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Abstract

Building on the scale decomposition and the stochastic observables of Lecture 3, we intro-
duce interactions. The interactingmeasure can be generated in three ways: as a renormalisa-
tion group decomposition of the covariance, as an optimal control problem, whose dynamic
programming equation is the Polchinski equation, and as a filtering problem: the field at
resolution t is a noisy observation of the terminal field, the Polchinski process is this obser-
vation written in its own filtration, and backward in resolution its dynamics is linear, with
Gaussian transitions, started from the interacting measure. The three views meet in one
forward–backward system for a field and a force, and its natural coordinates are the force
coordinates: the forward equation loses its drift, and the conditional covariance becomes
the propagator. All this can be said in terms of forces, propagators and covariances. In
the gradient case there is a parallel story for potentials: the value function generates the
canonical transformation to force coordinates, the Legendre transform of the log-partition
function of the filter gives the effective average action, and its flow is the Wetterich equa-
tion. Lecture 5 continues with the observables of the interacting theory, the Euclidean field
equation and Nelson's Euclidean noise, the field equation at every resolution with its sub-
Gaussian noise, and infinite volume, and contains the appendices. The treatment is formal:
we compute as if all objects were smooth and integrable, and we indicate where the real
difficulties lie.

The results presented in Lectures 4–7 were obtained recently, with the use of AI, in col-
laboration with Sarah-Jean Meyer.
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Introduction
In Lecture 3 we decomposed the Gaussian free field along a resolution parameter and took
as primary objects the stochastic observables: martingales in the filtration of finite-resolution
measurements [BCG26]. In this lecture we introduce interactions, and we tell one story from
three points of view: renormalisation, optimal control and filtering. See also [Pol84, BK87,
Sal99, BBD24] for the renormalisation group side and [BG20, BG23] for the variational side.

Structure. Section 7 generates the interacting measure in the three ways, and shows that
they produce the same field and the same force. Section 8 finds the natural coordinates, first
in terms of forces, propagators and covariances, then in terms of potentials, where the value
function generates the canonical transformation and the Legendre transform leads to the
Wetterich equation. Lecture 5 continues with observables, the Euclidean field equation and
Nelson's Euclidean noise, the field equation at every resolution with its sub-Gaussian noise,
the Dyson–Schwinger equations, also in pathwise form, and infinite volume, and contains
the appendices: the algebra of the flow, perturbation theory and counterterms, and the func-
tional inequalities that follow from the localisation.

What is formal. Rigorous statements require a finite-dimensional setting: a finite lattice, or a
Fourier cutoff on the torus, togetherwith a finite terminal resolution T. There, all the identities
below are theorems under mild growth assumptions on the interaction, and their proofs are
the computations we give. The hard problems are the limits T→∞ (ultraviolet) and infinite
volume (infrared), together with the locality of the limiting objects. We mark with (formal)
the statements that we only derive at this level.

Conventions. As in Lectures 1–3: ℳ=𝕋L
d or ℝd, A=m2−Δ, C=A−1 with kernel G, 𝜇m the

GFF, // f , g//=∫ f g for real functions. For a functional F on smooth fields, DF(𝜑)∈𝒮′(ℳ) and
D2F(𝜑) are its first and second derivatives, DhF= //DF, h//. Hn (a; c) are the Hermite polyno-
mials of variance c, and 𝜇Q is the centred Gaussian measure with covariance Q.

Acknowledgements. The results presented in Lectures 4–7 are joint work with Sarah-Jean
Meyer, obtained recently with the use of AI. M. Gubinelli is partly supported byUK Research
and Innovation via the grant “StochFields” EP/Z534328/1 and by the Simons Collaboration on
Probabilistic Paths toQFT. S.-J. Meyer is supported by the grant “StochFields” EP/Z534328/1.

Main lecture

7 Three ways to generate the interacting measure

Fix a finite volume ℳ=𝕋L
d and a terminal resolution T<∞, which plays the role of an ultra-

violet cutoff: the reference field XT∼𝜇QT is smooth. Let VT be an interaction, a functional of
smooth fields bounded below. Our main example is

VT(𝜑)=∫
𝕋L

d [[[[[[[ 𝜆
12H4(𝜑(x); cT)+𝛾T H2(𝜑(x); cT)]]]]]]]dx, (7.1)
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with a mass counterterm 𝛾T to be fixed in Appendix A.2 of Lecture 5 (𝛾T=0 for d=2). The
coupling is normalised by 𝜆/12 so that the curvature of the quartic term is 𝜆𝜑2, as in Lec-
tures 6–7. The interacting measure at cutoff T is

𝜈T(d𝜑)=ZT
−1e−VT(𝜑)𝜇QT(d𝜑). (7.2)

Howdoes the Gaussian scale decomposition of Lecture 3 generate 𝜈T? There are three answers.

• Renormalisation (Section 7.1). Split the covariance into shells and integrate them out
one at a time. At every resolution the field is again a Gibbs measure, and it is driven
by an effective force.

• Optimal control (Section 7.2). Steer the Gaussian field by a drift, at the least cost. The
effective potential is the value function, and the Polchinski equation is the dynamic
programming equation.

• Filtering (Section 7.3). Observe the terminal field through noise, with increasing pre-
cision. The field at resolution t is the observation, the force is what it reveals about
the terminal field, and backward in resolution the process has a linear dynamics with
Gaussian transitions, started from the interacting measure.

Section 7.4 shows that the three constructions produce the same process. Throughout,

St≔QT−Qt=QT,t, Ṡt=−Q̇t, ST=0,

is the covariance still unresolved at resolution t.

7.1 Renormalisation: decomposing the covariance
Decompose the covariance as in Lecture 3: QT=Qt+St, and correspondingly

XT=Xt+(XT−Xt)

with independent terms. Integrating out the second one defines the effective potential.

Definition 7.1. The effective potential at resolution t∈[0,T] is

e−Vt(𝜑)≔∫e−VT(𝜑+𝜁)𝜇QT,t(d𝜁). (7.3)

Vt is the interaction felt by the field at resolution t once the fluctuations between t and T
have been integrated out: it is the Wilson effective action. At t=0, V0(0)=−logZT is the free
energy. Here is the first key fact.

Proposition 7.2. (Marginals) Let ℙ be defined by

dℙ
dℙ0

=ZT
−1e−VT(XT),

where ℙ0 is the law of the Gaussian process X. Then Lawℙ(XT)=𝜈T, and for every t⩽T

Lawℙ(Xt)=𝜈t, 𝜈t(d𝜑)≔ZT
−1e−Vt(𝜑)𝜇Qt(d𝜑). (7.4)

Moreover, the conditional law of XT given ℱ t is

𝜇t
Xt(d𝜑), 𝜇t

𝜙(G)≔eVt(𝜙)∫G(𝜙+𝜁) e−VT(𝜙+𝜁)𝜇QT,t(d𝜁). (7.5)
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Proof. Under ℙ0, XT=Xt+ (XT−Xt) with an independent increment of law 𝜇QT,t. Hence
𝔼ℙ[G(Xt)] =ZT

−1𝔼0[G(Xt)e−VT(XT)] =ZT
−1𝔼0[G(Xt)e−Vt(Xt)]. The conditional law follows in

the same way. □

So at every resolution the field is again a Gibbs measure, with reference covariance Qt
and potential Vt. The measure-valued martingale (𝜇t

Xt)t goes from 𝜈T at t=0 to 𝛿XT at t=
T: it is a stochastic localisation of 𝜈T in the sense of Eldan [Eld23], adapted to the covariance
profile [BBD24, BCG26].

The field as a process. The density of the interacting law with respect to the Gaussian one
is a martingale in resolution, so by Girsanov the field acquires a drift, and this drift is the
effective force. The resulting process is the Polchinski process.

Theorem 7.3. (FBSDE for the interacting field) (formal) Under ℙ the process Φt≔Xt,
the interacting field at resolution t, solves

dΦt= Q̇t Ftdt+ Q̇t
1/2dWt

ℙ, Ft=−DVt(Φt)=𝔼t
ℙ [−DVT(ΦT)], (7.6)

withΦ0=0 and aℙ-cylindrical Brownian motion Wℙ. In particular the effective force (Ft)t⩽T
is a ℙ-martingale: an observable field of the interacting theory.

Proof. The density process is Mt≔𝔼0[ dℙ/ dℙ0|ℱ t] =ZT
−1e−Vt(Xt), by Proposition 7.2. It is

a martingale, so the drift in Itô's formula vanishes and dMt=−Mt //DVt(Xt), Q̇t
1/2dWt//. By

Girsanov's theorem, Wt
ℙ=Wt+∫0

t Q̇s
1/2DVs(Xs) ds is a ℙ-Brownian motion, which is (7.6).

Differentiating (7.3) gives DVt(𝜙)=𝜇t
𝜙(DVT), which is the second identity. □

Remark 7.4. (A Doob h-transform) Under ℙ0, X is the GFF martingale of Lecture 3, Xt=
𝔼0[XT|ℱ t], a Gaussian process with independent increments and generator Lt=

1
2Tr(Q̇tD2).

