsusds, and the quantity [cos(SPL)] is defined via the formula

[cos(8P5)] = [cos(FXoo)[cos(525) — [sin(Xoo)[sin(525)

where [cos(8X )], [sin(5X)] are the Wick renormalised cosine and sine of the GFF X, while
Z% € H', since we have the estimate

T
|(m? — A)2Z2 |25 / uslZadls, 9.2)
0

which can be checked via Parseval’s theorem and the definition of Gy. This regularity allows to
prove that the quantity [cos(SP%)] is well defined for any control u such that fOT [|us]|22ds < oo
and that we have, for some § >0,
T
Trol) > =C+5 [ P,
which implies coercivity of J(u) and a good control of the variational problem (9.1).

Beyond the first threshold (/3% >4 7) this representation does not hold anymore (in corres-
pondence of the singularity of the Sine-Gordon measure, see Section 8) and we need to obtain a
renormalised description.

To discuss the removal of the cutoff we employ Ité6 formula with an approximate effective
potential (V;)s which for the moment is an arbitrary scale-dependent functional such that Vp=V.
We obtain

T T
Tr(u) = Vo (@) +E{ / [Hs@snwg@:) G2+ (DY, GSDVS><¢:>}ds+§ / ||us||2ds}
0 0

2
ds]7

us + G/ 2DV (®Y)

T 1 T
vo(cpgwna{ / Ho(B2)ds + = / |
0 2 0
where
M= 0,V + % Tv G, D2V, — %D%GtDV;.
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In this new formulation we see that the running cost does not depends anymore on the L? norm
of u but on that of the remainder r = (r4),s defined as

Tei=Us + Gi/2DVS(<I>§).

Now we can invert this dependence and let w be a function of r, since the equation
Zi{=— /O tGSDVS(XS + Z0)ds + /O tc’:;/ %ryds
has Lipschitz coefficients and unique global solutions. Additionally, the control
s =r,— G*DV(X, + ZD),

is admissible for the original control problem and <I>? =X;+ Z[ =: CH So we can reformulate the
control problem as

. . T T
Fr(r) = V(%) +1E[ [ s [ izds],
and 0 0

inf Jp(u)= inf Jp(r).
ueH, reH,
Moreover we have the bound

Fr(r) > —C+%/OT Jrs]22dis,
uniformly in 7. If we recall that the optimiser for J(u) is
uy=—G*DVy(9}) - G1°R,
we can deduce that the optimiser for J(r) is
re=—Gy*DVy(®}) — G1/* R, + G1/*DVy(®}) =~ G}/ R..
From these observations we deduce that

lim inf Jf(u)= inf J%
TgnooulenHajT(U) rlen]Haj (),

this allows to extend the variational description to the unregularised theory (i.e. T — 00).
Note that by our estimates we only have

|GL2DV, (@) . S (5) 2,

which is in L? only when 26 > 1 that is 32 < 47. However the renormalised control r still retains
L? regularity beyond this range and it is expected to do so for all 32 < 87 provided suitable
approximate solutions of the flow equation can be found.



Chapter 10

Decay of correlations

We present another use of the FBSDE to analyse in a stochastic approach the spatial decay of
correlations for the EQF. We learned about this approach in [?] in the context of regular SPDEs
and similar ideas have been explored in the setting of singular SPDEs in [?] and [?]. The present
proof is taken, as much of these notes, from [7].

Decay of correlations means that sufficiently regular functions of the the random field ® ., which
are localised in far apart regions behave almost independently, in particular their covariance decay
with the distance.

Let us assume that we have two disjoint (nice) regions D;, Do C R? at some positive distance
from each other, for convenience we also define Dg:=R?. For i=1,2, let D; D D; with D1NDy=0
be sets to be fixed later:

We want to prove the following:

Theorem 10.1. For any A small enough, the (unique) Sine—Gordon field @ has erponential

decay of correlation, namely, there exists v >0 such that for globally Lipshitz observables O of
b, 1=1,2 respectively localised in D; (i.e. such that they depends only on the restriction of the
distribution ®, on some open subset of D;) we have

|Cov(OD (D), 0P (D,))| < e~ 1P, D2)

where the implicit constant does not depend on the distance among the observables O but only
on their Lipshitz norm (e.g. as functionals on S'(R?)).

In order sketch a stochastic proof of this theorem we consider the solution (®;)¢>¢ of the FBSDE

for the Sine-Gordon measure. Its uniqueness in law is guaranteed by the fact that A can be chosen
small enough so that the FBSDE has path-wise uniqueness.
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We introduce also other two solutions to the same FBDSE, called ®®, i=1,2, but driven by
different Gaussian source terms X, We couple the three driving Gaussian processes X (9, X (1)
X @) in such a way that they form a Gaussian vector with covariance

E[ X (z) X9y /ds GY2(z — 2) Loy, (2) G/2(= — y)d=.
R2

For X = X we just recover the same driving noise as before, while X, X are independent

multi-scale GFFs such that X ~ X on D;. More precisely one can prove that X — X5 @) is a
smooth field well inside D; and that for v > 0 sufficiently small, and provided d(x, Df) > a > 0, we
have

E|X,(x) — X\ (2)|? S log(a) exp(—vd(z, DY), (10.1)

for i=1,2 and all s >0.
Fix for the moment ¢ =1,2 and write a FBSDE for the differences

. t . ) ) .
o, — o\ = —/ ds Gs( Fy(®5) — Fy(®)) + Ry — RY) + X, — X7,
0
R,— R\ = Et/oods[Hs(CI)s)—Hs(CI)gi))], (10.2)
t

+1Et/ ds [DF(®,) Gy Ry — DE,(®{") G, RY].

t

Using a Lipschitz estimates on the effective force similar to Proposition 5.3 and eq. (10.1) to control

the source term in this system, we would like to argue that we have ®;~ @Ei) in the region D;. This

is not difficult to believe as the source term is relatively large only outsider the region D; which
is far from D; and both the kernel G, and the kernels appearing in the effective force Fy are very
well localised and decay exponentially at macroscopic scales (i.e. of size of O(1)).

The concrete way to extract this information is to introduce a weight of the form

¢(x) = exp(—d(z, Dy))
for some >0 to be chosen small enough and extract from (10.2), a bound for q(i)(Zt - Zt(i)) and

q(i)(Rt — Rgi)) where we let, as usual, Z=® — X and Z() =@ — x @,
This allows us to use simple L* bounds to get

X i t i i 2
00z 2o [ A~ 80 [~ RO
JaO(Re= RO < B[ ()0 (@, = 2] ) (103)
t

+Et/< )26 (@ = )| L+ [ ¢ (B = R ) ds.
t

The commutation of the weight ¢(*) with the non-local kernels is obtained by imposing that = is
small enough.
Observe that

lg@ (@0 = 2| o <[l (Xe = X | e+ 1002 = Z07) |
and that an extension of the estimate (10.1) gives also
19X = X S ()% exp(—erd(Di, D)),

for some small constant ¢ and any small € >0, almost surely. This tells us that the source terms
are small enough when d(D;, Df) is large.

The system (10.3) cannot be handled via Gronwall, as it mixes forward and backwards inequal-
ities. If we impose that )\ is small we can however still deduce that both Lh.s. are controlled by
the source term q(i)(Xt — Xt(i)), i.e. a bound of the form

sup ¢ (2 = Z7) 1 + 1 (Re = B = S exp(—eyd(Di. D)
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which in particular implies that on the set D;, Z;~ Zt(i) as in this case ¢ ~ 1, and as a consequence
that ®; ~ @Ei) on the same set, since we will also have X; xXt(i).

Therefore for small A we can replace ® by ®* on D@, for i=1,2 by paying an error which
in (spatial) L is of size O(exp(—cyd(D;, Df))). By retracing the steps above one can extract a
probabilistic statement in which this error terms holds in LP(IP). This means that for globally
Lipshitz observables O®), i=1,2 respectively localised in D;, we have that

H(’)(i)(q)oo)—O(i)(q)&))HLPUP)Sexp(—cvd(Di,Df))a i=1,2.

By simply tracking these errors we establish that
|Cov(0W (@), 0D (D)) — Cov(OW (L)), 0P (32))| < sup exp(—eyd(D;, Df))

=1,2

and since @) is independent of &) we also have
Cov(0W(a)),0®(02))) =0
which allows to conclude the exponential decay of correlations
[Cov(OW(@s0), 0 (@) S e 2 )
by taking the regions D; such that d(D;, Df) =d(D1, D2) /2.






Chapter 11
Semi-classical limit in finite volume

The notion of semiclassical limit refers to the limit where the size of quantum effects in a quantum
field theory, as measured by Planck’s constant &, becomes negligible. In the Euclidean picture, the
value of />0 is associated to the size of the fluctuations. Formally the path-integral for a scalar
theory takes the form

-~
Vi(dyp) = de, (11.1)
where
1 1
S(p)= [ 5196 P+ ym*e+(ea, (112)

and where we reintroduced % which was taken to be fi=1 (or really any fixed constant), in the
previous sections of these notes.

The limit i— 0 corresponds therefore to a saddle-point limit of the path-integral (11.1) and
we expect that the main contributions should come from the minima of the classical Euclidean
action (11.2).

The sine-Gordon model v/ is obtained as (any) accumulation point of the family of measures
e ,p defined by
—=VE ()

Zi

e

Vi ,(dg) = (),

P
where p} is a regularised (massive) GFF with covariance hG'r.

In order to simplify our discussion we will restrict our argument to the finite volume measures
and keep p fixed and with compact support. Then the finite volume Sine—-Gordon measure is unique
(see Section 7) and given by the weak limit

h
lim v 7.
T— o0

h.
Vp =

The study of the semiclassical limit reduces, therefore, to establish the Laplace principle

lim —nlog. [ 9l(dip) =inf [g(0) + () (11.3)

where

Su(9) = [ 51Vela)?+ gmiee) + p()hcos(Sp(o)da, (11.4)

is the classical action of the Sine-Gordon model with a finite volume cutoff p.
The stochastic approach to establish (11.3) starts with noting that

1
—hlog/e 79(%) h(dgo) hlogIE[e_fg(q)g")},
where ®7 is the solution to the FBSDE,
Db, =h'/?*Xoo + 1 [ G [FM(®F) + Rl ds,
RE=n[H}®L)ds+ h [ *DFMN®!)G.Rids,

and where (FP), is the approximate effective force obtained by solving the flow equation with
“propagator” hGy instead of Gy and such that

= l)\s cos(Byp).

F e =

S
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An inspection of this representation shows that the model behaves as if the parameter § has been
replaced by Seg= BRY2, in particular, as A— 0 the model is well into the first threshold region
where 8% < 4n.

As a consequence, for i small enough [sin(3®%)] is a well defined distribution of regularity
H 1t for some e > 0. Since

oh =p'/2xX + 2"
we have

[sin( %)) = [sin(Br'/2XL)]eos(B2L) + [cos(Br'/ 2 X1 ) [sin(8ZL),

and by the regularity of Z" the products in this formula are well defined. In this regime we can
therefore “undo” the FBSDE representation and write

FI(@I) + R =B =20 B pfsin( 30,1

as a closed martingale. Next, if we let U = h1/2@" we have

U= X+ Xﬁhl/%l/

OOGS]ES{p[[Sin(ﬁhl/Q\I/gO)]} ]ds,
0

which also shows that ¥/ has the law of the Sine-Gordon model for with parameters 3, A replaced
by Bh'/? and A /] (as the reader could have also guessed from a direct change of variables of the
approximate path-integral (11.2)).

We can now look back at the Laplace asymptotic and observe that for sufficiently small & we
can use the variational representation (9.1) to write

1 1 /
—ﬁlog/e_gg(“’)w?(dw) = —hlogE|e 7" =
~ 1 e}
=i | (/20 0) + | Apleos(ant ka4 3 [ s
u IR,Q 0
where W2 (u) solves

T () :Xoo—|—/ G;/Qusds.
0

1/2

Next, making the change of variables u— A™"/“u we have

fhlog/effg(@)yg(dgo):

N [oe]
=inf E| g(h'/?X, + Z%) + / Ap[cos(BRM2 X o + 6Z&)}]dx+% / |u8|2ds}.
u R2 0

From this formula it is now easy to take the limit 27— 0 observing that
a) we have h'/2X,, — 0 in H,;
b) we have
plcos(BR2X )] — 1, plsin(Br/2X )] —0
in H=1*¢ as h— 0 (in LP(P) for some p > 2);
c¢) we have also enough regularity for Z% (which is in H! due to an estimate similar to (9.2)).
As a consequence we have

lim — flog / ¢ TP (dp) = inf E{g(Z}jo)—i— / Apcos(B2)da + / |us|2ds}
— u le 0

and since there is no source of randomness in the variational functional it is an exercise to show
that the infimum can be computed in two steps:

inf[...}: inf {g(@)+A{25\pcos(ﬁcp)dx+u_zigf_¢%/o ||us||2ds]

u peH!
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and that it is an exercise to show that

. 1 [ 1
it 5 [ lulads = 5l )l
0

w:Z%=¢

(hint: consider us = G;/z(m2 —A)y). It follows that the Laplace asymptotic (11.3) holds.
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Chapter 12

Literature on the Sine—Gordon model

The sine-Gordon model has been subject to many studies in the constructive literature, covering
finite or infinite volume interactions and allowing various ranges for %€ [0,8 ) and the coupling
constant A € R. However, the full mathematical understanding of this model is still lacking and
none of these works cover the theory on the full space R? for all 3%€ (0,8 ) and all A € R. We
single out the pioneering work of Benfatto et al. [7] and Nicol6 et al. [?] who establish existence of
the model for a finite volume interaction and small coupling constants in the full subcritical range
(3% < 87 via a probabilistic method initiated by the Roman school of Gallavotti and co-authors. A
more modern account is the martingale method of [?] which covers the full subcritical regime in
the case d=1, in a bounded domain but without restrictions on the coupling constant A € R%. A
comprehensive review of the vast literature on the model can be found in the paper 7] where in the
reader will also find a description of the correspondence with certain fermionic Euclidean models.

Due to the analytic treatability of the sine-Gordon interaction, there have been several accounts
based on renormalisation group ideas and a direct analysis of the Polchinski flow equation. In this
regard, we want to mention the analysis of Brydges and Kennedy [?], where they lay the foundations
for this approach relying on a majorant method to establish convergence of the Mayer expansion
up to B%2< %871 More recently, Bauerschmidt and Bodineau [?] showed convergence for the Mayer
expansion up to 6 7 which allows them to establish a uniform log-Sobolev inequality for a lattice
approximations of the model. In a related work, Bauerschmidt and Hofstetter [7] use the solution
obtained from the Mayer expansion to construct a multi-scale coupling between the Gaussian free
field and the sine-Gordon model and analyse the maximum of the sine-Gordon measure.

The sine-Gordon analysis has illustrated the power of the FBSDE approach in two dimensions.
We now tackle the more challenging ¢* theories, where ultraviolet divergences require a more
sophisticated renormalisation procedure.
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Chapter 13

Gaussian Free Field

We have already encountered the Gaussian free field (GFF) in the Introduction. Here we develop
its theory in more detail, starting with its one dimensional version, which is the Gaussian Markov
process known as the Ornstein—Uhlenbeck process, i.e. the stationary solution to the SDE:

dX, = —X,dt + 2'/2dB,, teR,
which can be expressed as the Wiener integral
t
Xt:21/2/ e~ (t=9)4B,, teR,
or as the Gaussian process with covariance
Ot —s) =B[X; X, =eIt75], t,seR.

This process is Markov and its covariance has the Fourier transform given by
wt d
C(t) = / 6_2_“’
rl+tw? m

as can be checked via an application of the residue formula. This means that the covariance C' is
a fundamental solution for the operator (1 — 7).

By analogy, the multidimensional version (p(z)),cra of this random field can be defined as
the Gaussian field on RY whose covariance C(z) has the Fourier transform given by

etk dy
C@’)_/Rd'u i
which gives a fundamental solution of the operator (1 — A) where A is the Laplacian on R%
However, when d > 2 we have that C'(0) =400 and more generally that

~ ) “loglz| (d=2)
C(x)N{ |l‘|2_d (d>2)7 |$|<<].,

which means that the random field ¢ does not have continuous sample paths and it must be realised
as a generalised function taking values a.s. in S’(IR%), the space of tempered distributions.

The rigorous definition of GFF is therefore that of a Gaussian process indexed by S(R?) and
such that

Elo(f)?=(f,1-2)"'f),  [feSER

where we denoted by (1 —A)~! the operator whose L?-kernel is given by C. We denote by = puSF¥
the law of the GFF as a probability measure on S’(R%). Later on we will consider also the GFF
on T¢=[-1/2,1/2]¢ (with periodic b.c.) which has a similar definition.

If we denote by Cj the covariance of the GFF on A =T% or R? then they are related by the
method of images:

Cra(r)= Y Cra(z+k)

kezd
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where the sum converges as Cra has exponential decay for large distances.

13.1 Besov spaces

Besov spaces provide a convenient setting to measure regularity of random fields. For simplicity
we discuss the case of R¢ and discuss later how to adapt it to the case of T The reader can find
full details and proofs in [7, 7] and for weighted spaces in [7, 7].

Let (a):=(1+]a|?)'2 Let S(RY) the Schwarz space of test functions on R% and S’(R%) the
corresponding space of tempered distributions. For any a € R we define fractional derivatives
(D)= (1+D?)%/2 on S'(R%) by

(Dyf=F e (&)X (FN©),  [eS'(R)

where F is the Fourier transform on R%. More generally if h:IR?— R is a nice radial function we let
h(D)f =F Y E—=R(E(FIE),  fES'(RY).

To localise functions in frequency space, we need a partition of unity whose existence can be

proved but we shall take this for granted here. Let x, o be smooth radial functions R¢ — R such
that

e suppx C B(0, R), suppe C B(0,2R) \ B(0, R);
o 0<x,0<], X(§+X;500(27%) =1 for any { €R%

supp 0(277-)Nsupp o(27¢- ) =@ if |i — j| > 1.

