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Abstract

We continue Lecture 4 with the observables of the interacting theory. Rotating the Minkowski
field equation to Euclidean space gives the Dyson-Schwinger equation, whose noise, Nelson's
Euclidean noise, is the transpose of the functional derivative and is fixed by the law of the
field. Conditioning on the scales rather than on the neighbours, the field equation holds at
every resolution, with a noise which is a conditional expectation of Nelson's noise. This noise
is sub-Gaussian whatever the interaction (an observation which, as far as we know, is new,
and which is the key input of the a priori estimates of Lecture 7), and the Dyson-Schwinger
equation takes a pathwise form, an identity between stochastic observables. We then discuss
the passage to infinite volume. The appendices contain the algebra of the flow, perturbation
theory and counterterms, and the functional inequalities that follow from the localisation.
The treatment is formal: we compute as if all objects were smooth and integrable, and we

indicate where the real difficulties lie.

The results presented in Lectures 4-7 were obtained recently, with the use of Al, in col-

laboration with Sarah-Jean Meyer.
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Introduction

Lecture 4 generated the interacting measure in three ways, renormalisation, optimal control
and filtering, and found that they produce the same forward-backward system (7.7) for the
tield @ and the force F. In this lecture we study the observables of the interacting theory and
its field equation. We use the notation of Lecture 4 throughout: the interaction (7.1) with
its counterterm <yt, the effective potential V; (7.3) and the force F;= —DV(®;), the effective
average action I'; of Section 8.6 and its Wetterich equation (8.13), S$;=Qr—Q;=Qr+, K=QT v
Ji=KQy, the regulator R;= S;71—K, the bridge representation (7.14), the forecast iy = E{[ ®Pr]
and the conditional covariance Cov;. Sections 7 and 8 are in Lecture 4, and references to them
point there.

Structure. Section 9 treats the observables of the interacting theory, the Euclidean field equa-
tion and Nelson's Euclidean noise, the field equation at every resolution, the sub-Gaussian
bound for its noise, and infinite volume. Appendices A and B are additional material, referred
to from the main text where needed.

What is formal. Rigorous statements require a finite-dimensional setting: a finite lattice, or a
Fourier cutoff on the torus, together with a finite terminal resolution T. There, all the identities
below are theorems under mild growth assumptions on the interaction, and their proofs are
the computations we give. The hard problems are the limits T — co (ultraviolet) and infinite
volume (infrared), together with the locality of the limiting objects. We mark with (formal)
the statements that we only derive at this level.

Conventions. As in Lectures 1-3: M = TLd or R, A=m?— A, C=A"! with kernel G, Um the
GFF, (f,g) = [ fg for real functions. For a functional F on smooth fields, DF(¢) € 8" (M) and
D’F (@) are its first and second derivatives, D, F = (DF, h). H,, (a;c) are the Hermite polyno-
mials of variance ¢, and y€ is the centred Gaussian measure with covariance Q.

Acknowledgements. The results presented in Lectures 4-7 are joint work with Sarah-Jean
Meyer, obtained recently with the use of AI. M. Gubinelli is partly supported by UK Research
and Innovation via the grant “StochFields” EP/Z534328/1 and by the Simons Collaboration on
Probabilistic Paths to QFT. S.-J. Meyer is supported by the grant “StochFields” EP/Z534328/1.

Main lecture

9 Observables and field equations

In Lecture 3 the primary objects were the stochastic observables, martingales in the filtration
of finite-resolution measurements [BCG26]. The filtering point of view makes this natural: an
observable is a posterior mean E;[G(®7)]. We have already met the force F; and the forecast
1, and the field @, is not one of them. This section develops the language for the interacting
theory, and then draws the main consequence of the filter: a field equation at every resolution,
with a noise whose moments are controlled a priori.

9.1 Observables of the interacting theory
For a functional G of the terminal field, the observable O;= EF [G(®7)] is O; = G(D;), with

Gi( @) =1 (G) =" P [ G (p+0) e T OuQmi(dp). (9.1)
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Formally, G; solves the backward Kolmogorov equation of the interacting dynamics,
3Gy +5Tr(Q;D’Gy) —{Q;DV;,DG) =0,  Gr=G, (92)

which is the Doob transform of the Gaussian heat equation by e™"* (Exercise 9.1). Conversely,
any solution of (9.2) yields an observable G(®;); at finite T it is closed, but as T — oo it need
not be. The force is the case G=—DVr, and is special because it also drives the dynamics.

Tangent observables. Let 1% depend on a coupling 6, and let U;:= 9y %4 Differentiating (7.3)
gives U (Py) = ]Ef [Jg qu(CIDT) ], an observable, and

3 E"[G] = —Cov"(G,d, VD). (9.3)

Thus the tangent observables, such as the running : ¢* for =7 (together with the derivative
of the counterterm 9,7 [: ¢*), describe the response of the theory to a change of coupling.
They are the observables conjugate to the coordinates of theory space.

9.2 Field equations, from Minkowski to Euclidean

The Minkowski field equation. In Lecture 1 the quantum ®* theory was introduced through
the operator field equation (1.9) together with the canonical commutation relations (1.6).
In the normalisation (7.1) it reads

@+m*) e+ V'(p)=0,

with V'(¢) = %(/)3 suitably renormalised. What it says about correlation functions is best seen
on the time-ordered functions

T(x,Xx1,..., %) ={Q, Te(x) p(x1) - - - @(x,) Q).

When 97 acts on the time ordering, it also differentiates the step functions (¢ —t;). The first
derivative produces the equal-time commutators [¢(t, x), (¢, xj)1, which vanish, and the
second the commutators

[at ¢(t/x)/ ¢(t/ x])] =—i (S(X_X]) .
Formally,

n
(Oy+m?) T, X1, ..., Xy) = —T(V'(¢)(x),x1,...,%p) —iZ S(x—x) T(x1,.. ., Xy, Xn),  (9.4)
j=1
where %; means that x; is omitted. The field equation holds as an identity between operators,
and the contact terms are the trace of the canonical commutator. Since i[0d;¢(t,x),-] acts on

functions of the fields at time t as the functional derivative é/é¢(t,x), the contact terms are a
derivative acting on the other fields.

Euclidean rotation. Under t = —i 7 the time-ordered functions continue to the Schwinger
functions S(x,x1,...,x,), the moments of the Euclidean field (Lecture 1; not to be confused

with the covariances S; below). Since 97 =—092, the operator O + m?becomes A =m?— A, with
A the Laplacian in all 4 variables. Formally

(S(t—t]') :i(S(T— T]'),

so the factor —i of the contact terms becomes +1:

AxS(x,x1,..., X0) = =SV (@) (x),x1,..., Xn) + Y 8(x=x)) S(x1,..., Rjy..., Xn).
j=1
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This is the Dyson-Schwinger hierarchy of Lecture 2 (Remark 3.15). For a random field ¢
with law v, passing from products G = ¢(x1) - - - ¢(x,) to cylinder functionals by linearity and
density, it reads

E'[G(h,w)]=E'[DyG], w:i=Ag+V' (). (9.5)

The noise is the transpose of the derivative. The Euclidean field does not solve Ap+ V' (@) =
0. Already for the free field, if it did, elliptic regularity would make ¢ real analytic, which
it is not, as Nelson observed [Nel75]. The defect w is the noise of the Euclidean field equation

Ap+V'(p)=w,

and (9.5) says what it is. Let D}, be the transpose of Dy in L?(v). Applying (9.5) to a product
of two functionals gives

D) G=-DyG+ (h,w)G,  (h,w)=Dj 1.