The function

ht(𝜙)≔ZT
−1e−Vt(𝜙)=𝔼0[ZT

−1e−VT(XT)|Xt=𝜙]

is space-time harmonic for X, (∂t+Lt)ht=0, and this is the Polchinski equation (7.8) for Vt=
−log ht− log ZT. Since h0(0)=1, the density of ℙ with respect to ℙ0 on ℱ t is ht(Xt): the Pol-
chinski process is the Doob h-transform of the GFF martingale by the terminal weight e−VT. Its
generator is

Lt
hG=ht−1(∂t+Lt)(htG)−∂tG=LtG+ //Q̇tDlog ht,DG//,

and the force is the logarithmic gradient of h, Ft=Dlog ht(Φt). Conditioning a Brownian
motion on its endpoint is the simplest example: ht is then theGaussian density of the remaining
increment, and the drift is that of the bridge (7.15). The interacting field is a GFF martin-
gale conditioned, in the sense of Doob, to end with the law 𝜈T. The same transform acts on
the backward Kolmogorov equation (9.2) of Lecture 5 (Exercise 9.1 there).

Read as an equation for an unknownpair (Φ,F), (7.6) is a forward–backward system [MY99].
The field is driven forward in resolution by a force that is determined backward, as the con-
ditional expectation of a functional of the terminal field:

Φt=∫0
t Q̇sFsds+∫0

t Q̇s
1/2dWs, Ft=𝔼t [−DVT(ΦT)], t∈[0,T]. (7.7)
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Here and below we drop the superscript and write W for the Brownian motion driving the
interacting field. No equation for the potential is needed to state (7.7), and 𝜈T=Law(ΦT) is
recovered from the solution. This is the starting point of FBSDE constructions of Euclidean
fields (Figure 7.1): one solves (7.7) with renormalised VT, with estimates uniform in T and
in the volume, and takes the limit. The field coordinate Φ is not an observable, only a semi-
martingale. Its martingale part is the Gaussian noise, and the observables are built from it and
from F.

Figure 7.1. The forward–backward structure of (7.7) on 𝕋2, heat profile, at resolutions t1< t2< t3<T,
all built from the same noise. Top: the field gains the fluctuation of each shell, Q̇t

1/2dWt, and reveals
finer modes. Read backward, the same process solves the linear equation (7.17): a Gaussian blurring of
ΦT∼𝜈T, which does not see the interaction (dashed arrow). Vertical arrows: at each resolution the force
is the function −DVt of the field. Bottom: the effective force Ft=𝔼t [−DVT(ΦT)] for the Φ4 interaction,
determined backward from the terminal interaction. It is shown to first order in 𝜆, where it is the Wick
cube −𝜆

3 H3(Φt; ct), and each panel is in its own units.

7.2 Optimal control: the Polchinski equation
Themeasure 𝜈T also solves aminimisation problem. Perturb the Gaussian field by an adapted
drift, and pay for the drift and for the interaction at the endpoint. The effective potential is the
value function of this problem. Its equation in t, which we first derive directly from (7.3), is
the dynamic programming equation.

Theorem 7.5. (Polchinski equation [Pol84]) (formal) Vt solves the backward
Hamilton–Jacobi equation

∂tVt=
1
2 //DVt, Q̇t DVt//− 1

2Tr(Q̇t D2Vt), t∈[0,T], (7.8)

with terminal condition VT.

THREE WAYS TO GENERATE THE INTERACTING MEASURE 5



Proof. ht=ZT
−1e−Vt=e

1
2ΔQT,thT (Remark 7.4) is a Gaussian convolution, where ΔQ≔Tr(QD2).

Since ∂tQT,t=−Q̇t, it solves the backward heat equation ∂t ht=−1
2Tr(Q̇tD2ht). Insert D2h=

(DV⊗DV−D2V)h and divide by −h. □

The nonlinear term generates new, generally nonlocal, interactions (trees), and the trace
term contracts pairs of fields with the covariance of the shell [t, t+dt] (loops). The substitu-
tion h∝e−V, which linearises the equation, is a Cole–Hopf transform: we come back to this in
Section 8.1, and in Appendix A of Lecture 5.
The control problem. Let ℍa be the set of progressively measurable drifts u: [0,T]→L2(ℳ)
with 𝔼∫0

T ‖us‖2ds<∞, and set

It(u)≔∫0
t Q̇s

1/2usds, Xu≔X+ I(u),

the field driven by the control u under the Gaussian reference ℙ0.
The following result is standard in the stochastic optimal control setting, see e.g.

Fleming and Soner's book [FS06]. A useful non-Markovian generalisation is given by
Boué–Dupuis [BD98].

Theorem 7.6. (Polchinski is HJB) (formal)

− log 𝔼0[e−VT(XT)]=V0(0)= inf
u∈ℍa

𝔼0�VT(XT
u)+ 1

2∫0
T ‖us‖2ds�. (7.9)

The infimum is attained at the feedback control us
∗=−Q̇s

1/2DVs(Xs
u∗), and Law(XT

u∗) = 𝜈T. The
effective potential is the value function, and (7.8) is the Hamilton–Jacobi–Bellman equation of this
control problem.

Proof. (Verification.) For any u, by Itô's formula and (7.8),

dVt(Xt
u)=�12‖Q̇t

1/2DVt‖2+ //Q̇t
1/2DVt,ut//�dt+dMt

=�12‖ut+ Q̇t
1/2DVt‖2−

1
2‖ut‖2�dt+dMt,

with DVt=DVt(Xt
u) and a martingale M. Integrating and taking expectations,

𝔼0�VT(XT
u)+ 1

2∫0
T ‖ut‖2dt�=V0(0)+

1
2 𝔼0∫0

T ‖ut+ Q̇t
1/2DVt(Xt

u)‖2dt. (7.10)

So the cost is ⩾V0(0), with equality iff u=u∗. With this control Xu∗ solves the same SDE asΦ
in (7.6). □

Euler–Lagrange equation = FBSDE. Perturbing u→u+𝜀v in (7.9), the first-order condition
is 𝔼∫0

T //us+ Q̇s
1/2𝔼s [DVT(XT

u)],vs//ds=0 for all adapted v, i.e.

us=−Q̇s
1/2 𝔼s [DVT(XT

u)]= Q̇s
1/2Fs. (7.11)

This is (7.7). The FBSDE is the Euler–Lagrange equation of the variational problem, and the
Polchinski equation is its Hamilton–Jacobi equation.

Entropy. By Girsanov, 1
2 𝔼0∫‖u‖2⩾Ent(Law(Xu) |Law(X)), which is at least the entropy of

the terminal marginal. So (7.9) is a pathwise lift of the Gibbs variational principle −logZT=
inf𝜈 {∫VTd𝜈+Ent(𝜈|𝜇QT)}. The lift is useful because adapted drifts can be constructed scale by
scale: one looks for u as a functional of the Gaussian process X, not as an unknown measure.
Generating functionals. Adding a test functional f ,

𝒲T( f )≔−log∫e− fd𝜈T=inf
u
𝔼0� f (XT

u)+VT(XT
u)+ 1

2∫0
T ‖us‖2ds�−V0(0). (7.12)
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Bounds on 𝒲T( f ) uniform in T, for f in a rich class, give tightness, moment bounds and the
identification of limits. ForΦ3

4 the naive problem does not have uniform bounds: the leading-
order optimal drift us≈−𝜆

3 Q̇s
1/2:Xs

3: has a divergent cost. One renormalises by the change
of variables u=−𝜆

3 Q̇
1/2:X3: +r. After it, and after further paracontrolled changes of vari-

ables, the singular terms are explicit polynomials in the Wick powers of X, cancelled by the
counterterms, and the residual functional is coercive. Its control in Besov and paracontrolled
norms, uniformly in T, is the construction of Φ3

4 in [BG20]; see also [BG21].

Pontryagin's maximum principle. Consider first a deterministic problem: minimise the cost
J(u)=g(xT)+∫t

T ℓ(xs,us)ds over controls u on [t,T], where the state solves ẋs=b(xs,us), xt=x.
With the Hamiltonian

ℋ(x,p,u)≔ //p,b(x,u)//− ℓ(x,u),

Pontryagin's principle [PBGM62] says that along an optimal pair (x,u) there is a costate p such
that

ẋs=∂pℋ, ṗs=−∂xℋ, pT=−Dg(xT), us∈argmax
v

ℋ(xs,ps,v).

The state runs forward from its initial value, the costate backward from its terminal value: a
two-point boundary value problem. In the smooth case the principle is the first-order condi-
tion. If 𝜉 =∂𝜀x is the variation of the state under u→u+𝜀v, then 𝜉 =∂xb𝜉 +∂ubv, 𝜉t=0, and
the costate equation is exactly what makes d

ds //p, 𝜉//= //∂x ℓ, 𝜉//+ //p, ∂u bv//. Integrating over [t,
T] and using the terminal condition,

d
d𝜀 J(u+𝜀v)|𝜀=0=−∫t

T //∂uℋ(xs,ps,us),vs//ds.

So the costate is the Lagrange multiplier of the constraint ẋ= b, and an optimal control is a
critical point of the Hamiltonian.