Introduce the notations o_1=x, ¢; = 0(277+) for j>0.

Given such a partition of unity, we define the associated Littlewood—Paley—projectors as
Aj=0;(27D),  j=-1,
and write

Kj=F"(0;(D)), j=-1,

for the resulting convolution kernels in position space.

For any distribution we can then write for any u € S’/(R%),

u= Z Aju= Z Kj*u. (13.1)

i1 i>—1

where convergence is in the sense of S'(IR%).

Note that Aju is now an holomorphic function since its Fourier transform is supported on a
ball (for j=—1) or on an annulus (for j > 0), indeed we have for any u € S’(R)

(Aju)(z) :=F (277 ().
From (13.1) we finally define the Besov spaces.

Definition 13.1. Let s€ R, p, g €[1,00]. For a Schwarz distribution f € .'(A) define the norm
1 fllBs., = 12751 A f )iz —lles

where ||| denotes the normalised LP(A) norm. The space By , is the set of functions f € .7'(A\)
such that || f||s , < oo moreover H®= B35 5 are the usual Sobolev spaces, and we denote by €* the
closure of smooth functions in the B5, o norm.
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Remark 13.2.

e The specific norm |||
and the space Bj , does not depend on the specific choice.

e The space (Bj ,(RY), |||

B, depends on the partition of unity, but all such norms are equivalent

B;.q) is a Banach space.
Let us quickly note that the parameter s € R indeed measures regularity in the usual sense.

Theorem 13.3. For any s,a € R and u € S’(RY)

B3, ~ (1= A)*/2ul

Ju s

Remark 13.4. There is a relation between Besov spaces and Sobolev and Holder spaces: in
particular one can prove that,

By J(R)=W*P(RY),  secRi\Z B%o(R)=C*RY), acR\Z

Easy embeddings among Besov spaces are as follows:
e Since (?(Z) — (%(Z) for q1 < go, we directly see By , (R — Bj ,,(RY).
e Moreover, for so < 51, 29%29 < 2951 50 that B;)lq(]Rd) — B;fq(]Rd).

More generally, functions with localised Fourier transform have equivalent Lebesgue norms (this
is called Bernstein’s theorem) and this generates embeddings similar to the well-known Sobolev
embeddings:

Lemma 13.5. Let 1<p1<p2<00, 1< < gL o0, [fszgslfd(if%) then

B3, (RY) — B3 . (RY).

P1,q1 P2,q2

Besov spaces on T¢ have similar definition using the LP decomposition on the torus.

All along these notes we need to consider Banach subspaces of S’(IRY) associated with a positive
spatial weight p.

Definition 13.6. A polynomial weight p is a function p:R?— Ry of the form p(z)=c(lx)~ for
0,c,£>0. For a polynomial weight p let

orio=( [ Jniras )"

and by LP(p) the space of functions for which this norm is finite. For function defined on a torus

in R® we consider their periodic extensions on Re. Similarly we define the weighted Besov spaces
Bs ,(p) as the set of elements of .'(R?Y) for which the norm

1]
is finite and by €*(p) those such that the norm
1 (o) = 1272 | pAGf L) ~1lle

B (o) = 1(27° 1A f llLr ()= —1lles

1s finite.
We will fix a weight p such that for some sufficiently small € >0 we have
AP 2+ |Vp 2 <ept? pS() TR (13.2)

The number ¢ can depend on various parameters but not on the volume cutoffs we introduce to
regularise the Euclidean QFTs.
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We note that the weighted norm B, ,(p®) is equivalent to

£ llBs omy = D 25UAf lopey= Y 25 p°Aif lLrmay= =Y 2| Ai(p*f)l|Lr(ma),

i>—1 i>—1 i>—1

that is, the weight p® can be freely commuted with the LP projectors as far as Besov norms are
concerned.

We collect here some basic estimates which will be useful below.
Proposition 13.7. Let 6 > 0. We have for any q1, g2 € [1,00], ¢1 < ¢2
I fliB;. S I fllB;. S I fll5

Furthermore, if we denote by W*P the normalised fractional Sobolev spaces then for any q € [1, 0]

£ llB;,, <N llwsvor < [1f Nl s 2e-

§+5

Proposition 13.8. For any 51,52 € R such that 51 < sz, any p, q € [1,00] the Besov space B,', is
compactly embedded into By,

Definition 13.9. A smooth function n is said to be an S™ multiplier if for every multi-inder «
there exists a constant C,, such that

o
g

77(5)‘ < (+lehml ceRrd (133)

We say that a family n; is a uniformly S™ multiplier if (13.3) is satisfied for every t with C.,
independent of t.

Proposition 13.10. Let n be an S™ multiplier, sc R, p,q€[1,00], and f € B, ,, then
19Dl S

Furthermore the constant depends only on s, p, q,d and the constants Cy, in eq. (13.3).

For a proof see 7] Lemma 2.78.

Proposition 13.11. Let 0 p, p1, p2 and s, s1, s3 be such that — :%—Flp—;e and s=0s1+ (1 —0)s
and assume that f € WsuPrnW#2:P2 Then

Lf e < IF Ienonll £ 11372 mae

For a proof see [7].

13.2 Regularity of the GFF

The basic argument to obtain a Besov regularity for the GFF is to compute the following average:

2
]E[ [ SOHBZ;;,QP(HN)]'
We have

[ aj 2
E[lol% , 1=E| 3 2209 Ap)22, [= 3 22e0E[A 022,
j=z-1 j=z-1

Now we observe that, by Fubini theorem and hypercontractivity of Gaussian vectors (see e.g.
Janson’s book on Gaussian measures [7])

ElllAsell%) S (Ell AP,
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so we reduced ourselves to computing covariances. Now we observe that, by standard Fourier
analysis

Bl lEd =53 ei(k)e (k) Elp(k) 3Tk %ZHW

.k’

But now the sum is over 2¢ points thanks to the support of ¢;(k) and in addition this forces ||
to be of order 27, these two remarks give

E[||Ajp||7] < 2792727 = 23(d=2),
This means that

[H‘P”BZP 2J§ Z QQPME[HAJSDHL% ] < Z 22pajoip(d—2) — Z 92pj(a+d/2-1)
j=-1 jz-1 jz-1

So we see that in order to have a convergent series we need

a+d/2-1<0 = a<¥.

To conclude, we shall use Besov embedding recalling that if 1 < p; <p2< oo, 1 <q1 < ge< o0,

S9< 51— d(i — p—) then

B3 (T9) < B (T9).

P1,q1 P2,q2
We are interested in the case

P2= g2 = 00, P1=q1=2p, s1=a
then we see that

ng,Qp(Td) - Bgo,oo(qrd) = Csz(Td)a

for any s<a — %. But since p can be chosen to be arbitrarily large, we conclude that the above

embedding is true for any

s<a<—u
2

Remark 13.12. We see that:

e for d=1 the GFF can be realised as a continuous function of time taking values in a space
of continuous function of space;

e for d=2, the GFF can be realised as a continuous function of time taking values in a space
of distribution which are not much singular, namely C® for any a <0, so arbitrarily close
to 0. From the viewpoint we discussed here, this is why the ¢* model is less difficult in 2
dimension wrt to the higher dimensional case;

e for d > 2 we have a singular behaviour getting progressively worse with d.

13.3 Regularity of the Wick powers

Since the GFF is a random distribution, it is not easy to construct local non-linear functionals.
The non-trivial fact is that they indeed exists and can be constructed by approximations.

Consider a mollifier operator Ry (see below for precise definitions), e.g. one can take

Ry=Acn=)_ A
i<N

via partial sums of LP blocks. Then, if ¢ is a GFF,

YN = Ryp



62 GaussiaN FrRee FIELD

is a smooth Gaussian process with a translation invariant covariance given by Cy = Ry(1—A) "1 RY.
A direct computation, e.g. in Fourier space, shows that

CN@OC{ log(sl+ N7 d

2
(|Jz|+ N—1H2—d 3

Vol

Recall also that the Hermite polynomials (H,(z)),>0 are the orthogonal polynomials of the
standard Gaussian measure over R and that the first of them (in probabilist’s normalisation) are:

HO(:E) - 17

Hl(x) = x,

HQ(.’E) = 2—17

Hi(x) = 2°— 3z,

Hy(x) = a*—62%2+3,
Hs(z) = 2°—1023+ 15z,

generated by the series

exp(tx —%) = t"Hy(2).

n=0

We define now the (regularised) Wick powers of the GFF as
[(pn)" ()] = CR/*(0) o () / CN*(0)).

For example:

[(on)?(2)] = ¢R(x) — Cn(0)
[(en)*(2)] = pi(2) — 3pn(2)On(0)
[(on)*(2)] = @i (z) — 69k (2)Cn(0) +3CR(0).
In particular the covariance of these local functions of ¢y is given by

E[ [(om)"(@))[(en) ()] | = 80 () CR(z — 1)

and by hypercontractivity we also have, for any nice test function f:R¢— R
2-‘ }p/Q

We will need to estimate the average size of the random fields [¢pn] uniformly in N. As with
the GFF, we do not expect them to be bounded in some function space and therefore we will use
negative regularity Besov—Holder spaces to estimate them. First we note that by Besov embedding,
forall o€ R and N > 1,

i(a+2
LR ey S HILRT ooy = D 2 (45 / P() | il R () P

i>—1

/MN" 1/ (x)da [ enr @l s

ol

/ Ol — y) f(2) f(y)dady| .
Rd Rd

<

~

Taking expectations and using Fubini’s theorem we have now

|| (o8| 2ape S D (o) / () E[|Ad[oh] (z) |)dz

i>—1

Now Gaussian hypercontractivity applied to the Gaussian polynomial A;[W#](x), gives

Bl ALk S {EIATeRI@)A )
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which reduces the computation to an L? bound. Now, when d =2,
B[l Aok @) = / / iz — ) K — y)El[oR] (1) [k (v dydy’
x / / Ki(z — y)Ki(x — ') {Elpn(y) on ()]} "dydy’

5//1(1-(93 —y)Ki(z — y")|log™ |y — y'||dydy’

< / / K. (y)Ki(y)|log™ |y — v||dydy’

—1
{// )P/ (=Dl ydy’ ta )/q§24i/q

where we used that in two dimensions
Elon (y)en ()] < |loglly — y'| + N7Y| < [log[ly — v/l]]

and that this function is in L9 for the product measure dy x dy’ for any ¢ > 1.
Putting all together we arrive at

B2, s 3 25 [ prwan < oo

i>—1
for any o <0 as soon as p and ¢ are large enough, since then we have also p? € L'(IR2).
This sketches the proof that in d =2, for all k>0, >0 we have, for any N >1 and any n > 1,
sup]EH[[apN]]HC o < +oo. (13.4)
A variant of these computations shows that
sup B|[oR] — [eRll|2 -1y SN,
M>N

that is, the family ([¢n])n is Cauchy and converges in LP to a (unique) limit denoted [¢"] €
C~%(p°) and called the n-th Wick power of the GFF.

Similar computations in d =3 shows that for all kK, >0 and p>1,
st;lp IEH [[SD?\[]]H%,l,n(pE) < 400,

and similarly can be used to establish the existence of the random field [?] € C~1~*. However
for any a>0,e >0 we have for n=3:

E[GRII[7 o, ~ (g NP2

which hints to the fact that in d=3 the family ([¢3])n does not converge to a well-defined random
distribution. A similar phenomenon affects all the higher Wick powers. In d =4 things get worser
and not even [¢?] exists.

13.4 Nelson’s approach to 3

To illustrate the basic ideas of the construction of Euclidean QFTs let’s us review the proof of
Nelson that the ¢4 model exists in finite volume. Consider the functional

V() = /A [9*(@) - rr?(@)]da
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and let’s try to take the limit T'— oo for the family of measures

v (dyp) = eXp(_AZ(RW)) p(de),
for some A >0. We let
rr=3E[(Rro(x))?]
where we denote by [E the expectation wrt the measure p= pSFF with canonical process ¢.
In this case, we denote

VelRre) = [ [(Rrp(w) Tda
since this corresponds to the 4-th Hermite polynomial of the random variable Rro(x).

Recall that Hermite polynomials are defined to be the orthogonal polynomials of a Gaussian
measure, see e.g. [7].

A basic result is to show that the density
exp(—=AVr(Rry))

GFF) for all p > 1 uniformly in T'— co. The strategy of Nelson [’] is based on two

belongs to LP(u
observations:

1. The first is that the polynomial £* — r7¢2 is bounded below by a quantity proportional to
—r%, which in our case diverges to —oo as —log?T.

2. The second is hypercontractivity, which we take to mean the following inequality for poly-
nomials P of order d of a Gaussian vector X:

E[|P|*] < (2p — )P E[ PP (13.5)
see e.g. [7] or the lecture notes of Hairer [7].
Take K <T and write
Vr(Rry) = (Vr(Rry) — Vi (Rie)) + Vi (Rp)
with Vi (Rgp) 2 —log? K. Therefore for all [ >0
Vr(Ryyp) < —l=
(Vr(Rrp) — Vik(Rip)) < —1 — Vik(Rip) < =L+ C'log? K

and using Markov+hypercontractivity (13.5),

P(Vr(Rrp) < 1) <P(I(Ve(Rrg) - Vic(Big))| > 1 - Clog? K )

E[Vr(Rry) — Vi (Rp)|”]
= (I—Clog? K)P

ABIVr(Rrp) — Vie(Rip) 37/
- (I—Clog?K)P

<SpPKP/2(1 — Clog? K)~P.

Take K = e((I=D/C)% o 1 Clog? K =1 and
IP(VT(Rw) < —l) S ppe~ (P/AU=D/O2 < (e—el!*)p,

clt/2-1

and taking p=e we have

ctt/2_4
(VT(RT@) < —l) Se~¢
from which we conclude that
Sup lexp(=AVr(Rro))[|Lag) < oo

for all ¢>1.



Chapter 14

The variational approach

We have seen in Part I a first derivation of the variational structure underlying stochastic quant-
isation via the Boué-Dupuis formula. In this chapter we develop the variational approach more
systematically in the setting needed for the construction of Euclidean field theories.

Gibbs measures are solution to a variational problem: If yu is probability measure on a measure
space (€, F) and V' a bounded measurable function, bounded from below, the variational functional

Fy(v):= /le/—i—H(um),

is defined for all probability measures v on (£2, F). Here H is the relative entropy of v wrt. p
defined as

Hln) :m;p[ [ £av=10s fexpiran].

where the supremum runs over bounded measurable functions f:{2— R. The relative entropy is
finite if ¥ < p and in this case it holds

Hv|p) = / 1og[j_ﬂdu.

From the definition one also deduce that H is non-negative and convex and that H(v|u) =0 iff
v=pu. It is also continuous for the weak topology as the supremum in the definition can be taken
over continuous functions (see e.g. [7]).

The functional Fy is convex and it admits a unique minimum »" given by

V=4 14.1

and
Fy(W)=—log Z"V = —log/e_vd,u.

As a consequence Gibbs measure (14.1) can be characterised as the minimum of the functional F",
i.e. as the result of an optimisation problem.

When the measure p is a Wiener measure, the variational formula acquires a more specific form
which is amenable to interesting stochastic analysis.

By a theorem of Follmer if (2, F, i) is a Brownian probability space with Wiener measure p we

have that every v with finite entropy H(v|u) < 400 can be represented as a Girsanov transform,
namely there exists a previsible function u € L?(Q x [0, T]; R") such that

1 o0
H(V|u):5EA |us|2ds<—|—oo,

and v = p* with p* the Girsanov shift of p in the direction w:

u [e.¢] o
dN =eXp / usdBs — l\/ |us|2d8 )
dp 0 2Jo
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where we denote B the canonical process on (€2, F). By this result the variational problem takes
the form

inf /Vdu“—!—lE/ |us|2ds. (14.2)
ueH, Jo 2 0

Under p* the process W*:=B — I (u) with I(u);:= fotusds is a Brownian motion and Law,,«(W™") =
Law,(B).

A simila formula, but based on a fixed probability space and a fixed Brownian motion, was
found by Boué-Dupuis [?]. We need the notion of tame functional:

Definition 14.1. Let (X,F,~) be a probability space. A measurable function F: X — [—00, 0] is
called tame with respect to v if there exists p, ¢ > 1 with %Jr%: 1 and

Eylexp(—gF)] + E,[|F|?] < co.

Tameness has been introduced by Ustunel [?] as a convenient condition for the validity of the
Boué-Dupuis variational formula (BD formula) for Brownian functionals. It has been improved
by Hariya and Watanabe [?] to allow for p=¢g=1.

Theorem 14.2. [Boué-Dupuis| Let V be a tame functional for u, i.e. such that
/ [VIP+e Vdu < +oo,

for some p,q>1 with 1/p+1/qg=1, then

—log/e_vdu: inf /[V(B—&-I(u))—i—%/ |us|2ds}du.
0

u€eMH,

Proof. This is essentially Theorem 7 from Ustunel [/]. Note that the functional V(B 4 I(u))
makes sense for any u € H, since by Theorem 2 from Ustunel [/| we have that the push-forward
measure v = (B.+ I(u).)xp has finite relative entropy with respect to p and therefore is absolutely
continuous, i.e. v < 4. g

Remark 14.3. Some observations on these variational formulas.

a) They originates directly from the variational formula for the free energy of a statistical
mechanical systems: V' playing the role of the internal energy and the quadratic term playing
the role of the entropy.

b) The infimum might not be attained in Theorem ?

attained in (14.2).

