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Abstract

The last two lectures construct the massiveΦ3
4 measure on the three-dimensional torus with

the forward–backward equations of Lecture 4. In this lecture we set up the problem. For
the mass regulator the Polchinski process of Lecture 4 is a noisy observation of the terminal
field, and its forecast is the posterior mean; this gives an exact FBSDE at every lattice cutoff.
Its backward half is the force equation of Lecture 4 in the forecast coordinate. We cannot
solve that equation, so we construct an explicit approximate force andwrite the exact FBSDE
in the coordinates it defines: the approximate forecast Y and the error Z. The error is driven
only by the failure of the approximate force to solve it. We explain why the approximate
force needs two renormalisations, in two senses: a linearly and a logarithmically divergent
mass counterterm, and two correction steps beyond one loop, which make the defect integ-
rable in the backward equation. Finally we identify the large-field problem: the construction
only controls fields of size rq=(q/𝜆)1/2, and must be extended to all fields without losing
coercivity. The price is an error that is not small but lives on large fields. Lecture 7 controls
it by a priori estimates on the FBSDE and removes the cutoffs.

The results presented in Lectures 4–7 were obtained recently, with the use of AI, in col-
laboration with Sarah-Jean Meyer.
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Introduction

Lecture 4 formulated a programme ((7.7) and Figure 7.1): solve the FBSDE

Φt=∫0
t Q̇sFsds+∫0

t Q̇s
1/2dWs, Ft=𝔼t [−DVT(ΦT)],

with a renormalised interaction VT, with estimates uniform in the ultraviolet cutoff, and take
the limit. For Φ3

4 the force Ft is not expected to converge to an integrable terminal value, and
the naive estimates of the force diverge (Appendix A.2 of Lecture 5). In these two lectures
we carry out a version of the programme on the unit torus 𝕋3. The guiding principle is the
one of Section 8: do not estimate Φ and F directly, but pass to the forecast coordinate, in
which the forward equation has no drift and the tree diagrams have been integrated exactly.
Section 10.6 shows on one site what goes wrong with a frozen cube, and what integrating it
gives: this motivates the form of the approximate force.

The plan. Figure 10.1 gives the plan: this lecture builds the approximate force ℱ̄ ; Lecture 7
does the estimates and the limits. The emphasis is on the structure of the argument. We
give complete proofs of the identities and of the scalar models of the estimates, and only
describe the tensor estimates on the lattice. The point of view is that of [BCG26]; for other
constructions of Φ3

4 see [GJ73, FO76, BFS83, BG20, GH21].

What is proved. Theorem 10.2 holds for every coupling, every reference mass q0>0 and
every finite part r of the counterterm, on a fixed torus, with no smallness, and for an explicit
counterterm whose finite part is arbitrary. Section 18.7 lists what is not proved. Detailed
proofs of what these lectures cite or condense are in the Supplement.

The reference mass. The number q0>0 is not an additional regulator: it is the squared
mass m2= q0 of the Gaussian reference C=Cq0=(q0−ΔN)−1. It must be positive even on the
torus, where there is no infrared problem at large distances, because the constants are in the
kernel of −ΔN, so that (−ΔN)−1 does not exist. The counterterm cannot supply this positivity,
since its finite part r is an arbitrary real number, negative values included. The measure 𝜈N
depends on q0 and 𝜇N only through q0+𝜇N, so the two parameters are redundant: onemay fix
q0 once and for all, for instance q0=1, and let r be the free mass parameter. The number q0 is
also where the scale starts: the Polchinski process runs over q∈[q0,∞) and vanishes at q=q0
(see (10.7)).
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One auxiliary scale. The expansion of the force needs gq small, and this happens above
an auxiliary scale q∗⩾1, depending on 𝜆, q0 and on the finite part. Below it the coefficients
are frozen (Section 12.4), so the force, the system and the results hold at all scales, and no
statement about 𝜈 depends on it.

Acknowledgements. The results presented in Lectures 4–7 are joint work with Sarah-
Jean Meyer, obtained recently with the use of AI. M. Gubinelli is partly supported by UK
Research and Innovation via the grant “StochFields” EP/Z534328/1 and by the Simons Col-
laboration on Probabilistic Paths to QFT. S.-J. Meyer is supported by the grant “StochFields”
EP/Z534328/1.

10 The problem and the exact FBSDE

10.1 Lattice, scales and notation
Let N be an odd integer and ΛN=(N−1ℤ/ℤ)3 the periodic lattice of mesh N−1 in the unit
torus. Let HN=ℝΛN with

//u,v//=∫uv, ∫ f ≔N−3 ∑
x∈ΛN

f (x),

so that the volume is 1 and integrals approximate continuum integrals. The nearest-neigh-
bour Laplacian is ΔNu(x)=N2∑i=1

3 [u(x+ ei/N)+u(x− ei/N)−2u(x)]; we usually drop the
index N. A kernel C(x,z) acts by

Cu(x)=∫C(x,z)u(z)dz,

so the identity has kernel N31x=z, and

TrC=∫C(x,x)dx, (diagC)(x)=C(x,x), ‖C‖row=sup
x
∫ ∣C(x,z)∣dz.

The row norm ‖C‖row is the largest L1 norm of a row of the kernel. It bounds the operator norm
on L∞, and for a symmetric kernel on every Lp, 1⩽p⩽∞, by interpolation: ‖C‖p→p⩽‖C‖row. Mf

is multiplication by f , and K+𝜆y2 means K+𝜆My2. For a functional F on HN, DF, D2F, DkF
are its gradient and derivatives, as in Lecture 3. ‖u‖p is the Lp norm for the measure ∫.

The resolution parameter. Lecture 3 used a general covariance profile. Here we use the
mass-regulator profile of Exercise 8.8 of Lecture 4: with m2=q0 and t⩾0,

Q̂t(k)=
1

∣k∣2+q0
− 1
∣k∣2+q0+ t2

, ℛ t= t2.

It is convenient to parametrise the resolution by the squared regulator mass

q≔q0+ t2∈[q0,∞).
Set

Kq≔q−ΔN, Cq≔Kq
−1, C≔Cq0=(m2−ΔN)−1. (10.1)

In the notation of Lectures 3–4, with T=∞ and using q instead of t as the resolution variable
(so Q̇ now means ∂qQq),

Qq=C−Cq, ∂qQq=Cq
2, Q̇1/2=Cq, Sq=Cq, ℛq=q−q0, ∂qℛq=1. (10.2)
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So Cq is the covariance of the scales not yet resolved, and Kq= Sq−1 is the precision of the
posterior at resolution q under the free prior 𝜇C. The main properties of Cq are elementary.

Lemma 10.1. (Free resolvents) For q⩾ q0 (constants depend on the lower bound only for scales
below one), uniformly in N: Cq has a nonnegative kernel,

Cq1=q−11, ‖Cq‖p→p=q−1 for 1⩽p⩽∞, (10.3)
and

a2(q)≔(Cq
2)(x,x)=TrCq

2≲q−1/2∧N3q−2, TrCq≲N∧N3q−1. (10.4)

For y∈HN and 𝜆>0, the killed resolvent

Gq(y)=(Kq+𝜆y2)−1

satisfies
0⩽Gq(y)(x,z)⩽Cq(x,z).

Proof. Cq=∫0
∞e−qsesΔds and esΔ is the transition kernel of the lattice randomwalk. This gives

positivity and the row sums. Killing the walk at rate 𝜆 y2 gives the comparison for Gq. The
symbol of −ΔN is comparable to ∣k∣2 on the centred frequency cube n∈ {−N−1

2 , . . . , N−1
2 }3

(symbol 4N2∑i sin
2(𝜋ni/N), with k=2𝜋n), and

∑
k

(q+ ∣k∣2)−2⩽C∫ℝ3 (q+ ∣k∣2)−2dk=Cq−1/2.

Counting the N3 modes gives the other bounds. □

The bubble a2(q) is the coincident-point variance of the shell at resolution q:

∂qVar(Xq(x))=a2(q)

for the free field at resolution q, and

∫q0

∞
a2=TrCq0≍N

is the divergent variance of the lattice field.

10.2 The cutoff measure and the goal
Fix 𝜆>0. The interaction and the lattice measure are

U(𝜑)= 𝜆
12∫𝜑4, VN(𝜑)=U(𝜑)+ 𝜇N

2 ∫𝜑2, 𝜈N(d𝜑)=
e−VN(𝜑)

𝒵N
𝜇C(d𝜑), (10.5)

where 𝜇C is the centred Gaussian measure with covariance C=Cq0 on HN, and 𝜇N ∈ℝ is a
mass counterterm to be chosen. With this normalisation D2U(y)=𝜆My2: the coupling is the
curvature of the interaction, which is why we write 𝜆/12. In Lecture 4 we wrote the interac-
tion as

𝜆
12∫H4(𝜑; cT)+𝛾T∫H2(𝜑; cT);

the coupling is the same, and the Wick ordering is now part of 𝜇N. For every real 𝜇N, 𝜈N is a
probability measure with all moments, since the quartic term dominates.
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Theorem 10.2. (Main result, informal) Let 𝜆>0, q0>0, r∈ℝ, and

𝜇N= r−𝜆TrC+ 2
3𝜆

2∫ C3.
Then:

a) the laws 𝜈N, embedded in H−s(𝕋3), s> 1
2 , converge along the whole sequence to a measure

𝜈, and 𝜈 is an explicit density over the explicit flow from Yq0=0 (Theorem 18.5);

b) the forecast processes converge in law, along the whole sequence, tested at each scale and
jointly with the terminal field, to a solution of a forward–backward system on [q0,∞),
Yq0=0, driven by a cylindrical Brownian motion, whose terminal value has the law 𝜈; the
forecast is 𝜓q=mq(Φq) with mq continuous (Theorem 18.6);

c) 𝜈 has a renormalised variational formula (Theorem 18.12), and it satisfies the integration
by parts formula of Theorem 18.8, in which the renormalised cube appears only tested in
expectation, and it has quartic exponential tails for tested fields.