The noise is the transpose of the functional derivative applied to the constant 1, that is minus
the score of v: for

v(dg) e_%((’”A(P)_V((p)dgo

in finitely many dimensions, w=—Dlog(dv/d¢). This is how the canonical commutator sur-
vives the rotation. In Minkowski space the contact terms come from a commutator, which
acts as a derivative, and the field equation holds exactly. In Euclidean space they come from
integration by parts, and the field equation acquires the term that turns the derivative into its
transpose. So the noise is not an independent input, as in a stochastic PDE: it is a functional
of the field, fixed by its law. For the free field

w=Agp

is the Gaussian field with covariance A, i.e. w=A'2¢ for a white noise &: one derivative of
white noise. For an interacting field it is not Gaussian.

Nelson's Markov field equation. Nelson [Nel75] proposed to take the Euclidean field equa-
tion, with V'(¢) =¢¢> —a ¢ and « a counterterm, as the definition of its noise, which he called
w: w:=A@+V'(p), and to characterise it by conditioning in real space. On the lattice ¢ Z*,
with the nearest-neighbour Laplacian, the conditional law of ¢(x) given the field at all other
sites depends only on the nearest neighbours: this is the Markov property. An integration by
parts in this one-site conditional law shows that w(x) is conditionally centred, E[w(x)|p(y),
y#x]=0, that it satisfies the Dyson-Schwinger hierarchy, and that its covariance is

Elwx) wy)] = (-A+@%) s(x—y),  m*=m*+E[V"(p(x)],

while its fourth moment shows that it is not Gaussian. In fact &9 w(x) is minus the score of
the conditional law of ¢(x) given its neighbours: the Markov property localises the noise.
Nelson argued, heuristically, that a smeared w is a random variable if and only if E[V" (¢(x))]
stays finite in the continuum limit, that is if the cube can be Wick ordered with respect to
the interacting vacuum, and he judged this unlikely in d =3. This agrees with Remark 9.5: the

regularised logarithmic derivatives of ®3 do not converge in L? [ALZ06]. The noise of (9.5)
is exactly Nelson's noise, which is why we use his letter w and call it Nelson's Euclidean noise.
As far as we know, apart from Nelson's original work these notes are the first place where
this noise is studied as the noise of a field equation. Its pairings (h, w) are, up to sign, the
logarithmic derivatives of the measure, which appear in the integration by parts formulae
for q>§ [ALZ06]; what is new here is the noise at every resolution, w;, and its sub-Gaussian
bound (Section 9.4).
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A Gaussian noise gives the wrong field. Albeverio and Yoshida [AY02] took the opposite
route and prescribed the noise. They solve the elliptic stochastic PDE on RY

AP+ V() =Al?¢,

with ¢ a Gaussian white noise, for a Wick cube with a spatial cutoff and a small coupling
(chiefly in d =2), and for Wick exponentials. The method is a nonlinear change of variables
on the abstract Wiener space of the free field: T(z/;) =1 +A! V'(y) is a free field. Formally,

changing variables in the free field measure yA_l,

1 1 ’ — ’ _
Law () o|det(1+ A1V (py]e” V"V @2V DAV @I ()

This is note™" yAil, as the authors point out for the cutoff <I>§L measure ([AY02], Remark 2.3):
the second term of the exponent and the determinant are nonlocal, the Markov property is
lost, and the construction does not yield a reflection positive field. Reflection positivity is
obtained only on the subspace of functionals of J (1), which is a free field ([AY02], The-
orem 4.1 and Remark 4.1). The noise of a Euclidean field theory cannot be prescribed: it is the
transpose of the derivative for the very measure one is constructing, and this forces it to be
non-Gaussian.

Conditioning on the scales. The filter gives a third way. Instead of conditioning on the
neighbours, condition on the coarse scales. The field equation then holds at every resolution,
with a noise which is the conditional expectation of Nelson's Euclidean noise w. This noise
is not Gaussian, but at each resolution it is a genuine random variable, with Gaussian tails
uniform in the interaction and in the cutoff (Section 9.4).

9.3 The field equation at every resolution

By (7.14) the field at resolution ¢ is a blurred copy of the terminal field, ®; = J;®r+ ;. The
noise (; is not observed, but its posterior mean is, E; i = ®; — Jip;. Since ;= ®; + SiF; and
1-J;=KS,, its rescaling St_lEtCt: K ®;—J;F; is the noise observable w; below. This gives a
field equation at every resolution.

Theorem 9.1. (DS equations at resolution t) (formal) The noise observable

C(Jt::Kq)t—]tFt (96)
is a centred P-martingale, with
dw;=KQM*dW; - J,dF,.

For every t < T, every h and every functional G,
E” [Dy G(®)]=EF[G(Py) (h, wi)] = EF[G(Py) (K D= i Fy)]. (9.7)

At t=T this is the Dyson—Schwinger equation of vr,

E'T[D,G]1=E""[G (h,K@+DVr(p))]. (9.8)

Proof. From (7.6) and j,=KQ;,
dwt =K (QtFtdt + Qtl/det) - KQtFtdt —]tdFt.

The drift cancels, F is a martingale and wy=0. For (9.7) use Proposition 7.2: ®; ~ v; ¢ e_nyQf .
Gaussian integration by parts for #2' in the direction Q;k gives

E"[DoxGl=E"[G ((k, @) + (Qtk, DVi(@) )]
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Take k=KHh, so that Q;k=];h, and recall F;=—-DV;(d;). O

Att=T, Jr=1and Fr=—-DVy(d7), so
wr=K®7+DVr(P7)

is Nelson's Euclidean noise (9.5) of v, the transpose of the derivative applied to 1. Since w is
a martingale,

wi=E[K ®1+DV(®p)]: (9.9)

the noise at resolution t is what an observer at resolution ¢t can know of the Euclidean noise.
Nelson's w(x) is centred given the field at the neighbouring sites; here wr — wy is centred given
the field at the coarser scales.

Proposition 9.2. (Dyson-Schwinger, pathwise) (formal) Let G be a functional of the terminal
field, G4(®Py) = E{[G(Pr)] its observable (9.1), and h a test function. Then

N;:=Dj, G(Py) — G(Dy) (h, wy) (9.10)

is a P-martingale on [0, T] with No=0. Equivalently, N;= E{D,G(®Pr) — G(PT) (h, wT)].

Proof. No=0 because Jo=0 and wy=0. Differentiate (9.2) in ¢ and apply It6's formula: since
Ft: —DVt, the drift of DGt(Cbt) is —DFt QtDGt, and with jt:KQt the drift of <]th,DGt(<Dt)> is
(DG4, Qt (K —DF¢]y) h), by the symmetry of DF; = —D?V,. On the other hand dG;(®;) = (DG;,

' tl/det) and, by Theorem 9.1 with dF; = DFtQtl/Zth, the covariation of G;(®;) and {h, w;)
has the same density (DG, Q; (K —DF;J) h). Both G4(®;) and w; are martingales, so by the
product rule the drift of their product is this covariation, and the drift of N vanishes. Att=T,
Gr=Gand Jr=1. O

The DS equation as an identity between observables. Taking expectations in EN;=Ny=0
gives (9.7) for the function G, and at t =T the DS equation (9.8). Proposition 9.2 says more,
and fits the framework of stochastic observables of Lecture 3. N is the observable of the ter-
minal random variable Dj, G — G(h, wr), the defect of the DS equation, and the DS equation
is the statement that this observable starts at 0. At resolution ¢, however, N; is computed
from objects at resolution t only: the observable G;(®;) of G, its derivative in the smoothed
direction J; /1, and the noise w;. The terminal value is not needed. This matters as T — oo: for
@3 the terminal noise wr is not expected to converge to a random variable, so the terminal
defect has no limit, while every N; can. The Dyson-Schwinger equation of the limit is then the
statement that, for every terminal functional G and every £, the process N is a martingale null
at 0: an identity between observables, with no terminal representative needed. Pathwise, it
says that the product G4(®;) (h, wy) of two martingales differs from a martingale by Dj,,G¢(®;),
just as the contact terms of (9.4) come from the derivative.