(see e.g. Theorem 8 in [?]) while it is

¢) The drift generated by absolutely continuous perturbations of the Wiener measure has been
introduced and studied by Follmer [7].

d) They are a non-Markovian and infinite dimensional extension of the well known stochastic
control problem representation of the Hamilton—Jacobi—Bellman equation in finite dimen-
sions [7].

e) The BD formula is easier to use than the formula (14.2) since the probability do not depend
on the drift u. Going from one formulation to the other requires proving that certain SDEs
with functional drift admits strong solutions and that one is able to approximate unbounded
functionals V' by bounded ones.

f) See Ustiinel [/] and Lehec [] for a streamlined proof of the BD formula and for applications
to functional inequalities on Gaussian measures.
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14.1 An example

As an example application of the BD formula, consider the problem of proving the exponential
integrability of a functional F'(B) of a Brownian motion (By):>o. We will assume that this func-
tional allows the following bound

F(B+1(u)) <H(B)+ L|ullL2w), (14.3)

for some integrable H(B) and a constant L > 0. Essentially, the functional should be of linear
growth along the directions of the Cameron-Martin space of the Brownian motion. In this case by
BD we have, for all >0,

log Ee®(B) = sup IE[QF(BJrI(u)) ,l/ ||u5||2ds]
ueH, 2 0

where we denoted by E the expectation wrt. the Wiener measure p. Using the bound (14.3) for
F we note that, path-wise (i.e. for almost every w € )

1 [ 1
QF(B+1(0)+5 [ ludds < aH(B) + aLllulam — gl

L3202

<aH(B)+ sup {aLn —%772] <aH(B)+

n=0

which gives a bound uniform in the control process u. As a consequence we readily derive the bound

L2a?
]EeaF(B)gexp(a]E[H(B)}+ 5 ) a>0,

which in particular implies that F' has a Gaussian upper tail. What is remarkable is that the BD
variational formula allows an analytic line of reasoning (find a bound the variational functional
for all the controls) to derive a probabilistic consequence. Moreover the integrability question has
been rephrased in a control of the Cameron—-Martin shifts of the functional.

14.2 Euclidean fields as minimisers

Consider the Gibbs measure

v - e‘V(¢)9°(d¢)
0" (de) = fe—V(¢)90(d¢)’

where 0° is the law of the Gaussian field ¢ (GFF) on R? with covariance (1 —A)~! and where A
denotes the Laplacian on R2. The function V:S’(IR?) — R represent an interaction potential and
for now we will only assume that it is measurable and tame with respect to 6°.

¢ €S (R2), (14.4)

To introduce a useful variational description of this class of measures we need to enlarge our
probability space and realise the GFF 69 as the terminal value of a Brownian martingale (Wo)eero,1
with values in §’(R?) and covariance given by

E[W,(x)W(y)]=(tAs)(1-A) ez —y), =z,yeR? t,se[0,1]

We construct this Brownian martingale on the measure IP given by the law of a cylindrical Brownian
motion (X¢)¢epo,1] on L*(IR?). It can be realised on C([0,1],C~'~¢(p%)) where € >0 can be taken
arbitrarily small. Let

Wi=(1-A)"12X,,  telo,1],

and note that indeed §° = Lawp(W;). We will consider W as a random variable in &q:=C([0,1],
C~=(p%)).
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The measure 6 can be then interpreted as the law of Wi under the Gibbs measure
QY (W) = eV WIP(AW),
It is well known that the measure Q" is the minimiser of a Gibbs variational problem and that
—log ZV = —log E[e~V ("] = inf {Er[V(MW)]+ H(R|P)},

where [ER denotes the expectation with respect to a probability measure R on the path space
C([0,1],8'(R?)) and H(RR|P) the relative entropy of R with respect to IP.

Let $(p®) = H{ H (p%), H=9(p"). Denote with $%(p®) the space of all processes u: &g x [0,1] —
R progressively measurable with respect to the filtration generated by (W;)¢¢[o,1], starting from
0 and equipped with the norm of L?(P, $(p®)). Moreover define the bilinear form &: % — LO(IP)
giving the “energy” of the drift Z as

1 ! . 1 1! . .
&2)=g [ N0-2)" Zipas = [ (VZIE+12.08)1s
where Z denotes the time-derivative of Z.

With these definitions, the Boué-Dupuis formula [?, 7] reads as follows.
Lemma 14.4. (BD formula) For any tame functional G: S9— R we have

—log Ble~¢W)] = Zinff) EGW.+Z)+E(Z)).
€ a

Proof. Theorem 14.2 specialised in our context gives

1
—log E[e~ ")) = inﬂf{ ]E[G(W—i—Z.)—i—%/ ||us||%2ds},
ueHe 0

where H? is the space of all progressively measurable processes starting from 0 equipped with the
norm of L?(P,L? L2) and

¢
Zy=(1- A)_I/Q/ ugds.
0

Observing that u; = (1 — A)'/2? Z; we obtain the claim. O

We call a random variable with values in $* a control (or drift) and we will understand that
W =W and Z = Z; whenever this does not lead to confusion.

To simplify certain technical considerations later is convenient to augment the process W with
some additional informations. Consider a Polish space & endowed with a continuous projection
Tw: 6 — S and let W: 55— & a measurable map such that 7y W =W ie. & , Sy is a fibered
topological space and W a measurable section. We will understand W as an enhanced GFF'.
The kind of enhancements needed will be different in different models. We will always consider the
space G endowed with the measure given by the law of W under P. A functional on & is tame if
it is tame for this measure.

For any measurable f:S’(IR?) — R bounded below and in L?(#°) (not necessarily linear) define
WY(f) as

WV () ;:/eff(da) 0V (do).

As a direct consequence of Lemma 14.4, the functional WY has the variational representation

V(f)= inf F/TV(Z)— inf FV(2).
W)= jnt FITV(Z)~ it FY(2)
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for any f such that f+V is tame and where for a tame functional G on & we let

FC(Z):=E|[GW + Z)+E(Z)), Zen

In the formulation of Gibbs variational problem, the optimiser corresponds to the Gibbs
measure. Correspondingly we would like to show that the optimiser in the BD formula, i.e. an
optimal drift Z describes the law of the “interacting field” via the equality

LaWQV(W) =Lawp(W + 2) (14.5)
valid for any minimiser Z of the problem in Lemma 14.4 and in particular
0V = Lawp (Wi + Z1).

The existence of such minimisers will be guaranteed, in the rigorous discussion below, by suitably
relaxing the variational problem into a problem on the space of probability measures.

Before proceeding with the rigorous development, let us pause a moment to give an overview
of what follows assuming that minimisers exists, then:

1. any minimiser Z satisfy the Euler-Lagrange equation (first variation)
E[VV(Wi+ Z1)- K1 +2E(Z,K)] =0 (14.6)

for all “test controls” K, where VV (Wi + Z;) - Ky denotes the derivative of ¢+— V() at
Wi+ Z; and in the direction of K. In the following we will refer to the equation (14.6) as
a weak forward-backwards stochastic (partial) differential equation (WFBSDE). The reason
for this name derives from observing that (14.6) can be formally rewritten as

/1/ E[(VV(Wi + Z) + (1 - A)Z)K,]ds=0
0 JR2

and since this holds for any nice adapted control K it implies that
(1-A)Zy=-FE[VV(Wi + Z1) | ] (14.7)

which is a kind of elliptic equation for the optimal control (Zs)se(o,1)- It can be cast into
a system of a forward SDE for Z and a backward SDE which computes the conditional
expectation. In these notes we will not exploit further this specific interpretation of (14.6)
as a FBSDE so it is not necessary to make it more precise. Let us stress that our wFBSDE
is a stochastic quantisation for Euclidean QFTs of a new kind.

2. additionally, we will be able to introduce a variational description of the measure Q" with
drift Z via a renormalised BD formula of the form

—log Efe—f(X1)] = iﬁf]E[f(Xl +K)+V(Xi+K)-V(X)+EZ+K)-€E(Z)]  (14.8)

with X, =W, + Z; being the “interacting field” with potential V and f(¢) a test function
which depends only locally on the field ¢ and where the infimum is taken among all drifts
K which satisfy suitable decay at infinity. Given this decay one expects that the quantities
V(X14+ K1) —V(X1) and E(Z + K) — E(Z) are finite even if each summand is infinite.

This reformulation will show its full power as soon as we try to describe Euclidean quantum fields
in infinite volume. In that case the original variational problem loose its meaning as the interaction
potential is almost surely infinite, due to an integration over the unbounded set R2.

On the other hand the first-order condition (14.6) remains meaningful also in this setting, as the
interaction is local and can be used, very much like the weak formulation of an elliptic problem, to
get estimates on the minimiser Z, e.g. by testing with K = pZ where p: R2 — R is some weight
function decaying at spatial infinity. In particular we will obtain estimates of the form

El|pZ || g1 < 00,
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uniformly in the volume. This estimate together with the identification (14.5) is at the core of the
proof of tightness of the family of finite volume measures (Q*)y with A /~R2. Any accumulation
point @ represents an infinite volume Euclidean field, moreover the corresponding drift Z gives,
via the formula (14.5) an explicit coupling of @ and the GFF given by P.

The point of view which we advocate in these lectures is that the wFBSDE equation (14.6)
provides a complete control over the drift Z describing the infinite volume Euclidean field, for which
a naive variational description is meaningless. This will be exemplified by the analysis of the quartic

interaction and of the exponential model in infinite volume, respectively in Section 7 and Section 7.

Moreover the renormalised cost functional HY (v) can be made finite in the infinite volume by

choosing localised perturbations K. This remark will be clearer by looking at how the determine

the infinite volume limit of the exponential model in Section 7.

The rest of this section is dedicated to provide a rigorous proof of these claims.

The standard approach to guarantee the existence of minimisers is to relax our problem, i.e.
minimise over the law of the pair (W, Z) with W fixed and Z varying over $*. In order to ensure
compactness we need to complete the space of trial laws for a suitable topology for which our target
functional is coercive.

Let $w(p®) to be $(p®) equipped with the weak topology and let §:=(p"/?), Huw:=Hw(p'/?)
and $° = H%(p'/?). With a slight abuse of notation we denote (W, Z) the canonical coordinates
on G X Ny

Definition 14.5. Let

%= {p="Lawp(W, 2) € P(6 x §u): 2 € 6", B, | Z||3] < oo},

and

X:= {u EP(S X Hu) : pin € X, jin — pweakly, sup E,,, | ZH?J] < oo}.
neN

We equip X with the following notion of convergence: a sequence (iiy)n in X converges to u if

a) pin— g weakly on & X 9y,

b) supnen By, [ Z]3] < co.

Note that the probability space in the definition of X is fized, so all elements in X are laws of random
variables living on a fixed probability space. Note that all elements of X have first marginal given
by Law(W), and this also carries over to X by weak convergence.

We will need to realise couplings of two elements of X. These are constructed by the next
lemma which needs the following preliminary definition of the space hosting the coupling.

We denote the canonical coordinates on the product space & x 5:31,1 X §)w by (W, Z,K).

Definition 14.6. For ue X let Y(11) CP(S X Hu X Hw) the set of all v such that Law,(W, Z) = p
and for which there exists sequences (Z™)n, (K™), CH” with

Lawp(W, Z™ K™) — v and sup]E[HZ"H% + HK”H%] < 00.
neN

Lemma 14.7. For any v, i € X there exists v € Y(p) such that

Law,(W, Z + K) = Law, (W, Z).
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Proof. Since p,v are in X we can find sequences Z", Z" € $ such that tn: =Lawp(W, Z™) — u and

H% + ||Z”H?J] < 00. Now define

vy :=Lawp(W, Z") — v weakly in $,, and furthermore sup,[E[||Z"
Kn=2"— 2",
and set
v"=Lawp(W, Z", K™).

We have that supnIE[HK”H%] < supn]E[HZ"H% + ||Z"H%] <00 50 U™ is tight on & X Hy X H,. Taking
a convergent subsequence (not relabelled) we can assume that v™ — v. We then have

Law,(W,Z+ K) = lim Law,»(W, Z + K)

= lim Lawp(W, Z" 4+ K")
= lim Lawp(W,Z") =v
n— oo
which proves the claim. O

On functionals on X we can define first and second order derivatives as follows. Let p€ X and
let K: G X i — Ho a measurable process adapted to the filtration generated by (Wi, Z¢)iejo,1],
continuous in the second component and such that K € L%(p, f)) We call such K an admissible
control for y. For all o € R let % the law of (W, Z + oK) under . We have pu°% € X'. A functional
F: X — R is differentiable in X in the direction of the admissible control K if the map o+ F(u¥)
is differentiable in ¢ =0 and in this case we define

d

VE(u)(K) =+

F(pk).
o=0

Second order derivatives can be similarly defined by taking two admissible controls K, K’ and
letting

d
do’

4
_odo

VEF(u) (K, K') = F(poKte®),

o=0

whenever (o,0’)— F(uo5+7'K) is C? in (0,0’) =0.
We are ready to relax the variational problem and prove an alternative representation of Wy ( f).
For a tame G: & — R define the functional F¢: X — R by
FC(u):=E,GW+2)+E(Z)], punekX.

Definition 14.8. We say that a functional F: X — R is admissible if it is lower semicontinuous
and such that

F(p) 21+ EE(2)], (14.9)

this ensures in particular that the functional F: X — R is coercive, that is for all L < oo the level
sets {F <L} are compact in X.

Definition 14.9. For a tame G: & — R define the functional F¢: X —R by

FCG(p):=E,[GW +2Z)+E(Z)], peX.

We say that G is admissible if G is tame, FC is admissible and (W, Z) — G(W + Z) is continuous
on G x .‘r:)w.

The following lemma is an obvious consequence of this relaxed variational setting.

Lemma 14.10. Assume that G: S — R is admissible, then

inf F¢(Z)= inf FY(Z)= inf F(u)=min F%(p). (14.10)
Zene ZeH® HEX HEX
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Let uS e X be any minimiser of FC. If FC is differentiable at pS it satisfies the equation
VEC(u9)(K)=0 for all admissible controls K. Moreover if it is twice differentiable at uC we
also have the positivity condition V2F%(u%)(K,K') >0 for all admissible controls K, K'.

Proof. The equality infzcg. F&(Z) = inf, cge F%(Z) follows from the property (14.9) of the
admissible functional F'¢ since $ can be viewed as a subspace of X via the map u+— Law(W, u).
The equality inf, g« FC(Z)=inf,cx F(u) follows directly from the definition of X. We have
that inf,, ¢ +FC(n)= min,, +FC (1) again from the admissibility of G which ensures that sequences
(fn)n C X of approximate minimisers of FG converge in X and that any limit p© is a minimiser.
The first and second order conditions are then consequences of the differentiability of FC. It
remains to show

inf F&(u)= inf FC(u).
pnex pex

We fist show this statement for bounded G. We want to show that for any u in X any § >0 there
exists pn, € X

B, [G(W + 2)+ E(2)] EG(W + Z) + £(Z)] + 6.

So given € X we take a sequence j, € X such that p, — p. We define 2 to be
t .
Law(W, ZV) where Z) = Z,,,~ where 7y = i[nf | / |V Z||72ds > N.
te[0,1] Jo

Then 1 = pu,, on the event that £(Z) < N. Select a subsequence such that ) — v in X. Define
0y = Law, (W, 0°x Z) where 6° is a sequence of standard mollifiers. Now by weak convergence

lim Egps, ~[GW + Z) +E(Z)] = Egs v [GIW + Z) + E(Z)],

n— oo

since the functional inside the expectation is continuous and bounded on the joint support of the
measures 02, We have to show that

Egs, ~[GW + 2)+E(Z)] KELGW + Z) + £(Z)] +6.
First we establish that

élin}JIEeng[G(W +2)+E(Z)|=E ~NGW+2Z)+E(2)]
Since £(0°* Z) <E(Z) and G is continuous on & x H,, we have

gin%lEeng[G(W + 2)] =E ~GW+ 2)) gingIEUN[S(H‘S x 7)) =E[E(Z)].
Now we have to show that
EnNGW +2)+E(Z)]<ELGW +2)+E(Z)] +6.

N

coincides with p on any open set contained in £(Z) < N we have

B, [GW + 2)] - EGW + 2)|| < IGll=Eule(z)>n2l SN

Since v

For the energy

i

n— oo " n— oo

™ .
E ~[E(Z)] < liminfE ~[£(Z)] < liminf]EMn[ / |vz§||§2ds}
0
< liminfE, [E(Z) AN]<ELE(Z) AN].
Now
E,[£(2) AN] <E,[£(2).

We now remove the restriction that G is bounded. To this end let GY = (G A N)V (—N). Then
we have established that already that

—log/exp(—GN)dHO: inf FG™ () =min FG"(p).
neX pnex
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Now let v be a minimiser of F¢ in X (existence of this was established above). Then

inf EL[G(W + Z) +£(2)]

nf, E[GW +2)+E(Z)]

= ngn E,[GN(W +2)+&(2)]
lim inf E,[GN(W +2)+&(Z))

N—ooueX

= lim flog/exp(fGN)dG‘o

N—o0

= flog/exp(fG)dHO

= mEE[GW+2)+E(2)

WV

Where we have used dominated convergence. O
Remark 14.11. Note that
FC(us) —FC(u) =B JGW +Z+0K)-GW +2)+E(Z +0K) - E£(Z)]
=E,[GW+Z+0K)—-GW+2)+20E(Z,K)+0%6(K)).
If G is differentiable in the direction of H' we have
VFC(u)(K)=EJVGW +Z)- K +2&(Z,K)].
If G is twice differentiable we have also

V2EC() (K, K') = B, [V?G(W + Z) - (K, K') + 26 (K, K")].
The consequences of the existence of this minimiser are clarified by the following lemmas.