The bounds that prove (a) and (b) are uniform in N: this is UV stability. They are bounds on
the error Z of an approximate forecast, defined below. We now set up the exact FBSDE at fixed
N.

10.3 The Polchinski process as a filter
At fixed N everything in Sections 7–8 of Lecture 4 is a theorem. We need it in the profile
(10.2), where the regulator is q−q0 and the terminal resolution q=∞.

Proposition 10.3. (The Polchinski process) At every fixed N, the Polchinski process of The-
orem 7.3 of Lecture 4 starts at Φq0=0 and solves

dΦq=Cq
2Fqdq+CqdWq, Fq=𝔼q[−DVN(Φ∞)], (10.6)

where W is a Brownian motion on HN, 𝔼q is the conditional expectation given ℱq=𝜎(Φs: s⩽q), and
Φq→Φ∞∼𝜈N as q→∞ (by (10.7) below; see the proof of Lemma 16.1).

Proposition 10.4. (Filtering) At every fixed N, by Proposition 7.7 of Lecture 4:

a) the Polchinski process is a noisy observation of the terminal field: there is a Brownian motion
B on HN, independent of Φ∞, with

Φq=(q−q0)CqΦ∞+CqBq−q0; (10.7)

b) the forecast 𝜓q=𝔼qΦ∞=Φq+CqFq is a smooth function of Φq, 𝜓q=mq(Φq), with Dmq=
CovqKq invertible, where Covq=Cov(Φ∞∣ℱq)>0;

c) W is the innovation of the filter, and

d𝜓q=CovqdWq. (10.8)

Proof. In this profile Jq=(q− q0)Cq and Sq=Cq, so (a) is the bridge (7.14) and (c) the filter
equation of Lecture 4. For (b), the conditional law of Φ∞ is 𝜈N tilted by exp( //KqΦq, 𝜑//−
q−q0

2 ‖𝜑‖22) by (7.16): an exponential family in KqΦq, whose mean has derivative the covari-
ance. □
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The noise of the forecast is the conditional expectation of the bridge noise: taking 𝔼q in
(10.7),

𝜔q≔KqΦq− (q−q0)𝜓q=𝔼q[Bq−q0],

a function of the field, 𝜔q=𝜔q(Φq) with 𝜔q(x)=Kqx− (q−q0)mq(x). It is the noise of the field
equation of Lecture 5 in this profile, and it is sub-Gaussian whatever the interaction (Propos-
ition 9.6 of Lecture 5, Lemma 13.2 of Lecture 7).

10.4 The exact force in the forecast coordinate
By Proposition 10.4(b) the map Φq↦𝜓q is invertible, and we define the exact force in the
forecast coordinate ℱq (not to be confused with the filtration) by

Φq=𝜓q+Cqℱq(𝜓q), i.e. KqΦq=Kq𝜓q+ℱq(𝜓q). (10.9)

So Fq=−ℱq(𝜓q), the force of Theorem 8.2 of Lecture 4, and the second form is the field equa-
tion in the forecast coordinate. We write CtrET for the contraction of two slots of a tensor T
with a kernel E, and Hq

ex(y)=(Kq+Dℱq(y))−1.

Proposition 10.5. (The force equation with a mass regulator) At fixed N, ℱq is smooth, Dℱq
is symmetric, Kq+Dℱq>0, and

∂qℱq(y)+
1
2CtrHq

ex(y)2D2ℱq(y)=0, Covq=Hq
ex(𝜓q). (10.10)

Proof. Differentiating (10.9) in 𝜓 and usingDmq=CovqKq gives Kq+Dℱq(𝜓q)=Covq−1. Apply
Itô's formula to Φq=𝜓q+Cqℱq(𝜓q) with (10.6), (10.8) and dCq=−Cq

2dq: the martingale parts
agree, and the drifts differ by Cq times the left side of (10.10). At fixed N the forecast has full
support, so this holds for all y. □

This is the derivative of the Wetterich equation of Lecture 4 (Exercise 10.1). It is an iden-
tity about the unknown 𝜈N, not a construction. But since

d𝜓q=Hq
ex(𝜓q) dWq,

an approximate force gives approximate forecast coordinates, with an error governed by how
badly it fails to solve (10.10).

10.5 Approximate forecast and error

Let ℱ̄q be, for q⩾ q0, an odd map on HN, continuous and piecewise smooth in q and y, with
Dℱ̄q symmetric and Kq+Dℱ̄q⩾ c̄qI with c̄q>0. Define the approximate response, the force
defect and its drift

Hq(y):=(Kq+Dℱ̄q(y))−1,

𝒟q(y):=∂qℱ̄q(y)+
1
2CtrHq(y)2D

2ℱ̄q(y), bq(y):=−Hq(y)𝒟q(y). (10.11)

The defect is the failure of ℱ̄ to solve (10.10). The map y↦y+Cqℱ̄q(y) is a bijection of HN.
Define the approximate forecast and the error by

Yq+Cqℱ̄q(Yq)=Φq, Zq:=𝜓q−Yq, Ξq:=Covq−Hq(Yq). (10.12)
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Equivalently Yq solves the approximate coordinate equation

KqΦq=KqYq+ℱ̄q(Yq),

which is (10.9) with ℱ̄ in place of ℱ . If ℱ̄ =ℱ then Y=𝜓, Z=0, 𝒟=0 and b=0.

Theorem 10.6. (The FBSDE in approximate forecast coordinates) At every fixed N,

dYq=[bq(Yq)+Hq(Yq)Zq]dq+Hq(Yq) dWq,

dZq=−[bq(Yq)+Hq(Yq)Zq]dq+ΞqdWq,
(10.13)

for q⩾q0, and Y+Z=𝜓 is the martingale ∫CovdW.

Proof. Yq is a smooth function of (q, Φq), so it is an Itô process, dY=𝛽dq+AdW. Apply
Itô's formula to Yq+Cqℱ̄q(Yq)=Φq, with (10.6) and dCq=−Cq

2dq, and multiply by Kq: the
martingale parts give (K+Dℱ̄)A= I, so A=H, and the drifts give

(K+Dℱ̄)𝛽=CF+Cℱ̄(Y)−∂qℱ̄− 1
2CtrH2D2ℱ̄ =𝜓−Y−𝒟,

since CF=𝜓−Φ and Cℱ̄(Y)=Φ−Y. Hence 𝛽=H(𝜓−Y−𝒟)=HZ+ b, which is the first
equation. The second is dZ=d𝜓−dY and (10.8). The computation uses no initial value. At
the reference scale Φq0=0, so Yq0=0 by oddness. □

Remark. (Canonical coordinates between Polchinski andWetterich) The construction is an
exact change of coordinates for any admissible ℱ̄ , whether or not it approximates the exact
force. Symmetry of its derivative gives a primitive ℱ̄q=DΓ̄q. Set

𝒲q(y)=
1
2 //y,Kqy//+Γ̄q(y), jq=KqΦq.

Coercivity makes 𝒲q strictly convex, and the coordinate equation is jq=D𝒲q(Yq), or Yq=
D𝒲q

∗(jq), where 𝒲q
∗ is the Legendre transform. At fixed q, regard j, 𝜓 as conjugate variables

and put P=Hq(Y)−1Z. Then
//𝜓,dj//= //P,dY//+d(𝒲q

∗(j)).

Here the differentials are in phase space, with the scale held fixed. Thus (j, 𝜓)↦ (Y, P) is
canonical; its type-two generating function is

Sq(j,P)=𝒲q
∗(j)+ //D𝒲q

∗(j),P//, 𝜓=DjSq, Y=DPSq.

The primitive of ℱ̄ , together with the Gaussian quadratic term, therefore determines the
canonical change. The conjugate momentum is P=H−1Z, rather than Z itself. For ℱ̄ =0 one
has Y=Φ, H=C and Z=CF: the forward equation is the Polchinski equation. For ℱ̄ =ℱ =
DΓ one has Y=𝜓 and Z=P=0: the prediction field is a martingale with the exact Wetterich
response. Intermediate choices are equally valid; for example Γ̄=𝜃Γ, 0⩽𝜃⩽1, preserves coer-
civity since K+𝜃D2Γ=(1−𝜃)K+𝜃(K+D2Γ)>0. Moreover,

𝒟q=D�∂qΓ̄q−
1
2TrHq�.