The costate is a gradient. Let V(t,x)=minu J(u) be the value function. Comparing the cost
from (t,x) with the cost from (t+dt,x+bdt) gives the Hamilton–Jacobi–Bellman equation

∂tV=ℋ∗(x,−DV), ℋ∗(x,p)≔max
u

ℋ(x,p,u), V(T, ⋅)= g.

Its characteristics are Hamilton's equations forℋ∗, and along them ps=−DV(s,xs): the costate
is the sensitivity of the optimal cost to a displacement of the state, i.e. the force that the future
exerts on the present.

The Hamiltonian of the field. In the problem of Theorem 7.6 the state is the field, b(x,u)=
Q̇s

1/2u, ℓ= 1
2‖u‖

2 and g=VT. Then ℋ(p,u)= //p, Q̇s
1/2u//− 1

2‖u‖
2 is maximal at u= Q̇s

1/2p, and

ℋ∗(p)=
1
2 //p, Q̇sp//

is the Hamiltonian of a free particle with mass matrix Q̇s
−1: it does not depend on the state.

Hence ṗ=0 and ẋ= Q̇sp: the costate is conserved, and from t to T the state moves along the
linear shear

Σt: (x,p)⟼(x+Stp, p). (7.13)

Its trajectories are the characteristics of the transport part of (8.1). All the interaction sits in
the terminal condition p=−DVT(x+Stp), an implicit equation for themomentum, solved by a
sum of tree graphs (Exercise 8.1). The corresponding Hamilton–Jacobi equation ∂tV= 1

2 //DV,
Q̇tDV//is the Polchinski equation (7.8) without its trace term.
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With noise. For a controlled diffusion dX=b(X,u)ds+𝜎dW, with 𝜎 independent of the con-
trol, the stochastic maximum principle [Bis73, Pen90, YZ99] keeps the Hamiltonian and the
maximisation, but the costate becomes an adapted process which solves a backward stochastic
differential equation,

dps=−∂xℋ ds+ΥsdWs, pT=−Dg(XT).

The martingale term ΥdW is the price of adaptedness: the costate may not anticipate the
noise. For the field ∂xℋ=0, so the costate is a martingale, pt=𝔼t[−DVT(XT)], and since the
value function is the effective potential (Theorem 7.6), pt=−DVt(Xt). The noise adds the Itô
term to the Hamilton–Jacobi equation, which becomes the Polchinski equation (7.8).

In the notation of Theorem 7.6 the controlled field is dX=Q̇t
1/2(udt+dW) and the optimal

control is ut= Q̇t
1/2pt (Exercise 7.3). Since pt is the value Ft of the force, the FBSDE (7.7) is the

stochastic Pontryagin system of this problem:

the fieldΦ is the state, and the force F is the costate.

7.3 Filtering: measuring the field

Stochastic localisation was introduced by Eldan [Eld13] to study measures in high dimen-
sion (see [Eld23] for a survey). The idea is to write a measure as a mixture of simpler ones,
through a measure-valued martingale driven by noise. Proposition 7.2 says that the Pol-
chinski process does exactly this for 𝜈T. What Eldan's construction adds to the picture of
Section 7.1 is a statistical reading:

the Polchinski process is a noisy observation of its own terminal value, and its drift is what an optimal
filter learns from this observation.

The terminal field as a hidden signal. Assume that all the deterministic covariance oper-
ators are functions of A, hence commute, and let K=QT

−1, Jt=KQt, so that J0=0, JT=1. For
the heat profile, K=AeA/T2

and Jt=e−A(t−2−T−2) is a heat semigroup, which tends to e−A/t2 as
T→∞. Given its terminal value, the interacting field is still the Gaussian bridge, as the density
of ℙwith respect to ℙ0 depends on XT only:

Φt= JtΦT+𝜁t, 𝜁t∼N(0,Qt(1− Jt)), independent of ΦT. (7.14)

Read (7.14) as a statistical model. The signalΦT is hidden, with prior 𝜈T, and the path (Φs)s⩽t
is an observation of it: a copy attenuated by Jt and corrupted by a Gaussian noise independent
of the signal. Infinitesimally, the bridge is the Doob transform of X by the Gaussian density
of the remaining incrementΦT−Φt∼𝜇St, so that

dΦt= Q̇tSt
−1(ΦT−Φt) dt+ Q̇t

1/2dBt, (7.15)

with B a Brownian motion independent of ΦT, in the filtration enlarged by 𝜎(ΦT): at each
resolution the field is pulled towards the hidden terminal field, and the pull is seen through
noise. The filtering problem is to estimateΦT from ℱ t=𝜎(Φs: s⩽ t), the filtration of the Polch-
inski process itself. Let 𝜓t=𝔼t[ΦT], Covt=Cov(ΦT|ℱ t), and let

ℛ t≔St
−1−QT

−1, ℛ0=0, ℛ̇ t=St
−1Q̇tSt

−1⩾0,
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be the regulator.

Proposition 7.7. (Filtering, formal; a theorem at finite cutoff)

a) The conditional law of ΦT given ℱ t is the Bayesian posterior

𝜇t
Φt(dy)∝e //St−1Φt,y//− 1

2 //y,ℛ ty//𝜈T(dy). (7.16)

It depends on the path only through Φt, a sufficient statistic, and ℛ t is the precision
gained onΦT.

b) The Brownian motion W of the FBSDE (7.6) is the innovation of the filter,

Wt=Bt+∫0
t Q̇s

1/2Ss
−1(ΦT−𝜓s) ds,

and the force is the posterior mean of the pull in (7.15), per unit Q̇t:

Ft=𝔼t[St
−1(ΦT−Φt)], i.e. 𝜓t=Φt+StFt.

So (7.6) is the observation equation (7.15) written in its own filtration.
c) Every observable Ot=𝔼t[G(ΦT)] solves the filter equation

dOt= //Covt(G(ΦT),ΦT),St
−1Q̇t

1/2dWt//,
in particular

d𝜓t=CovtSt
−1Q̇t

1/2dWt.

Proof. (a) By Proposition 7.2 the conditional law is 𝜇t
Φt, the tilt of 𝜇St(⋅−Φt) by e−VT. The

ratio of the Gaussian densities of 𝜇St(⋅−x) and 𝜇QT at y is e //St−1x,y//−
1
2 //y,ℛ ty//up to a function of

x; equivalently, apply Bayes' formula to the likelihood of (7.14). (b) Integrate (7.6) from t
to T and condition on ℱ t: since F is a martingale, 𝔼t∫t

T Q̇sFsds= StFt, so 𝜓t=Φt+ StFt, and
the posterior mean of the drift of (7.15) is Q̇tSt

−1(𝜓t−Φt)= Q̇tFt. Comparing the two expres-
sions (7.6) and (7.15) of dΦt gives the formula for W. (c) Ot=Gt(Φt) with Gt(x)= 𝜇t

x(G)
is a martingale, so the drift in Itô's formula vanishes, and differentiating (7.16) in x gives
DGt(x)=St

−1Covt(ΦT,G(ΦT)). □

So the Polchinski process is a filter. The interacting measure is the prior on a hidden field;
at resolution t one has observed the coarse field Φt, and 𝜇t

Φt is what is known about the fine
one. The forecast 𝜓t is the posterior mean of the hidden field, and Q̇tFt is the posterior mean
of its pull on the observed one. For the Gaussian prior 𝜇QT the increments are independent,
so the posterior mean is Φt itself and F=0: Φt is the estimate that ignores the interaction
and 𝜓t the one that includes it. The effective potential is a likelihood ratio: by the proof of
Theorem 7.3, ZT

−1e−Vt(Φt) is the likelihood ratio of the observation up to resolution t under the
interacting and under the Gaussian prior, and the Polchinski equation is the equation of its
logarithm.

Proposition 7.8. (Backward in resolution) (formal) Under ℙ the reversed process Φ̂s≔ΦT−s,
s∈[0,T], solves the linear equation

dΦ̂s=−Q̇T−sQT−s
−1 Φ̂sds+ Q̇T−s

1/2 dŴs, Φ̂0=ΦT∼𝜈T, (7.17)

THREE WAYS TO GENERATE THE INTERACTING MEASURE 9



with Ŵ a Brownian motion independent of ΦT, and its solution is (7.14). Backward in resolution, the
Polchinski process is a linear Markov process, with Gaussian transition kernels which do not depend
on the interaction, started from the interacting measure. It is not a Gaussian process: its marginals 𝜈t
are not Gaussian.