Lemma 14.12. If f +V is admissible and p/ Y a minimiser of EX*V then we have

E,s+v[fW+Z2) <WY(f) <Ev[f(W+ 2Z)]. (14.11)

Proof. If f+V is admissible we have proven that

WY(f)= inf FI+V(p)— inf FY(u)=F+V (V) = FV(uY). (14.12)
pnex pnex
Eq. (14.12) implies in turn

BIEV (I = BV (0 ) SV () < TV () = Y ()

and since
FIFV(uetV) = BV (oY) = Bosv [f(W + 2) + V(W + 2) + £(Z)]
By VW + 2) + E(2)] = By v [V + 2)
for any g (in particular admissible g), we obtain eq. (14.11). O

Lemma 14.13. Let V: G — R be admissible. Then for all f: & — R continuous and bounded f+V
is admissible. Let pftV be a minimiser for Ff+V, then for all « € R we have

LWV (af) =B fOV + 2). (14.13)

Proof. The admissibility of f+V is easy to obtain given that f is bounded and continuous and V'
is admissible. It is clear that a+— WY (af) is differentiable for bounded f, we need only to establish
the representation of this derivative via the variational minimiser p®f. For any v >0 we have, by
direct computation

WY (e 9) £) = WY () P DIV (o 1) Pl sV () = 3B oy [ (W + Z),
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and
WY (af) = WY ((a =) f) 2 P (ueI V) — POV (0 TY) = 4B s o [f(W + Z)].
By differentiability of WY (a.f) we have
WY(a+9)f) =W (af) _ d

« < 1 T e— V
Eyor e (W 4 2)) < lim. d Lwvia)
and
d oy - WY(af) =WY((a=)f)
el = < af+V
T af)= tim . <E,rev[f(W+2)
from which we can conclude. a

There are several interesting consequences of this formula. First of all, integrating (14.13) in
«, we have

v = 1i v « o= ' af+V (0%
W= [ GWV(enda= [ By 10V +2)do. (14.14)

which is a representation of WV (f) alternative to the variational formula. On the other hand,
taking =0 in (14.13) we obtain

[ rewran -4

WY (af) =B, [f(Wi + Z1)].
0

a=

Theorem 14.14. The law of Wi + Z; under pV is indeed 6V. In particular for all f: & — R
continuous and bounded

WY (f)=—log / e 19V (dg) = —log E,,v[e~ fW1H20)],
This last formula naturally calls for a variational description of the average IEHv[e_f (W”'Zl)]

with respect to the base measure p". This extension of the BD formula to the interacting field
W + Z is the subject of the next lemma.

Let £(Z, K) the symmetric bilinear form associated to £(Z), in such a way that

E(Z+K)=E(Z)+E(K)+28(Z,K).

Lemma 14.15. Let V be admissible and denote by ;¥ € X a minimiser of EV. Then we have the
following direct variational description of uV:

WY (f)=—log Ew[e /W= inf GFV(v)
vey(uY)
with
GIYV(0) =B, [f(W+Z+K)|+ HY (v),
and

HY(0):=B [VW+Z+K)-V(W +2)+28(Z,K)+E£(K)).

Moreover v is a minimiser of FV iff HV (v) >0 for all v € Y(v) and if V is differentiable in the
directions of H' we also have the weak forward-backward SDE (wFBSDE):

E,JJVV(W+2)-K+2&(Z,K)] =0, veYv), (14.15)
and HY (v) takes the alternative form

HY (W) =B [VIW+Z+K)=V(W+2)=VV(W + 2)- K +£(K)].
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Proof. Recall that
WVY(f) = inf Ff+V — inf FV

peXx HEX

= inf B [f(W+2) + V(W +2) +E(2)] = B [V (W + 2) +£(2)
I

= eg_]n(fv)IEv[f(W—l—Z+K) +V(W+Z+K)+E(Z+K)]
v M

~Ev[VIW+Z)+E(2)]

where in the last line we used Lemma 14.7 to justify the change of variables in the minimisation
problem. Note that for any v €Y (") we have that

Ev[V(W+2)+E(2)=E,[V(IW +2)+&(2))

W= it {BUFOV+ 24 )+ HY (1)

The fact that ﬁv(v) >0 iff Law, (W, Z) =v is a minimiser of FV follows from its definition, indeed
note that

HY (v) = FY(Law, (W, Z + K)) — FV (Law,(W, Z)).
If V is differentiable in the direction of H' we have that for any minimiser v of F'V and any v € Y (v):
0=VFY(0)=E,[VV(W +2)-K +2£(Z,K)]

which allow also to simplify the expression of HV. O






Chapter 15

The quartic interaction

In this section we will consider the general setting of Section 14.2 in the case where the interaction
potential V' is given by

TA(9) = A /A [,

where A CR? is a measurable bounded set (of sufficient regularity, see below) and [¢"] denotes
the n-th Wick power of the Gaussian free field ¢ [?] and A >0 an arbitrary fixed constant. Let
Wi := WY and 0 := 6%,

The measure 65 on S’(IR?) is called the (3 Euclidean quantum field with a finite volume cutoff
and we will discuss in detail the problem of the removal of the finite volume cutoff, i.e. the limit
A /' R2. In particular:

1. using the wFBSDE (14.6) we will derive a-priori bounds for minimisers strong enough to
give tightness of the family (0x)a as A~ R?;

2. we will describe any accumulation point via a formula for its Laplace transform involving
the wFBSDE obtained in the previous section.

Unfortunately, establishing rigorously the form (14.8) of the limiting variational problem requires
certain locality properties of the solutions to the wFBSDE (14.6) in infinite volume. This is usually
possible when V is convex. Ultraviolet renormalisation in @3 however spoils any “easy” convexity
of the potential and it is not clear how to gain sufficient control of (14.6) in this case. Similar
issues appear in other methods of stochastic quantisation as soon as the infinite volume limit is
considered for P(y)s Euclidean quantum fields [7, 7, 7]. Despite these difficulties, we show that the
wFBSDE is still a useful tool which can be used effectively to prove the large deviations of the @3
measure in the semiclassical limits. Let us remark that Lacoin Rhodes and Vargas obtained large
deviations results in the case of the Liouville model in |7, 7].

Remark 15.1. Let us note that all the discussion in this section can be extended to general P ()2
models with a positive coefficient in the highest order polynomial. Moreover also O(N) invariant
vector models could be handled in similar ways. Convexity of the classical potential (i.e. before
Wick ordering) is only needed in Section 7 below to prove large deviations.

We will need the following enhancement W of the extended GFF W. Let
W2i= W2, and W= W),
where here [-] denotes the Wick powers with respect to the Gaussian field W. Then
W:=(W, W2, W3) e LP(P, &)

for all p>1, where & :=C([0, 1], (C~%(p~1/4))3) for a fixed § >0 which can be chosen as small as
we like. By abuse of notation we will denote also W = (W, W2 W?) the canonical process on &.

In the following we will always consider a family of (A)|z|er given by A= |A|}/2 S for some fixed

set S of volume 1 with C'-boundary. This allow to prove that 1, is sufficiently regular to make
sense of quantities like [, [¢Y, [ A [Wi'] and in general of products with Wick monomials of the GFF.

77
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Lemma 15.2. Foranyp>1, s <% and ¢ >1—16 we have that 1y € By ,(p*), furthermore

5&1‘) 11allB;, (o) < 00

Proof. We have that V1, =vdo where do is the surface measure on A and v is the outer unit
normal. It is known that | f[ls; ,p) S fllBs (0 T IV fllgs-1(,) (see e.g. [7], Lemma A.5). This

B, (p) < 00. Clearly supjy|[|La|lLe(,) < oo and by Besov

implies that for any s <1, supjy [|14]
space interpolation (see e.g. [7] Lemma A.3)

1allger oy S IANG (ol LAl
| 1A |50 (p+)Where .
—=40. O
p
Lemma 15.3. The functional F»:= F'A is admissible and for all € X
FMp) = F(p) =E, AW, 2) +£(2)),
with
Va(W, 2) ::4)\/sz1+6)\/W12(Zl)2+4/\/W1(Z1)3+)\/(Z1)4. (15.1)
A A A A

Proof. It is known that
E[e—qka[[W(lﬂ} < 00,
for any ¢ >0 (see e.g 7] or [7]) and
ElVAMW)I? <E[[I W Tlps_0]] < o0,

for some § > 0, which shows that F' is a tame functional. Now it remains to prove the equality
in (15.1). For this it is enough to show that for Z such that ||Z |z ,1/2) < oo p-almost surely, we
have

Jumezyt = [+ | o1z [ R+ 4 [ Wiz [ @t

A

To see this, recall that if CS°3 1. — do, is a standard mollifier, W& = 1. W and a. =6E[(WF(0))?],
be = 3E[(Wr(0))?]

/ (Wit 20 = lim <¢s*<W1+Zl>>4—as/ (o (Wi + Z1))% — b
A e—=0 JA A
= lim A(Wf)4—ae(Wf)g—be+4[\((Wf)3—%Wf)Zf

+ [ ()2 =% )20+ 4 [ Wez0 +4 [ (2
A 6 A A
where we have denoted Z§ = 1), * Z;. Now it is well known that almost surely in C~%(p?) we have
Wi — Wy and
(W)t = ac (W) = b= W', ((W)2 = S5we ) = I, ((Wi)2 = SEwie ) — [
Furthermore Z¢ — Z in H' which implies (Z5)%— Z3,(Z5)% — (Z§)? in W?2%! for some 6 >0, which
gives the statement. From this calculation it also follows that (W, Z) — G(W + Z) is continuous

on & x .
To check the lower semicontinuity of FYA recall from the Section 3 of [7] that

VAW, Z2) +£(2) > -Q(W)
with Q(W)=C(||W|% +1) for some p>1. Furthermore observe that the function
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is lower semicontinuous on S X $4- Since the first marginal in X is fixed, the Portmanteau theorem
gives, for any p, — p in X

limin FYN ) = liminf By, [VA(W, Z) +£(2) + Q(W)] ~ E,,,[Q(W)]
> E, AW, 2)+E(Z) + QW) — E,[Q(W)]

= FY(p).

Finally, by a slight adaptation of the proof of Lemma 7 below we see that there exists § >0 and
Cs,|a| < oo such that

FY (1) 2 0 Bul€(Z) + A 1aZul|La] — Cs ),
for all € X, from which the strong coercivity condition (14.9) follows. O

The admissibility of F» implies the variational representation for W, and the existence of
minimisers p/ - of F/A:= F/+Vs with the corresponding wFBSDE equation

Lemma 15.4. For any bounded and continuous f:So— R there exists a minimiser uf*» € X of
FIA .= YA Moreover if f is differentiable in the directions of H' any minimiser ju satisfies the
wFBSDE equation

]E#{4)\AZ3K+2E(Z,K)} 52)

:-EM[W(W+Z)-K+A/

(AW3+12W?2 Z +12WZ?) K]
A

for any admissible control K.

Proof. As we already remarked the existence of u/** follows from the admissibility of F/-A, The
functional Z — V)(W, Z) is differentiable in H! and

VWW,Z)- K = 4/\/W13K1 + 12)\/W12Z1K1 + 12)\/ Wi(Z1)2K, + 4)\/ (Z1)°K;.
A A A A

Provided Z+— f(W + Z) is also differentiable, we have

0=VF M) (K)=E,VfW+2Z)-K+VW(W,Z2) K+28(Z,K))
which is (15.2). O

Remark 15.5. Note that Z+— VA(W, Z) is twice differentiable, with
V2W(W, 2)(K,K') =12\ /W%K{Kl +24 )\ /WlZlK{Kl +4) / (Z1)’K 1 Ko>.
A A A
Therefore if f is twice differentiable then we have also the second order condition:
0< V2RI M) (K, K') =B [V2F(W + Z)(K, K') + V2Vs(W, Z)(K, K') + 26 (K", K)]
for any minimiser x4 and any pair K, K’ of admissible controls.
We record also the normalised variational representation for Whx(f).

Lemma 15.6. Denote by p™ € X a minimiser of FON. Then we have

with WA(f):veiSin(fw) {EU{[\f(WJFZjLK)} +HA(/))}

1 . . 1 . .
FIA(U);:EU[/ / Z(1—A) sts+%/ KS(I—A)KSds]
0 JR?2 0 JR2

+IEU{4/\/A[[(W+ 2)7] K+6A/A[[(W+ 27 K2+4/\/A[[(W+ 2] K%—A/\K‘l}.
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Proof. This follows from Lemma 14.15 by direct computation. O

Next we now show that the wFBSDE (15.2) gives us an a-priori bound uniform in |A| on the
minimiser in terms of weighted norms of W. For this we first need some analytic bounds.
Lemma 15.7. Assume that, for § >0 small enough, either

a) supp(Vf(W+2Z))CA and

IV (W + Z)l|parsorsy S SNIAW + Z2)|3y—c.a prr9) + C,

b)

IVIW 4+ D) gr-1(p1/2) SOIW + Z -2 (172

Then there exists p € (1,00) such that

]E’Vf(W—FZ)-(Zp)+>\/(W3pZ+12W2pZ2+12WpZ3)
A

< 5]E</\/pZ4+€(p1/2Z))+C.
A

Proof. First observe that we have that [, p Z*= [1ap'/* Z4| 14, and E(p*/22Z) = C||p*/? Z ||}, for

instance by fundamental theorem of calculus. By our assumptions on f we have, in the first case
IVIW +2)-(Zp)l < IVFW +Z)|parspora[IaZ || a1/

S[ILAW + 2) 5y —c 1 pr/ay |1 1aZ [l a1y + C

CO(1LAZ Loy + 1TAW 3y —c.a /4 118 Z | a4y +C

2 5H1AZ||§4(F,1/4) +C|1aW ||évfa,4(p1/4) +C.

/

INCININ

While in the second case

IVIW+2)-(Zp)| < IVFW +2) -1 2| Z 1112y

<

< SIW +Zll <12l Z | g 12y

< ONW g2 | Z iy + 01 Z 17 112y
< ||W‘|?{75(p1/2)+25||Z‘|12L11(p1/2)-

For the second term, by Cauchy—Schwarz we obtain
‘prg’ Z' < C(S‘|1AW3H?_171(p1/2) + 6||Z||?{1(p1/2).
For the third term, we use Lemma A.7 from [7] to get

/AW2 pZ% < p EW | p7/ B 1022 5,

1o/ * W2 -1 p** 10 Z || 2]l p/ 2 Z |2
Clp S W2 o<l oM/ *1n Z|zall 012 Z | 22
Csllp"/ S W2 &e +8(l " * IaZ |Ls + || '/ 2 Z | Fr2c).-

NN IN

For the final term we proceed similarly. By Lemma 15.2 we have supj,) [|14] Bs (pr) <00 for any
s<1/pandany¢>1/16. Then with e <1/8 and for any ¢ >1/16 we have by fractional Leibniz rule

/pVVZ3
A

< NP W=l # 1 Z ||| oM/ 1 Z | 24

A

1o 5 = W=l p*® Z gy [Ip"/*IaZ 7

8/3,8/3
Cllp 3= W o< [|p"/? Z |21 0 * 1a 2 |32
Csl| /8= W |[E—c +6([1 0% Z |31 + || oM *1n Z[19)-

NN
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and we can choose t=1/8 —¢>1/16 to get the claim. O

Theorem 15.8. Assume that [ satisfies the conditions of Lemma 15.7. There exists a constant
C independent of |A| such that, for any minimiser u/-* € X of Ff**(u) we have

EHM[2 A/Ap Z4+5(p1/22)} <C. (15.3)

Proof. Note that the map Z + p Z is continuous from § to . Take K =p Z in (15.2) to get that
any minimiser pf A € X satisfies

1
E#f,A[u/pzu// ((1—A)1/2p1/2Z-s)2ds}
A 0 JR2
1
. Eﬂf,A[// ZJ(1=A), pM/7] pl/QZ.SdS} (15.4)
0 JR2

+1Eu,f,A{Vf(W +2Z)(Zp)+ A/Ap(4\w3 Z+12W? 7%+ 12 WZS)}

From Lemma 7 and Lemma 15.7 below we deduce that the r.h.s. is controlled by a small fraction
of the 1.Lh.s. 4+ a constant, from which we obtain the claim. O

1 .
<ol [0z ]
0

Proof. We observe that 1 obviously commutes with p'/2, and

Lemma 15.9.

1 . .
/ / Z[(1=A), p/7 p1/2 Z,ds
0 JRR2

[A, 2] = (A p'/?) + V' /2. V.
Using the assumptions (13.2) on the weight p we deduce

1A, 2] fllz<e(llp'? fllzz+ 112V £ 22). O

Let us now show that these estimates give tightness of (65)a as |A| — oo on a suitable weighted
Sobolev space.

Lemma 15.10. Consider (6a)a as a family of measures on H(p). We have for some 6 >0,
slip[ / exp(0 || 1ad [ —<.4(,)) A + / exp(0|¢1|Fr—<(,)dba | < oo.
In particular (Oz)a is exponentially tight on H=2¢(p) and any accumulation point 0 satisfies
/exp(é”ng%VﬁA(p))dH < o00.
Proof. Let gy € C®(RR, R) be such that gy(z) =2 for || < N and g. Define fV(¢)=
g (61101Ere(,172,) we have V1(6) = (gn) (18] 172))3(D) 256 s0
IV YW + Z) |- <SW + Z ||z,

and this bound is uniform in V. This implies by Lemma 15.7 that

SupE, Al 23] < oo,
A
and
log / exp( ) d0r < Byl fY(W + 2)] + o o[f¥ (W + 2)] < C < +o0,

And taking sup over N we get
log/exp(6||¢||12L15(p1/2))d9/\ <C
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a fact that implies exponential tightness of (6x)a. For the second statement we proceed similarly.
Indeed if 6 is an accumulation point of (6x)a then

/eXP(5H¢H‘év—s,4(p>)d9 < sqp/exp(5|\1m\l%—e,4(p))d9
A

< suplimsup /eXP(5||1A¢||év—€'4(p))daf‘
A A— oo

< sup sup /exp(5||IL;\¢)||§V75,4(p))d9A.
A ADA

This gives the claim provided that for fV(¢)= gN(6||1A¢||;14/—5,4(pl/4)) we have
sup log/exp(fN)dHA <C.
N
Indeed we compute V fV(¢) = (gN)/(H]]-A(,bH%/V—g.ﬁl(pl/zl))6p1A<D>78(<D>78¢)3, from which we can
check that
IV SN () |75 /4y < 811 pLa((D) ~°6)? | 475 < CB | 0/ 4(D) =074 < CO | d I3y 2 2.5,
and supp(V fV(¢)) CA. Applying Lemma 15.7 we get that the minimiser p/" - satisfies

sup sup EﬂfN’AI:||1AZ||%4(p1/4)] < Sl/tp EﬂfN,A[||]lAZ||§4(p1/4)] =:C <oo.