The defect measures the failure of the chosen potential to solve Wetterich's equation, up to
a field-independent normalisation. The error also depends on terminal data: the zero choice
has zero defect but generally nonzero Z, and need not satisfy the stronger terminal matching
used below.
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Reading (10.13). The equation for Y is forward and explicit, once Z is known: its coefficients
b,H are deterministic functions built from ℱ̄ . The equation for Z is backward. Its terminal
condition is not imposed but proved: if ℱ̄qmatches the bare force as q→∞, then qZq→0 at each
fixed N (Lemma 16.1). Its only source is the drift b, i.e. the force defect, transported by the
propagator exp ∫H. So:

UV stability means that the explicit force ℱ̄ computes the forecast up to an error Z which is small
uniformly in N.

For this we need: (i) a force defect𝒟 integrable against the backward propagator, which is
a deterministic renormalisation problem (Section 11); (ii) global coercivity of ℱ̄ , so thatHq(y)
is a good noise coefficient for all fields (Section 12); (iii) a priori estimates for the coupled
system (Lecture 7). Figure 10.1 summarises the logic of the two lectures.

Renormalisation
seed + 2 corrections,

mass path (§11)

Clipping: global
coercivity, complete

drift b = bb + bl (§12)

Exact FBSDE for
(Y, Z) at fixed N
(Theorem 10.6)

Forward coercivity:
large fields J by

noise tails +E (L7)

Backward representation:
energy E by bb,

boundary, Cλ
2

q∗
J (L7)

Boundary qZq → 0
at fixed N (L7)

UV stability:
supN E‖Zq‖2 ≤ Cq−5/2

Limit FBSDE, terminal law,
DS identity; explicit density,

variational formula (L7)

Figure 10.1. The structure of the construction (E, J: the energies of Lecture 7). The two arrows between
the forward and backward estimates form the closed loop of Lecture 7: neither estimate closes on its own.

10.6 Why the Polchinski expansion is not enough

Before building the approximate force, we test on one site why it is written in the forecast
coordinate. Lecture 4 gives two exact descriptions of the flow: the Burgers equation for the
force F at the fieldΦ, and the force equation at the forecast 𝜓. We use the second, here and in
Lecture 7. The first looks more economical, and the following programme is natural:

1. Keep the bare cube −𝜆
3𝜑

3 unclipped, so that the approximate force stays coercive at all
fields.

2. Expand the rest of the force in perturbation theory and clip only these higher orders.

3. Pay for the clipping in the source of the equation for the remainder R=F− f , using the
a priori estimates.

No change of coordinates would be needed.
Here we test the programme where everything can be computed: on one site. There is

no spatial structure and no renormalisation, so whatever goes wrong has nothing to do with
divergences.

Conventions. As in Exercise 10.4: N=1, Δ=0, Kq= q, V(𝜑)= 𝜆
12𝜑

4 and rq=(q/𝜆)1/2. We
write S=Cq=1/q for the remaining covariance, and x for the value of the field at resolution q.
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The exact force is linear at large fields. The exact force is the conditional mean of the bare
force,

Fq(x)=−𝜆
3𝔼xY3,

where 𝔼x is the expectation for the probability density proportional to e−
𝜆
12y

4− q
2(y−x)2. It solves

the Burgers equation

∂qF+ 1
2S

2F''+S2FF'=0. (10.14)

Let mq(x)=𝔼xY. Integrating by parts in y gives

Fq(x)=−𝜆
3𝔼xY3=q(mq(x)−x). (10.15)

This is Proposition 10.4(b): the posterior mean is the forecast, 𝜓q=mq(Φq). So Fq measures
how far the forecast lies behind the field.

Lemma 10.7. (Posterior mean) For all x and q,

∣mq(x)∣⩽2(𝜆/3)−1/4+2(3q∣x∣/𝜆)1/3.

Proof. Integrating the derivative of y times the density gives

𝜆
3𝔼xY4+q𝔼xY2−qx𝔼xY=1.

WithM=(𝔼xY4)1/4 this gives
𝜆
3 M4⩽1+q∣x∣M,

and Young's inequality gives
𝜆
6M

4⩽1+(q∣x∣)4/3(2𝜆/3)−1/3.

Finally ∣mq∣⩽M. □

Therefore, by (10.15), the two regimes of the force are

Fq(x)→−𝜆
3 x3 (fixed x,q→∞), Fq(x)=−qx+O(∣x∣1/3) (fixed q, ∣x∣→∞). (10.16)

The limits cannot be interchanged. The crossover is at ∣x∣∼ rq, where the cube equals the
Gaussian restoring force: 𝜆

3 rq3∼ q rq. Beyond it the force is linear, because convolution with
a Gaussian of variance S cannot produce a force steeper than x/S.

Proposition 10.8. (The remainder of a frozen cube) Let

f (x)=−𝜆
3 x3+ f1(x)

with f1(x)= o(∣x∣3), for instance linear terms plus bounded clipped corrections. At every fixed q, the
remainder Rq=Fq− f satisfies

3Rq(x)
𝜆x3 →1 (∣x∣→∞).

So no estimate can make R a small fraction of the retained cube uniformly in the field.
The cube in R is not a new counterterm, since there is nothing to renormalise here. It is the
compensation for having frozen the leading term of a force that does not stay cubic.
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The field equation does not see the cube. The field equation (18.20) of Lecture 7 on one site
is

q0Φq= JqFq(Φq)+𝜔q,

where Jq=(q−q0)/q. Its noise is the conditional expectation of the bridge noise, so

𝔼exp(h𝜔q)⩽exp((q−q0)h2/2)

whatever the interaction (Lemma 13.2 of Lecture 7). With the frozen cube f =−𝜆
3 x

3 the equa-
tion looks coercive:

q0x+ Jq
𝜆
3 x3= JqRq(x)+𝜔q(x).

But by Proposition 10.8, JqRq cancels the cube on the left side at large fields. Inserting (10.15)
shows what is left:

qx=(q−q0)mq(x)+𝜔q(x). (10.17)

There is still confinement, but it is linear, and it comes from the sublinear growth of mq.

Proposition 10.9. (Tails on one site) If q2⩾8𝜆, then ∣mq(x)∣⩽
9
10 ∣x∣ for ∣x∣⩾ rq, and for R⩾ rq

ℙ(∣Φq∣⩾R)⩽2exp(− q2R2

200(q−q0)
).

Proof. The mean m has the sign of x, the density being an even density tilted by eqxy; by
symmetry take x⩾ rq, so that 𝜆x2⩾q. Jensen's inequality in the identity of Lemma 10.7 gives

m(((((((𝜆3m3+q(m−x))))))))= 𝜆
3m

4+qm2−qxm⩽1.

If m> 9
10x, then, as (9/10)3/3> 6/25, the bracket exceeds x( 6

25𝜆x
2− q

10) ⩾
7
50q x, so the left

side exceeds 9
10 ⋅

7
50q x

2> qx2

8 ⩾ q2

8𝜆 ⩾1, a contradiction. Hence, by (10.17), ∣𝜔q(x)∣⩾ q∣x∣ − (q−
q0)

9
10 ∣x∣⩾

q
10 ∣x∣. On {∣Φq∣⩾R} we therefore have ∣𝜔q∣⩾ q R/10, and the sub-Gaussian bound

ℙ(∣𝜔q∣⩾a)⩽2e−a2/(2(q−q0)) with a=qR/10 concludes. □

At R= rq the exponent is at least q2/(200𝜆). This estimate treats the combined restoring
force through the posterior moment. It never uses the cube as a coercive term against a
remainder regarded as a source.

Remark 10.10. (This does not transfer to the lattice) With a linear term a y in the force,
Lemma 10.7 acquires the term (3(q+ a)−/𝜆)1/2. On the lattice the bare mass makes a diver-
gent and negative, so this elementary moment bound is not uniform until the renormalised
cancellations have been built in. The scalar tail bound is therefore not an independent input
for the field theory.

What clipping does to the Burgers equation. For a force f putDq=∂q+
1
2S

2∂x2 and let Eq( f )=
Dqf +S2f f' be its Burgers defect, so Eq(Fq)=0. Perturbation theory solves

Dqf1=0, Dqf2=−S2f1f1',

with f1=−𝜆
3(x

3+3S x), the cube and its Wick correction, and f2=
𝜆2

3 Sx
5+ . . ., the first tree.

Keep f1 unclipped and clip the correction: f c= f1+𝒞 f2with 𝒞 f2=𝜅q' ⋅ f2∘𝜅q, the clip 𝜅q of (12.1)
below, a smooth odd map equal to the identity for ∣x∣⩽ rq and constant for ∣x∣⩾2rq. Then

Eq( f c)=(1−𝒞)S2f1f1'+[Dq, 𝒞] f2+S2( f1𝒞 f2)'+S2𝒞 f2(𝒞 f2)'. (10.18)
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Without the clip only the last two terms, of higher order, would be present. The clip reintro-
duces a defect at exactly the order that f2 was built to cancel. For ∣x∣⩾2rq we have 𝒞 f2=0, so
f c= f1, and the Burgers defect is exactly

Eq(x)=S2f1(x) f1'(x)=
𝜆2
3 S2x5(1+O(S/x2)). (10.19)

This is the price of the clipping. At the edge of the clip it is of order (q/𝜆)1/2, which is not
integrable in q, so it can only be paid through the small probability of reaching the clip. Along
the exact process dΦq=S2Fq(Φq) dq+SdWq, Itô's formula gives for Rq=Fq(Φq)− fqc(Φq) the
equation

dRq=−[Eq(Φq)+S2( fqc)′(Φq)Rq] dq+Ξq
RdWq. (10.20)

The transport term has a favourable sign at large fields: ( f c)′=−𝜆(x2+S) for ∣x∣⩾2rq, which is
the dissipation one hopes to use (near the clip the sign fails: on the ball the quintic takes over
beyond ∣x∣≈0.77rq). But at large fields the bracket is

𝜆2

3 S
2x5−𝜆S2x2R, and for the true R∼ 𝜆

3 x
3

the two terms cancel at leading order. The source and the dissipation are the same quantity,
so estimating them separately gives nothing. To close, one would need, for instance, a signed
estimate that retains this cancellation, or a tail bound for Φ obtained independently of R. On
one site Proposition 10.9 is such a bound: the probability of reaching the clip is at most of
order exp(−c q2/𝜆), so in expectation the source is exponentially small, and the frozen cube
is not ruled out there. But that bound comes from the posterior moment, and by the remark
above it does not transfer. The field equation alone cannot replace it, since its restoring force
is the cube and R together, which is what we are trying to estimate.