Proof. Underℙ0,X is a centred Gaussian process with independent increments, so its reversal
is a Gaussian Markov process: for t< u, the law of Xt given (Xr)r⩾u is N(QtQu

−1Xu,Qt−
QtQu

−1Qt), and letting u↓t gives the drift and the diffusion of (7.17). Since dℙ/dℙ0 is a func-
tion ofXT, the initial value of the reversed process, these transition kernels are the same under
ℙ, and only the initial law changes, from 𝜇QT to 𝜈T. □

Generation by denoising. So two dynamics have the same marginals 𝜈t. Backward in res-
olution, the interacting field is progressively blurred by Gaussian noise, Φt= JtΦT+𝜁t, until
nothing is left at t=0; this dynamics does not know the interaction. Forward, the Polchinski
process undoes the blurring, and all the interaction sits in its drift. For 0<t⩽T, at finite cutoff,
the time-reversal formula for diffusions says that the forward drift is minus the backward one
plus Q̇t times the score of the marginal: if pt is the density of 𝜈t,

Q̇tFt= Q̇tQt
−1Φt+ Q̇tDlog pt(Φt), i.e. Ft=Dlog pt(Φt)+Qt

−1Φt:

the force is the score of 𝜈t relative to that of the Gaussian reference 𝜇Qt, as 𝜈t∝e−Vt𝜇Qt requires.
The forecast is the optimal denoiser, and Tweedie's formula

𝜓t= Jt−1(Φt+Qt(1− Jt)Dlog pt(Φt))

is again 𝜓t=Φt+ StFt. This is the structure of score-based generative models (diffusion
models), with 𝜈T as the data distribution, the blurring as the noising process and the Pol-
chinski process as the generating dynamics.

Remark 7.9. (Time reversal compensates the drift up to the score) Forward, in the dir-
ection of increasing resolution, Φ has drift bt= Q̇tFt, which contains the whole interaction.
Backward, by (7.17), the reversed process runs in the direction of decreasing resolution and
has at s=T− t the drift 𝛽t(x)=−Q̇tQt

−1x, which does not see the interaction at all. Written
as a velocity in the direction of increasing resolution, the backward drift is b∗=−𝛽. The two
velocities b and b∗ do not agree, and the time-reversal formula [And82, HP86] says what
separates them:

bt(x)−b∗(x)=bt(x)+𝛽t(x)= Q̇tDlog pt(x),

Q̇t times the score of the density pt of the field at that scale. Reversing the direction of resol-
ution compensates the drift exactly up to the score. For the free field bt=0 and Dlog pt(x)=
−Qt

−1x, so the whole backward drift is the Gaussian score; with an interaction, the score car-
ries everything that the backward dynamics ignores. InNelson's stochasticmechanics [Nel67]
b∗ is the backward velocity, and the half difference 1

2 (b−b∗)=
1
2 Q̇tDlog pt is the osmotic velo-

city. The same score is the noise of the field equation of Lecture 5, the observable 𝜔t=KΦt−
JtFt of Section 9.3 there: by (9.14) of Lecture 5,

𝜔t=−JtDlog pt(Φt)=−Jt Q̇t
−1(bt+𝛽t)(Φt),

so the noise at resolution t is, up to the smoothing Jt, the part of the drift that time reversal
does not compensate.
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Remark 7.10. (Themeasurement coordinate and the literature) In the literature on stochastic
localisation [Eld13, Eld23, BBD24] the observation is written in another coordinate. Let jt≔
St
−1Φt. Since St

−1Jt=ℛ t, (7.14) becomes a linearmeasurement of the terminal fieldwith signal-
to-noise ratioℛ t:

jt=ℛ tΦT+Nt, Nt=St
−1𝜁t, 𝔼[Ns⊗Nt]=ℛ s∧t, N independent of ΦT. (7.18)

In this coordinate (7.16) is an exponential family with natural parameter jt and log-partition
function

𝒦 t(j)= log∫e // j,y//− 1
2 //y,ℛ ty//𝜈T( dy),

and

𝒦 t(St
−1x)= 1

2 //x,St
−1x//−Vt(x)

up to a function of t. Then 𝜓t=D𝒦 t(jt), Covt=D2𝒦 t(jt), d jt=ℛ̇ t𝜓tdt+ℛ̇ t
1/2dWt with the

same innovationW, and

∂t𝒦 t+
1
2Tr(ℛ̇ tD2𝒦 t)+

1
2 //D𝒦 t, ℛ̇ tD𝒦 t//=0, (7.19)

the Polchinski equation in the variable j [BBD24] (∂t𝒦=−1
2𝔼 //y, ℛ̇y//and Tr(ℛ̇D2𝒦)=𝔼 //y,

ℛ̇y//− //𝜓, ℛ̇𝜓//, expectations under the posterior). The basic form of Eldan's scheme is the
profile St=(QT

−1+ t)−1, t∈[0,∞) (the terminal resolution is then t=∞, and QT is the cutoff
covariance), where ℛ t= t and jt= tΦT+Nt with N a Brownian motion; Eldan's original con-
struction [Eld13] uses an adapted control matrix. After the change of variable q=q0+ t2, and
with QT replaced by the full covariance C, this is the mass-regulator profile of Exercise 8.8,
used in Lectures 6–7.

Literature: Polchinski, Eldan and diffusion models. The objects of this section have been
studied in three communities. Stochastic localisation was introduced by Eldan [Eld13] for
the KLS conjecture and is surveyed in [Eld23]; Chen and Eldan [CE22] made it a general
framework, the localisation schemes, for mixing bounds of Markov chains. That Eldan's pro-
cess and the Polchinski flow of the renormalisation group are the same object in different
coordinates is explained in the survey of Bauerschmidt, Bodineau and Dagallier [BBD24],
who use the Polchinski flow to prove log-Sobolev inequalities. On the generative side, diffu-
sionmodels were introduced in [SWMG15, HJA20] and given their SDE form, a noising diffu-
sion reversed in time by a drift built from the score, in [SSK21]; the time-reversal formula goes
back to Anderson [And82] and Haussmann and Pardoux [HP86], and Tweedie's formula
for the posterior mean is discussed in [Efr11]. The two sides were connected by El Alaoui,
Montanari and Sellke [EMS22], who run stochastic localisation as a sampling algorithm, by
El Alaoui andMontanari [AM21], who read it as the observation of a signal in Gaussian noise
(the filtering point of view of Proposition 7.7), and by Montanari [Mon23], who presents
denoising diffusions as instances of stochastic localisation. On the physics side, Cotler and
Rezchikov showed that Polchinski's exact renormalisation group is a gradient flow of the
relative entropy in the sense of optimal transport [CR23], and proposed to read diffusion
models as inverse renormalisation group flows [CR23b].

7.4 Where the three views meet
The three constructions give one process. Renormalisation produces it as the field at resolu-
tion t with its effective drift (Theorem 7.3), control as the optimal state (7.11), and filtering
as the observation written in its own filtration (Proposition 7.7). Each of them has a name for
each object:
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Renormalisation Control Filtering
t resolved covariance Qt time of the problem information gained ℛ t

Φt field at resolution t state observation; posterior mean
for the Gaussian prior

Ft effective force costate posterior mean of the ter-
minal force

W fresh fluctuation of the shell noise of the controlled field innovation

St unresolved covariance free motion from t to T posterior covariance for the
Gaussian prior

𝜓t=Φt+StFt
mean of the conditional law
𝜇t
Φt

terminal state predicted by
free motion posterior mean

Covt covariance of 𝜇t
Φt St−StD2VtSt posterior covariance

Vt effective potential value function
minus the log-likelihood ratio
of the observation, up to
log ZT

In the last column,Φt is the estimate of the terminal field that ignores the interaction, and
𝜓t is the estimate that includes it. Their difference is StFt: the force is what the interaction adds
to the estimate, in units of the free propagator St. The conditional covariance Covt replaces
St as the propagator. Forces, propagators and covariances are the common language of the
three views, and the next section writes the system in it. Only the last row of the table, and
the formula for Covt in the control column, involve a potential.

2 0 2
x

6

4

2

0

2

4

6
force Ft(x) = − V ′t (x)

t= 0.0

t= 1.0

t= 2.5

t= 5.0

0 2 4
resolution t

2

1

0

1

paths of Φt

2 0 2
x

0.0

0.1

0.2

0.3

0.4

law of ΦT vs νT

Figure 7.2. A zero-dimensional Polchinski process (Exercise 7.2): Qt=1− e−t, T=5, VT(x)=
1
2 x

4− 3
2 x

2.
Left: the effective force Ft=−Vt′ is almost linear at low resolution and develops the double-well structure
as t→T. Centre: paths of the FBSDE (7.6), which split between the two wells (stochastic localisation).
Right: histogram ofΦT (2 ⋅104 paths) against the density of 𝜈T.

Exercises
Exercise 7.1. (Quadratic interactions) LetVT(𝜑)=

𝜅
2 //𝜑,𝜑//, 𝜅>0. (a) Show thatVt(𝜑)=

1
2 //𝜑,𝜅(1+𝜅QT,t)−1𝜑//+

const solves (7.8). (b) Show that 𝜈T is Gaussian with covariance (QT
−1+𝜅)−1: for QT→(m2−Δ)−1 this is the

GFF of mass (m2+𝜅)1/2. (c) Write (7.6) explicitly. It is a linear FBSDE. Solve it, and check that Ft is a mar-
tingale. Moral: the mass can be put either into the covariance or into the force.
Exercise 7.2. (Zero dimensions) Takeℳ a point,Qt=q(t) scalar, increasing,VT(x)=𝜆x4−ax2with 𝜆>0, a⩾0
(a double well if a>0; Figure 7.2 has 𝜆= 1

2 , a=
3
2). (a) Write (7.8) and solve it numerically for q(t)=1−e−t.