A ADA

As a consequence, eq. (14.11) gives
log [ exp( )0 < Byl YW + 2)]+ Byl /YW + 2)] €20 < o6,

which implies the claim. a

We have actually a more refined result: let p/ A be a minimiser for F/-A. By Theorem 15.8 the
family (puf+4), is tight in P(S x H,,).

Lemma 15.11. Denote by € P(S x ) any accumulation point of (uf*)x as |A| — oco. Then
the following equation holds:

E, Vf(W+Z)~K+4)\/ (W + 2] K +2€(Z, K) | =0. (15.5)
R2

for any K: G X $u — Hu continuous, adapted to the filtration generated by (Wi, Zi)iefo,1) and
compactly supported.

Proof. Let the support of K be contained in By(0) for some N >0. Let x € CS°(R?) such that
x =1 on By(0) so that K = xK. Then Lemma 15.7 implies that

Eurallx Zlin+lIx 214 < C,

where the constant depends on N but not on A and we have

EN[W(WJFZ)-KHA (W+Z)3]}K+28(Z,K)]

]RJ[
= B[ VI0V+2) (i) + 40 [ 10V + 2P) K 260208
R2

Now observe that
4>\/ (W + 2)%] x K = H(W, 2, K) +4/\/Z3XK
2
where R

H(W,Z,K)=4\ W3XK+12>\/W2ZXK+12>\/WZ2XK.
R?2
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Let y € C2°(IR?) and ¥ =1 on the support of y. It is not hard to see from the definition that

[H(W, Z, K)| S [ XWlls (1417 Z 1152153 Z ) I3 K | s
Indeed,

' wBXK‘:‘/ stxK\s||>zW||e||xK|Bwv
R2 RQ 3,3

while, by using interpolation from the first to the second line, we have

/ WQZXK‘ < Wl Z s P E s
R2 473,4/3 3,3

AN

AWl 2 Z IS Z I K gy
< XKWl (1 + X2 Z 1521 Z 1) X2 K || s
< KWl (1+ X2 Z 1) XY K (s

and similarly

‘ WZQ)(K‘
]RZ
< e 1/3 712 1/3
< IXWllsllx ZHBing/s”X K”B;{;
_ 4/3 2/3
S IRWIls X221 I Z IR K gy -

From this we get
'Vf(W+Z)~(XK)+4>\/ [[(W+Z)3]]XK+2€(Z,XK)‘
R2

. 1 . 1/2 1 P 1/2
S 1ROV + 2K L+ [ 1072 2o ) ([0 g
~ B 4/3 2/3 R
HIXWlls (1 + 11X Z I8 2 ZF) 12 K s
XM Z Bl XV K |

The r.h.s. of this last equation is integrable by assumptions on K and bounds on Z. From
Lemmas 12 and 14 of [/| we know that there exist a family (K*)y>; adapted to the filtra-
tion generated by (W;); with

IEHH|X1/4KH}4J4— ||X1/4KM||%4] _ 0’
1 . 1 .
B ([ e Eatiar )~ [ @] o

as M — oo. After possibly passing to a subsequence, we can assume that X1/4KM—> X1/4K in
L, LL,(IR?)) where Ly, denotes L* with the weak topology, and in L2 (u, L?(R4 x R?)). This
together with the bound (15.6) implies that

(15.6)

lim IEH[Vf(WJr Z)- (xK™M) +4)\/ [(W+ 2)%] x KM +26(Z, XKM)]
R2

M— o0
= B[ V0V +2)- ()40 [ 10V + 2P] 0K+ 28(2008) |
R2
At this point we have reduced the problem to showing that

lim ]Eu,f,A[Vf(W—i—Z) : (XKM)+4)\/ (W +Z2)3] XKM+25(Z,XKM)]
A—oo R?

= ]EH{Vf(VIH—Z) . (XKM)+4/\/ [(W+2)3] XKM+2£(Z,XKM)}
RZ

since by assumption

IEMf,A{Vf(WJr Z) - (xK™M) +4/\/ [(W+2)%] x KM +2&(Z, XKM)} =0.
]RZ



84 THE QUARTIC INTERACTION

This follows from the weak convergence p/** — p and the bound

E ralllx ZlE+1Ix 2z <C,
since we can approximate Z by bounded admissible controls (ZL)L defined as ZtL = Zia1, With
the stopping time

Ty :=1Ainf{t € [0, 1]: || x Zell 7o + || x Zil|Fa > LY,

in such a way that

s Ix ZE N7+ | x ZE|La < L,

0,1

almost surely. Note that 7j, — 1 as L — oo and therefore indeed Z¥ — Z; as L — co. a

To summarise the result of this section: we obtained tightness of the finite volume @3 meas-
ures and described any possible infinite volume limit via a novel kind of stochastic equation, the
wFBSDE (15.5). Note that it cannot be interpreted anymore as the first order condition of a
functional.

Unfortunately, due to the strongly non-convex character of the renormalised potential we have
currently limited information on its solutions. One expects that in the “single phase region” []
(e.g. where A is small) there should be uniqueness, and alternatively that multiple solutions should
appear in “two phase region”. Despite these limitations eq. (15.5) is useful and in the next section
we show that it allows to prove large deviations for ¢35 in the semiclassical limit.

15.1 Large deviations

In this section we want to investigate the large deviations of ¢4 in the infinite volume in the
semiclassical limit A— 0 where i >0 is a parameter which is inserted in the model as follows. For
any f:S'(R?) — R, let W{(f) be defined by

e—%W]\i(f) = /e_%f(¢) Hk(dqﬁ),
where
oh(dg) i exp(—VA(#))6"(d9)
Jexp(—5VA(9))6"(d9)
Here 6" is the Gaussian measure on S’(IR?) with covariance A(1 — A)~! and the Wick ordering is

now taken with respect to 8”. With some minor modifications to the derivation in the previous
section we have the identity

WR(f) = inf FHAR(p) — inf FOAR(y),
neX pex
where

FIAM ) =B, e g[f(BPW + Z) + A(R'VPW + 2) +E(Z)],  pelX.

Let p/-A" a minimiser for this admissible Ff-A" Reasoning as in Lemma 15.10 above we have
that the family (u/""), 5 is exponentially tight for any bounded and continuous f. For each
h >0 we pick a weakly convergent subsequence of (u/ %), with limit p/?. We have then also
oh —oh = Law, s.o(Wh+ Z7) along the same subsequence and clearly, for all bounded continuous f
we have

WR(f) = W(f),
where W"( f) is now defined as
6—71Wh(f) . /e—gf(fb) 9h<d¢)

In this setting where we do not have sufficient information to establish uniqueness of the limiting
measures (uf>")p, nonetheless we are able to obtain a Laplace principle as i — 0 for the corres-
ponding family (6")5. Note that the family (6"), is exponentially tight by Lemma 15.10.
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Theorem 15.12. Any family of accumulation points (0™ of (0))n.a satisfies a Laplace principle
on S'(IR?) with rate function

J(gb):{ >\f1R2¢4+%fR2¢(17A)¢7 fOTQZSGHl(Rz);

400, otherwise.
That is for f:S'(R?) — R continuous and bounded
LmWh(f)= inf {f(¥)+J(¥)}.

h—0 YES(R2)
Proof. Assume that f is of the form

f)=C / p((1— A) (5 — )2 (15.7)

for C >0 and ¢ € C°(R?).

It is enough to prove the theorem for this particular family of functions since we already know
that ("), are exponentially tight, and the family given by (15.7) is rate function determining in
the sense of Definition 3.15 of [7], as it isolates points and is bounded below.

From (14.13) we have

_%af(¢) eh d
%W}?(af) =E eranlf(RY?W + 2)] = ff(gbﬁam) A(de),
Je ™ 6k(dg)
af,Ah af,Ah

By taking a further subsequence we can also have that pu — p®fP We can then

pass to the limit and obtain

=p
L Wh(af) = Byeral f(R/2W + 7))
da — ueln ’

for any f,a and arbitrarily chosen accumulation point p®f". Note that we do not have to do a

diagonal argument over the uncountably many choices of «, f: for any given «, f we need just to

take a subsequence of the sequence chosen to have (HK) A converge in order to establish the equality.

Now recall that the minimiser p/ " satisfies an infinite volume wFBSDE of the form

0 = Euf,{Vf(hWJr Z)-H+ Ah3/2/W3H+ Ah/wv?ZHJr.
(15.8)
+Ahl/2/w (Z)2H + A/Z3H+2g(Z,H)]

for any H with compact support. Furthermore we can carry over the proof of Lemma 15.7, and
obtain that

sup B, 5. Z||i4(p1/4) + ||Z||12L11(p1/2)] < 00.
h<1

This implies that the family (u/*"); is also tight and therefore we can consider any accumulation

point uf as h— 0 which will satisfy the same estimate. By passing to the limit in (15.8) via by
now standard estimates similar to those in Lemma 15.11 we obtain

0 = Eﬂf[Vf(Z)'H+>\/Z3H+2€(Z,H):|, (15.9)
valid for any adapted and compactly supported H. Note that this equation does not contain
anymore the GFF. This equation has a unique solution. Indeed if v is another solution we can

couple the two solutions in p € Y(uf) such that v =Law, (W, Z + K) and have

O:Eq;[[Vf(Z+K)—Vf(Z)]-H+>\/[(Z+K)3—Z3]H—|—2€(K,H) .
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Now taking H = xK for y € C2°(IR?) and x >0, we obtain
OEU|:[Vf(Z+K) —Vf£(2)] (xK) +)\/X[(Z+K)3ZS]K+2€(K,XK)}.
By convexity of f and (-)* we have that

EU[[Vf(Z—I—K) _VAZ)]- (xK) +/\/X[(Z+K)3 - ZB]K} >0,

Sending x — 1 we obtain that
EE(K,K)]<0=K=0=v=pl.

Therefore pf is the unique minimiser of the admissible (convex) functional

) :IEV[f(Z) +/\/Z4+E(Z, Z)}.
Let v?=Lawp(W, s+ s¢) for ¢ € H' then

Pr%) = 1(0)+ A [ 6%+ 5 [ 9(1- 8)o= () + 7(0)
Using the fact that the variational problem in the time variable for the functional

4 -

is minimised for Z5 constant, we have for any v

F(v) :Ey[f(Z) + )\/Z4+5(Z, Z)]

[ +)\/Z4 /211— Zl] E[f(Z) +J(Z)]

As a consequence we obtain that

and that uf = v’ for the unique ¢/ which attain the convex deterministic minimisation problem
on the r.h.s..

To sum up, we have established that

liny Lywias) = i 5[ S (R0 + 2)) = £(6°). (15.10)

Integrating eq. (15.10) and using dominated convergence

W)= [lim LW EPA5= [l (1AW + )0

«
= ["r@Pnas =wetap).
This also implies that the derivative in a € [0, 1] of a— WO(af) exists and
d 0 _ af
@W (af)=f(¢*7).
To conclude it is enough to show that this coincides with

d .~
EWO(OJ),
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where

Woaf)= inf {af(y)+J(¥)}.

Y eH (R?)
Recall that ¢/ is the minimiser of ¢ af(¢)+ J(¢) so the Euler-Lagrange equation gives
aV () -h+VJI(¢*f)-h=0.
At this point we note that
0=alV f(§+ ) =V f(9o0)] - (41 — god)
HVI(@OFT) =TI (¢)] - (610D — g)
_|_7Vf(¢(a+v)f) (¢ (et f _ ¢f).

By convexity of f and strong convexity of J we have

(§le 7 — gesy?
S alV SO =T J(60) + V(6 = VI (6] (1) — g,

Now

v / V (@t DF) - (¢t — galyda S ||V F(@F) ]| @ — ¢ ||

SO
(@ =) En S AUV (ST il 9D — 62T |l

so dividing by [|¢@T"/ — $*f || g1 we have

@+ — g2 g <AV F () e <A (169 |1+ C) S

We can then calculate

WO(a+7)f) = Woaf) = vf(¢ D) +a(f(ele+Dh) — f(¢f))
+J(pHENT) — J(go]).

87

Given that ||¢(*T1F — ¢2f || ;1 < 4 we have, since by Sobolev embedding ||-||#4 is locally Lipschitz

in the H' norm

(o F(6+DT) = f(go)) + T($@+DT) - J(geT)
VAT =)+ [[(1=8)(600) (6 — g
2 [ (e — 60 +0(37)

= 0(v),

where in the last line we used the Euler-Lagrange equation for ¢®f. This implies in turn

SV = lim Z03%((a+ 7)) = W¥(af)) = lim Ty (¢4 ) = f(6°)

y—07

which concludes the proof.






Chapter 16

Exponential interaction

In this section we will discuss a variational description of the exponential interaction, that is the
measure

e~ VE(®) 0°(dep)

e V@ mas)

yEoP(dg) =

where now V¢ is given by

Ve(o)=A [ elexn(Ao)l

with some (32 € (0,87) and where M? := [exp(83¢)] is the Gaussian Multiplicative Chaos (GMC)
and £ € C°(R? R) is a (smooth and compactly supported) spatial cutoff. We start with some
preliminaries about the rigorous construction of the GMC.

This model is also known as the exp(3y)2 model (or Hgegh-Krohn model), and has been
introduced in [7]. See e.g. [?] for a discussion of its stochastic quantisation in the elliptic setting. For
this model we repeat the construction of the variational description of the infinite volume measure.
At variance with what happens in P(y)2 theories, renormalisation does not spoil the convexity
properties of the potential and therefore the study of the related wFBSDE can go further and in
particular we will be able to prove the necessary locality of the perturbed equation. This in turn
will allow us to prove the I'-convergence of the variational problem along with the infinite volume
limit and establish eq. (14.8) in its rigorous form.

As a result of this analysis, we are able to obtain a concise and well-behaved description of an
infinite volume Gibbs measure related to an Euclidean quantum field.

We start with a definition and some properties of the GMC, i.e. the renormalised exponential
of the GFF.

Proposition 16.1. Let W be a GFF and W.= 1. x W where 1. — do and 1. € S(R?) and let
(%€ (0,87). The Borel measures (M?¢). on R? given by

MB=(4) = A exp(—AWi(z) - PEW2())dz, A€ B(RY),

converges almost surely set-wise to a measure

MP(A) = lim MP-¢(A), AeB(R?). (16.1)

e—0

We call MP the Gaussian multiplicative chaos (GMC) with parameter (3 associated to the GFF W.
It enjoys the following properties

a) For 1<p<8r/B3% and for any compact set A CR?
sup E[|M?¢(A)|7] < .
Consequently :
E[|MB(A)|?] < co.
b) For 1<p<8r/B3?
E[|M?¢(B(0,\))|P|/? < C X2~ = DE AT B[ M52(B(0, 1)) [7] /7,

89
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where B(x,r) CR? denotes the open ball centred in x of radius r.

Proof. For a proof of (16.1) see [?]. The property a) is due to Kahane [7], while the estimate in
b) is due to Hoshino, Kawabi and Kusuoka [7]. O

From these properties we can determine easily the Besov regularity of M# following [](Sec-
tion 2).

Proposition 16.2. Assume that s> (3%/(4m))(p—1), 1<p<8m/3?, then

E[HMﬁHg ]<oo.

oo (P2
Proof. We have
E[|MPll . | = S 27 SPEIAMPER, 1o,
< goz 27 PIE| A MP2(0)|P.
i>0
Recall that the Littlewood-Paley operators (A;);>_1 are defined by A; = (D/2%) for i >0 and

some Schwarz function 1: R? —Ro. Now using translation invariance of the law of M#¢ and the
fact that F 14 is a Schwarz function we estimate

E|A;MPE(0)|P = 221”']E‘/ (f—lw)(Qix)Mﬂvf(x)dxp
]RZ

3 (1+\n\2)—2na/ MP=(2= i) dx
B(n,1)

nez?
Z (1+\n\2)_222piIE/ MPE(z)dz
B(n,27%)

nez?
< 9p(p—1)B%/(4m)

p

N

p

This gives the statement, since by weak convergence of M#?:¢ — M?# we have

E|\A1M’B||§p(pl/z) < hmsgp E”AiMﬁ’E”gp(plﬂ)'
E—
O

In this model we let & :=&( x P(R?) and W = (W, M?): &y — & will be the appropriate
enhanced GFF. By the usual abuse of notation we will denote also W = (W, M) the canonical
process on S.

We also need a slightly improved definition of the relaxed trial space X'°*P.

Definition 16.3. Set
xex:={p=Law(W,MP?, Z) € P(& x $Hu): Z € " with B, [||Z||3] < oo},

and

Fow 1= L€ P(S x B ) € X o — ekl sup By 73] < |
neN

We equip XP with the following topology: a sequence (fin)n C XP converges to u if
a) pn— b weakly in P(S x jr:)w),

b) supnex By, [|1Z ]3] < oo.

For technical reasons we first establish the variational formulation for the approximate potential
V&€ where

VEE(p) = AA{S[[exp(ﬂd% *¢)]
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and the Wick ordering is now taken with respect to the covariance of W, =% W.
Lemma 16.4. The potential V¢ is admissible and
PIEE() = PV () EU Eexp(f(ye » 2))AMP +£(2)
_ R
for all pe XP.

Proof. Note that M?¢ is positive and that Proposition 16.2 implies that for p close enough to 1
and % + % =1
Elexp(—q V)] + E[[V 7] < oo,

so V¢ is a tame functional. From the properties of the exponential it is clear that

Awf[[exp(ﬁ(ws*Z)+ﬂ(¢s*VVs))]]d33
= A;exp(ﬁwe*Z))[[QXP<B<¢5*W;))]]dx

[erxp(ﬂ(wE * Z))dMPB-=.