Going further in perturbation theory does not help: any finite depth of expansion leaves
the same structure (Exercise 10.6), and we shall see in a moment that the series of trees stops
converging inside rq.
Integrating the cube. The term responsible for all this is the nonlinear transport in (10.14).
So solve it exactly: let fq solve the Burgers equation without diffusion,

∂qf +S2f f ′=0, f∞(x)=−𝜆
3 x3. (10.21)

The characteristics give the solution in closed form.

Proposition 10.11. (The integrated cube) For x∈ℝ, let y=yq(x) be the unique real root of qy+
𝜆
3 y

3=qx. Then the solution of (10.21) is

fq(x)=−𝜆
3 yq(x)3=q(yq(x)−x), (10.22)

and it has the following properties.
a) Variational form. yq(x) is the minimiser of 𝜆

12y
4+ q

2(y−x)2, and fq=−V̄q′ for the minimum
value V̄q(x).

b) Small fields. fq(x) = q∑k⩾1 (− 𝜆
3q)

kckx2k+1 with ck=
1

2k+1
(3k)!
k!(2k)! , so fq=−𝜆

3 x3+ 𝜆2

3 S x
5−

4𝜆3

9 S2x7+ . . .. This is the sum of the tree expansion. Its radius of convergence is ∣x∣= 2
3rq.

c) Large fields. 𝜆
3 ∣y∣

3⩽ q∣x∣, so fq(x) =−q x+O(∣x∣1/3) at fixed q, as for the exact force, and
fq′=−𝜆y2/(1+𝜆y2/q)⩽0 for all x.

d) Defect. fq fails to solve Burgers by the diffusion term alone, which is q times the drift of Exer-
cise 10.4:

Eq=
1
2S

2fq′′(x)=qbq(yq(x)), bq(y)=−𝜆y(q+𝜆y2)−3. (10.23)
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Proof. Differentiate x= y+ 𝜆
3 S y3 with d=1+𝜆y2/q: y′ = 1/d, ∂Sy=−𝜆

3 y3/d, f ′ =−𝜆y2/d
and f ′′ =−2𝜆y/d3. Hence ∂Sf =

𝜆2

3 y5/d= f f ′, which is (10.21) as ∂q=−S2∂S. For (a), the
stationarity condition is 𝜆

3 y
3+ q(y−x)=0. For (b), use Lagrange inversion on y=x− 𝜆

3 Sy
3;

the nearest singularity is where d=0, that is at y=±irq, x=±2
3 irq. Finally (c) and (d) are read

off from the formulas, since d=1/(qHq(y)) with Hq(y)=(q+𝜆y2)−1. □

Item (b) explains why the depth of the expansion is not the issue. The tree series has the
same complex singularity y=±irq as the one-loop seed (Section 12.1 below), and its trunca-
tions at even k point outward at large fields.

The defect is now bounded for all fields, and it gives a global estimate.

Theorem 10.12. (Global error of the integrated cube) Let C∗=3supz∣z∣(1+3z2)−3, so C∗<
1
2 .

For all q>0,

sup
x∈ℝ

∣Fq(x)− fq(x)∣⩽2C∗(
𝜆
3q)

1/2. (10.24)

Proof. Use S=1/q as time, starting from S=0. Subtracting, R̂=F− f solves the linear problem

𝔏R̂= 1
2 f ′′, 𝔏=∂S−

1
2∂x

2−F∂x− f ′, R̂0=0.

The zeroth-order coefficient has the good sign, as − f ′ ⩾ 0. With z=(𝜆S/3)1/2y, the source
obeys 1

2 ∣ f ′′∣⩽C∗(
𝜆
3S)

1/2, which is integrable at S= 0, so 𝜗(S) = 2C∗(𝜆S/3)1/2 satisfies 𝔏𝜗 ⩾
1
2 ∣ f ′′∣. To apply the maximum principle on the line, take 𝜒 =e3S(1+ x4). Then 𝔏𝜒⩾0, since
6x2⩽3(1+x4) and xF(x)⩽0; the last holds because F=−𝜆

3𝔼xY3, and𝔼xY3 has the sign of x, the
density being an even density tilted by eqxy. Both F and f grow at most cubically, uniformly
for bounded S: ∣ f ∣⩽ 𝜆

3 ∣x∣
3 since ∣y∣⩽ ∣x∣, and 𝜆

3𝔼xY6+ q𝔼xY4− q x𝔼xY3=3𝔼xY2 gives 𝔼xY4⩽
(∣x∣+(3S)1/2)4, up to constants, hence ∣F∣⩽C𝜆(∣x∣3+S3/2). Also R̂ is continuous at S=0, since
the posterior concentrates at x. So±R̂−𝜗−𝜀𝜒 is negative on the boundary of a large cylinder,
hence inside it. Let the cylinder grow and then 𝜀→0. □

1 2 3 4 5 6

2

4

6

8

x/rq

inward force /(qrq)

qx

frozen cube λ

3 x3

exact force Fq

integrated cube fq

1 2 3 4 5 6
10−3

10−2

10−1

100

101

102

x/rq

remainder /(qrq), log scale

|Fq +
λ

3 x3|

bound, Theorem 10.12

|Fq − fq|

Figure 10.2. The force on one site, for 𝜆=3, q=4. Left: the frozen cube leaves the exact force at x∼rq, while
the integrated cube follows it at all fields: the two curves coincide at this scale, their difference being at
most 0.06 in these units. Right, on a logarithmic scale: the remainder of the frozen cube grows like the
cube itself, while the remainder of the integrated cube stays below the bound of Theorem 10.12. The dip
of the frozen-cube curve at x≈0.78rq is a sign change: the remainder is negative at small fields, where the
Wick term −𝜆Sx dominates, and positive at large fields, where it approaches 𝜆

3x
3.
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The integrated cube is the forecast coordinate. The equation qy+ 𝜆
3 y

3= qx, at x=Φq, is
the coordinate equation of Exercise 10.4, so yq(Φq)=Yq. Equations (10.15) and (10.22) then
say that Fq− fq= q(mq−yq): the remainder is KqZq, and the error Z of (10.12) is the posterior
mean minus the posterior mode. By (10.24), on one site ∣Zq∣⩽2C∗(𝜆/3)1/2q−3/2 surely, for all
fields.

Why the forecast coordinate has no such problem. In the variable y the bare cube does
not flow at all: all the trees of (b) are contained in the map x↦y. The second term of (10.10)
is a loop, and the defect 𝒟q(y)=𝜆yHq(y)2 of ℱ̄q=

𝜆
3 y

3 is bounded by 𝜆1/2q−3/2 for all y. This
is why Section 12.2 below can leave the cube untouched and clip only the corrections: what is
clipped consists of loops, not of trees whose large-field sum is forced to change the growth of
the force. This removes the frozen-cube problem specifically: the clipping error of Section 12.3
below is still there, and it is what Lecture 7 pays for.

In the coordinate y the cube is genuine: qy+ 𝜆
3 y

3= qΦq=(q− q0)𝜓q+𝜔q, i.e. q0y+
𝜆
3y

3=
𝜔q+(q−q0)(𝜓q−y). This is the forecast equation of Lecture 5 with the explicit force in place
of the exact one, the equation (13.3) of Lecture 7 on one site.

What the model points to. The scalar model points to the integration of the cube. The
force equation in the forecast coordinate and the FBSDE of Theorem 10.6 are one way to
organise it; another would keep the original field, with the force fq given by the variational
formula of (a), and work with the defect 1

2CtrCq
2D2fq. On the lattice the variational formula

still defines this force, with a nonlocal response, but its defect contains the loop contractions,
starting with the tadpole, and must be renormalised. A complete proof along that route is
not given in these lectures.

The scalarmodel proves less than a no-go theorem. It shows that a global estimate treating
the remainder of a frozen cube as a small cubic perturbation is false. It does not show that
every construction based on the Polchinski equation fails, nor does it give the asymptotics
of the force on the lattice. There is also a limit to the integrated cube itself. With a linear
term in the force, the map y↦y+S(𝜆

3 y
3+ r y) has derivative 1+S(r+𝜆y2), which vanishes

somewhere when 1+ S r<0 (Exercise 10.7). A divergent negative mass cannot simply be
placed inside this monotone map, and this is one reason why the mass correctionMq of (12.1)
below is kept apart from the cube and is required to be small relative to Kq (Lemma 12.1
below).