(b) Simulate (7.6) by first computing Vt′ on a grid, and compare the histogram ofΦT with e−𝜆x4+ax2−x2/2q(T). (c)
Compute Vt to second order in 𝜆.
Exercise 7.3. (Stochastic maximum principle) (a) For an optimal control u of (7.9), put pt≔𝔼t [−DVT(XT

u)],
so that ut= Q̇t

1/2pt by (7.11). Use the martingale representation theorem to show that p solves the backward
equation dpt=ΥtdWt, pT=−DVT(XT

u), for an adapted Υ, coupled to the forward equation of Xu, and identify
(Xu,p) with (Φ,F) in (7.6). (b) Show that Υt=DFt(Φt) Q̇t

1/2.
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Exercise 7.4. (Optimal drift) (a) Check from (7.11) that the optimal u is a martingale up to the factor Q̇1/2.
(b) For the quadratic interaction of Exercise 7.1, compute the optimal drift and the value (7.9) explicitly.

Exercise 7.5. (Cost of the leading drift) For VT=
𝜆
12 ∫:𝜑

4:T on 𝕋L
3, show that

1
2 𝔼∫0

T
‖𝜆3 Q̇s

1/2:Xs
3: ‖2ds= 𝜆2

12 L
3∫QT(z)4dz,

which diverges linearly in T. Relate this to the k=4 term of (A.6) of Lecture 5.

8 Force coordinates and potentials
The three views agree on the forward–backward system (7.7), which from now on is the
primary object, with a martingale force Ft=Ft(Φt), dFt=ΥtdWt. We look for the coordinates
inwhich it is simplest. They are suggested by the table above: the posteriormean 𝜓, whichwe
call the forecast, and the force. They remove the predictable part of the forward dynamics,
and they integrate exactly the bilinear (tree) part of the force flow.

Sections 8.1–8.4 tell this story in terms of forces, propagators and covariances. The poten-
tial enters only through the terminal force and, for a gradient force, through the identification
of the response with the conditional covariance; the system in force coordinates makes sense
for a force that is not a gradient. Sections 8.5–8.7 tell it again in terms of potentials: the value
function generates the canonical transformation to force coordinates, the Legendre transform
connects it to the filter, and the equation for the force is theWetterich equation for the effective
average action [Wet93, BTW02].

8.1 The force and a Burgers equation
Differentiating (7.8), the effective force Ft=−DVt, now as a function of the field, solves

∂tFt=−DFt [Q̇tFt]−
1
2Tr(Q̇tD2Ft), FT=−DVT, (8.1)

an infinite-dimensional, backward, viscous Burgers equation. The Cole–Hopf transform F=
Dlog h linearises it, which is the statement that h∝e−V solves a heat equation. Two remarks
on (8.1):

∂t V =
1

2
V V

Q̇t
−

1

2 V

Q̇t

∂t F = − F F
Q̇t

−

1

2 F

Q̇t

Figure 8.1. The Polchinski equation (7.8) and the Burgers equation (8.1) as graphs. A blob with n legs is
the n-th derivative of Vt, or of the force Ft, whose root is the arrow; a line with a dot is the kernel Q̇t. The
first term joins two blobs and makes a tree; the second closes a loop on one blob. Integrating from VT and
iterating generates the connected Feynman graphs, with lines QT,t.

i. it uses only the force, which is a local quantity (intensive), whileVt is extensive, of order
of the volume. This matters in infinite volume (Section 9.5 of Lecture 5);
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ii. the Burgers flows for different covariances commute whenDFt is symmetric, i.e. when
Ft is a gradient [BCG26]: then Ft=−DVt, the flows are gradients of Polchinski flows,
i.e. of Gaussian convolutions after the Cole–Hopf transform, and Gaussian convo-
lutions commute. For a non-gradient force, as for the general Wilson–Itô diffusions
of [BCG26], the flows do not commute.

The function Ft(⋅) with Ft=Ft(Φt) is the decoupling field of the FBSDE, and the Burgers equa-
tion (8.1) is its quasilinear PDE;Υt=DFt(Φt)Q̇t

1/2 is themartingale representation integrand of
the costate. The two terms of (8.1) have distinct origins. The transport term −DF[Q̇F] comes
from the drift of the state, and generates the tree diagrams. The diffusion term −1

2Tr(Q̇D2F)
is the Itô correction, and generates the loops.

8.2 Removing the predictable drift
The drift Q̇tFt of the state is predictable, and the costate is a martingale. Hence the drift that
remains to be accumulated on [t,T] is predicted, at resolution t, by transporting the current
state with the current costate along the free flow (7.13).

Proposition 8.1. (The forecast) (formal) The conditional mean of the terminal field is

𝜓t≔𝔼t[ΦT]=Φt+StFt, (8.2)

i.e. (𝜓t,Ft)=Σt(Φt,Ft). It is a martingale, with

d𝜓t= Q̇t
1/2dWt+StΥtdWt=(1+StDFt(Φt)) Q̇t

1/2dWt. (8.3)

Proof. The identity is in the proof of Proposition 7.7(b), and uses no commutativity. For the
differential, the drift Q̇tFt of Φ cancels against ṠtFt, and StdFt=StΥtdWt. □

So 𝜓 is a closed observable, the field observable of [BCG26]. The field splits as

Φt=𝜓t−StFt: (8.4)

a martingale, minus the drift still expected on the unresolved scales, which vanishes at t=T.
The noise of𝜓 in (8.3) has two sources: the fresh fluctuation of the shell, Q̇t

1/2dWt, and the revi-
sion of the forecast of the remaining drift, StdFt. The coupling between the forward and the
backward equations, whichwas in the drift ofΦ, now sits in the volatility of𝜓. The coordinate
𝜓 is the interaction picture with respect to the noiseless (classical) part of the dynamics.

8.3 The FBSDE in the forecast coordinate
Assume that the map

x↦𝜓=x+StFt(x)
is invertible, and write its inverse as

x=𝜓+Stℱ t(𝜓), ℱ t(𝜓)≔−Ft(x), (8.5)

so that Ft=−ℱ t(𝜓t): the costate is now a function of the forecast. Introduce the response, and
recall the regulator of the filter:

Ht(𝜓)≔�St
−1+Dℱ t(𝜓)�−1, ℛ t≔St

−1−QT
−1, ℛ̇ t=St

−1 Q̇tSt
−1⩾0. (8.6)

Differentiating the two maps x↔𝜓 gives

1+StDFt(x)=(1+StDℱ t(𝜓))−1=Ht(𝜓)St
−1.
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Theorem 8.2. (FBSDE in force coordinates) (formal) In the coordinates (𝜓,ℱ), the system (7.7)
becomes

d𝜓t=Ht(𝜓t) St
−1 Q̇t

1/2dWt, ℱ t(𝜓t)=𝔼t�DVT(𝜓T)�, (8.7)

with 𝜓0=S0F0=𝔼[ΦT] and 𝜓T=ΦT. The forward equation has no drift, and its covariance is

𝒞 t≔Htℛ̇ tHt
∗.

The decoupling field ℱ solves the pure diffusion equation

∂tℱ t+
1
2 Tr�𝒞 t D2ℱ t�=0, ℱT=DVT. (8.8)

Proof. The forward equation is (8.3) with 1+StDFt=HtSt
−1, and its covariance is

HtSt
−1 Q̇tSt

−1Ht
∗=Htℛ̇ tHt

∗.

The backward equation is Ft=𝔼t[FT]with 𝜓T=ΦT. Sinceℱ t(𝜓t) is a martingale and 𝜓 has no
drift, the drift in Itô's formula for ℱ t(𝜓t) is the left-hand side of (8.8). □

Compare (8.8) with the Burgers equation (8.1): the transport term has been absorbed
exactly by the change of coordinates, and only the Itô term is left. If it is dropped, ℱ t=DVT
does not move: all the tree diagrams are contained in the coordinate change (8.5). The loops
are generated only by the quadratic variation 𝒞 t of the forecast, i.e. by the randomness of
the noise and of the force revisions, and the nonlinearity has moved into the field depend-
ence of 𝒞 t. None of this uses a gradient structure or a Gaussian convolution: Theorem 8.2
holds for any FBSDE of the form (7.7) with a Markov martingale force, gradient or not, for
which the coordinate change is invertible. For a general terminal force FT= 𝔣(ΦT), replace
DVT by −𝔣 in (8.7) and (8.8).
A one-dimensional model: Burgers and Lax–Oleinik. The passage to force coordinates is
the passage from Eulerian to Lagrangian coordinates for Burgers' equation. Consider first the
inviscid Burgers equation onℝ,

∂su+u∂xu=0, u(0,x)= g′(x).