We have for all y € XP:
FI&e(u) == FVS7(p)
= B FW+2)+ [ eon(alven 2)aMP e+ £(2)
> ByE(2))-C23B,lIZ)%) - C
from which also the coercivity of F V&7 is clear. Furthermore it is not hard to see that
W.2)= [ €lexp(3(0e2)+ Blwex W) ldo

is continuous as a map (&g, H') — R (note hat here the renormalisation if finite) and convergence
of W,Z in (&g, H') implies convergence in L x L of 1. * Z, 1.+ W. To conclude admissibility
it remains to show that FV<’ is lower semicontinuous on X°®. Since we have already shown
the interaction to be continuous it remains to do this for €. Indeed we have for any p€ X a
sequence (fi,), such that g, — p in X<P

liminf E,»[£(2)] 2 EL[E(Z)],

n
this implies lower semicontinuity. ]

We now show that we can remove the ultraviolet cutoff in the variational formulation. We
introduce the unregularized functional

FIE(u)y=FVS/(p) :IEN[f(W—&-Z) +/ Eexp(BZ)AMP +E(2) |.
]RQ
We will show that as e — 0 F/&¢ I'-converges to F/:¢.

I'-convergence is a notion of convergence introduced by De Giorgi well suited for the study of
variational problems. The book [7] is a nice introduction to I'-convergence in the context of the
calculus of variations. For the convenience of the reader we recall here the basic definitions and
results.

Definition 16.5. Let 7 be a topological space and let F', F,: T — (—00,00]. We say that the sequence
of functionals (Fy,), I'-converges to F iff
i. For every sequence x,, —x in T
F(z) <liminf F,,(x,,);

n—o0
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it. For every point x there exists a sequence x,, — x (called a recovery sequence) such that

F(x) = limsup F,(x,,).

n— o0

Definition 16.6. A sequence of functionals F,,: T — (—00, 0] is called equicoercive if there exists
a compact set I C T such that for alln € N

inf F; = inf F,(x).
I Fl) = L Fole)

A fundamental consequence of I'-convergence is the convergence of minima.

Theorem 16.7. If (F,), I'-converges to F and (F),,), is equicoercive, then F admits a minimum
and

min F'= lim inf F},.
T n—oo 7T
For a proof see [7].
Lemma 16.8. F/:¢¢ I'-converges to Ff¢ on X as ¢ — 0.
Proof. We first show the liminf inequality. We have for sequence (u.). such that p. — u in X*<P
limint B,[€(2)) > Bul€(2),  ImB,e[f(W + 2)) =B, f(W +2)]
e— e—

Now let gV: R — R be defined by ¢V(z)=z if x <N, ¢V¥(z)=N if > N. Then gV <N, ¢V is
Lipschitz with constant 1 and g™ (z) — z. Set Z = ¢g™(Z;) and py = Law,:(W, ZY). Then by
monotone convergence

Nlim Eu/fexp(ﬁZN)dMﬁ

— B, [ cxp(az)0r”
It remains to prove that
B, [ €exp(BZV )M = E, [ exp(527)a?,
then the statement will follow from

Eu/ﬁexp(ﬁZ)dMﬂ

Nlim ]Eu/ﬁexp(ﬁZN)dMﬁ

= Nlim lim ]Eue/fexp(ﬂZN’E)dMﬂ*E
— O0E— OO
< limE#e/fexp(ﬂZs)dMﬂ’s.
e—0
We have that ||exp(3Z7)||L~ <exp(3N) and by chain rule

|pVexp(BZN)||L2=|pBY ZNexp(BZN) |2 S exp(BN)[|pV Z7 ||z
By interpolation
1-26
lexp(BZY s, S lexp(BZY )15 > lexp(BZN )3
provided 2/p’ > 6. Now let p=p’/(p’—1). Note that we can choose ¢ such that

82 .
-(p—1)<d and 2/p’ <4 by taking

8m

5 > P and

2 2
E(P*1)>5>E(P*1)-

Since M#¢ — MP# in Bj , by Proposition 16.2 this establishes that [ {exp(8Z7:¢)dMP=— [

€exp(BZN)dMP almost surely. Since

ooz e [ eans
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and the r.h.s is uniformly integrable in the probability variable, we have by dominated convergence
mE,: [ exp(BZN€)dMP== Eu/gexp(ﬁZN)dMﬁ,
e—0

and we can conclude. To show the limsup inequality, for given u we need to construct i such that
limsup FV< "% () < FVS ().
e—0
To do this we proceed similarly as in the first step. Define ZV:0 = gN(2p5x Z), u™ 0 =Law(W , M7,
ZN-%) where 15 is a sequence of standard mollifiers. Then
MPBe_ MB
weakly so
E/exp(ﬂZN"g)dMﬁ’sHIE/exp(ﬂZNV‘;)dM'B

since ZV+% is bounded and continuous. Furthermore E,:[(ZV:%)] — E,[£(ZN:9)]. This implies
that

lim PV (N 0) = FVE (N 2)

e—0

Now by dominated /monotone convergence we have

lim limE, eXp(ﬁZN"S)d]\lﬁ:]Eu‘/exp(ﬁZ)d]\lﬁ7

N—00—0
and
lim mE,[E(ZN9))=E,[E(Z)] lim UmE,[f(W + ZN)]=E,[f(W + Z)],
N—00—0 N—00—0
so taking a suitable diagonal sequence implies the statement. a
Corollary 16.9. lim inf FV9 = inf FV(p)
e—=0pex HEX

and the infimum on the r.h.s is attained.

Proof. The statement will follow from the fundamental theorem of I'-convergence (see e.g. [7]),
once we have established that FV“ is equicoercive on X**P | but this follows from

FVEI (1) > B[E(2)] - C. =

We can now relate this back to our general framework:

Lemma 16.10. The functional F7¢ has a minimiser uf-¢ € X® and

WEER( f) = —log / op(—f(@)dvi= min FIE(u)=FlE(uh).
pE XSSP

Furthermore for any minimiser € X°*P the following wFBSDE

E#[Aﬂ/fexp(ﬂZ) KdM5+2€(Z,K)] EH[/Vf(WJrZ) K]
holds for any admissible control K.
Proof. This follows mutatis mutandis as in Lemma 15.4. a

Lemma 16.11. The functional F*¢ has a unique minimiser p®¢ in X. Furthermore

Z <0,
1€ almost surely, and

st;p E,o.¢[l|Z ||%] < 0.
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Proof. Observe that F%:¢(7) is convex in Z. Now let p,v be two minimisers for F9¢, Recall from
Lemma 14.7 that there exists v € Y(u) such that Law, (W, Z 4+ K)=v. Now

EU{A/fexp(ﬂ(Z + K))dMP+E&(Z + K)] - ]EU{A/gexp(ﬁZ)dMﬂ +&(Z)

> EU[,\ﬁ/gexp(ﬁZ)KdMﬁ +28(Z,K)+ E(K)}
By Lemma 16.10 we have that

]EU{)\ﬁ/gexp(ﬁZ)KdMﬁ +28(Z, K)] =0,
SO

E[E(K)] < F/¢(n) — F1-¢(v) =0,

which implies K =0 and therefore v = u. For the second statement observe that the mapping A:
7Z — —|Z| leaves the energy £ (Z) invariant by chain rule, while

[eexnpanarr’< [eep(szyan”.

so if %% is a minimiser, so is Law,0.(W, A(Z)). By uniqueness we can conclude. For the third
claim we test the wFBSDE with K = pZ and obtain

EN[4 )\ﬂ/fexp(ﬁZ)p ZdMP+2€(Z, pZ)} :EM[/Vf(W—F Z)pZ}

We can again estimate as in the proof of Lemma 15.7

1 2
2%(2,02)> 51213,
and

[viw+zpzs)215
Furthermore observe that

/ Eexp(BZ)p ZdMP > —C/ EpdMP,
R? R?
since exp(82)Z is bounded below. Summing up, we have the estimate

1

Y dIZISENZIZ 4B, [ gan? | SENZIR 41
where in the last bound we used Lemma 16.2. a
Lemma 16.12. Let u¢ € X**P. For v € Y(uf) we have

HEoxP(p):= HV(v) = By[26(K , Z) + E(K)]
+)\]EU{/§exp(ﬂ(Z+K))dMﬂ/fexp(ﬁZ)dMﬁ].

Then HS*®(v) >0 for all v e Y(us) iff u¢ is a minimiser of F%¢. Moreover in this case, thanks
to the wFBSDE for Z we have

RE(0) =, () + A [ €oxp(52) exp(380) ~1 - BE)0? |

and

We™(f) = ill(f . GIEee(v),  GHeoP(v): =B, [f(W + Z + K)| + HS®(v).
veEY (1

Any minimiser v € Y(ué) of GF&P satisfies the perturbed wFBSDE
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IEU{E +)\ﬂ/§exp Z)(exp(BK) — 1)HdM” (16.2)
E,Vf(W+Z+K)-HJ.
The proof of Lemma 16.12 is completely analogous to Lemma 15.6 and Lemma 15.4, thus we

omit the details. Thanks to the convexity of the interaction we have a good control of the locality
properties of the solutions to the wFBSDE (16.2).

Lemma 16.13. Assume that N >0 and

sup [V f(o)|lg-1(p-m) < oo0.
p€L?(R?)

Then for any minimiser vl of GI&P(p) we have

B I ) < 0

Proof. Testing equation (16.2) with H = p~2VK we have

i 1 . .
E,|L / / p—2NKS(1_A)KSds]
_2 0 JR2

AP [ cexp(52)(exp(5K) D2V Ean? |

= E, /p*QNVf(W +Z+ K)K} SCE[||K |71 p-ny]"/?

EUB/;[RJ)—QNKSQ —A)sts}
_ ]Ev{l/l/RfQN((lA)1/2KS)2dS]

+E[ /A{ A2, —QN]Ks(l—A)l/Qsts}

and we can compute, as in the proof of Lemma 15.7,

Now

[(1— A2 p—2NK, < 5p2VK,.

Furthermore observe that
EU{/fexp(ﬁZ)(exp(ﬂK) — l)p_QNKdMﬁ] >0,
Putting everything together we have

2= B K vy = (/2085 [ [ 2N -2) 2Ry
é CE’UHKHHl(p’N)

which implies the statement. O

Definition 16.14. For N >0 large (to be chosen suitably below) denote by YM(u) the set of
measures v € P(& X Hy X Huw(p~N)) such that

a) Law,(W,M? 7)=
b) 3(Zn)’n) (Kn)ngj%a fOT which
Law(W,M#P" Z" K") —v and SUPE[”ZTLH%—F||K"H%(pfw)]SZM.
neN
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Let YM .= Uueiexp YM(p). We say that (v™), CYM converges to v € YM if v™ — v weakly in

P(S X Hu X Huwl(p™)) and

su%)\IIEUn[HZH%w + HKH%(pr)] <M.
ne

Remark 16.15. Note that any sequence in ™ has a convergent subsequence.
Corollary 16.16. There exists a sufficiently large M = M(f) (not depending on §) such that

inf  GHEex(p)=  inf  GFEeP(y).
veY(uf) vEYM(10:€)

Proof. This is a direct consequence of the decay of the minimiser established in Lemma 16.13. O
Definition 16.17. Define

GH&exp(y) = GF6e®(y) if v e YMU (10€) and +oo otherwise.

The next lemma discusses I'-convergence of the variational description as the infrared cutoff is
removed.

Lemma 16.18. Let (&,)n be a sequence of spatial cutoffs such that &,(x) =1 for |x|<n, and

sup [[€nllyrr.ce <+o0,  for any k€ N.
neN

Pick a subsequence &, (not relabelled) such that u™— p weakly on & x . where u' is the minimiser
of FO&n in X. Then G+4P T-converges to GF°0*P on YM where

GIoo2(0) <E,| FW +2-+K)+ [[exp(82)(exp(3K) ~ 1AM+ E(K)

if veYM(u) and +oo otherwise.

Proof. We first prove the liminf inequality. Assume that v™— v in Y™. By definition of &,, we can
restrict ourselves to v € Y (1). From the definition of convergence in Y™ it is not hard to see that
Eon[f(W+ 2"+ K")] = Eo[f(W + Z + K)],

and
E,[E(K)] < liminf E,-[(K™)].

n— 00

by the Portmanteau theorem. Now we can invoke the Skhorohod’s embedding theorem from [’] and
pass to a probability space IP and on it a sequence (W, M#" Z" K) convergent almost surely on
S X Hu X Huw(p™N) to (W, MP, Z, K) such that Law(W", MP", Z" K)=v". Using the fact that

sup IEP[HZ" — Z”?ﬁw(pl/z) + || K™ — KH%w(p—N)} <00
and almost-sure convergence we can assume that
BelMOn— MO, —0,  Bp[ll27— 2|2 um + K" = K3, )] =0,

for any d, p satisfying the assumptions of Proposition 16.2 and ¢ < 2. Let ¢v: R x RZ2— R be
continuous such that

v(z,x)=zif z, x| <N,
on(z,z) =0if either 2> 2N or |x| > 2N and moreover ¢n(z, y) < syv+1(2, y). We will write in the
following ¢y (f, ) for the function z € R%?— ¢y (f(x),z). We claim that

lim Enexp(BZ")sn((exp(BK™) — 1)+7‘T)dMﬂ’n

n—o0

~ [e(BZ)an((exp(9K) ~ 1)1, 2)a.



EXPONENTIAL INTERACTION 97

Since

sup lexp(BZ7)||L~<1, sugqllczv((exp(ﬁK") — D 2)le=<N,
ne ne

we can apply Lemma ? below provided that, for any , ¢ <2,
E[[|€nexp(BZ™)sn((exp(BK™) = 1)+, z) — exp(BZ)sn((exp(BK) — 1)+, 2)|[fy1.a¢,-1y] — 0,

which in turn is ensured by Lemma 7 and Lemma 7. Then, recalling that Z <0 p™ almost surely
and monotone convergence we have,

/ exp(62)(exp(BK) — 1) 4 dMP
= sup / exp(8Z)sn ((exp(BK) — 1), 2)dMP
N

= sup lim [ &exp(BZ™)on((exp(BK™) —1) ¢, z)dMPm

N Nn—00

< sup liminf /fnexp(ﬁZ”)(eXp(ﬁK") — 1), dMBm

N n—oo
= liminf/fnexp(ﬂZ”)(exp(ﬁK") — 1) dMBm,

Let us now show that
lim /Snexp(ﬁZ")(exp(ﬂK”) —1)_dMP" = /exp(ﬂZ)(exp(ﬁK) —1)_dM?.

To start, note that
lexp(BZ™)| <1, |(exp(BK™)—1)-| <1,

so again we have that from Lemmas 7

Ellexp(82") (exp(BK™) — 1) — exp(BZ)(exp(BK) — 1) _Wynngy 1 —0.
From this and using that &, =1 for |z| <n, it is easy to see that
EJ|&,exp(827) (exp(BK™) — 1) — exp(B2) (exp(BK) — 1)y 172 0.

we have that,

, 7 below, for any p < 2,

[ uexp(@zm) ep(BK) = 1)-amn — [ exp(82)(exp(5K) = 1)-db”.
To construct the recovery sequence consider v such that G:°**P(v) < co. Then

]Ev/exp(ﬂZ)(exp(ﬂK)fl)dM'B<oo, E£(K)<M

)

where the second inequality holds by definition of Y™. Again, after an application of Lemma
and interpolation between L> and H'(p~!) and provided N >1/6, we have that

E, / exp(8Z)(exp(BK) —1)-dM?
< B (exp(BK) = V-II50 o |ELIMPIE s ]
< Bl(exp(8K) ~ 1)l B[ 1M1 s ]
<

Q.

So
E, / exp(BZ)(exp(BK) — 1)1d M7

< ‘E [e(52)exp(o) - 1>dMﬁ] n ‘E [e(52)exp(o) - 1>dMﬁ]
< &
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Now set KV (x)=qy(K,z), by monotone convergence

lim E, [ exp(82)(exp(BKY) — 1)+dMﬁeEv/exp(ﬁZ)(exp(ﬂK) — 1) dMP.

N—o0

Moreover, since |(exp(BKY) —1)_| <|(exp(BK) —1)_|, by dominated convergence also holds

lim E, [ exp(82Z)(exp(BKY) — 1)_dMﬁHEv/exp(ﬁZ)(exp(ﬁK) —1)_dMP”.

N — o0

Invoking [7] there exist a probability space (€, F,P) and random variables (W™, M# Z") on it
such that (W™, M#,Z") — (W, MP, Z) almost surely in & x §,,(p) and Lawp(W", MP, Z") = pu".

Let K be a random variable Q — $,,(p~ 1) such that v =Lawg (W, Z, K). Set again KN =¢N(K)
and v =Lawp(W", 2", KV). We claim that

G Emexp (N, G 00,030 (N

From Lemmas 7, 7, 7 we get

]E]p/gnexp(ﬁZ")(exp(ﬂKN) —1)_dMPB" — Eﬂa/exp(ﬁZ)(exp(ﬁKN) —1)_dM?5.
Furthermore
(exp(BK™N) — 1)1 <exp(N)1p(o,2n), exp(BZ™) <1,
and (KN, Z") — (K",Z) in HY(B(0,N)). So again from Lemmas 7, 7,
Ep [ exp(82") (exp(3KY) = 1),aM " — By, [ exp(32) exp(SKN) = 1),aM

Finally
lim Epf(Wn+ 2"+ KN) = Epf(W+Z+ KV)

n— o0

follows by boundedness and continuity of f. Taking a diagonal sequence we obtain the statement.
|

Corollary 16.19. If (£,)n is as in Lemma 16.18 we have

lim —log/exp(—f(ga))duﬁme"p: inf  G/o0exP(y)

n— oo veYM(p)

Proof. This follows from I'-convergence, the fact that Y is sequentially compact and the fun-
damental theorem of T'-convergence (see e.g. [7]). ]

We conclude with some technical results needed in the proofs above.