Exercises
Exercise 10.1. (Same force) Show that ℱq of (10.9) coincides with the ℱ t of (8.5) of Lecture 4 for the profile
(10.2). Show that ℱq=DΓq, where ∂qΓq=

1
2TrHq

ex, and that this agrees with the Wetterich equation (8.13), the
difference being − 1

2TrCq.

Exercise 10.2. (Gaussian case) Let VN(𝜑)=
a
2‖𝜑‖

2, a>0. Compute 𝜓q, Covq and ℱq explicitly, and check Pro-
position 10.4 and (10.10). Compare with Exercise 7.1.

Exercise 10.3. (Bayes for the whole path) Show that the conditional law of Φ∞ given the whole path (Φs)s⩽q

depends only on Φq: the Polchinski process is a sufficient statistic for itself (Proposition 7.7(a) of Lecture 4).

Exercise 10.4. (One site) Take N=1 (one site, Δ=0, Kq=q) and ℱ̄q(y)=
𝜆
3 y

3. (a) Show that Yq is the real root
of qY+ 𝜆

3 Y
3=qΦq, and thatHq(y)=(q+𝜆y2)−1. Explain how large fields suppress the noise of Y. (b) Compute

the defect 𝒟q(y)=𝜆y(q+𝜆y2)−2 and the drift bq(y)=−𝜆y(q+𝜆y2)−3. Show that ∣bq(y)∣⩽𝜆q−3∣y∣, and compare
with Proposition 12.2: on one site a2(q)=q−2 instead of q−1/2, and no renormalisation is needed.

Exercise 10.5. (The defect) Check (10.23) and integrate it: show that ∫q
∞q′sup∣bq′∣dq′ equals the right side of

(10.24). Why does the integration of the cube turn the x5 of (10.19) into a bounded function?
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Exercise 10.6. (Depth of the expansion) Let f be any approximate force, f c= f +𝛿. Show that Eq( f c)=Eq( f)+
Dq𝛿+S2( f𝛿)'+S2𝛿𝛿'. Which terms are controlled by the smallness of the truncation defect Eq( f)? Take f the
tree expansion up to order k, and 𝛿 the clipping of its terms beyond the cube. What replaces 𝜆2

3 S
2x5 in (10.19)?

Exercise 10.7. (Negative mass) For r<0, let y↦ y+ S(𝜆
3 y

3+ r y). Show that it is monotone if and only if
1+Sr⩾0. What happens to the minimiser in the variational formula when 1+Sr<0, and to the solution of
(10.21) with f∞=−𝜆

3 x
3− rx? Why does this not contradict the existence of the exact, smooth force Fq?

11 Renormalisation: why two of them

Wenow construct the force ℱ̄q on bounded fields. The aim is an explicit approximationwhose
defect in the Wetterich force equation is small enough to drive the backward equation for
Z. We do not need to solve the full nonlinear flow. We shall start from the bare cubic force,
compute a one-loop seed, and improve it twice by inserting the preceding approximation
into the equation. This section is deterministic: it uses no information on 𝜈N.

What must be approximated. The equation to approximate is

∂qℱq=−1
2CtrHq

2D2ℱq, Hq=(Kq+Dℱq)−1.

At infinite resolution its boundary value is the bare force U'+𝜇Ny, with U'(y)= 𝜆
3y

3. A first
idea is to insert U' on the right and integrate backwards from infinity. This does produce a
useful nonlinear correction, but it also produces a linear term whose integral is not bounded
uniformly in the lattice cutoff. For example, with Gq(y)= (Kq+𝜆y2)−1, the bare right-hand
side at the site x is

−𝜆y(x)Gq(y)2(x,x)=−𝜆a2(q)y(x)+O(y3).

The coefficient a2(q) has continuum size q−1/2 in three dimensions. Its integral to infinity is
divergent; at fixedN it is finite, but grows with the cutoff. This is the tadpole mass correction.
Further insertions also produce the logarithmically divergent sunset. These divergent terms
are constant modes, and must be incorporated into a running scalar mass, rather than estim-
ated as a small remainder.

Why we project. For a smooth odd force f , define

(Π f )(y):= f (y)−Df(0)y, ((1−Π) f )(y)=Df(0)y.

Thus Π2=Π, D(Π f )(0)=0, and Π f starts at cubic order in the field. Π removes the whole
linear jet, and keeps the cubic interaction and higher vertices. Only the constant mode of the
linear jet needs a condition at a finite scale; the rest can be integrated from infinity like the
vertices. All kernels at zero field are translation invariant, and for such an operator Lwewrite

L= //L//I+L∘, L1= //L//1,

with //L//its constant-mode eigenvalue and L∘ centred, L∘1= 0. The divergences above are
constant modes: the tadpole is a local term, a multiple of the identity, and so is the divergent
part of the sunset. The centred part of the linear flow is different: once the local term is sub-
tracted, what remains is a nonlocal kernel whose first spatial moment is integrable at infinite
resolution (Section 11.3). So we also use the projection that removes only the scalar part of
the linear jet,

(Π′f )(y):= f (y)− //Df(0)//y=(Π f )(y)+(Df(0))∘y.
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Everything in the range of Π′ is integrable at infinite resolution (shown in Section 11.3) and
is fixed there by the bare force, whose linear part is the scalar 𝜇Ny; only the scalar mass needs
a condition at a finite scale. Within the range of Π′ we still split off the centred linear part
withΠ, since it is measured differently: vertices in rooted norms, the centred kernel by its first
spatial moment. We write the force as

ℱ̄q=U'+Mqy+ ℓq, Mq=𝜇qI+Θq,

with Πℓq= ℓq, a running scalar mass 𝜇q and an even, translation-invariant, centred kernel Θq.
The nonlinear remainder ℓ and the centred kernel Θ are integrated from infinity, where they
vanish, and are computed by the same finite iteration; the scalar mass is fixed at a finite refer-
ence scale, and the bare counterterm is then an output of the flow. We first establish the size
of a loop, then compute the seed and its two corrections.

11.1 Scales and power counting
Two scales govern everything:

gq≔𝜆q−1/2, rq≔(q/𝜆)1/2, 𝜆 rq2=q. (11.1)

gq is the dimensionless coupling at resolution q: in d=3 the coupling 𝜆 has dimension of mass,
and q1/2 is the mass of the regulator. It is small at all scales q⩾ q∗ if gq∗ =𝜆q∗−1/2 is small;
this is the only large number in the construction, and it is not a physical mass. rq is the field
size at which the nonlinearity is comparable to the regulator: D2U(y)=𝜆y2≈q when ∣y∣≈ rq.
Compare with the size of the free field at resolution q:

VarXq(x)=∫q0

q a2⩽Cq1/2,
so typical fields have size

q1/4= gq1/2rq≪ rq.

Wemeasure a k-tensor T(x1,...,xk) (for instance a vertexwith k legs, the kernel of the (k−1)th
field derivative of a force) by its rooted norm

s(T)=max
i

sup
xi

∫ ∣T (x1, . . . ,xk)∣∏
j=/ i

dxj, (11.2)

and a force g by
Sk(g)= sup

y∈ℬq

s(Dk−1g(y)) (11.3)

on the field ball
ℬq≔�y∈HN: ‖y‖∞<2 rq�.

The natural size of the k-leg vertex of the loop corrections (recallU'=DU= 𝜆
3 y

3 the bare force,
Mq a linear mass term)

ℓq=ℱ̄q−U'−Mqy
to the bare force is

Sk(ℓq)≲ gq q rq2−k. (11.4)

For k=2 this says the derivative of the correction force is gq=𝜆 q−1/2 times the regulator q
(while D2U≈ q at ∣y∣≈ rq); each extra field derivative costs rq−1. For k=4, gq q rq−2=𝜆 gq: the
four-leg vertex of the corrections is 𝜆 times the small coupling. The whole construction is a
bookkeeping of (11.4).
The basic loop estimate. The loop 1

2CtrH2D2ℱ̄ and its derivatives are closed chains

H (D j1+1ℱ̄)H⋅ ⋅ ⋅ (D jp+1ℱ̄)H.
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A closed loopwith p vertices, each carrying at least one external leg (vertices without external
legs are resummed intoH), and p+1 propagatorsH (two of them adjacent,H2, once the loop
is closed) is estimated by rooting one external slot, using two propagators in L2 (each row has
L2 norm ⩽(a2)1/2) and the others in operator norm (⩽C/q):

s(loop)⩽C a2 q−(p−1)∏
i=1

p

s(Ti) (11.5)

Indeed, by cyclicity of the trace we may take the rooted slot x on T1. Integrating out the other
external legs, each Ti, i⩾2, is dominated by a kernel ti(u, v) in its two internal legs whose
rows and columns have L1 norm⩽s(Ti), so ‖ti‖2→2⩽s(Ti) by Schur's test; T1 with x fixed gives
a kernel t1x with ∫t1x⩽ s(T1). The rest of the loop is a kernel ∣H∣R∣H∣, where the two propag-
ators next to T1 are kept apart and R collects the other p− 1 propagators and t2, . . . , tp. By
Cauchy–Schwarz its entries are bounded by

sup
x

‖H(x, ⋅)‖22 ‖R‖2→2⩽Ca2(C/q)p−1∏
i⩾2

s(Ti),

and integrating against t1x gives (11.5). We used only that the propagators are symmetric with
rows of L2 norm ⩽Ca2

1/2 and of L1 norm ⩽C/q, which also bounds their operator norm on L2.
For the free resolvent these are ∫Cq(x,z)2dz= a2 and ∫Cq(x, z)dz=q−1 (Lemma 10.1); for the
propagators used below they are (12.3), and Lemma 20.1 of the Supplement.