Along the characteristics x=y+ s g′(y) the velocity is constant, u(s,y+ s g′(y))= g′(y): in the
Lagrangian label y the transport term disappears, and nothing moves. As long as the charac-
teristics do not cross, i.e. 1+sg′′>0, the map y↦x is invertible, and u=∂xGwith the potential
given by the Lax–Oleinik formula (or Hopf–Lax formula)

G(s,x)=min
y {{{{{{{{{{{{{{{{{{{{{{{{g(y)+ (x−y)2

2 s }}}}}}}}}}}}}}}}}}}}}}}}, u(s,x)= x−y(s,x)
s = g′(y(s,x)),

whose minimiser y(s,x) is the Lagrangian label of the point x. After the characteristics cross,
the formula still selects one label, the entropy solution, and u has shocks. The viscous equa-
tion ∂su+u∂xu=𝜀∂x2u is linearised by the Cole–Hopf transform,

G𝜀(s,x)=−2𝜀 log∫e−(g(y)+(x−y)2/2s)/2𝜀dy,

and G𝜀→G as 𝜀→0 by Laplace's method.
The dictionary with this section is: the unresolved covariance St is the time s, the field x

is the Eulerian point, the forecast 𝜓 is the Lagrangian label y, −Ft=DVt is the velocity u (and
Vt is G), and VT is the datum g. The shear (7.13), i.e. (8.5) at tree level, x=𝜓+ StDVT(𝜓),
is the characteristic map; the noiseless Polchinski equation is the Hamilton–Jacobi equation
∂sG+ 1

2(∂xG)
2=0, whose gradient solves the inviscid Burgers equation; the tree-level poten-

tial (8.17) is the Lax–Oleinik formula; and the condition for the characteristics not to cross,
St
−1+D2VT>0, is 1+ s g′′>0. The Polchinski equation is the viscous Hamilton–Jacobi equa-

tion, with 𝜀= 1
2 in the metric Q̇t, and (7.3) is the Cole–Hopf formula.
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Theorem 8.2 is the Lagrangian description of the viscous problem. With noise the label
is no longer a function of the Eulerian point: it is its posterior mean, the mean 𝜓 of y under
the Cole–Hopf measure ∝e−g(y)−(x−y)2/2s, which is 𝜇t

x. In this label the velocity is no longer
constant but a martingale, and its evolution (8.8) contains only the loops. The Lax–Oleinik
form survives exactly: the Moreau formula (8.12) of Section 8.5 is the Lax–Oleinik formula
with the datum VT replaced by Γt, and at finite cutoff no shocks form: the noise keeps the
label map invertible, locally by Proposition 8.3 and globally by the convexity argument of
Section 8.5. Figure 8.3 shows the construction for a double well.

8.4 Conditional moments
For the Polchinski process the response has a direct meaning.

Proposition 8.3. (formal) If Ft=−DVt then

Ht(𝜓t)=Covt=Covℙ(ΦT | Φt)=St−StD2Vt(Φt)St.

In particular Ht>0 is symmetric, 1+StDFt=CovtSt
−1 is always invertible, and Ht⩽St when VT is

convex.

Proof. By (7.5), the law ofΦT givenℱ t depends only onΦt, so it is also the law givenΦt. The
conditional law 𝜇t

𝜙 is the tilt of 𝜇St (⋅−𝜙) by e−VT; differentiating twice in 𝜙 gives Cov(𝜇t
𝜙)=

St− StD2Vt(𝜙) St. On the other hand Ht St
−1=1+ StDFt=1− StD2Vt. The last claim is the

Brascamp–Lieb inequality. □

So the forecast and the response are the first two conditional moments of the stochastic
localisation 𝜇t

Φt of Proposition 7.2: (𝜓t,Covt)= (𝔼[ΦT | Φt],Cov(ΦT | Φt)) (Figure 8.2). They
are tied by Itô's formula: since 𝔼t [ΦT⊗ΦT]=𝜓t⊗𝜓t+Covt is a martingale,

d //𝜓,𝜓//t=𝒞 tdt=Covtℛ̇ tCovtdt, dCovt=−Covtℛ̇ tCovtdt+d(martingale). (8.9)

Conditional variance is resolved at the rate Covtℛ̇ tCovt, which for the Gaussian reference is
Stℛ̇ tSt= Q̇t.

Brascamp–Lieb andCramér–Rao bounds. The conditional law 𝜇t
𝜙 has density proportional to

e−𝒰, with 𝒰(y)=VT(y)+
1
2 //y−𝜙,St

−1(y−𝜙)//andD2𝒰=St
−1+D2VT. Two classical inequalities

bound its covariance by the Hessian of 𝒰. If D2𝒰>0, the Brascamp–Lieb inequality [BL76],
Var𝜇( f ) ⩽𝔼𝜇 //D f , (D2𝒰)−1D f //, applied to linear functions f = //h, ⋅//, and the Cramér–Rao
inequality, which needs no convexity, give respectively the upper and the lower bound in

(𝔼t[St
−1+D2VT(ΦT)])−1⩽Covt⩽𝔼t[(St

−1+D2VT(ΦT))−1].

The lower bound follows from 𝔼𝜇[(y−m) ⊗ D𝒰(y)] = 1 (integration by parts) and the
Cauchy–Schwarz inequality, with the Fisher information𝔼𝜇[D𝒰⊗D𝒰]=𝔼𝜇D2𝒰 (Exercise 8.9).
The two bounds coincide when VT is quadratic, and their gap is a Jensen gap for the inverse.
Through Proposition 8.3 they are two-sided bounds on the Hessian of the effective poten-
tial, i.e. on the response Ht, which is the propagator of the Wetterich equation below. Some
consequences:

• If VT is convex, thenCovt⩽St: the interaction can only reduce the conditional variance.
Equivalently D2Vt⩾0: convexity is preserved along the Polchinski flow (as also fol-
lows from the Prékopa–Leindler inequality).
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• IfD2VT⩾𝜅with 𝜅>0, then Covt⩽(St
−1+𝜅)−1 uniformly in the conditioning: a uniform

mass in the interaction is a uniform mass in every conditional law.
• For Φ3

4 convexity is already lost through the Wick ordering: H4 (𝜑; cT)=𝜑4−6 cT𝜑2+
3cT2, so (7.1) has curvature −𝜆cT+2𝛾T at 𝜑=0, which diverges as T→∞ (this happens
already for Φ2

4). The upper bound is lost, and at low resolution the conditional law
may spread over several wells (Figure 8.2). This is the large-field problem. In Lecture 6
it is handled by a clipped approximate force, whose global coercivity (Lemma 12.1
there) is a bound of Brascamp–Lieb type on the response.

Φt

ψt = Φt +StFt

µΦt
t , Covt
◦ ΦT

t= 0.12 t= 0.6 t= 1.6

Figure 8.2. Stochastic localisation for a two-component field:Qt=(1−e−t)1, T=4, VT a tilted double well,
and the contours show the density of 𝜈T. One path of (7.6) up to resolution t (navy), with its terminal
value ΦT (open circle). The forecast 𝜓t=Φt+ St Ft (gold) is the mean of the conditional law 𝜇t

Φt: teal
samples, and the ellipse is two standard deviations of Covt. At low resolution the conditional law covers
both wells; as t grows it localises on one of them.

8.5 Potentials: the value function as a generator
We now use that the force is a gradient, Ft=−DVt, whose graph is a Lagrangian submanifold,
and that Vt is the value function of Theorem 7.6. In Hamilton–Jacobi theory a value function
is more than a cost: it generates a canonical transformation. A complete family of solutions
of the Hamilton–Jacobi equation generates the transformation that trivialises the dynamics.
Force coordinates are this transformation.
Phase space and Lagrangian graphs. Pairs (x,p) of a field and a value of the force form the
phase space ℝn×ℝn, with the symplectic form Ω=∑i dxi∧dpi. A submanifold L of dimen-
sion n is Lagrangian ifΩ vanishes on it. The graph L={(x,F(x))} of a force field is Lagrangian if
and only if∑i, j ∂jFidxi∧dxj=0, i.e. DF is symmetric, i.e. F is (locally) a gradient: the gradient
sector is the sector of Lagrangian graphs. A map that preserves Ω (a symplectic map) sends
Lagrangian submanifolds to Lagrangian submanifolds. The shear (7.13) is symplectic, since
Σt

∗Ω=Ω+∑i, j (St)ijdpj∧dpi=Ω for St symmetric. So it maps the graph of a gradient to a
Lagrangian submanifold; if the image is again a graph over the new base variable, it is the
graph of a gradient.
The free action generates the shear. The cheapest way to reach the field 𝜓 at resolution T
from the field x at resolution t, without interaction, is to minimise 1

2∫t
T ‖us‖2ds under the con-

straint x+∫t
T Q̇s

1/2usds=𝜓. The minimiser is us= Q̇s
1/2p, with the constant costate p=St

−1(𝜓−
x), and the minimal cost is the free action

𝒜 t(x,𝜓)=
1
2 //𝜓−x,St

−1(𝜓−x)//. (8.10)
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The relation 𝜓=x+Stp is the shear (7.13). Since Dx𝒜 t=−p and D𝜓𝒜 t=p, at fixed t

d𝒜 t= //p, d𝜓//− //p, dx//,

so 𝒜 t is the generating function of the canonical transformation Σt. Moreover

∂t𝒜 t=
1
2 //Dx𝒜 t, Q̇tDx𝒜 t//:

for every 𝜓 it solves the noiseless Polchinski equation, so it is a complete integral of that equa-
tion, with parameter𝜓. Jacobi's theorem then says that in the new coordinates theHamiltonian
ℋ∗ vanishes: 𝜓 and p are constants of motion.

