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Rough paths

o T. Lyons (Oxford): an integration theory for irregular signals.

@ Nonlinear systems y; driven by a (non-differentiable) noise x;

dy=f(y)dx

@ The output y is a nice function of the iterated integrals of x:

(x,f dxdx, - ,f dx®") 2, y
Can consider only a finite number of them. No formal series.

@ Applications: stochastic analysis, sound compression algorithms.
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Motion in a third direction

t
dz = ydx— xdy, zZr = f xdy —ydx = f dxdy — dydx
0

x",y") — (0,0),

2P t#0
zencode “microscopic” informations on the trajectory (x, y).
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Trees

% finite set. Trees labeled by £, 9

@ ygl
3 291 391 1 ¥2
2 Il VZ 1 1

B

(TI)"')T]C)'_)T: [TI)'

o »Tk](l

1=]  [e[e]]= K/ etc. .

A@) =1e71+ Y (B} ®id)[AB(1)]

ac ¥

BB 0y ) = {Tl...‘[n

0 otherwise
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Differential equations (a la Butcher)

The solution y of the differential equation

dy=f(yds,  y=n
has the B-series representation
it X v o
feT o@mT!
Elementary differentials w/ defined as

v () =),

bl
i=1

vt ) = o @H©P - @B o
where f; (&) = (&) and f;/ (&) =TI

0¢, (&) derivatives of the vectorfields.
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Driven differential equations

Given a collection of paths {x? € C([0, T],R)}4c &, n € R"
Analytic vectorfields {f; : R" — R"} e

Theorem
The differential equation

dy: = falyndxy,  y=n

admit locally the series solution

1
=yt Y —— ¢ 00IXE  w=
Ve y+TEZ%0(T)</>f(r)(y) o =1

where d (24)(€) = (&), ¢/ ([T1 - TM D) = fypy.. b O TIE, [/ D121,
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Smooth iterated integrals

Let X: T — 6, < C([0, T)%;R)

t
xe= [ ax,
S

[v1-7F] K 7l
X;. o= | []X5dxs.
S i=1

XTI...-,—" _

product (ao b) ;s = assb;s for a,be €,. Welet X! = 1.
ts

TiyT2,,.yln
=X, X0 X
Bounds

s’

X[n---rn]azfxn---rndxa

(Alz=sp'"!
T
Theorem (Tree multiplicative property)

1) 2)

T _ T T _ AT
XtS - ZXtu Xus - Xtus
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Example

T =t-s

t
, Tgl...rn] :[ le;‘
N
By induction: T = (t—s)'"l(z)) ™!

< Thrdu
Lemma (Tree Binomial)

For everyt € 9 and a,b= 0 we have

(a+h'™=Y"

7!
gy
; 51)! 52)!

)
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Structure of solution to DDEs

Write T = ¢/ (1) (y5)/ 0/ (7) so that

Ye—Ys= Z Xthyz

T€T
Lemma
For anyt € T U{®} we have

Vi-yi= Y

/
c(o,T, p)X‘; &
€T 4,p€EF

¢’ counting function of reduced coproduct: A'o =Y, ,c'(0,7,p)T® p.
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Integration of increments

@ Q: Given a€ %6, can we find f € 6; such that f; — f; = a, ?
Qgs— gy — Ays = (fr — f5) — (fy — fu) — (fu — fs) = 0 (obstruction)

@ Increments: €, < C([0,11",V), g€ 6, iff g;,...,, =0 when t; = t;;;
Coboundary: 6fis = fi — fs, 0 8rus = 8ts— 8tu— 8us> -+ - 62=0

0-R—G2>62e.
Thenéf=a< da=0.

@ Small 2-increments cannot be exact: as = o(|t —s|) > a# of

@ Unique decomposition: a=0f + o(|t—sl) ?
Yes, if obstruction da is small:

Theorem
If6asus = o(lt—s|), then3! f € €1, r€ €, " such that

a=06f+r, 6f=0—-Ad)a

o = = ae
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Examples

@ Convergence of sums

S=)an,5=2 6Nt + Y D, = 6w+ Y o(tim1 — ) — fi = fo
i i i

@ Young integrals: xe CY, y > 1/2 a5 = p(x5) 0 X5

Oas = 0p(X) bxys = o(|t 5|2Y) =>0f=01-Ada= f(P(x)dx
@ NCG & A map. I*(R), dg

=[Fgl, FF=¢
1
@nu="E [ ag =t ag = 5 Ry
SO
A6f58)-c0,00

1
= ——Tr, (Fdfdg)

2c
o g
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(Step-2) Rough paths

Rough integrals: X* = 6x, 6X[*) = X*X*, X" € 6}, X" e 6" (y > 1/3)

f‘l’(x)dx =(1- Aa)(fp(x)X' + (P,(JC)X[']‘),

s0ee!