The vertices of the bare force have

s (D j+2U)⩽Cqrq
−j

on the ball (D3U=2𝜆y, D4U=2𝜆). With a2⩽Cq−1/2, a loop with k external legs built from
them is ⩽Cq1/2 rq−k, and after the integration in q that produces the force ℱ (which gains a
factor q) it has size q3/2rq−k=gqqrq2−k: this is the origin of (11.4), the size of one loop. Replacing
a bare vertex by a vertex of a correction of relative size 𝜀 multiplies the loop by 𝜀 (Exer-
cise 11.1). Every further loop gains one power of gq.

11.2 The seed: one loop
Insert the bare forceU' in both occurrences of the force on the right-hand side of theWetterich
equation: in the response and in the differentiated vertex. Applying Π gives

Π[−𝜆y(x)Gs(y)2(x,x)]=−𝜆y(x)[Gs(y)2(x,x)−a2(s)].

Since ∂sGs=−Gs
2 and ∂sCs=−Cs

2, integration from infinitywith zero nonlinear boundary value
gives the one-loop seed of Exercise 8.6(b), which we call ℓ [1]: the superscript counts loops
(see the iteration below),

ℓq
[1](y)(x)=𝜆y(x)[Gq(y)(x,x)−Cq(x,x)], ∂qℓq[1](y)(x)=−𝜆y(x)[Gq(y)2(x,x)−a2(q)], (11.6)

with Gq(y) = (Kq+𝜆y2)−1. It is odd, and its linear Taylor coefficient at y= 0 vanishes. Its
expansion in powers of the field,

ℓq
[1](y)(x)=𝜆y(x)∑

j⩾2
(−1) j−1[Cq(𝜆y2Cq) j−1](x,x),

is the sum of one-loop diagrams with 2j external legs, one of them the output x. The leading
term is the bubble

−𝜆2y(x)∫ Cq(x,z)2y(z)2dz,
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with (use (11.2) and (10.4))

s(D3ℓq
[1](0))=6𝜆2∫Cq(x,z)2dz=6𝜆2Cq

2(x,x)=6𝜆2a2(q)⩽Cgqqrq−2,

as predicted by (11.4).

ℓ
[1]
q (y) = D

[

−

1

4
+ 1

6
−

1

8
+ · · ·

]

Figure 11.1. The seed (11.6) as one-loop graphs: lines Cq, and a vertex 𝜆y2 with its two external fields at
each corner. The j-th ring has 2j legs and coefficient (−1) j+1/(2j). Marking one leg of a ring gives its term
in the seed force. The series sums to a logarithm and has radius of convergence rq. The quartic ring is the
bubble.

11.3 Corrections and the mass
The seed used only the bare cubic force inside the loop. We now feed the corrected force back
into both the response and the vertex. For this calculation first prescribe a trial scalar mass
path (𝜇q)q. The two steps then define functions of that path, the corrections ℓ [2][𝜇], ℓ [3][𝜇] and
the centred kernels Θ[2][𝜇], Θ[3][𝜇]. Substituting them into the scalar mass equation defines
a separate fixed-point problem for 𝜇. Thus there are two distinct operations: a finite recursion
in the force, followed by a contraction on scalar mass paths. We suppress the argument [𝜇]
during the calculation. The section proceeds in this order: the splitting of the force equation
and the iteration; why the centred kernel is integrable from infinity; the two corrections and
their bounds; the scalar mass equation; the defect of the final approximation; and the fixed
point for 𝜇. For a linear operator pathM=𝜇I+Θ as above we define the loop map

𝒯q[M, ℓ](y):=−1
2CtrR2D2(U'+ ℓ)(y), R=(Kq+Mq+D(U'+ ℓ)(y))−1. (11.7)

Splitting the force equation. The exact force solves the force equation (10.10),

∂qℱq=−1
2CtrHq

ex2D2ℱq,
and becomes the bare force

DVN=U'+𝜇Ny
at q=∞. Write an odd candidate as

ℱq=U'+Mqy+ ℓq:

the bare cube, a linear part, and a nonlinear remainder without linear Taylor coefficient,Πℓq=
ℓq. Since ∂qU'=0, D2(Mqy)=0 and Dℱq=Mq+D(U'+ ℓq), the force equation reads, with the
trace map (11.7),

(∂qMq)y+∂qℓq=𝒯q[M, ℓq](y).

With the splitting L= //L//I+L∘ of the linear part, the projections Π and 1−Π give three equa-
tions of different nature:

∂qℓq=Π𝒯q[M, ℓq], ∂qΘq=(D𝒯q[M, ℓq](0))∘, ∂q𝜇q= //D𝒯q[M, ℓq](0)//.

The first is the nonlinear part of the flow. By power counting (11.4) its vertices with k⩾4 legs
have integrandsO(s(1−k)/2), integrable at s=∞, so it can be integrated from infinite resolution
with the boundary value ℓ∞=0 required by the bare force:

ℓq=−∫q
∞ Π𝒯 s[M, ℓs] ds.
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This is a fixed-point equation: ℓ appears on both sides, inside the propagator R and in D2ℓ.
The second, the centred linear part, is integrable at infinity as well (its source is estimated
below, in first moment), so Θ is integrated from infinity, with Θ∞=0. The third, the scalar
mass, is not integrable at q=∞ uniformly in N, since the tadpole and the sunset diverge
(Section 11.4). It is pinned at q∗, as specified in the mass equation (11.9) below, and its limit
is the baremass. In the language of the projections,Π′𝒯 =Π𝒯 +(D𝒯 (0))∘y is the convergent
part of the flow, which we approximate by the iteration; the scalar mass is solved exactly and
produces the counterterm.
The iteration as Picard steps. Start from ℓ [0]=0, so that the superscript counts loops. The
first step is taken without the mass: the seed (11.6) obeys ∂qℓq[1]=Π𝒯q[0, ℓ [0]]=Π𝒯q[0,0] and
vanishes at infinity. The linear part of 𝒯q[0, 0] at zero field is the local tadpole, a multiple of
the identity, so the first step produces no centred kernel: Θ[1]=0, and M[1]=𝜇I. Every later
step uses the level mass

Mq
[j]=𝜇qI+Θq

[j], j⩾1,

with the same scalar path at every level. Write R0,q
[j]=(Kq+Mq

[j])−1 for its zero-field response,
and

𝔖q
[j]≔D𝒯q[M[j], ℓ [j]](0)=−𝜆Tr�(R0,q

[j])2�I− 1
2Ctr(R0,q

[j])2D
3ℓq

[j](0)

for the linear coefficient of the loopmap at zero field, the source of the linear flow at level j (by
oddness; the first term is the tadpole). Each step integrates the flow evaluated at the previous
approximation, from infinity; we write 𝛿[j]= ℓ [j]− ℓ [j−1] for the increments. Subtracting the
seed equation from the nonlinear part gives the equivalent, more useful form

ℓ [0]=0, ℓq
[j+1]= ℓq

[1]−∫q
∞ Π(𝒯 s[M[j], ℓ [j]]−∂sℓs[1]) ds,

Θ[1]=0, Θq
[j+1]=−∫q

∞ (𝔖s
[j])∘ds, j=1,2,

(11.8)

so that
∂qℓ [j+1]=Π𝒯q[M[j], ℓ [j]], ∂qΘ[j+1]=(𝔖q

[j])∘:

each step inserts the previous approximation, nonlinear correction and centred kernel, into
the loop. The integrals run from∞, where the force must become the bare one (Theorem 8.2),
as explained in the introduction to this section.
Why the first spatial moment is the right quantity. For a translation-invariant kernel write
Θ(z)=Θ(0,z) and

v1(Θ)=∫d(0,z)∣Θ(z)∣dz

for its first spatial moment; the analogous moment v1(T) of a k-leg tensor is defined in "Fol-
lowing a spatial distance through a loop" below. For an even kernel, centring means Θ1=
0, or ∫Θ(z)dz=0. Thus the diagonal coefficient cancels the total off-diagonal mass. Define
(𝜎zf )(x)= f (x+z) and 𝛿z2=𝜎z+𝜎−z−2I. Before taking absolute values, use centring and even-
ness to write

Θ f = 1
2∫Θ(z)𝛿z2fdz, CqΘ= 1

2∫Θ(z)𝛿z2Cqdz.

The absolute row norm ‖Θ‖row=∫ ∣Θ(z)∣dz discards this cancellation. It would give only
‖CqΘ‖row⩽ q−1‖Θ‖row, which is not small uniformly in the cutoff. For example, for a lattice
step h in a coordinate direction e and a>0, the centred kernel

Θh=
a
2h(𝜎he+𝜎−he−2I)
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has v1(Θh)= a but ‖Θh‖row=2a/h. Its absolute row norm diverges as h→0, even though its
effect after a resolvent remains controlled. This example explains why bounding the bare
kernel in absolute value is too strong a requirement.