Formally letting T — co, K— A, and (9.6) becomes an exact identity between observables
at every resolution:

AP =AQ; Fi+ wy, (911)

with AQ;= e~/ £ for the heat profile. This is the Euclidean field equation A ¢ = — v’ () +noise
of Lectures 1-2, seen at resolution t. It needs no products of distributions: the nonlinearity
enters only through the force observable F;, smeared at scale 1/t. For the GFF (F=0), (9.7)
is Gaussian integration by parts for 4#?'. For ®3, where F; plays the role of the renormalised
cube, the limit t — oo of (9.11) corresponds to the renormalised DS equation of [GH21]. Lec-
ture 7 proves the field equation at every resolution for the limit (Theorem 18.9).
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The field equation for the forecast. The same identity can be written for the forecast. Substi-
tuting ®; =1y, — S;F; (8.4) in (9.6), and using KS;=1 — J;, the smoothing operator disappears:

K¢t:Ft+wt, Ft:—D].—'t(l,bt) =-—-DVi(Dy). (912)
As T — oo the two forms of the field equation at resolution t are

AD, +e MEDV(D)) = w; (Polchinski process), A +DI(¢y) =w; (forecast).

In the first, the force is smeared by e~/ *so the nonlinearity is seen only through a smoothing

operator. In the second it acts on the same variable as the linear part, with no smoothing: this
is the Euler-Lagrange equation of the action

S AP W)

forced by the noise wy. For ®* at finite T and to first order in A, the Wetterich equation (8.13)
gives

T~ VT+%Tr(stD2VT),

and since 9.Hy=—6Hj and ¢t — 5;(x, x) =c;, the one loop moves the Wick ordering from the
cutoff to the resolution:

K+ %Hg (P; cp) + (mass counterterm and higher orders) = wy.

The cube acts directly on the forecast, and pairing with y; gives

A
(WK +3 [ W =3cyD = (ppw)+...,

where a* — 3cta2 > %a‘i —%c% and ¢; is finite at fixed t: heuristically, a coercive bound up
to a volume constant, driven by the sub-Gaussian noise of Section 9.4. With the bare Wick
ordering ct the quadratic term would diverge; in d =3 only the mass counterterm -yr, of order
A%, still does. In the form for ®; the same positivity is hidden behind e~/ ?

The integration by parts formula (9.7) also transfers: a functional of ; is a functional of

®,, and D,y =Cov;S; 1 (Proposition 8.3), so

EP[G(p) (h, K —F1)]1 = EP[Deov, G (1)1

The direction of differentiation is now random, the conditional covariance applied to R .

Remark 9.3. (Comparison with stochastic quantisation) In parabolic or elliptic stochastic
quantisation (Lecture 3, §4) the field equation is imposed in an auxiliary time, and the field at
fixed time has the right law. Here the field equation (9.11) holds at each resolution, and the
auxiliary parameter is the resolution itself. Taking conditional expectations of an SPDE solu-
tion with respect to a scale filtration gives identities of the same shape, but with a different
noise covariance: the martingale J; dF; in dw; is essential [BCG26].

Corollary 9.4. (Dyson-Schwinger along the scales, formal) Let t1< ... <ty <t<T, h,hy,...,
hy be test functions and G=g({P¢,, h1),..., (P, hi)). Then

k
E[G(w,MI=E " (9g)(-- )i/, ha), (9.13)
i=1
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that is, the derivative of G in the direction which shifts the field at each scale s by Jsh. The increments
are consistent: E[G(w;— ws,h)]=0 for tp<s<t.

Proof. G is Fr-measurable, so E[G{w;,h)]=E[G(S;'{;,h)]. By (7.14), ®s=]; D1+ s, the bridge
covariance is E[{s;® ;] = QsK S; for s < t, so the covariance of (Sflgt,h) and (s, k) is (Jsh, k).
Apply Gaussian integration by parts in 7, given ®r. The last claim is the martingale prop-
erty of w. O

Remark 9.5. (Closed versus local) At finite T the force is a closed observable, F;= E;[Fr].
For ®* Fr(x) = —%H3 (Pr(x);c1) —291H1 (P1(x);c7) is local. As T — oo one expects the force
to converge as an observable. In d =2 the limit is closed, Fo. = —%: ®3,:. Ind=3 it is expected
not to be. If it were, F; = E,[Fo] with Fo (h) € L?, the DS equation of Theorem 9.1 would pass
to the limit (T — oo, then t — o0), with F, paired only with functionals of ®. Conditioning
on o (®..,) would then give a logarithmic derivative of the ®3 measure that is a square-integ-
rable function of the field, —(Ah, @) + E[Fo(h)|®.]. This is not expected: the regularised
logarithmic derivatives do not converge in L2 [AL.Z06]. The limiting force would then be an
observable in the proper sense, a compatible family with no terminal representative. Locality
of the limiting force is the crux of the construction [BCG26].

9.4 Gaussian bounds for the noise

The noise observable w; is not Gaussian: it depends on the unknown law of the interacting
field. It is a conditional expectation in two ways. In (9.9) it is the projection of the terminal

noise wr, whose law depends on the interaction and which, for q>§, is not expected to have
a limit as a random variable when T — co. The filter gives a second representation, as the
projection of a Gaussian whose law does not depend on the interaction. Conditioning can
only reduce the spread, so the moments of w; are bounded by those of an explicit Gaussian,
uniformly in the interaction.

One mode: the Brownian bridge. Consider a single mode with Q;=t, so that X is a Brownian
motion, K=1/T, [;=t/T and S;=T —t. If the endpoint &=y were known, & would be
a Brownian bridge from 0 to y, with Doob drift

y—o

Ft: T—t .

By (7.14) its position at time t is a point of the straight line from 0 to y, plus a Gaussian
deviation:

t t(T—t
o=+l N0

Then K®;— J;F;={;/ (T —t): with a known endpoint the noise is the rescaled deviation from
the straight line, a centred Gaussian with variance t/ (T (T —t)) = (T —t) “1_T-1=R, whatever
y. Now let the endpoint be random, with law v1. The observer at resolution t sees ®;, but
not the line the path is following. The drift becomes the posterior mean of the bridge drift,
and the noise the posterior mean of the rescaled deviation,

thlr

an average of Gaussian deviations, weighted by the posterior law of the endpoint (Figure 9.1,
Exercise 9.6). Equivalently J;F;=K ®;— wy, i.e. F;=®;/t— (T/t) w;. The dictionary with the
field is:

CDt—%CDT

wr=E| —5—
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one mode field
resolved covariance t Q;
prior precision 1/T K=Q7'
attenuation t/T Ji=KQ;
unresolved covariance T—t S =0Qr—0Q
bridge deviation Z;~N(O,t(T—t)/T) i~N@O,Q:(1-T]p)
regulator ﬁ R;=571-K
force Ef(@r=®)/(T=1] F=EJ[Si" (Pr—DP))]
noise E[(®;—+Pr)/(T—1)] w =[S 8]
(a) the observer at resolution ¢ law of ®; (b) densities, logarithmic scale
given &,
Y+
—— N(0,R;): law of
1 (T =)D = £P1)
0 (T—t)w; ! > o law of w;
= E[®; — +Or | D] N
102
‘l/,
VT
104
t T —4 -2 0 2 4

Figure 9.1. The noise as a posterior mean, for one mode with Q;=t, T=1, t=1/2, and the double-well

terminal law vy(dy) o e_2y4+6‘/2N(0,1) (dy) (grey, at time T'). (a) A path observed up to time ¢ (the faded
part is not seen). For each possible endpoint y, the bridge follows the straight line s sy, /T (green),
and @, deviates from it by a Gaussian amount. The observer weighs the endpoints by their posterior law
given ®; (violet), and (T —t) w; is the posterior mean of the deviation (thick arrow). (b) The law of w;
(solid) has thinner tails than the Gaussian N(0, R;) of the deviation with a known endpoint (dashed):
averaging thins the tails. The peak at 0 comes from the fields between the wells, where a small change of
®; moves the posterior from one well to the other and w; hardly changes, since the jump of the posterior
mean compensates the motion of ®;: a fold of the map &, w; (Exercise 9.6(c)).