This is what force coordinates are:

(𝜓t,Ft) are the Jacobi coordinates of the free Hamiltonian of the field.

The noise does not destroy this: the constants of motion become martingales, 𝜓t by Pro-
position 8.1 and Ft by Theorem 7.3. The only dynamics left is their quadratic variation.

The value function generates the graph. The graph of the force is Lagrangian, hence so is
its image under the shear. The image is a graph over 𝜓: the map x↦x+StFt(x) is St times
the gradient of 1

2 //x,St
−1x//−Vt(x), which is strictly convex since its Hessian is St

−1CovtSt
−1>0

(Proposition 8.3), so the map is injective. Hence the image is the graph of a gradient:

ℱ t=DΓt, Ht=(St
−1+D2Γt)−1, ΓT=VT. (8.11)

These two generating functions are related by the Moreau (infimal convolution) transform

Vt(x)=inf
𝜓
�Γt(𝜓)+

1
2 //x−𝜓,St

−1(x−𝜓)//�, (8.12)

whose optimality conditions x=𝜓+StDΓt(𝜓), DVt(x)=DΓt(𝜓) are (8.5). It is well defined by
the same convexity: as a function of j=St

−1x, the function 1
2 //x,St

−1x//−Vt(x) is the Legendre
transform of Γt+

1
2 //⋅,St

−1 ⋅//. The value function Vt itself need not be convex. We use (8.12) to
fix the additive constant in Γt. Figure 8.3 shows the construction in zero dimensions.

At the minimiser, Vt(x)=Γt(𝜓)+𝒜 t(x, 𝜓): the value function is the cost Γt attached to the
forecast, plus the cost of reaching the forecast by free motion. This is the rule for transporting
a generating function along a canonical transformation:

dVt= //DΓt, d𝜓//+ //p, d𝜓//− //p, dx//=− //Ft, dx//,
since DΓt(𝜓)=−Ft=−p.

No convexity is needed. The construction uses no convexity of VT, Vt or Γt. The convex
function is gt(x) =

1
2 //x, St

−1 x//−Vt(x): with j= St
−1 x it is, up to a constant, the log-Laplace

transform of the finite measure e−VT(y)−
1
2 //y,St−1y//dy, for every VT bounded below. Its gradient

in j is the conditional mean 𝜓, and it is strictly convex because Covt>0. In finite dimensions,
when VT is finite, this exponential family is regular with full support, so j↦𝜓 is a bijection of
ℝn: the image of the shear is a graph over the whole 𝜓 space, also when Vt is a double well.

For Γt one only gets semiconvexity, St
−1+D2Γt=Covt−1>0, i.e. Γt+

1
2 //⋅, St

−1 ⋅//is strictly
convex, which is what (8.12) requires. At t=0, where S0=QT, this semiconvexity is the con-
vexity of the effective average action of Section 8.6, Γ0EAA. Γt itself is convex if and only if
Covt⩽St, which holds for convex VT but may fail for a double well at low resolution. Con-
vexity matters only without noise: the tree-level potential (8.17) is merely semiconcave, and
unless St

−1+D2VT>0 the characteristics cross, producing caustics and shocks of the force. The
noise removes them.
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shear Σt : (x, p) (x+Stp, p)

p=Ft(x) = − V ′t (x)
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potentials at t= 1.2 (T= 5)

VT

Vt (Wilson)
Γt (Wetterich)

Figure 8.3. The zero-dimensional model of Figure 7.2 at t=1.2. Left: the shear Σt (teal arrows) maps the
graph of the force Ft=−Vt′ (navy) to a graph over the forecast 𝜓 (gold), which is the graph of −Γt′. Right:
the bare potential VT, the effective potential Vt and Γt, each shifted to have minimum 0.

8.6 The Legendre transform and Wetterich's equation

Theorem 8.4. (Wetterich equation [Wet93]) (formal) Γt solves

∂tΓt=
1
2Tr�ℛ̇ t�(St

−1+D2Γt)−1−St��, ΓT=VT. (8.13)

Equivalently, the effective average action ΓtEAA(𝜓)≔Γt(𝜓)+
1
2 //𝜓,QT

−1𝜓//solves, up to a field-
independent term,

∂tΓtEAA= 1
2Tr�ℛ̇ t(D2ΓtEAA+ℛ t)−1�. (8.14)

It interpolates between the bare action

ΓTEAA= 1
2 //𝜓,QT

−1𝜓//+VT(𝜓)

(ℛT=∞) and the 1PI effective action Γ0EAA of 𝜈T (ℛ0=0).

Proof. Integrate (8.8) in field space. With ℱ =DΓ, the derivative of H=(S−1+D2Γ)−1 in a
direction v is −H D3Γ[v] H, so by the total symmetry of D3Γ,

DvTr(ℛ̇ tHt)=−Tr(Htℛ̇ tHt D3Γt[v])=−Tr(𝒞 t D2ℱ t)[v].

Hence (8.8) reads D�∂t Γt−
1
2Tr(ℛ̇ tHt)� = 0, and (8.13) holds up to a function of t alone.

That this function is −1
2Tr(ℛ̇ tSt) with the normalisation (8.12) follows from the Polchinski

equation by the envelope theorem (Exercise 8.4). For (8.14), note that D2ΓtEAA+ℛ t=D2Γt+
St
−1. For the endpoints: ST=0; and at t=0, S0=QT, so the formula for𝒦0 in Remark 7.10 (the

Cameron–Martin formula) identifies 1
2 //x,QT

−1x//−V0(x)+V0(0)with the cumulant generating
function of 𝜈T at QT

−1x. By (8.12), its Legendre transform is Γ0EAA−V0(0) (Exercise 8.6).
Near t=T the two traces Tr(ℛ̇ t(St

−1+D2Γt)−1) and Tr(ℛ̇ tSt)=Tr(St
−1Q̇t) in (8.13) diverge

separately (like n/(T−t) forQt=t in dimension n); only their difference, which is −Tr(Q̇tD2Vt)
by Exercise 8.4, is integrable. For the same reason the field-independent termdropped in (8.14)
is not integrable up to T: ΓtEAA is defined up to an infinite constant. □
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Figure 8.4. The Wetterich equation (8.14) as graphs. The double line is the full response (D2ΓtEAA+
ℛ t)−1=(St

−1+D2Γt)−1 and the crossed circle is one insertion of ℛ̇ t. There is exactly one loop: the tree term
of Figure 8.1 has been absorbed by the Legendre transform. Each field derivative brings down a higher
vertex, so the hierarchy does not close at a finite order. The bottom row expands the response around St.

Thus the Wetterich equation is the gradient-integrated form of the force equation (8.8),
i.e. of the backward half of the FBSDE in forecast coordinates [Mor94, BCG26]. Every object
in it is an observable of the Polchinski process:

Wetterich FBSDE

field argument 𝜓 forecast 𝜓t=𝔼t[ΦT], the state transported by Σt

DΓt(𝜓t) minus the costate, −Ft=𝔼t [DVT(ΦT)]

propagator (D2ΓtEAA+ℛ t)−1 conditional covariance Covt

regulator ℛ t=St
−1−QT

−1 precision of the unresolved shell, minus that of the prior

∂tΓt 1
2Tr[ℛ̇ t (Covt−St)]

The flow of Γ is driven by the difference between the interacting and the free conditional
covariances, paired with the shell ℛ̇ t. It is one-loop exact, with the full propagator inside the
trace. In the Gaussian caseD2Γt is constant and only the constant term of Γ flows. For the heat
profile with T=∞, St=C(1−e−A/t2) and

ℛ t=
A

eA/t2−1
, (8.15)

which behaves like a mass term t2 on the modes |k| ≪ t (for m≪ t) and is exponentially
small on the modes |k|≫ t: the exponential regulator of the functional renormalisation group
(Figure 8.5).

Proposition 8.5. (The Legendre transform, formal; a theorem at finite cutoff)With𝒦 t as in
Remark 7.10, the Legendre transform of the log-partition function of the filter gives the effective action:

𝒦 t
∗(𝜓)=Γt(𝜓)+

1
2 //𝜓,St

−1𝜓//=ΓtEAA(𝜓)+ 1
2 //𝜓,ℛ t𝜓//

up to a function of t, and differentiating at fixed 𝜓 gives the Wetterich equation (8.13) again.