Lemma 16.20. Assume that g: R — R is continuously differentiable, g, g’ are bounded. Define
f = g— (the negative part of g). We have that the map

o fle),

continuously sends W,>%(p®) in itself with

[Lf(D)wr 2oy S T4 Tollwrzpey-
If g(0) =0 we have in particular
£ (D) lwr2(pe) S @ llwrzpey-

Proof. Assume that g(0) =0. By definition of f we have

/ | F (@) ()da < / o) Pp(x)da.
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Furthermore by [7] p. 291-292, we have

/Ifo(so(w))I%a(w)dw=/11g(so(x>><o|g’(w(w))%¢(m)IQP"(w)dwS/va(m)l%“(w)dw
Now for weak continuity, let ¢,, — ¢ weakly in W12(p®). We know that
sup || ¢|lw.2(pe) < 00 which implies sup || f(¢)[lw1.2(pa) < 00.
Now let @, be a subsequence such that f(¢,,)— & We can extract a further subsequence (not
relabelled) such that
P — P

almost surely. Then f(¢n,) — f(p) almost surely which in turn implies £ = f(¢). From this we
can conclude. The second statement follows from the first by writing g= g+ ¢(0) with §(0)=0. O

Lemma 16.21. Let M”™ be a sequence of random measures in P(IRQ) on a probability space

(Q,F,P), such that M " — MP P-almost surely in B, 5(p) for some s > (p 1) and p<8m/3?

close enough to B—( —1),87/ 3% respectively. There e:msts q <2 such that we have

E / fdMB" LR / fdMP

whenever

]E[an_ ngVLQ(p*N)] —0
and

sup || fullzee 4[| fllLoe = C' < o0.
neN

Proof. By interpolation we have that for § < q/p’ and N >4J~! we have with
1fn=Fllss, o1y <Cllfn— Flyrago-ny.

Now recall that for any ~>p>1land§ >3 (p —1) we have

sup]E{HMﬁ’”Hg,g(p)} < 00.
so provided 1/p+1/p'=1 "

E{/fndMﬁ»”—/fdMﬁ} = ]E[/(fn—f)dM@"}+E{/fdM5»”—/fdMﬁ}

]E[an_ f”Bg/yp/(p—l)HMﬁ’nHB;‘;(p)}
+E[[fllss, (o)M= MP|g-s,]
1

E{ £~ I gy JE[ M2 T7

AE[[ I a,1))” ']E[”MB’" - Mﬁuggim)};'

N

N

— 0

since p’§ < ¢. Note that for any 3% < 8t we can choose g < 2 such that

Q/p’:%(p—l) >f—;(p—1)

so if we choose d such that
2

q

=(p—1)>6>—(p—1

pp-D>0>(p—1)
we obtain as required

2
P p— =4,
ﬂ2>p>1 5>47r(p 1) d<q/p p(p 1). O
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Lemma 16.22. For any q <2 there exists an N < oo such that if
1 llzee, lgllze < €,
then
1 fgllwrro-1) Sl )l gl (o)

Note that the L™ norms are unweighted. If furthermore if f,— fin H'(p) and g, — g in H'(p~)
and supy, || fallpee + || gnllpe < C then

fngn_)fg in Wl’q(p_l)-

Proof. It is enough to prove the statement for smooth functions by density. By Holder’s inequality
we have

I fallLro—y < I fllzeellgllzagp—)-
By the Leibniz rule

IV Do < Flle<lVgllLeo—) + IV Fllezllgllro-em),

provided that aN > 2. By interpolation and provided that «/p=1/2, we also have

11—« o «
gllLego-any < g llE Mgl ) < Cllgllga -

Choosing N large enough gives the statement. For the second statement we rewrite

fgffngn:g(f*fn)+fn(g*gn)

and proceed analogously. O



Chapter 17
A scale-by-scale interpolation

In this intermezzo we prepare for the analysis of the UV limit of the quartic interaction in three
dimensions, i.e. for the 3 model in finite volume A =T3.

Recall that the ¢ Gibbs measure on the d-dimensional torus A = A = Tf = (R/(2rLZ))? is
the probability measure v obtained as the weak limit for T'— oo of the family (vr)rso given by

vr(dg) = SR ), a7.1)
T

where

Va(p) = /A (p(&)* — arle(©)P +br)de, 2= / V)9 g).

Here A >0 is a fixed constant, A is the Laplacian on A, 9 is the centred Gaussian measure
with covariance (1 — A)~!, 27 is a normalisation factor, ar, by given constants and ¢ = pr* ¢
with pr some appropriate smooth and compactly supported cutoff function such that pr— §
as T'— co. The measures ¥ and vr are realised as probability measures on ./(A), the space of
tempered distributions on A. They are supported on the Holder-Besov space €2~ %/ 2=%(A) for
all small k > 0. The existence of the limit v is conditioned on the choice of a suitable sequence of
renormalisation constants (ar,br)r>o. The constant by is not necessary, but is useful to decouple
the behaviour of the numerator from that of the denominator in eq. (17.1).

The aim of the rest of these lecture notes is to give a proof of convergence using a variational
formula for the partition function 2% and for the generating function of the measure vp. As a
byproduct we obtain also a variational description for the generating function of the limiting
measure v via ['-convergence of the variational problem.

Define the normalised free energy Wr for the cutoff ¢} measure, as the functional

Wr(f) =~ log / exp[— A1 £(6) — Ve(r)]0(do), (17.2)
A8 /)

for all feC(¥'(A); R).

In order to use the stochastic control problem we need to embed our problem into a setting
where we have a Brownian motion. How to do this is quite arbitrary and mostly shaped by
technical convenience. In two dimensions, where we have very mild singularities, we have adopted
a simplistic approach, introducing a Brownian martingale with GFF marginals. To tackle the three
dimensional case, where singularities are more severe, it is convenient to choose an embedding
where the Brownian motion encodes a scale decomposition of the underlying GFF.

We begin by constructing a probability space (€2, #,P) endowed with a process (W;);e(o,00]
belonging to C([0, oo], € 2~D/27%(A)) and such that Lawy(¢r) = Lawp(Wy) for all T >0 and
Lawp(Wao) =1, the Gaussian free field with covariance (1 —A)~L

Fix a < —d/2 and let Q:=C(R4; H™), (X¢)¢>0 the canonical process on © and % the Borel
o—algebra of Q. On (2, %) consider the probability measure IP which makes the canonical process X
a cylindrical Brownian motion in L2(A). In the following IE without any qualifiers will denote expect-
ations wrt. IP and [Eq will denote expectations wrt. some other measure Q3. On the probability space
(2, #,P) there exists a collection (B{'),,¢(r-1z) of complex (2-dimensional) Brownian motions,

such that B = B; ", B}, B]" independent for m # +n and X; = |A‘71/2Ene(L*12)d€i<n7.>B?'

101
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Note that X has a.s. trajectories in C(IR, € ~%27¢(A)) for any & >0 by standard arguments.

Fix some p € C:°(R4, Ry ), decreasing such that p(s) =1 for any s<1/2 and p(s) =0 for any
s>1. For z € RY, set, pi(x):= p((z)/t) and

d vz
oy(z) = (E(Pg(m)o = (2p() pi()) /2 = (=2((z) /1) p(() /1) p' () [ £)) /2 [ 4112,
where p; is the partial derivative of p; with respect to ¢. Consider the process (W});>o defined by

W, .=

09 (n,) n
|A|1/2 %d / Bz, t>0. (17.3)

It is a centred Gaussian process with covariance

= o[t [

|n,m€(L*1Z d

) —”mi’zgjg(n)@(m%,
ne(

L—17Z)d

|~

E[(W,, ¢)(Ws, )]

=

for any ¢, €.%(A) and t,s >0, by Fubini theorem and It6 isometry. By dominated convergence

Jim B[(W, o) (We, 0)] = A7 30 () 2p(n)d(n)

ne(L=1z)d

for any ¢, € L?(A).

Note that up to any finite time 7T the r.v. Wy has a bounded spectral support and the stopped
process Wil = Wi np for any fixed T >0, is in C(R, W*?2(A)) for any k€ N. Furthermore (W;1),
only depends on a finite subset of the Brownian motions (B"),. Denote

t
VV}:/ Jsd X, t>0, (17.4)
0
with Js:= (D) loy(D).

Observe that W, has a distribution given by the push-forward (p¢(D)).d of ¥ through p.(D).
We write the measure vy in (17.1) in terms of expectations over IP as

oV (Wr)
/g(¢)uT(d¢): E[Q(WT;;T m ], (17.5)

for any bounded measurable g: .#'(A) — R.

For fixed T' the polynomial appearing in the expression for Vp(Wr) is bounded below (since
A>0) and Z7 is well defined and also bounded away from zero (this follows easily from Jensen’s
inequality). However as T'— oo we tend to loose both these properties due to the fact that we will
be obliged to take ar— 400 to renormalise the non—linear terms. To obtain uniform upper and
lower bounds we need a more detailed analysis and we proceed as follows.

Denote by H, the space of progressively measurable processes which are IP-almost surely in
H:=L?*(Ry x A). We say that an element v of H, is a drift. Below we will need also (generalised)
drifts belonging to H*:= L?(R4; H*(A)) for some a € R, we denote the corresponding space with
HS. Consider the measure Q7 on (2, %Z) whose Radon—Nykodim derivative wrt. IP is given by

dQy e~ V(W)
P~ 2y

The Boué-Dupuis formula takes the form:
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Theorem 17.1. For any f € C(€ ~Y/27;R) with linear growth the Boué-Dupuis (BD) variational
formula for the free energy holds:

1 VAW = L e
‘A|10gIE[e T ]_vlen]IiIE |A|VT(WT+IT( v)) + 2/, [lvsllz=ds |-

Wr(f) =~

where the expectation is taken wrt to the measure IP on €.

The next lemma provides a deterministic regularity result for I(v): it says that the drift v
generates shifts of the Gaussian free field in directions which belong to H! uniformly in the scale
parameter up to co. The space H' is the Cameron-Martin space of the free field |7].

Lemma 17.2. Let a € R. For any v € L*([0,00), H*) we have

T v —I v 2@ T
sup 1)+ sup MOt [Py
o<tLT 0<s<t<T 0

Proof. Using the fact that o5(D) is diagonal in Fourier space, and denoting with (ex)sc(r-12)
the basis of trigonometric polynomials, we have

t 2 t 2
/ cDudsl| = S (k) / (0s(D)ex, v)ds
r H~ | | e(L 1Z)d
1
< T| </|0S ek,ek|ds></|ek7 |ds>
| ke(L 1Z)d
< / ||vs||Hadssup/ (ex, 05(D)%er)ds
< / Joslfrssup (ev. pE(D)es) < / Josledis.

Which is the second statement. On the other hand o4(D) is a smooth Fourier multiplier and using
Proposition 13.10 we have the estimate ||os(D) f |lge < || f|lz+/ (s)'/? uniformly in s> 0, therefore,

for all 0 < r <t < T, we have
t 2 t
< </ ||US(D)US|Hads> <(t—r)/ oo(D)vs|[Zreds
s T
T

t 2
/O‘S<D)U5d8
r H
< (t—r)/ 05| Zeds.
0

t
/ os(D)vsds

We conclude that

2

T
<= [ oleds.
« 0

| 1(0) = L (0) s < ‘
H

17.1 Two dimensions

We consider first the case d =2 assuming that the test functional f satisfy the following estimate:
for sufficiently small a >0

1 F(@)| <C+allo||&-n (17.6)

From Theorem 17.1 we see that the relevant quantity to bound is of the form

1 1
+ o Vie(Wr + Ir(u) + llull? |, (17.7)

Fr(u) :=E| = f(Wr + Ir(u)) A

IAI
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for u € H,. From now on we leave implicit the integration variable over the spatial domain A and
let Z; = I;(u) for brevity. Choosing

CLT=6]E[WT(O)2], bT=3IE[WT(O)2]2, (17.8)

we have

‘—}HVT(WT 4 ) = A]/ W] + 4>7/ Wi Zr + 6)\][ W2 22 + 4)\][WTZ% + A]/Z%,
where
[Wi] = Wi —6E[W7] Wi + 3E[WF,
[Wi] = Wi —3E[W7]Wr,
W] = Wi —E[Wz],
denote the Wick powers of the Gaussian r.v. Wy [7].

These polynomials, when seen as stochastic processes in T', are P—martingales wrt. the filtration
Of (I/Vt)ti

t
) =n [ VAL 0z
0

In particular they have an expression as iterated stochastic integrals wrt. the Brownian motions
(B)¢,n introduced in eq. (17.3).

We will need to estimate the average size of the random fields [W4'] uniformly in T. Our
computations in Section 13.3 show that for all £ >0 we have, for any N >1 and any n > 1,

s?p]E||[[W%L]]||g,N<+oo. (17.9)
Using Theorem 17.1 with u =0 we readily have an upper bound for the free energy:
—|AL|10g %< )\E{ 7[ [[WT“]]] 0.
For a lower bound we need to estimate from below the average under IP of the variational expression
)\][[[WT“]] + 4)\7[[[W73’]]ZT + 6>\7[[[WT2]]Z% + 4AfWTz% + Aj[Z% + 5l
The strategy we adopt is to bound path-wise, and for a generic drift u, the contributions

Op(Z):= 4)\][ WAl Zr+ 6>\7[ WA Z%+ 4)7/WTZ%,

I II II1

in term of quantities involving only the Wick powers of W which we can control in expectation
and the last two positive terms (our “good terms”)

1
sl Afz.

Any residual positive contribution depending on u can be dropped in the lower bound making the
dependence on the drift disappear.

To control term I we see that by duality and Young’s inequality, for any d > 0,

w1z

2
<[ . 1zrlies, <ol [, + 61221 (17.10)

where we used that || Zr||p;, < || Z7 || and Young’s inequality to have a small factor 0 <d <1 in
front of || Zr ||
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The other terms can be estimates with similar arguments, for example it will be useful to use
interpolation and the following fractional Leibniz rule:

Proposition 17.3. Let 1< p<oo and py, pa, ph, ph>1 such that —+ ~=—+-L =L Then for
. P1 P2 P1 P2 p
every s,a =0 there exists a constant C such that

D) (fg)llr < CIDY* T FllLe= [{D) =g llLrr + CIDY gl og (D)= FII o

The end product of these analytic bounds are estimates

1
02(2)] < Q-+ glulle+ 324, a7.11)
where

Qr=O0W) 1+ [[[We]llc— + IIWELll = + [Wrllo—]

for some integer K > 1. Therefore
1
Fr(u) > ~E[Qr] + (1-8) Jlulf+ Xf24| > ~Blen,

This last average does not depend anymore on the drift and using (17.9) we end up with

sup E[Qr] < o0.
We have established that r

sup I [ef (V1) =Vr(W1)] < sup exp(E[Q7]) < +00 (17.12)
T T

which in particular is enough to establish tightness for the family of measures (v7)r, as

E [ef(WT)—VT(WT)
E [e‘VT(WT)]

E [ef(WT)—VT(WT)]

BV (W) < +00.

sup/ef(“’)l/T(dcp) = sup
T

<sup
T T

We can also observe that the argument leading to (17.12) remains valid upon replacing Vi by
pVi for any p>1. This implies that e~ Y*(W7) is in all the L spaces wrt. the measure P uniformly
in T and for any p> 1. Together with the a.s. convergence of the martingale (Vp(Wr))r (which is
bounded in all LP spaces), this allows to conclude also the existence of the limit measure

T

v>® =limv*,
T

such that
dVOO e_Voo(Woo)

where Voo(Wao) = limp Vip(Wr).






Chapter 18

The quartic interaction in three dimensions

For the quartic interaction in three dimensions the strategy we used in two dimensions fails: the
Wick powers are less regular: [W£] € € '~ uniformly in T for any small x>0 and [W#] does not
allow uniform bounds as a well-defined random distribution.

By this we mean that, for any « > 0, the only bound we can find looks like

E||[WA-._<logT.

As a consequence there is no straightforward approach to control the terms

Jwiize, oz, (18.1)
like we did in two dimensions.

The only a-priori estimate on the regularity of Z7= I7(u) is in H', coming from Lemma 17.2
and the quadratic term in the variational functional Frp(u).

An additional substantial difference is that we expect further divergences beyond the Wick
ordering which have to be subtracted in order for the limiting measure to be non-trivial. For these
reasons in the energy Vp we introduce further scale dependent renormalisation constants v, dp to
have

1

V) = 1)+ O] = X7 7] b1, (18.2)

where we Wick products [Y7], [Y#] are taken with respect to the variance of Wy (as opposed to
Yr).

Repeating the computation from Section 17.1 we arrive at

Pr(u) = E{f(WﬁZT)+A7[W%ZT+§7[W%Z%+4A7[WTZ%]
(18.3)
—E{D\%T][WTZT + )\2777[2% + 54 + IE{AJ[Z% + %Hu M.

where we introduced the convenient notations
WE=a[WP]l,  WE=12[W2), >0,

and we recall that f is a fixed function belonging to C(‘ﬁ’l/Qf“; R) with linear growth.

We will perform a change of variables in the variational functional in order to obtain some
explicit cancellations which will leave only quantities well behaved as T'— co. The main drawback
is that the functional will have a less compact and canonical form.
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We are going to absorb the mixed terms (18.1) via the quadratic cost function %HUH% For the
first we have, via Ito formula and then completing the square

1 [° T . 1 [
)\][W%ZT + 5/ ||us||F2ds = )\/ ][Wf’tht + 5/ [|us||72ds + martingale
0 0 0

a2 T (3)\2 1 [ 2 .
= (Wp2)2dt + = [ ||ws||72ds + martingale,
2 /o 2Jo
where we used that J; is self-adjoint and let
wtizut+>\1t<TWt<3>, t=0. (18.4)

Taking into account (here and below) that the martingale term will average to zero, we have
replaced the divergent term fW7Zr with a divergent but purely stochastic term fOT f(Wt<3>)2dt

which does not affect anymore the variational problem and can be explicitly removed by adding
its average to Jr.

The price to pay for this change of variables is that now the cost functional is relative to w
and not u anymore. This is an important feature of the variational approach in three dimensions
as we do not expect anymore that the limiting measure is absolutely continuous wrt. the GFF.

Defining
T
Kyi=L(w), WP:= / JWPds
0

from (18.4) we deduce the relation

Zp=- W+ K7,

which can be used to expand the second mixed divergent term in (18.1) as
3
%][W%Z% - %fw%(wﬁ’])? - AQfW%W[T?’]KT + %][W%K%. (18.5)

The first term on the r.h.s. a purely stochastic object and will give a contribution independent of
the drift u and absorbed in 7.