The general case. Work at finite cutoff, where ®; has a Lebesgue density p;, and let 0<t<T.
By Proposition 7.2,

—Dlog pi(a) = Qi 'a—Fy(a),
and since J;Q; ' =K,

W= —]tDlogPt(th) (914)

The noise is minus the score of the law of the field at resolution ¢, seen through J;.
Only deterministic covariance operators, all functions of A, are commuted below. The
variance that appears is the regulator (8.6) of the Wetterich equation: since S;=Qr (1—];),

JFQi(A=TN ' =KL A-]p~t=S1-Qr' = Ry (9.15)
Proposition 9.6. (Sub-Gaussian noise) Let 0<t<T. Then
wr= E[St_lgtM)t];
and wy is dominated in the convex order by N (0, Ry):

EY¥(wy) <EY(E),
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E~N(,Ry), for every convex ¥ for which both sides are defined. In particular, for every hand ue R,
42
Ee“<h'“”><exp (T(h,ﬁth)): (9.16)

every smeared noise observable is centred and sub-Gaussian, with the requlator as variance and with
no convexity assumption on the interaction.

Proof. Write X;=Q; (1—]}), so that ]tZt_l =571, and g for the density of N(0,%;). Then

pia)=Eg(a—]Pr)
and Dg(z) = B g(z), so
—Dlog pi(®y) = E[Z; ' {iID4];

apply J; and use (9.14). By conditional Jensen,
¥ (wn) <E[Y (S 401y,
and S;'¢; is centred Gaussian with covariance S; 12,57 =R, 0O

What the observer cannot resolve. The proof is the one-mode picture. Given the terminal
field, S;! {+ is the free bridge noise, Gaussian with covariance &; and independent of ®r:
the interaction does not enter. The observer at resolution t does not know @1 and replaces
the bridge noise by its posterior mean. The interaction enters only through the posterior law

,u?’ of @1, the weights of Figure 9.1. Since (; = ®; — J; P, the part that is averaged out is

Si!J; applied to the posterior fluctuation of the terminal field, and the decomposition of the
variance gives the exact identity

Cov(wy) = Ry—Si i E[Covil ]St (9.17)

with Cov;=Cov(®7|F;). The noise is the free bridge noise minus what the observer cannot
resolve. The two extremes are the free field, where Cov;=S; and (9.17) gives K], the cov-
ariance of K X;, and a strong pinning potential, where Cov;—0 and the bound is attained

(Exercise 9.5). By Proposition 8.3, Cov;=S; — S, D*Vi(®;) S;, so that
Cov(wy) =K+ J; E[D*V(®p)] ]

the free value, corrected by the mean curvature of the effective potential. This is the analogue
at resolution f of Nelson's covariance —A + m? + E[V"(¢)], and here it is finite at every res-
olution. Proposition 9.6 is the same comparison for all convex functions, rather than for the
variance alone.

For the heat profile (compare (8.15)), K=Ae?'T" and J;=e™4¢ =T give

AeAT 4
=m<§f2 (T=2t), Ry

A

R __4
eA/t? 1

<t? (T=o)
(Exercise 9.5). At a finite spatial cutoff all of this holds with terminal resolution T = oo, before
any continuum measure is constructed.

A new observation. The bound (9.16) is, as far as we know, a new observation of these
notes. Its proof is elementary, conditional Jensen applied to a Gaussian, but its consequence
is not: at every resolution the field solves an elliptic equation (Theorem 9.1) whose noise has
the tails of a Gaussian with covariance the regulator &R, uniformly in the interaction and in
the cutoff, without any convexity or smallness assumption. The interaction enters the noise
only through the conditioning, and conditioning cannot make Gaussian tails worse. This is
what makes the field equation usable beyond perturbation theory, and it will be crucial for
the a priori estimates of the FBSDE in Lecture 7: there the large fields of the forward equation
are controlled by the coercivity of the cube against a noise whose tails are known in advance.
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Tails of the force. The noise is the score of the law of ®;. The force Fy=—-DV,(®;) = —-DI;(y;)
of (9.12) is the gradient of the effective potential, and its tails can be read directly from the
measure at resolution t, v;ce™"'u?" (Proposition 7.2), when T} is convex.

Proposition 9.7. (Sub-Gaussian force) At finite cutoff, let 0 <t <T, let V1 be even, and assume
that T} is convex. Then for every hand u e R,

E e Lexp ( (h,Si 1h)) (9.18)

Proof. Two properties of V; are used. (a) Semiconcavity. By Proposition 8.3, D*V; = S;! —
S 1Cov;Si1< S ! for every interaction, so

1 _
+§(a,5t 15[).

(b) Convexity. By (8.12), V; is the infimal convolution of I} with the convex quadratic %(-,

Vilx+a) <Vi(x) + (DVi(x),a)

S 1), hence convex. It is even, since V7 is and the Polchinski semigroup commutes with x —
—X.
Step 1. By (a) witha=uh,

l2 —
Ul FH0) Vi) < e%(hsf 1h>—Vt(x+uh)'

Integrate agamst 42 and shift by the Cameron-Martin formula, [ G(x+a) u2'(dx) =e 2 20 vy

G(y) e(Qt ay>‘th(dy)_
() ¢ g5 5707 g qu@rthon (919)

1
Step 2. For every k the same shift gives E ek — ef(k’Q[k)m(th) /m(0), with m(a) = [
e V1+M,Q1(dx). By (b) and Prékopa's theorem m is log-concave: it is the marginal of the

Vt(x+a)—% (x, Qf

log concave function (x,a) — . It is also even, so log m(0) > log m(a) +

—log m(—a) =log m(a). Hence E el P < e2<k Q'k> : the field at resolution t is no wider than
the free field X;. With k=uQ; 'h in (9.19) the two terms with Qi ! cancel. O

Remark 9.8. (Where convexity enters) That convexity of I} makes the force sub-Gaussian
was remarked by Marcello Porta during the lectures. Step 1 uses only Dth <S¢ 1, which holds
for every interaction. Convexity of I; enters only in Step 2, to compare ®; with the free field. It
is equivalent to Cov;<S; (Section 8.5): it holds at every t when Vr is convex, but for a double
well, and for the Wick-ordered ®* interaction, it can fail at low resolution, where the law of
®; is wider than yQ’. Without convexity, use the bridge (7.14) instead, ®; = J; &1+ {; with

Ct~N(0,%¢) independent of 7. Since JiQr'=Kand Q7 '=,Q7 '=0Q7 ' =K, (9.19) becomes

E el Pt)<exp( (h, R:h )) IEyTe“<Kh'¢T>,

which also follows from F;= E[K &1 — S g"t‘cbt] (by (9.12) and Proposition 9.6) and condi-

tional Jensen. The force is the noise plus the terminal field seen through K: unlike the noise, it
is sub-Gaussian uniformly in the interaction only when the terminal field is. For convex even

u2
Vr, Step 2 at t =T bounds the last factor by e7<h’Kh), and since R+ K =S; ! this recovers (9.18).