SP)X" +¢ WX = (=6p@) +¢' (X)X —5¢' ()X
@ Continuous map: (¢, X*, X!*)) — ¢ p(x)dx

@ Renormalized sums: Z,-((p(xtl.)Xt'mti + (p’(x[i)X['] ti) — f(p(x)dx
o §dxdx=Xx"

Liv1

o A finite number of iterated integrals determines all the other integrals.

[} = =
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Branched rough paths

The only data we need to build the family {X"};c4, is a family of maps
{I%} g » from 6, to 6, satisfying certain properties.

Definition

An integralis a linear map I: 9; — 2y on an unital sub-algebra 2; c <€2+ for
which I(hf) = I(h)f,Yhe 2y, f € 6, and

SI(W) =1(@h+Y I(K")h*"  when he 2;,6h=) h"'h*'and h"' € 2;
i i

v

Then X.a — Ia(e)’ X[Tl...rk]a _ Ia(Xrl...Tk)’ XTl...Tk — XTI 0.n- oXTk.
Tree multiplicative property still holds: §X* = X7,

o = = ae
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Geometric rough paths

Integrals are not necessarily Rota-Baxter maps: e.g. [t6 stochastic integral

t t t N t N t
f f;dxsf gsdxs :f f;f gudxudxs"‘f gsf fudxudxs+f fs&sds
0 0 0 0 0 0 0

I(NHI1(g) = IU(Hg) + () +](f3), J(NH1(g) =J(f1(g) + I(g(f)
Solution to dy = ydx, yy = 1: y; = exp(x; — t/2).

When they are Rota-Baxter we have shuffle relations:
[ 1) o I - 1P (1) =

Z IO (- Im (1))

3)
ceSh(@,b)
This relation reduces X* for 7 € I« to a linear combination of {X°} oeg-Chen.
<
These are geometric rough-paths: the closure of smooth rough paths.
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Growing a branched rough path
Fix y € (0,1], consider Gy : % — R, on forests as qy(1) =1 for |r| = 1/y and

1
gy =1iflr|<1ly  g,@)= Sy Y a,@M)g,(x?) otherwise
Gy (T1°+-Tp) = qy(T1) - Gy (T).

Theorem

Given a partial homomorphism X : o/, 9 ¢ — 6> satisfying the
multiplicative property

XK < BA" g, (01t —s"",  reg) @

withy(n+1)> 1, then3 X : 4T — 6, such that eq. (4) holdsVt € T .

Construction via the equation: X" = AXAT),

[} = =
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Speed of growth

Conjecture

ay(T)=Ca)™r
True for linear Chen trees g~ Chen:

n aykby(n— k)

(a+b)r"

(myr ’

<
=0 (kWY (nh)Y
Variant of Lyons’ neo-classical inequality

=¢

y€©,1], a,b=0

n

ayk by(n—k)

- (a+ b
= ylly(n-knl!— " (yn)!
‘neo-classical tree inequality”?

¢

a1 prie®

(a+ b
Oy @y

Ty
OK for y = 1: tree binomial formula. 5 s
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Controlled paths

Definition

Let n the largest integer such that ny < 1. For any x € (1/(n+1),y] a path yis
a xk-weakly controlled by X if

Sy= Y X'y +y, &y =Y Y dormXPy+yt,  1egL!
TeFL! oeFLt P

with y* € )7, 7 € 6" '"V*. Then we write y € 2, (X; V).

Lemma (Stability)

Letg € CZ(IRk, R) and y € 2, (X;RY), then z; = ¢(y;) is a weakly controlled path,
z € 2, (X;R) where its coefficients are given by

e Z Z ‘Pb(y) Z yn,bl...mi'bm, ‘L'Eg;_l

m=1|pj=m Tl TmEF L]
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Integration of controlled paths

Theorem
The integral maps {I* 4c » can be extended to maps I* : 2, (X) — 62, (X)
YE2(X)—6z=10) = X"z + Y X7 +2, (5)
€T,
where 2 € €, ) zta = y, ZlTe = 7 and zero otherwise.
Remark
Ifye 2, (X;R"®RY) then JP() = ¥ ye o 1Y)} pe o, defines a family of
integrals with an associated branched rough path Y indexed by 9, . An
explicit recursion is
o a,.ab [tttk _ a..aby,T! T
Yo=Y 10", Y b= Y IMYYYT 0-0Y™H),  be#
ac ac ¥ )
=] = = = E DA
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Example

5y= X'y + X34 Xeoyee 4 XYY 4 Xhepde 4 XYLV 1 Xoenpone 1 xEd 4 o2
5y =X +2y) + X3 (yi A E XA YV 3y