We are still not done since this operation has left two new divergent terms on the r.h.s. of
eq. (18.5): the H! regularity of Kt (guaranteed by the cost functional %HwH%) is not enough to
control the products with W2 which has regularity € ~'~*, a bit below —1.

In order to proceed further we will isolate the divergent parts of these products via a paraproduct
decomposition.

Let us pause for a moment in order to introduce paraproducts. The basic idea is that a

product of Besov functions f, g naturally decomposes in various contributions involving products
of LP blocks:

F9=0" AifDjg=>" Nif Mg+ AifMjg+> " AifAjg
i,5 i<j i2j ]

where we split contributions above and below a thick diagonal of the double sum. The key obser-
vation is that if 7 < j then the product A;fA g has Fourier transform supported in an annulus
at scale 27, while if i~ j then the same product is a-priori only spectrally supported in a ball of
radius ~27. These different spectral support imply a different behaviour of the bilinear maps:

F=9=Y AifAg

i<i
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and

fog=>" AifAg.

g
Definition 18.1. Let f,g€.”(A). We define the paraproducts and resonant product

frg=g=<f= > AifAjg, and  fogi= Y  AifAy.
j<ie1 i~ 7<1
Then

fo=f=<g+fog+fry.
The basic analytic bounds for the paraproduct and resonant terms are

Proposition 18.2. For any polynomial weight p, 6 <0,a € R and p1, p2 € [1, 0], %—I—é:% we
have the estimate

1=l < 17135 —ollgllsg
For any a, B €R such that a+ >0 the estimate

HfOQHBSjIﬁ(p) S ||fHBgl,oo(p)Hg||B§27q(p)~

For a proof see Theorem 3.17 and Remark 3.18 in [7].

Proposition 18.3. For any polynomial weights v, p and §<0,a € R we have

1= 9llsgoiomy S I lewllgllsg )

The proof is an easy modification of the proof of Theorem 3.17 in [7].

Proposition 18.4. Assume m<0, a€(0,1),3€R. Letn be an S™ multiplier and q, p1, p2 € [1,00],
1,011
= f 6351’00, g€ By, o Then for any 6 > 0.

P pa
In(D)(f = 6) ~ (1(D) f = 9)ll s S 17 lle gl
The constant depends only on a, 3,6 and the constants in (13.3).

For a proof see [?] Lemma 2.99.

To continue our algebraic analysis we expand
7A2][w%w¥’1KT + %][W%K% = )\][ (W3~ Zr)Kr — v]f (W20 W) Kp

(W < W K+ (WP < Kr) K

%(][(\w% o Kp)Kr — 7[<w% - KT)KT).

The first two terms will require renormalisations which we put in place below. All the other terms
will be well behaved and we collect them in Tq(}). In particular we observe that the last one can
be rewritten as

A

A
5(7[(“7% o Kr)Kr — ][(W% - KT)KT> = —§ﬁ2(W%, Kr,Kr)

introducing the trilinear form RKs whose properties are detailed in Proposition 7 below.
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As we anticipated, the resonant term W# o Wq[g’ | requires renormalisation. In the expression of
Frin (18.3) we have the counterterm —2)\27TJCWTZT available, which we put now in use writing

42]/ (W2 o WEN Ky — 2)\2fyT][WTZT 7/\2][ (W2 o W + 2477 K + 2A37T]/WT wil,

W%@[S]

The first contribution is collected in TJ@ and the expectation of the second will contribute to dr.

As far as the term A (W7 > Zr) K7 is concerned, we want to absorb it into [ |lw||?ds. Before
we can do this we must be sure that, after applying It6’s formula, it will be still possible to use
fZ% to control some of the growth of this term. Indeed the quadratic dependence in Kp (via Zr)
cannot be fully taken care of by the quadratic cost [ |lws||*ds.

We need to introduce a regularisation which make compatible Fourier cutoffs with L* estimates.
To introduce such a regularisation fix smooth functions 6, n: R?— R such that (&) =1if [£]<1/4
and (&) =0if [£]>1/3, n(€)=11if || <1 and n(£)=0if |€] >2. Set 6;(¢) :=0(& /1), then define

0:(€) = (1= n(£)8:(6) + C(t)n(£)0:(€)
where ((t): R+ — R is a smooth function such that ((¢) =0 for ¢t <10 and ((¢t) =1 for ¢ > 11.

=
-
=
Iy
<
q
w
A
7A0%
N
Il

0 for s>t,

= 1 for |¢| < ¢t for some ¢ > 0 provided that ¢ > 11. (18.6)

xS

S

=

™

N
|

By the Mihlin-Hérmander theorem, the operator 6; =6;(D) is bounded on L? for any 1 < p < oo.
In the following, for any f € C/([0,0c],.’(A)) we define f7:=6;f; then
70 =07, = /0 t9t<D> D)u,ds = / 0,(D (D)us ds =0, Z7.
In this way we have || Z2||1» < || Zr||L» for all t <T'. In the sequel we will always assume 7> 1.
Now decompose
AW - Zr) K = 3 (W= 25) K+ ) (W (21 = 22) K
and use the fact that the functions Zr — Z4 and K7 — K4 are spectrally supported outside of a
ball or radius ¢T to show that the second term is nice enough as T — oo to not require further

analysis and we collect it in Tq('?).

For the first we apply Itd’s formula to decompose it along the flow of scales as
T . T .
)\][ (W2 - Z5) K1 =\ / ][ (W2 = Z5) K dt + X / ][ (W? = Z8) K ;dt + martingale.
0 0

The second term will be fine and we collect it in Tj(?’).

We are left with the singular term | OT JC(W,? A )tht. We again absorb it by completing the
square together with the cost %Hw”%

T . &S]
)\/ ][(WE>ZE)tht+%/ Hthdet———/ 7[Jt W2 Z0)2dt + 1 / 04220t
0

T
——%2[) ][(Jt(WE = Z0)(Jo(WE == Z7))dt +%\|1|\31 (18.7)
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where we introduced
b=ty + A< W)+ ALy o (W2 = Z0). (18.8)

To renormalise the first term on the r.h.s. of (18.7) we observe that the remaining counterterm
can be rewritten as

Ny 2 = X (2402 = 290 2320~ Z5) = N (20 = 237 (18.9)

Differentiating in T the first term in the r.h.s. of eq. (18.9) we get

T T .
fAQ’yT][(ZbT)Q:f)\z / ][’yt(th)th—D\z / ]/%thzzdt. (18.10)
0 0

The last term in eq. (18.10) and the last two contributions in (18.9) are collected in Tj(?). The first
contribution in eq. (18.10) has the right form to be used as a counterterm for the resonant product
in (18.7).

Using the commutator &3 ; described in Proposition 7 below we have

- %2 /OT 7[[(Jt(\w3 = ZD)(J(WE = Z2)) +244(27)?]dt

)\2 T

a2 T )
:*7/0 ]/[(J;W)o(J;\WE)+2%](th)2(1¢77 ; R (W2 WE, 72, Z3)dt

w2

and we collect both terms in T}G).
Finally, we are left with the cubic term which we rewrite as

4>\]/WTZ% = 74)\4][WT(W$])3 + 12)\3][ Wr(WEN 2K — 12A2][WTW[T31K% + 4>\7[WTK%.

The average of the first term is collected in ér while all the remaining terms in T:(p4). At last we
have established the claimed decomposition since the residual cost functional, from eq. (18.7) is
indeed ||1||7/2.

Collecting all the terms, we proved the following

Lemma 18.5. The functional Fp(u) defined in eq. (18.3) takes the form
1

Fr(u) = B @T(W,Z,K)+>\][(ZT)4+§||Z|%1}
where

Wt = ut+ )\lthWt<3>, Zt:It(u), Kt:It(w),

L= g+ ALt W2 4+ ALy (WE > 22),
while the stochastic objects are collected in the vector W defined as
W= (Wl, WQ, W<3>, W[?)]ol’ W2o[3]’ W(Z)o(Q})’

with Wh:=W,

t
W =g wp, wil= / JWPds, wt=wl oW,
0

W2BL = W2o W 4 29,WE, W2°P = (J,W2) o (J, W) + 27,
and moreover the potential has the explicit form

6
(I)T(Wa Za K) = f(WT+ ZT) + Z T(Z)a
i=1
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with

0 = ~R(WE K, Kr) + 5 f(WE < Kr) Ky = 3 (Wi < W) K

T = AJ[(W%>(ZT—Z%))KT,
T .

T = /\/ f(wf>z'g)tht,
0

T = 4A7[WTK%—12A27[WTWE]K%+ 12>\3][WT(W7[§])2KT,

T .
TP = fQAfoyTZbT(ZTbeT)f>\2][fyT(ZTbeT)272>\2 / ][%ZEZEdt,
0
2 T
O = —)\2][ KT——/ 7[W )(Z5)2dt — /ﬁg,t(wf,wf,z'g,z%)dt,
0

for a suitable value of the renormalisation constant 7.

We do not need to include W in the vector W since it can be obtained as a function of W)
thanks to the bound

¢ 1/2
||w}3]—w§3]\|%1/2,%</ |err<3>||%1/“ndr<[/ LW 20 aedr | [ — 5[/

1/
{/ W2 /e T >1+2n} t—s'?5 SEP]HW SN o alt = 5[,
re

valid for all 0< s <t < T which shows that the deterministic linear map W< — W is continuous
from C([O, OO], %71/271¢> to 611/2([07 OO], %1/272:@).

The path-wise regularity of all the other stochastic objects follows from the next lemma,
provided the function  is chosen appropriately.

Lemma 18.6. There erists a function v, € C1(Ry,R) such that
[vel + ()| 7el Slog(t),  t=0. (18.11)
and such that the vector W is almost surely in & where G is the Banach space
S= C([Ov OO]; m) N {W<3> € Lz(IR+7 %71/275)7 W<2)o<2> € Ll(IR+7 %7ﬁ)}
with
W=W,:=C /2 xE 1 mx g V2 G rixg /2 x g,
and equipped with the norm

[Wlle := [ Wllc(o,00,2m) + W 2m , o172y + (WP |1, gr.

The norm |[W||g belongs to all LP(IP) spaces. Moreover the averages of the Besov norms By, of
the components of W of regularity o are uniformly bounded in the volume |A| if r < co.

Proof. The proof is based on the observation that one can choose v in such a way that every
component W of the vector W is such that (Aqwf’)(x))t>o for > —1 and x € A is a martingale
wrt. the Brownian filtration (possibly modulo a deterministic term we can control). This can be

seen by writing these terms as iterated stochastic integrals. For example, introducing the notation
dwy(k) = (k) os(k)dBY we can write

Wh(z) = 24)  elhitha) e / / dw, (ky)dws,(ks)

k1i,ka
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so, recalling the definition of Littlewood-Paley kernels p;, we have

. T prso
AZW%(I) =24 Z ez(k1+k2)~x9i(k1 + k‘g)/ / dwsl(kl)dMSZ(kg).
k1, ko 0 Jo

By Burkholder’s inequality and Fubini’s theorem

2
) p/

T rs 2

202 ]{?1)0~<]€2)

E|sup [|AW?Z, | < ik+k// 9uk1) 0ualka) g g

S IAWAL ] S | 5 atork) [ [
< 9p+mi/2

uniformly in 7" and so

Bl sup [WHI, - | < B (30 2/ pl AW )|
t<T p.p i t<T
< 3 sup AW
- t<T

S Z 2p(—1—n)i2p(1+ﬁ/2)isz 2—pin/2<+oo
7 7

By Besov embedding this implies that E[supr <o ||W%H]Z;717N] is finite for any p, ¢ < oo uniformly
pP,q

in the volume and E[||W# |2, _.-] is finite. Since W# is a continuous, L?-bounded martingale, it
converges and therefore it belongs to C([0, 0], %4 ~17). The same reasoning can be carried out for
the more complicated terms W) W1 W2l W22 The details can be found in Section 7. [

For convenience of the reader we summarise the probabilistic estimates in Table 7.

w1l W2 W<3> W[B] W[B]ol WQO[B] W<2)0(2)
ceV2- o1 o Vi nL2e 2 ot/ o' ce Vi ce0 nILi¢-

Table 18.1. Regularities of the various stochastic objects, the domain of the time variable is understood
to be [0, o0]. Estimates in these norms hold a.s. and in LP(IP) for all p>1 (see Lemma 18.6).

Remark 18.7. The requirement that W e L2¢ /2~ will be used in Section 7 to establish
equicoercivity and to relax the variational problem to a suitable space of measures.

18.1 Commutators

We collect here the analysis of the various commutators introduced above. The properties of these
commutators are crucial to the analysis of the resonant products in the paracontrolled analysis
above. As such they have an important role in the argument. Their proof however, is a routine
application of basic ideas of harmonic analysis and LP decompositions. We decided to report the
proof as it can be useful for the reader to study them in order to adapt the ideas to other contexts.

Proposition 18.8. Let «€(0,1) 8,v€R such that 6+~v <0, a+ F+~v>0 and p1, p2, p3, p€[1, 0]

such that %—i—%—i—%:%. Then there exists a trilinear form R1(f, g, h) such that ,

1R(fs 9, W)llpatoen Sllgllag, M fllpe NPllsg, .

p3,00

and when f,g,h €. it has the form
Rl(fvgvh):(f>_g>oh_g(foh)
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Proof. The proof is a slight modification of the one given in [?]. Lemma 2.97 from [/] and an
interpolation imply that |A;fg — Aj(fg)|lLr <277 f|lwe-r1]|g||rre. This in turn gives after some
algebraic computation (see [?] for details) that

Aj(f=g9)=(A;f) =g+ Ri(f,9),
with || R;(f, g)llc» S 277CF D) f 1 5s

p1,00

llgllge . Now to prove the statement of the proposition
P2,
observe that for smooth f, g, h we have
Rulfrgm)= D > A(f-Arg)Aih — ArgA;fAh.
Jrkz-1 li—jl<1

Now observe that the term f > Apg has Fourier transform outside of 2B for some ball B inde-
pendent of k, so choosing N large enough we can rewrite the sum as

falfrgm)= Y D Licirn(AfArgAh+ Ri(f, Arg)) — Arglif Aih

Jk2—1 |i—j|<1

Z Z Li<itNRi(f, Arg) Aih — Lz it NARGA; f A,

Jk>—1 li—j|<1

Now we estimate the norm of the two terms separately. First note that for fixed j

Y. D Lu<irnBy(f, Awg)

k>—1 |i—j]<1

has a Fourier transform supported in 2/B. By Lemma 2.69 from [?] it is enough to get an estimate
on

sup ||2079F0I N TN Licin nRi(f, Arg)Aih
k i>—1 li—jl<1 Lo
to bound it in B;;ﬁ *7. so by Holder inequality,
i+ N
Yo R £ Mg |am) < Y 27D glsg, I fllge By,
li—j]1<1 k>—1 li—jl<1 ’

Lr

—jlat+B+7) N
<2 lolsg, I £lss, . Whllsg, ..

For the second term observe that for fixed k the Fourier transform of

Z Z T ir NARGA; f AR

jz2—1 li—jI<1

is supported in 2°B. Now we can estimate again by Holder inequality

S D LeienAwgAfAh
j=—1 |i—j|<1 Le
k+ N
< 27ek Z 2_(5+7)kﬂk>z‘+NHQHBﬁl,oo”fHBfQoo”hHBgl""’
i>-1 |
< 277 gy, NS lge, Ikllsg,

O

Proposition 18.9. Assume 5€(0,1), a,v€R such that «+~v<0, and a+ 3+~v=0, %4’ Lyl

E b3
1 and %Jr%: 1. Then there exists a trilinear form Ra(f, g,h) for which

(8o, 0, WIS 11 Fllsg, Mgl Bl

p3, a2’
and on smooth functions

ﬁ2<f,g,h)zf[<f>g>h—g<foh>1.
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Proof. This is modification of the proof of Lemma A.6 in [?]. Repeating an algebraic computation
given in the proof of that lemma, we get that for smooth f, g, h we have

ﬁz(f797h)=< >, - )f(AifAngkh)7

i<i—1,|i—k|<L i~k,j<i+L

for some L >1. Then we estimate

[Ra(frg, M) S D A AgAR|L:
injk
> A el Aggllizesll AxhllLes
i~k
sup (2| Asf ) D 290D Aggllpea| Agh|prs
7 G~k
1£llsg, Nallss, . Ihl;

a1 P3, 92

d

A A

AN

Proposition 18.10. There exists a family (83¢)t>0 of bounded multilinear forms on € 17" x
E1rmx HY2=5 x HY2=% such that for smooth o, 1, g™, ¢ it holds

Rs.4(p,,9W, g?) = ][[Jt(cp = g (v = g ) — (Jipo Jub) gWMg@],
and

w-1=nllg W2l gz

1
|Ra.(0, 10, g, g@))| SWH@II%HIWJ

Proof. Note that (¢ satisfies the assumptions of Proposition 18.4 and with m = —1, therefore using also Proposition 13.7 [
17:(0 = gV) = Tep = gWllgpar—ae S ) 2| @l -1l gDl 172w

Therefore
e o) = o g0 - 42)
S I g — Jup >lg“)|\H1/2—s~ (0> 9(2))IIH—1/2;3~
S 07 2lellg-1-xlgVlgrrz—w ) 20N Nl -1-xllg® o
and by symmetry also

][“t<¢>9<l>><ft<¢>g<2>> - <Jtso>g<1>>utw>g<2>ﬂ‘

S O " lelle-1-<lgDlge-al@le-1-19® .
Furthermore from Proposition 18.9 and for sufficiently small x > 0,

][(Jt@ =g (Jp = @) — ][((th =gM)o Jt¢)9§2)‘

S Meellg—2x |9V gre— s 1Tl 1|9 iz
P [ P S 1) T Y
Applying Proposition — 18.8 we get
| (Jtsﬁ(l) - 9(1)) o Jiy — (Jupro Jﬂ/’t)(g(l))HHfl/Hﬂ
S N Tepillg—2+ 19 grre—r 1 Tet)illos

S 7@l lgDllgar—s 14 llg-1-x
and putting things together gives the required estimate.
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