For one mode with Vr(y) = Ky2/2, Fi=—1;®;with k,=x/(1+«S;), and VarF,=«?/ (Qr ' + «p)
increases to R; as x — oo: the bound S; ' = R; + K is attained up to the term K.
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Convexity of the effective average action [FAA=T, + % (,K-) (Section 8.6) is not enough.
Its gradient at the forecast is the noise, DrtEAA(l/Jt) =Ky —F;=w; by (9.12), which is sub-
Gaussian with no assumption at all (Proposition 9.6); the force differs from it by K ;. Since

DZTFAA = Covi'=R; and R, = S, TFA is convex if and only if CoviJrls,, ie. DV, >

FEAA

—Qi ! the law of @y is log-concave. This holds at t =0, where Iy is a Legendre transform,

but a log-concave law may be much wider than 12, and Step 2 needs D?V;>0. For one mode

with Qr=1, Q;=¢ and the negative mass Vr(y) =—(1—¢) yz /2, every vy is Gaussian, so rFAA

is convex, but VarF; = (1—£)Zq/(£(e+q—qs)) ~1/¢ while 5[1:1/(1—q).

The roughness of the noise. Compare spectral densities for the heat profile with T'= co and
A =k|? + m?% white noise ¢ has density 1, the GFF has A~! the GFF noise w;=A X; has Ae™*/ tz,
and the bound of Proposition 9.6 is

A t2, k| < ¢,

Ryky=——F—
o A1 | Ae A k>t

Sincex/(e*—1)<e ™2, R, <t?e 4/ 2, 4t resolution f the noise is no larger than f times a white
noise smoothed at scale 1/t. Pointwise, Var w;(x) <R(x,x) <t9*2, i.e. wi(x) = Ot *9/2). This
is the size at scale 1/t of a distribution of regularity —1—d/2 (—5/2 in d=3): seen at its own
resolution, the noise is one derivative rougher than white noise (—d/2) and two rougher than
the GFF (1—d/2), the same as the GFF noise A ¢ = A1/? of the Dyson-Schwinger equation,
whatever the interaction. It is not a bound on a limit distribution: wy is a martingale in t,
not the smoothing of a fixed distribution, and on a fixed test function (9.16) only gives (A,
wy) = O(t), while the free noise stays bounded. For q>§ no L? limit of the logarithmic deriv-
ative is expected [ALZ06]. Compared with the free noise, the bound is sharp at and above

the resolution, where R,/ (Ae=4/ tz) =(1—e 4 tz) 151, and larger by the factor 2/ A on the
resolved modes. Uniformly in the interaction it cannot be improved: for a pinning potential
Vr= gllgollz, the covariance of w; tends to R; as k¥ — oo (Exercise 9.5).

The noise as a stochastic observable. In the language of Lecture 3, the results of this sec-
tion say the following. The family (w;):<7 is an observable: a martingale in the filtration of
the measurements, whose terminal value is Nelson's Euclidean noise wt=K &7+ DV (Pr)
of (9.9). Itis expected to be a local observable in the sense of Lecture 3 (Section 5.2). Formally,
as T — oo, K— A and the terminal value becomes (A ¢) (x) +v'(¢(x)), a function of the field
and of its second derivatives at x; one expects germs of the same form, A ®;(x) + w(P(x))
with a renormalised local nonlinearity w; (the Wick cube %H 3(+;¢4) and a mass counterterm).
Since w; + JiF; = K ®;, whose limit A ®; is local and linear, the noise is local exactly when the
forceis, and for ®§ this is the crux of the construction (Remark 9.5). At finite T, and for q>§, the
noise is also closed; for q)§‘,‘ it is expected to be local but not closed, like the point evaluations of
the free field in Lecture 3. At each resolution it is a random variable, indeed a smooth random
field, and every smeared (h, w;) is centred and sub-Gaussian, with variance at most (h, Rh),
uniformly in the interaction and in the cutoff (9.16). Paired with functionals of the field up to
resolution ¢, it acts as the transpose of the smoothed derivative, (h,w;) = (Dj,,) T1in L2 () (9.7,
9.13). At its own resolution it has the size of AY/2¢: formally it behaves like one derivative
of white noise, whatever the interaction. What may be lost as T — oo is only the terminal value.
For @3 the Euclidean noise A ¢ + V'(¢) is not expected to be a random variable, as Nelson
anticipated [Nel75, ALZ06]; but its conditional expectations at every finite resolution are, and
they form a consistent family, ws=Esw; for s<t.

This is the sense in which the Euclidean field equation of ®3 has a well-defined sub-Gaus-
sian noise: it exists as a stochastic observable, without a terminal representative.
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Remark 9.9. (Pathwise bounds) (sketch) Work at finite spatial cutoff, with T=co or t<T/2,
so that R obeys the bounds below uniformly in the cutoff. The norm

Iflle=sup (1+Ix) 7 f (x)]

is convex, so Proposition 9.6 dominates |will, by [IZll,, with & ~ N (0, R;). For this Gaussian
field, R;(x,x) <t*2 and
(6x— 5y/ Ry (bx— 5y)) < td+4|x - y|2/

so Dudley's bound and Gaussian concentration give Gaussian tails for |||, at the level
pl+d/ 2,/10g (2+1), uniformly in L. Since wis a martingale, [|wsl|¢ is a submartingale, and Doob's
inequality extends the tails to sups<;. Summing over dyadic t, almost surely, with a random
constant C,

lwdle <CtH*42 log 2+1)  forallt>1 (1<tKT/2if T<),

with C having Gaussian tails uniformly in the interaction and in the spatial cutoff. This is a
pathwise bound at each resolution, in the sense above.

Control of the force. Write dFs=Y;dW; as in Section 8. By Theorem 9.1,

dws= (KQsl/z_]sYs) dw;,
SO
t t -
fO ]SYSdWS:KfO QL2 dW, — w.

It6's isometry, (a+ b)2<2a%+2b% and (9.16) give
E [ IV JhiPds <20, Ryh) +2 (h, KQiKh). (9.20)

For the heat profile with T =00, KQ;K=A oA/t <t?/e, so the right-hand side is at most

2(1+e™h tzllhlliz. This controls a smoothed derivative of the force, Ys=DFs(®d;) Qg/ 2 without
any estimate on the terminal force.

Consequence for ®3. In the field equation (9.11) the noise is therefore controlled a priori
at each fixed resolution, uniformly in the ultraviolet cutoff. A bound on ®; uniform in the
ultraviolet cutoff then follows from a coercivity estimate for the renormalised effective force
F;, which converts the control of A ®;—AQ,F;into control of ®;. This is the remaining analytic
input, and it is where the large-field problem of Lecture 6 enters. Lecture 7 carries this out:
its forward estimate is the forecast form (9.12) of this field equation, with the explicit force of
Lecture 6 in place of the exact one, and with the bound of Proposition 9.6.