S =X +2yY +yI) + b

5y :X'(yI' +y'")+y"’ﬂ
5yY — yY'Ii 5yI. — yI.yti Sysee = y...yti

5yI — yI,ﬂ

=Xz +xi +X}zI +X¥VV 1 A
with

2’ — A X.J/u +XIyo’ﬁ +XIyIYn +XVyoo’ﬁ +XviYn +X¢y:o’ﬁ +XVyoooYﬁ] .
=] =

8z=61) =X"y+ X}y +XiyI + XY yee +X\}y1° +XYyV + XV yeee +X£yi +7



Rough differential equations

Take vectorfields {f; € CZ([Rk; R¥)} 4e » and integral maps {I% 4« and
consider the rough differential equation

8y=I(fb),  yo=neR* (6)
in the time interval [0, T].
Theorem

The rough differential equation (6) has a global solutiony € 2, (X; R¥) for
any initial conditionn € R¥. If the vectorfields are CZ“ the solution is unique
and has Lipshitz dependence on data.
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The KdV equation

1d periodic KdV equation:

1
0t §) +0gult, §) + Z0cu(t,§)° =0, u(0,8) = o (¢),

(5 eERXT
where initial condition uy € H*(T), T = [-x, 7]. Linear part: Airy group U(f)
(isometries on H%). Go to Fourier variables and let v; = U(—1) u;:

o
vl =w®+ 3 Y [ ek ds, te 0,71, ke Z,
ki /O

where k; = k— k; and vy (k) = ug(k). Restrict to v5(0) = 0. It has the form

t
Ul’:US+f j(a'(UU)UU)dU) I,se [0)ﬂ~
N

where X, (¢, @) = iz—kZ;Cl e Bk o (k) (k).
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The KdV equation

Expansion

S = X" 0D + X3 + X+ XY () 4
with multi-linear operators X*:

@]

t
Xt's(<P1»<P2)=f Xy (p1,92)do;
S

t
1 .
XI[.;r ]((p1’~-~»(/’m+1):f )QJ(X;;((pl,...,(pm),(pmH)da
N
and

[t'7?] L. 71 2
X[S ((pl""’(pm+n):f )(O'(Xg-g((plw-w(pm)»x S((Pm+1,...,(pm+n))d0.
N

Eq.7 is a rough equation which can be solved with fixed-point:

Sv=1-A8[X W+ X w3
=] =
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Shadows of the conservation law

Lemma

(01, Xs(@2,93)) + (@2, Xs(@1,93)) + (p3, X (2, 1)) =
(0, Xi5(p, ) =

se[0,T]
2{p, Xi5(@, 9, 9)) + (X5 (@, 9), Xis (@, p)) =

[6<v, V)]s = 2( X5 (v, v5) +

(vs, Vs, U5) + V?:s’ Us)

+ (Xis(Us, Vs), X5 (Vs, V5)) + 2{ Xy5(Vs, Us)

Vi) + (Wi Vi)
= 2(V, ) + 2(Xis (05, 1), Vi) + (U, th) = Ol = 5I°T)
Theorem (Integral conservation law)

Ifvis a solution of KAV then Ivtl2

luol3 for any t.
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The NS equation

The d-dimensional NS equation (or the Burgers’ equation) have the
abstract form

t
ur = St +f Sy—sBlus, us) ds.
0

Sbounded semi-group on %8, B symmetric bilinear operator.
Define d(7)-multilinear operator by
) t
Xt.s((p>< ) :f St—uB(Su—sp, Su—sp)du
N

t
Xt[srll((px(d(rl)ﬂ)):f St_uB(X;;ude(Tl)),(p)du
N
and

122) i) 2 t 1 d(7] 2 d(g?
Xt[sT T ]((P (drh+dx )y :f St—uB(Xths((P dr )),X;S((p d(r )))du
s

where d(7) is an appropriate degree function.
o =
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Bounds on the operators and regularity

The X operators allow bounds in £ of the form

T xd) le=s9"
X" (@™ ") < C—(T!)g |l
choose.

where € = 0 is a constant depending on the particular Banach space % we

We have the (norm convergent) series representation
ur=Siug+ Y X:O(ugdm)
1€9p
which gives local solutions to NS.

€)
Regularity: |u(k)| = Ce MVt by controlling growth of the terms in the series.
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Convolution integrals

@ A cochain complex (C,,8) adapted to the study of convolution
integrals.

@ Coboundary Sh=8h— ah— hawith as = S;_;— Id the 2-increment
associated to the semi-group (parallel transport).

@ Associated integration theory ( A-map as inverse to 8).

@ Algebraic relations, e.g.:
X} =X (X" (9%, )

@ Applications to stochastic partial differential equations (SPDEs):

t
U= Sty +f Se—sdwsf (uy)
0

o = = ae
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Perspectives & open problems

@ Rough integrals as renormalized integrals

@ Growth of X and generalized B-series:

a’
Cr
(The

@ Birkhoff decomposition for PDEs (cf. ERGE)
@ Scaling in PDEs (RG):

» Blowup of solutions via series methods (cf. Sinai for cNS)
> Long-time asymptotics

@ Nonperturbative solutions of DSE

@ Hochschild cohomology for (€, 0)
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