Proof. By (8.12) and the formula for 𝒦. At fixed 𝜓, with j=D𝒦∗(𝜓), the envelope theorem
and (7.19) give

∂t𝒦∗= 1
2Tr(ℛ̇Cov)+ 1

2 //𝜓,ℛ̇𝜓//,
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and ∂t
1
2 //𝜓,S−1𝜓//= 1

2 //𝜓,ℛ̇𝜓//. Hence ∂tΓt=
1
2Tr(ℛ̇Cov) up to a function of t, which is −1

2Tr(ℛ̇S)
with the normalisation (8.12). □

So one Lagrangian graph has three generators: Vt in the field x, 𝒦 t in the coordinate j=
St
−1x of Remark 7.10, and Γt in the forecast 𝜓. The Polchinski flow is the Hamilton–Jacobi

equation of the log-partition function of the localisation; the Wetterich flow is its Legendre
dual [Mor94], whose argument is the posterior mean, and whose regulator is the information
gained. At t=0, whereℛ0=0,𝒦0 is the generating function Λ of the cumulants of 𝜈T below.
Probabilistic meaning of Γ. At t=0 the effective average action is the 1PI effective action of
𝜈T,

Γ0EAA(𝜓)=V0(0)+sup
j

� //j,𝜓//−Λ(j)�, Λ(j)=log∫e // j,𝜑//𝜈T(d𝜑),

the generating functional of the vertex functions introduced by Jona-Lasinio [JL64]. It is a
probabilistic object, as Jona-Lasinio emphasised in his probabilistic reading of the renorm-
alisation group [JL75, JL01]; for the link with large deviations see Section VIII of [JL01]. By
Cramér's theorem the empirical mean of N independent samples of 𝜈T takes the value 𝜓with
probability

≈exp (−N (Γ0EAA(𝜓)−V0(0))),

so Γ0EAA−V0(0) is the rate function of the large deviations of averages of the field. In partic-
ular Γ0EAA is convex even when VT is not, it is minimal at the mean of 𝜈T, and its Hessian there
is the inverse covariance. Formally the same holds for the field averaged over a large volume,
with the volume as the large parameter and the effective potential of quantum field theory (Γ
per unit volume at constant 𝜓, not Vt) as rate function; in that limit flat parts may appear (the
Maxwell construction).

0 2 4 6 8 10 12
|k| (m= 1)

0.0

2.5

5.0

7.5

10.0

12.5

15.0

t(k) =A/(eA/t
2 − 1), A= |k|2 +m2

t= 1

t= 2

t= 4

Figure 8.5. The regulator ℛ t of the heat profile (T=∞, m=1): close to the mass term t2 (dotted) on the
modes |k|≪ t, exponentially small on the modes |k|≫ t.

8.7 Variational meaning and the tree level
Constrained free energies. (formal) By the Gibbs variational principle applied to the con-
ditional law (7.5), and the identity

Ent(𝜈|𝜇S(⋅−x))=Ent(𝜈|𝜇S(⋅−𝜓))+ 1
2 //x−𝜓,S−1(x−𝜓)//
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for 𝜈 of mean 𝜓,

Γt(𝜓)=inf �∫VTd𝜈+Ent�𝜈 | 𝜇St (⋅−𝜓)�: ∫𝜑 𝜈(d𝜑)=𝜓�. (8.16)

So Γt, the effective average action up to the quadratic term 1
2 //𝜓,QT

−1𝜓//, is the free energy of
the unresolved shell constrained to the forecast 𝜓, and (8.12) is the minimisation over the
forecast. Strictly, the Gibbs principle gives only (8.12) with Γt replaced by the right-hand
side Γ̃t of (8.16). Since the mean is 𝜓, Γ̃t(𝜓)+

1
2 //𝜓,St

−1𝜓//= inf {∫VTd𝜈+Ent(𝜈|𝜇St): mean 𝜓},
an infimum of a convex functional under a linear constraint, hence convex in 𝜓; so is Γt+

1
2 //𝜓,

St
−1𝜓//(Proposition 8.5). Both are recovered from the sameVt by Legendre duality, and there-

fore Γ̃t=Γt. In the language of Theorem 7.6: Vt is the value function of the control problem,
and Γt is its Moreau transform, i.e. the value function expressed in the forecast coordinate, the
interaction picture of the classical part of the dynamics.

The tree level. Dropping the Itô term in (8.8) gives Γt=VT, and then (8.12) becomes the
Hopf–Lax (Lax–Oleinik) formula

Vt
tree(x)=inf

y
�VT(y)+

1
2 //y−x,St

−1(y−x)//�, (8.17)

the solution of the noiseless Polchinski equation ∂tV= 1
2 //DV, Q̇DV//. It is the saddle point of

the Gaussian convolution (7.3). Its minimiser solves the classical field equation St
−1(y−x)+

DVT(y)=0 in the shell [t,T] with background x, and expanding it in VT produces exactly the
tree diagrams.

Exercises
Exercise 8.1. (Characteristics) (a) Show that the transport equation ∂tF+DF [Q̇ F]=0 is solved by Ft(x)=
FT(y), y= x+StFT(y), and that its characteristics are the trajectories of (7.13). (b) Verify that (8.17) solves
∂tV= 1

2 //DV, Q̇DV//, and that it is the limit ℏ→0 of −ℏ log ∫e−VT(x+𝜁)/ℏ𝜇ℏSt(d𝜁). (c) For VT(y)=𝜆 y4 in zero
dimensions, solve the equation for y as a power series in 𝜆, and identify the coefficients as tree graphs.

Exercise 8.2. (Conditional moments) (a) Prove Cov(𝜇t
𝜙)=St−StD2Vt(𝜙)St. (b) Prove (8.9).

Exercise 8.3. (A symplectic shear) (a) Show that Σt preserves ∑i dxi∧dpi iff St is symmetric. (b) Show that
the image of the graph of −DVt under Σt is the graph of −DΓt, with Γt given by (8.12). (c) For a non-gradient
force, show that Theorem 8.2 still holds, but that ℱ t need not be a gradient.

Exercise 8.4. (The constant) Differentiate (8.12) in t at fixed x (envelope theorem), and use (7.8) to show that
the quadratic terms cancel and ∂tΓt(𝜓)=−1

2Tr(Q̇tD2Vt(x)), where x=𝜓+StDΓt(𝜓) is the field whose forecast
is 𝜓. Deduce (8.13) with the stated constant.

Exercise 8.5. (Gaussian check) ForVT(𝜑)=
𝜅
2 //𝜑,𝜑//, show that Γt(𝜓)=

𝜅
2 //𝜓,𝜓//+const, and solve the FBSDE (8.7)

explicitly. Compare with Exercise 7.1.

Exercise 8.6. (1PI effective action) (a) Let 𝒦̃(j)= log ∫e //j,𝜑//e−VT(𝜑)𝜇QT(d𝜑), the unnormalised log-Laplace
transform, so that 𝒦̃=𝒦0+logZT with𝒦0 as in Remark 7.10. Show that Γ0EAA=𝒦̃∗, in agreement with Γ0EAA=
𝒦0

∗+V0(0) after Proposition 8.5, and thatD2Γ0EAA(𝜓) is the inverse covariance of the tilted measure with mean
𝜓. (b) Integrate (8.13) with D2Γt replaced by D2VT, and obtain the one-loop formula Γt≈VT+

1
2Trlog (1+

StD2VT).

Exercise 8.7. (Trees versus loops) Using (8.12), show that Vt=Γt−
1
2 //DΓt, StDΓt//+O(𝜆3) for the Φ4 inter-

action (7.1). Deduce from Proposition A.2 of Lecture 5 that, to order 𝜆2, Γt is obtained from Vt by removing
exactly the term k=1, the one-particle-reducible tree; the bubble (k=2), the sunset (k=3) and the vacuum
term (k=4) are 1PI and remain. Where does the sunset come from in (8.13)?

Exercise 8.8. (Regulators) Derive (8.15). Compute ℛ t for the sharp Fourier profile, and for Q̂t(k)= (|k|2+
m2)−1−(|k|2+m2+ t2)−1 (whose kernels are not smooth, but the formulas make sense). In the last case show
thatℛ t= t2 when T=∞: a mass regulator.
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Exercise 8.9. (Brascamp–Lieb and Cramér–Rao) Let 𝜇(dy)∝e−𝒰(y)dy on ℝn, with mean m. (a) Show that
𝔼𝜇[(y−m)⊗D𝒰]=1 and 𝔼𝜇[D𝒰⊗D𝒰]=𝔼𝜇D2𝒰, and deduce Cov𝜇⩾(𝔼𝜇D2𝒰)−1. (b) For D2𝒰>0, prove the
Brascamp–Lieb inequality for linear f by Hörmander's L2 method: solve L g= f −𝔼𝜇 f with L=−Δ+ //D𝒰,
D//and use 𝔼𝜇[(Lg)2]⩾𝔼𝜇 //Dg,D2𝒰Dg//. (c) In zero dimensions, with St=S and VT(y)=𝜆y4, compute both
bounds numerically and compare with the conditional variance; repeat for the double well VT(y)=

1
2 y

4− 3
2 y

2

with S<1/3, so that 𝒰 stays convex. What goes wrong for S⩾1/3?
Exercise 8.10. (The free action) (a) Prove (8.10), and that ∂t𝒜 t=

1
2 //Dx𝒜 t, Q̇tDx𝒜 t//. (b) From the Moreau

formula (8.12), recover the relations (8.5) by differentiating Vt(x)=Γt(𝜓)+𝒜 t(x,𝜓).
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