9.5 Infinite volume

On T{ the free energy Vy(0) and the effective potential V; are extensive: they grow like L,
and (7.9) has no limit as L — co. Three objects are intensive and survive formally:

i. the force. For a local interaction Vr(¢) = [vr(¢(x))dx, DVr(¢)(x) =v1(¢(x)), and (7.7)
reads, on R,

Pi= fot QuFsds+ fot Q%AW Fux) =—E([or(Pr(x))]. (9.21)

Here every quantity is local, and the equation makes sense without a volume cutoff.
Infinite-volume limits of v are expected to be laws of solutions of (9.21). Uniqueness
of such solutions (e.g. for small coupling, or by contraction in weighted spaces) is a
uniqueness statement for the infinite-volume theory. Non-uniqueness is expected in
the presence of phase transitions, e.g. for ®5 with a deep double-well potential [G]S75];
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ii. the Burgers flow (8.1) of the force, for the same reason;

iii. differences of free energies. For alocal f, WY (f) in (7.12) is a difference of two extensive
infima, and it stays bounded as L — co. Its variational characterisation, through the
infinite-volume Euler-Lagrange equation (9.21), is the basis of the infinite-volume ana-
lysis of @3 and exp (P); in [BG23].

Differences of free energies. Fix the volume, and let u* be the optimal drift of (7.9), so that
X" = ® is the Polchinski process (Theorem 7.6). In (7.12) the infimum may be taken over
perturbations u =u*+w of the optimal drift. The drift enters linearly, so X W = @ 4 [(w) with
I(w) = |, é )4?w,ds, and by the Euler-Lagrange equation (7.11) the cross term of the energy

is ]EfOT (ug, ws)ds = =E(DV7(Pr),Ir(w)). The two extensive infima then cancel exactly, and
what is left is a variational problem for the perturbation alone.

Proposition 9.10. (Variational principle relative to the FBSDE) (formal) Let ® be the Polch-
inski process, i.e. the solution of the FBSDE (7.7) driven by the Brownian motion W, and v the law

of ®r. For every f with e /e LY(vr) and f(Pr+I7(w)) integrable for the admissible w below (for
instance f bounded from below, or linear),

—log [e™/ dvT:igfIEl[ f(CI>T+IT(w))+BVT(<I>T,IT(w))+% fOansuzds], (9.22)

where the infimum runs over adapted w with IEfOT |lwsl|?ds < oo, and

By(¢,h):=V(p+h)—V(p)—(DV(¢),h)

is the remainder of the first-order Taylor expansion of V. The minimiser satisfies ws =
—Qsl/Z IES[Df(CI%) + DVT(CID%) —DVp(Pr)], with o=+ I(w): the perturbed field solves the
FBSDE with terminal potential V+ f, and its force is that of ® corrected by F{—FS: —IES[Df(dD%) +
DV(®) ~DVr(®n)].

Proof. By (7.12), the left-hand side is inf,, Jf(u) — Jo(u™), with
u ue 1 T
T = FOX + V(X +5 [ s

" .1 1 .
Writing u =u” + w and expanding 5 lu* + w|?, the terms Vr(Pr) and Ef||u*||2 cancel against
Jo(u*), and the cross term is computed above. The first-order condition in w is obtained as
in (7.11). 0O

For a local interaction Vr(¢) = [vr(¢(x)) dx,

By (¢, = [br(p(x),h(x))dx,  br(ah)=vr(a+h)—or(@) —or@)h,

and br(a,0) =0. So every term of (9.22) is local: there is no free energy and no extensive
quantity, only the field ® and the perturbation that f induces on it. For f supported in a
bounded region one expects the optimal w, and with it I(w), to decay away from the support,
at the rate of the decay of correlations of the measure. Both sides of (9.22) then make sense
in infinite volume, with ® a solution of the infinite-volume FBSDE (9.21). This suggests the
following formal description of the infinite-volume measures (at a fixed ultraviolet cutoff T):

an infinite-volume measure is the law of ®r for a solution ® of (9.21) which satisfies (9.22), with
B = [brdx, for all local f.
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The Laplace functionals in (9.22) determine the measure, and the condition involves only
intensive quantities. When the FBSDE has several solutions, as is expected in the presence of
phase transitions, each solution gives a measure with its own variational principle; the per-
turbations w of finite energy only probe a given solution locally. For ®3 this remainder term
contains the divergent counterterms, and, as for (7.12), the change of variables of [BG20]
is needed before (9.22) has bounds uniform in T; in two dimensions, compare the infinite-
volume analysis of [BG23].

The coercive estimates must then be local: one uses weighted norms and needs bounds
whose constants do not depend on the volume. This infrared problem is the analogue, for the
scale dynamics, of the “coming down from infinity” estimates for the parabolic dynamics.

Exercises

Exercise 9.1. (Doob transform) Show that G;in (9.1) solves (9.2), by writing e "G, = e%AQ”(e‘VTG). Prove (9.3).
Exercise 9.2. (The relative variational principle) (a) Derive (9.22) and the equation for the minimiser. (b)
For a Gaussian vy (quadratic V) and a linear f=(g,-), compute the remainder term, solve (9.22), and recover

—log fe’(g"> dvr=(g,m)— % (3,2 g), with m and X the mean and covariance. (c) For a local interaction and
f supported in a ball, show that By, only sees the region where I(w) #0, and discuss why (9.22) is bounded
uniformly in the volume.

Exercise 9.3. (DS from the dynamics) Fill in the It6 computations in the proof of Proposition 9.2, and
deduce (9.7) without using Proposition 7.2, for G of the form G;(®;) with G, solving (9.2). Where is the
symmetry of DF; used? Compute the quadratic variation of N for the free field and G linear.

Exercise 9.4. (Gaussian check) For V;=0 show that (9.7) reduces to E [Dgx: G(X;)1=E[G(X})(Kh, X;)], and
compare with the DS characterisation of the GFF in Lecture 2.

Exercise 9.5. (Sub-Gaussian noise) (a) Check (9.14) and the bridge representation, and show that the
Girsanov density depends only on Xr. (b) Compute R, for the heat profile, and show that R, S%tz for T>
2t and R, <t for T=co. (c) Compute the law of w; for V=0 and for Vr :gllq)llz, and show that its cov-
ariance tends to &R; as k¥ — co. In what sense is (9.16) sharp? (d) Show that R;(x, x) = t*2 for t > m, and
complete the argument of Remark 9.9.

Exercise 9.6. (The noise of a two-point endpoint) Take one mode with Q;=t, and let the endpoint have

the law vy = % (6,+9_,) (alimit of deep double wells). (a) Show that E[®7|®;=x]=atanh(ax/(T —t)) and
compute w; as a function of ®;. (b) Check (9.17), and that Var(w;) < R;. (c) Show that w; is not monotone in
@, when ta%>>T (T —t), and relate this to the peak in Figure 9.1.

Exercise 9.7. (Contact terms) Verify (9.4) for n =1 and the free field, using (1.6), and check the Euclidean
rotation of the contact term.

Appendices: additional material

Appendix A Algebraic structure of the Polchinski flow

A.1 A semigroup of renormalisation maps
For a positive covariance S define the renormalisation map
Rs(V)i=—log (¥xe™),  (@rw) (@)= [u(p+{) p5(dD). (A1)
Since 5% u® = y°+S,
RsoRs =Rs, 5 =ReroRs, V=R, (V). (A2)
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So the effective potentials are an orbit of an abelian semigroup, indexed by the cone of positive

covariances, acting nonlinearly on interactions and linearly on Boltzmann factors e™". Its
infinitesimal generators are the vector fields

Py(V):=5Te(BD?V) = 1(DV,BDV),  £05(V)| _ = Pp(V), (A3)
and (7.8) reads 9;V;= _@Q,(Vt)-

Proposition A.1. (Flatness) (formal) (a) [P, Pg:]1=0 for all positive B,B'. (b) V; depends on
the profile only through Qr . In particular the free energy Vo(0) and the law vt depend only on Qr,
not on the path t — Q.