The resolvent receives the cancellation. The free resolvent smooths translations on the
length scale q−1/2. Uniformly in the lattice cutoff,

‖𝛿z2Cq‖row⩽Cq−1/2d(0,z).

One way to see the scale is to write Cq=∫0
∞ e−qtptdt. The heat-kernel translation estimate

‖(𝜎z− I)pt‖1⩽C d(0, z)t−1/2 gives the bound by integration, since ∫0
∞ e−qtt−1/2dt= 𝜋√ q−1/2.

Insert this estimate into the signed identity above, and only then take absolute values:

‖CqΘ‖row⩽Cq−1/2∫d(0,z)∣Θ(z)∣dz=C𝜂q(Θ),

where 𝜂q(Θ)= q−1/2v1(Θ). The estimate in the weighted convolution norm used for loops
is proved in Lemma 19.3 of the Supplement. Although centring gives a second difference, a
bound by d(0, z)2 without a logarithmic loss is not available uniformly at kinetic order two.
One distance power is enough, and the scale factor q−1/2 supplies the required gain.

From the free resolvent to the loop response. This cancellation remains useful when the
field is nonconstant. Put Vy=𝜆y2 and G=(Kq+Vy)−1. Since G=(I−GVy)Cq,

GΘ=(I−GVy)CqΘ, ‖GΘ‖∞→∞⩽2‖CqΘ‖row.

Indeed, positivity and GVy1=1− qG1 imply ‖GVy‖∞→∞⩽1. For the full response R=(Kq+
M+DU'+Dℓ)−1, the Neumann series in R=(I+G(M+Dℓ))−1G has bounded norm on the
admissible ball. Thus the small insertion is R𝛿M, not 𝛿M on its own:

‖R𝛿M‖∞→∞⩽C𝜌q, 𝜌q=
∣𝛿𝜇q∣
q +q−1/2v1(𝛿Θq).

Keeping the nonlinear correction fixed while changing M, the resolvent identity gives 𝛿R=
−R𝛿MR̂, with R̂ the response at the massM−𝛿M. Consequently its row norm is bounded by
C𝜌q/q, and its row L2 norm by C𝜌q a2(q)� . These are the original propagator bounds multi-
plied by 𝜌q, so themarked propagator in a loop gains exactly that relative factor. Theweighted
version is the comparison in Lemma 20.4.

Why the centred source is integrable. The first-moment bound onΘ[j+1] is an output of the
iteration. To see it, separate its source 𝔖q

[j] into the local tadpole and the correction vertex:

𝔖q
[j]=−𝜆Tr�(R0,q

[j])2�I+Eq, Eq=−1
2Ctr(R0,q

[j])2Tq, Tq=D3ℓq
[j](0).

Here Tq is a four-leg tensor; Eq and Tq depend on the level, which we do not write. Since all
kernels at zero field are translation invariant, write Eq1= eq1. The constant mode is //𝔖q

[j]//=
−𝜆Tr�(R0,q

[j])2�+ eq, so the source of the centred kernel is exactly

(𝔖q
[j])∘=Eq− eqI.

The tadpole cancels completely. More generally, any local term cqI cancels in this subtrac-
tion. The scalar part, including the divergent mass contributions, is the constant mode; only
that of the final level enters the mass equation (11.9). Off the diagonal, centring leaves Eq
unchanged; it only adjusts the diagonal so that the row sum is zero. Since the distance van-
ishes on the diagonal,

v1((𝔖q
[j])∘)=v1(Eq− eqI)=v1(Eq).
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Thus centring removes the local obstruction, but does not itself create spatial decay. The
remaining estimate comes from the first moment of the nonlinear vertex.
The vertex pays for the spatial moment. The weighted comparison through the seed and
two corrections, computed below (the four-leg bound after two steps), gives the four-leg
vertex bound at every level. There is no circularity: the induction is level by level. Θ[2] needs
only the four-leg vertex of the seed, the bubble, and Θ[3] only that of ℓ [2], which is computed
withM[1]=𝜇I and no centred kernel. The bound is

s(Tq)+ q� v1(Tq)⩽Cgqqrq−2=C𝜆2q−1/2.

In particular v1(Tq)⩽C𝜆2q−1. This is the weighted vertex bound in Proposition 11.2; it follows
from the weighted loop estimate of Lemma 20.1 of the Supplement. The two uncontracted
legs are the two kernel arguments of E, so

Eq(x,y)=−1
2∫R0,q

2 (u,v)Tq(x,y,u,v)dudv.

Cauchy–Schwarz and the row L2 bound on the response give supu,v ∣R0,q
2 (u, v)∣⩽C a2(q) ⩽

Cq−1/2. Keeping the distance d(x,y) in the vertex before integrating its other legs yields

v1(Eq)⩽Cq−1/2v1(Tq)⩽C𝜆2q−3/2.

The response contraction supplies q−1/2, while the within-vertex moment supplies 𝜆2q−1. A
rooted bound without the vertex moment would not control this distance.
Integrating from infinity. The centred kernel of the next level therefore satisfies

v1(Θq
[j+1])⩽∫q

∞
v1((𝔖s

[j])∘)ds⩽C𝜆2∫q
∞
s−3/2ds=2C𝜆2q−1/2.

This proves convergence of the integral in first moment and v1(Θq
[j+1])→0, for every admiss-

ible trial scalar path and uniformly in N; in particular 𝜂q(Θ[2])⩽Cgq2. The same argument
applied to the difference of consecutive sources, which inserts 𝛿[2] and Θ[2] into the loop,
gains one more factor g: 𝜂q(Θ[3]−Θ[2])⩽Cgq3. This convergence concerns the centred kernel
in first moment; it does not assert a cutoff-uniform bound on its absolute row norm or on the
bare scalar mass. The source (𝔖[j])∘ itself, by contrast, does have a cutoff-uniform row norm:
it is a contraction of a four-leg vertex, bounded in a rooted norm, against the bounded kernel
(R0,q

[j])2. This is what makes the linear defect below small in the row norm.
Computing the first correction. To see what is inserted at each step, put

Rs
[j](y)=(Ks+Ms

[j]+DU'(y)+Dℓs
[j](y))−1, 𝛿[j]= ℓ [j]− ℓ [j−1].

Here j=1, 2, 3; since ℓ [0]=0, the first increment 𝛿[1]= ℓ [1] is the seed. For the first correction,
subtract the bare loop from the loop containing the seed. Suppressing the field argument, this
gives exactly

𝛿q[2]=
1
2∫q

∞ Π�Ctr(Rs
[1])2−Gs

2D2U'+Ctr(Rs
[1])2D

2ℓs
[1]�ds.

The first term changes the propagators; the second changes the vertex. The resolvent identity
makes the extra insertion explicit:

R[1]−G=−R[1](𝜇+Dℓ [1])G.

Both 𝜇/q and Dℓ [1]/q have size O(gq) on the ball. Applying the loop estimate to either term
therefore adds one power of g to the one-loop seed. For the four-leg vertex the calculation is

S4(𝛿q[2])≲∫q
∞
gss1/2rs−4ds=𝜆3∫q

∞
s−2ds=𝜆3q−1.
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Thus ℓ [2]=ℓ [1]+𝛿[2] contains the seed of size 𝜆gq and a first correction of size 𝜆gq2 in this vertex.

Remark 11.1. (Why the corrections also enter the propagators) The loop map (11.7) is the
right-hand side of the exact force equation, whose propagator is the response (Kq+Dℱ)−1 of
the force itself. So ℓ enters 𝒯q[M, ℓ] twice, in the vertex D2ℓ and in the lines through Dℓ, and
the iteration (11.8) consists of Picard steps for this equation, with both evaluated at the pre-
vious approximation. This cannot be dropped. The defect of the final force (Proposition 11.2)
measures the force equation at the approximate force, so its loop has the lines of ℓ [3]. Had the
corrections been computedwith the lines frozen atGs, the defect would keep the leading term
1
2ΠCtr(R[3])2−G2D2U'. By the resolvent identity R[3]−G=−R[3](M[3]+Dℓ [3])G, and since 𝜇/q
andDℓ [3]/q areO(gq) on the ball, whileΘ[3] is smaller still once it passes through a resolvent
(𝜂q(Θ[3])≲ gq2), this term is as large as the integrand of 𝛿[2]: its four-leg coefficient is of order
𝜆3q−2, instead of 𝜆5q−3 in (11.14). The defect would never improve beyond one power of g
over the seed. In graphs (Figure 11.2), a correction inserted into a line (a self-energy) and one
inserted as a vertex give loops with the same number of loops and the same power counting,
and an expansion correct to a given order must contain both. Finally, the lines are resummed
rather than expanded: DU'=𝜆y2 stays in Gq(y) = (Kq+𝜆y2)−1⩽Cq, which makes the loop
estimates uniform in the field, and the mass M resums the tadpoles. Adding Dℓ, which is
small on the ball, preserves the coercivity of Kq+Dℱ and costs nothing.

Computing the second correction. Subtract the first two Picard equations, keeping the same
scalar mass path. This yields

𝛿q[3]=
1
2∫q

∞ Π�Ctr(Rs
[2])2−(Rs

[1])2D
2(U'+ ℓs

[1])+Ctr(Rs
[2])2D

2𝛿s[2]�ds.