Proof. (a) Differentiate R;pR,p'=MR,p Rsp at s=r=0, or compute directly (Exercise A.1). (b)
is (A.2). a

Different profiles with the same endpoints are different coordinate systems on the same
renormalisation group trajectory. They change the process ® and the observables at interme-
diate resolution, but not the terminal theory. The flow has no holonomy [BCG26].

A.2 Perturbation theory and counterterms

Expanding V;=Rg;,(Vr) in cumulants of the Gaussian increment { ~ yQT" gives
Vi) = E¢ [Vr (¢ +0)] —5Varg(Vr (¢ +0)) +... (A4)

For (7.1), Exercise 6.1 of Lecture 3 shows that Gaussian convolution simply lowers the Wick
ordering: since Qr (x,x) =cT—cy,

A
Vt(¢):f[ﬁHAL((P(x)}Ct)+’)’TH2(§b(x)?Ct) dx+0(?). (A.5)

Here yr= O(AZ) is kept for later use. At first order the effective potential is the Wick-ordered
potential at the current resolution. This is the dual statement of Proposition 6.1 of Lecture 3:
JHy (Xy;cy) is an observable.

Proposition A.2. (Second order) (formal) Write S=Qr,and :¢?:;=H, (¢;c;). Then

) 4
Vt(<p>:f[1’\—2:¢4zt+w:¢>zzt]—%z (i)zk!ffs(x,y)k:¢4‘k:t(x):¢4‘k:t(y) dxdy, (A6)
k=1
up to ON3).

Proof. By the binomial formula for Hermite polynomials,

4
Hy(¢p+eit+s)=) (i)Hk(g)s)Hzl—k((P;Ct), s=5 (x,).

k=0
Then compute the variance in (A.4) with Lemma 3.8 of Lecture 2. a
Ko e &S
/
'4)6' :(p4: :(p2: 1
tree, finite bubble, finite ind = 3 sunset, ~ A2 log T vacuum, a constant

Figure A.1. The termsk=1,2,3,4 of (A.6), with k lines S joining two Wick-ordered vertices; Wick ordering
has removed the lines from a vertex to itself. As T — co in d =3, only the sunset, k =3, is a non-integ-
rable divergence for the : 9% term; it is cancelled by 7r-
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Now let T — co at fixed t, so that S — C — Q;, which near the diagonal is as singular as G.
In d =2 every S* is locally integrable, so with 97 =0 every term has a limit: Wick ordering

suffices. Ind=3, G(z) ~ (47lz|) "
e k=1,2: S and S? are locally integrable. These terms are finite and nonlocal.

e k=23 (the sunset): S3 ~ )z~ is not integrable. Writing ¢ (x) ¢(y) = % ((]b(x)2 + ¢(y)2) —
% (p(x) —p(y))?, up to a field-independent constant the divergent part is local:

—%Z(I 53) f: ¢+ (finite),

L log T. It is cancelled by

16 2

with [S3~
2

48 712

AZ
W::?ITEQT(z)?’dz: log T+0(1), (A7)

2
since yr — % 83 converges (Exercise A.2).

e k=4:adivergent constant —% L3 [S*~T, the vacuum energy. It cancels in vr but not
in the free energy.

Power counting (Exercise A.3) shows that no further field-dependent counterterms are needed
in d =3: ®3 is superrenormalisable. Thus renormalisation appears as a property of the flow:
one chooses the terminal data Vr so that the effective potentials V; at fixed resolution have
limits. The divergences at second order are also related to the singularity of ®3 with respect
to the GFF [BG21]: the measures v at fixed f are expected to stay absolutely continuous with
respect to 42, while the terminal one is not.

Exercises

Exercise A.1. (Commuting flows) Show by direct computation that D Pg(V)[Pp/(V)] =D Py (V) [ Lp(V)].
Which property of DV and D*V is used?
Exercise A.2. (The sunset) (a) Show that f‘z‘q G(z)®dz= o0 in d =3, and that fQ%:#log T+ O(1) for the

heat profile. (b) Show that Q7 — (Qr— Q;)?is integrable uniformly in T, and deduce that the counterterm (A.7)
makes the :([)2: coefficient in (A.6) converge. (c) Show that the remaining part ffS3 (x, ) (p(x) — py))? con-
verges for smooth ¢.

Exercise A.3. (Power counting) Show that the superficial degree of divergence of a connected graph of oXi

with n vertices and E external legs is Dg=d — d%zE + (d —4)n. Deduce that in d =3 the only divergent graphs
with loops are the two-point graphs with 1 <2 (the tadpole and double tadpole, removed by Wick ordering,
and the sunset) and vacuum graphs with n<3.

Appendix B Stochastic localisation

Proposition 7.2 and Section 7.3 say that the Polchinski process is a stochastic localisation of
vt. This appendix records why that decomposition is useful, and what it proves.

Why it is useful. Three features make this decomposition a tool:

e It is a martingale. vy = E ", and the expectation of any test function under 4" is a
martingale. It6 calculus then splits variance and entropy exactly into the part already
revealed and the part still hidden.

e The pieces are simpler. The Gaussian factor adds R to the Hessian of the potential. If vy

is log-concave, ;t‘f is R-uniformly log-concave, so Bakry-Emery and Brascamp-Lieb
apply to it even when their constants are useless for v itself.
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o  One quantity controls the loss. What is revealed per unit resolution is governed by Covy,
whose evolution (8.9) is explicit. An inequality for vt reduces to showing that the
localisation does not happen too fast.

The process can also be run as an algorithm: with an approximate force it is a sampler, as
in the algorithmic stochastic localisation of [EMS22], and denoising diffusions are of the
same kind [Mon23]. By (9.14), the noise of the field equation is, up to J;, the score that such
algorithms estimate.

B.1 Log-Sobolev inequalities along the localisation

Bauerschmidt and Bodineau [BB21] proved log-Sobolev inequalities by running the Polch-
inski flow (see the survey [BBD24]). In their language the renormahsed measure at a given
scale is the law of ®;, and the fluctuation measure is the conditional law 1§ of Proposition 7.2,
i.e. the stochastic localisation of vt [Eld23]. (Their scale parameter runs opposite to our res-
olution: their initial scale is our T, where the renormalised measure is v and the fluctuation
measure is trivial, and their integrated covariance is our S;.) In this dictionary their argument
is an entropy computation along our filtration.

Entropy as quadratic variation. Let p>0 with E, p=1, and let M; = E{p(®P1)] = G(Dy),
with Gi(¢p)= [p dyt The martingale M runs from My=1 to M1 =p(Pr), and its noise is that
of the field: dM; = (DG;(Py), Qt th Itd's formula for Mlog M gives

T d(M)t _

1
Ent,, (0) ==E =2F ||Q}/2D\/_(<I>t)||2dt
2 0

and, stopping at resolution t, the chain rule

Ent, (o) = Ent(G{(D;)) + E[Enty?t(p)]:

the entropy already revealed at resolution f plus the expected entropy still hldden The incre-
ments are controlled by the conditional law: differentiating the density of ptt in ¢, DG(¢p) =
Si Cov,(p,y).-

Theorem B.1. (Multiscale Bakry-Emery [BB21, BBD24]) (formal in infinite dimensions) Sup-
pose that there are real numbers (possibly negative) x; such that, for all t € [0,T] and all ¢, as quadratic
forms,

. 1 .
QiD?Vi() Qi+ 5 Qe x: Q.
Then vt satisfies the log—Sobolev inequality

Ent,,(p) < E.,[|Q1*D

1 T T
6: fo exp (—2 ft Krdr) dt.
The hypothesis gives, at each resolution, the gradient bound

. T .
02 DyGIP < [1QF D P ay;

inserted in the entropy formula it gives the theorem [BBD24]. For Vr=0 and a linear pro-
file Q;=tQr/T one may take k=0, so 1/0=T and the theorem is the Gaussian log-Sobolev
inequality Ent(p) <2E(D \/ﬁ, QrD \/ﬁ ). The hypothesis is a convexity condition on the effective
potentials at every scale, not on V7, corrected by the scale dependence O; of the decompos-

2 xdr

ition; x; may be negative at some scales: only the weights e enter ¢.
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In terms of the conditional covariance. By Proposition 8.3, D2V, =S-S5 Cov;S7Y, and
Si1Q; St = R, is the derivative of the regulator (8.6). Since O:Si1 =8, Ry, the hypothesis
reads

. ) T )
St RiCovi RS < Q4 S 1Qt+§Qt—KtQt-

If Q; is invertible, multiplying on the left by S;Q; ' = )1 S;! and on the right by its transpose
Qi 'S, shows that it is equivalent to the explicit bound

) 1 e
Cov,p<Si= 5107 (1 Q-5 Q1) Q7S Vg, (B.1)

The second derivative Q; is not estimated: it is a property of the Gaussian decomposition, and

it enters only through the combination K Qp— —Qt When Q; and S; are functlons of one oper-
ator (Fourier multipliers, say), the right-hand side is S; — St Qt (K¢ Qt — —Qt) mode by mode.
If x; Qt > ; Qt (for the linear profile: x;>0), every conditional law is strictly more concentrated

than the unresolved Gaussian ﬂuctgation; if not, Cov; may exceed Sy, as in a double well at
low resolution. A concave profile (Q<0) makes the bound smaller but forces ¥ down by the
same amount: for the Gaussian with Q;=1—e™" one has Q = —Q, the hypothesis holds with
K=— ;, and Cov;=S;. The hypothesis is thus an upper bound on the conditional covariance,
uniform in the conditioning, measured in the metric Ry Closely related is the entropic stubzlzty
of Chen and Eldan [CE22] (see also [BBD24]): if, for all <t and all ¢, &, Cov ¢Rr< a0, Ry,

then
Ent,,(p) <exp (f o dr) E[Enty?t(p)]:

the total entropy is controlled by the entropy that is still hidden at resolution t. The low-resol-
ution part of the localisation is where the measure may be multimodal, and the condition says
that it does not hide too much. With the Brascamp-Lieb bounds of Section 8.4 the conditional
covariance is controlled by the Hessian of Vr when this is convex; for ®§ it is not, and the
condition is a statement about the effective potentials, i.e. about the renormalisation group
flow itself.

Proposition B.2. (Poincaré from the localisation) Suppose that, for all v <t and all ¢,
RrCOVy<p Ry <Lay Ry. Then, for every f,

Var,, (f) <exp (f x dr)]EVar @t(f)

If moreover vt is log-concave, then

Var,, (f) <exp (f tx,dr) E,{Df,Ri'Df).

Proof. Let M, =E,f(®r) and x, =Cov q>y(f y). As in Section B.1, d(M), = (x, J?,)(,) dr, so
v(r):=E Var cpr(f) has v = —E(x,, R,)(,) and v(0) _Varw(f) By Cauchy-Schwarz, with h =
R X ()(r,h)2<Var wor(f) (h,Cov, h) SarVar,or(f) (xr, Ry Xr)- Hence v’ 2 —a,v, which gives

the first bound. For the second, the Hessian of the potential of ‘ut is at least Ry apply Bras-
camp-Lieb to u¢ and take the expectation. 0

For V=0 one has Cov, =S,. In one mode, or for the linear profile, where Q, lisa
number, &, = Qr Land exp f 0 &rdr=QrS 7L the first bound is an equality for linear f, and
the second tends to the Gaussian Poincaré inequality as t — T (Exercise B.2).
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An application: the KLS conjecture. Take an isotropic log-concave measure on R" (mean
zero, covariance 1) and the identity control, R;=t. The second bound reads Var(f) <

p1 e E/Df|? so a Poincaré inequality follows if Cov, stays bounded in operator norm up
to some time ¢. The Kannan-Lovasz-Simonovits conjecture asks for a Poincaré constant inde-
pendent of 1, and hence for a time t independent of n. Along the path, the bound holds
only with high probability, not uniformly in ¢, so the argument has to be adapted, and
proving that the covariance stays bounded is the heart of the matter. Following Eldan [Eld13],
this has given the bounds of Chen [Che21] and Klartag-Lehec [KL22], and then Klartag's

bound [Kla23]: the KLS isoperimetric constant is at most C/log 7, i.e. the Poincaré constant
is O(log ). The related slicing conjecture has since been proved [KL24].

The connection with Bauerschmidt-Bodineau. The multiscale Bakry-Emery criterion of
Theorem B.1 and the localisation study the same measure-valued martingale from two sides.
Bauerschmidt and Bodineau [BB21] (see [BB19] for an earlier decomposition argument,
and [BBD24] for a survey) start from the renormalisation group: integrate out the fine scales
and follow the potential. Eldan's approach follows, along one path, the conditional law. The
dictionary is:

these notes Bauerschmidt-Bodineau stochastic localisation
resolution t increasing their scale, reversed time f increasing
law v, of &, renormalised measure law of the tilt
ul fluctuation measure tilted measure
Sy, Ry integrated covariance, — —, t
Gi=[pdu! Polchinski semigroup on o martingale [pdy;

D2V, =S;1—571Cov,S;!  Hessian of the potential ~ covariance of the tilted measure

Proposition 8.3 is the bridge: convexity of the renormalised potentials is an upper bound
on the conditional covariance, namely (B.1). The two methods then use this information dif-
ferently.

e  Bauerschmidt—Bodineau. The Kolmogorov equation (9.2) transports G, by the drift Q;F;=
—Q;DV,. Its Jacobian plays the role of the curvature in the Bakry—Emery computation,
and the scale dependence of the metric Q; adds %Qt This yields the gradient bound
for G; at each scale, which is integrated in the entropy formula. The output is a log-
Sobolev inequality with an explicit constant, directly at the terminal scale, also far from
log-concavity. The hypothesis is uniform in ¢, which suits field theories where the
renormalisation group controls V; for all fields, as for sine-Gordon at <67t [BB21].

e Localisation. One bounds what is lost on [0,¢] (the proposition above, or entropic sta-

bility [CE22]) and uses a known inequality for u?. Tt works directly with moments of
the conditional law, and can use bounds that hold only with high probability along the
path, as in the KLS problem.

Exercises

Exercise B.1. (Entropy along the localisation) (a) Derive the formula for Ent,,(p) as the integrated quadratic
variation of M, and the chain rule. (b) Show that DG,(¢) =S; 1 Covw(p, y). (c) For V=0 and a linear profile,
recover the Gaussian log-Sobolev inequality from Theorem B.1. (d) In zero dimensions, with Q;=1—e™" and
a convex Vr, find x; and the resulting constant, and compare with the Bakry—Emery criterion.
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Exercise B.2. (Poincaré from the localisation) (a) Check that the measurement noise S;!; of (7.18) has
covariance R (b) For Vr=0 and one mode, compute &, and verify the Gaussian check above. (c) In zero
dimensions, with R,=rand v = %N (a,0%) + %N (—a,0?), compute Covﬂf and its supremum over ¢. Using the

first bound as t — oo, deduce the Poincaré constant <o > ™1, Compare with the true order o127, why is the

exponent off by a factor 2?
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