Now the marked insertion is the first correction itself, nonlinear and centred:

R[2]−R[1]=−R[2](Θ[2]+D𝛿[2])R[1].
For noncommuting operators one uses

A2−B2=A(A−B)+(A−B)B
to split the difference of squared propagators in these formulas. A loop with this insertion
gains another power of g; the centred kernel enters only through its first moment, 𝜂q(Θ[2])⩽
Cgq2, which the resolvent receives as explained above. This gives

S4(𝛿q[3])≲∫q
∞
gs2s1/2rs−4ds=𝜆4∫q

∞
s−5/2ds= 2

3𝜆
4q−3/2.

The second correction is of size 𝜆gq3 in the four-leg vertex. These calculations also require
higher vertices to control the differentiated loops; their precise bounds and the derivative
count are given in Proposition 11.2 below.
Following a spatial distance through a loop. The estimates just computed also propagate a
first spatial moment. For a symmetric k-leg tensor define

v1(T)=max
i,a<b

sup
xi
∫d(xa,xb)∣T(x1, . . . ,xk)∣∏

j=/ i
dxj, Wq(T)= s(T)+ q� v1(T).

The moment is needed only at zero field, where the vertices and propagators are translation
invariant. Mark the two external legs whose distance is being measured. If they lie in one
vertex, charge the distance to that vertex's first moment. Otherwise connect them along the
loop. The triangle inequality bounds their distance by the sum of displacements inside ver-
tices and along propagator edges. Each term is estimated with a weight on the corresponding
vertex or edge.
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For an edge charge use the weighted convolution bounds

∫(1+ q� d(0,z))∣H(z)∣dz≲q−1, ∫(1+ q� d(0,z))∣H(z)∣2dz≲q−1/2.

Cutting the loop into two chains, use one inverse in eachweighted L2 norm and the remaining
inverses in the weighted L1 norm. For a loop 𝒵 with p vertices and p+1 inverse factors this
gives

Wq(𝒵)⩽Cpq−1/2q−(p−1)∏
i=1

p

Wq(Ti).

This is Lemma 20.1 of the Supplement. It has the same scale powers as the unweighted loop
bound: the factor q� makes a distance of size q−1/2 dimensionless. Distances inside a nonlocal
vertex must be paid for by that vertex; a propagator bound alone does not control them.

Weighted comparisons and the scale integral. Set Tk,q
[j]=Dk−1ℓq

[j](0). If a difference of vertices
has relative size 𝜀s in the weighted bounds through k+2 legs, telescope the loop difference
onto one changed vertex or one changed inverse. The same distance argument works with
this marked factor, and gives

Ws(Dk−1(𝒯 s[M, ℓ]−𝒯 s[M, ℓ̂])(0))≲𝜀ss1/2rs−k.

For a changed inverse, its weighted bounds gain the same relative factor by the resolvent
identity. Changes of the level mass are marked insertions too: by the scalar 𝜇 in the first com-
parison, of relative size ∣𝜇∣/q⩽Cgq, and by the centred kernel Θ[2] in the second, controlled
by the centred-kernel estimate above. The projection Π subtracts only a linear force: it does
not change any k-leg tensor with k⩾4.

Most importantly, an integral from q to infinity is measured with the weight at q, not at the
running scale s. Since q� ⩽ s√ ,

Wq�∫q
∞
Asds�⩽∫q

∞ (s(As)+ q� v1(As))ds⩽∫q
∞
Ws(As)ds.

Thus integrating costs no additional spatial moment. The unweighted supremum over fields
is propagated at the same time, becauseℬq⊆ℬ s for s⩾q. These are the two parts of the norm
𝒩k,q used in Proposition 11.2.

The four-leg bound after two steps. At zero field the seed's four-leg vertex is the bubble: its
spatial kernel is built from 𝜆2Cq(z)2 and local identifications of its legs. Hence

Wq(T4,q
[1])≲𝜆2∫(1+ q� d(0,z))Cq(z)2dz≲𝜆2q−1/2.

Higher seed vertices obey the corresponding weighted bounds through ten legs, by the same
cycle estimate. The first loop comparison has 𝜀s=O(gs) from the seed and the admissible
mass insertion. The second has 𝜀s=O(gs2) from the first correction and the centred kernelΘ[2],
with the same scalar mass. Applying the preceding integral estimate at k=4 yields

Wq(T4,q
[2]−T4,q

[1])≲∫q
∞
gss1/2rs−4ds=𝜆3q−1,

Wq(T4,q
[3]−T4,q

[2])≲∫q
∞
gs2s1/2rs−4ds= 2

3𝜆
4q−3/2.

The derivative budgets are 10→8→6 legs, so both comparisons have the higher vertices they
require. Summing the seed and the two increments, with Tq=T4,q

[3], gives

s(Tq)+ q� v1(Tq)≲𝜆2q−1/2(1+ gq+ gq2)≲𝜆2q−1/2.
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In particular v1(Tq)≲𝜆2q−1. This is the spatial input used below to integrate the centred ker-
nels. The statement holds for each admissible trial scalar path: the finite recursion propagates
the vertex moment and the first moments of Θ[2] and Θ[3].
The scalar mass. The scalar part of the linear term is not truncated at two correction steps.
Instead, its flow is imposed exactly for the final approximation by a separate fixed-point equa-
tion for 𝜇. The linear part of the flow at y=0 is, by oddness,

D𝒯q(0)=−1
2CtrR0

2D3ℱ o(0),

where R0,q=(Kq+Mq)−1. Requiring that 𝜇 solves the scalar part of this flow exactly gives the
mass equation

∂q𝜇q=𝛽q≔ //𝔖q
[3]//, 𝔖q

[3]=−𝜆Tr(R0,q
2 ) I− 1

2CtrR0,q
2 D3ℓq

[3](0), (11.9)

with the boundary condition
𝜇q∗=b∗.

The running mass is pinned at the auxiliary scale q∗, at a value b∗ with ∣b∗∣⩽B0𝜆q∗1/2. The
centred part of 𝔖[3] is not imposed: the kernel Θ of the final approximation is the one pro-
duced by the iteration, from the source of the previous level.
Why we stop at the second correction. Define the bounded-field approximation by

ℱq
o(y)=U'(y)+Mqy+ ℓq

[3](y), Mq≔Mq
[3]=𝜇qI+Θq

[3]. (11.10)

From now onM=M[3] and Θ=Θ[3] denote the linear part of this final approximation.
Choose the scalar mass to solve the scalar part of the linear flow for this final approxim-

ation, as in (11.9). Since ∂qℓ [3]=Π𝒯q[M[2], ℓ [2]] and ∂qΘ[3]= (𝔖q
[2])∘, and since Π′f =Π f +

(Df(0))∘y, its defect is exactly

𝒟q
o=Π′�𝒯q[M[2], ℓ [2]]−𝒯q[M[3], ℓ [3]]�:

the nonlinear and the centred linear part of a loop difference, the scalar linear part vanishing
by the mass equation. The centred linear part is there for the same reason as the nonlinear
one: Θ[3] is built from the source of level 2, while the exact flow would need the source of
level 3. This is the price of not solving for Θ exactly, the same price already paid for ℓ. The
defect is one loop with an insertion of 𝛿[3] and of Θ[3]−Θ[2]. There is no scale integration in
the defect, so

S4(𝒟q
o)≲ gq3q1/2rq−4=𝜆5q−3, ‖ℰq

c‖row+q1/2v1(ℰq
c)≲ gq4,

where ℰq
c=D𝒟q

o(0)=(𝔖q
[2]−𝔖q

[3])∘ is the centred linear part. The tadpoles, being local, cancel
in the centred part. What remains contracts the four-leg vertex of 𝛿[3] with R0,q

2 , and the four-
leg vertex of ℓ [2] with the difference of the squared responses caused by Θ[3]−Θ[2]. Both are
contractions of rooted tensors against bounded kernels, so their row norm is controlled, as
for the centred source above; the first moment stays in the vertex. The backward equation
uses only the row norm, as an L∞ operator bound; the first moment is needed only for the
continuum limit. In short:Θ is not the exact centred flow, so the final force has a linear defect
of relative size gq4, and it is harmless because on the ball it has the same size as the cubic defect.

To understand why this is enough, use the backward power count from Section 11.5. On
the ball, 𝒟=O(S4(𝒟)r3+‖ℰ c‖rowr), and after two steps both terms are of size 𝜆7/2q−3/2; mul-
tiplication by H costs q−1, and backward transport from s to q costs about s/q. After only the
first correction S4(𝒟) would be 𝜆4s−5/2, producing the divergent source integral

𝜆5/2q−1∫q
∞
s−1ds.
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After the second correction the corresponding bound is

𝜆7/2
q ∫q

∞
s−3/2ds=2𝜆7/2q−3/2.

Two corrections beyond the one-loop seed are therefore sufficient for this bounded-field
source estimate; one is borderline. This explains the depth of the construction, rather than
asserting convergence of an infinite Picard iteration. Each step consumes two field deriv-
atives. The rigorous backward estimates, including the terminal condition and the large-field
contribution, are proved in Lecture 7.

(a) one step of the iteration

∂qℓ
[j+1]
q = − 1

2 Π

vertex D2(U ′ + ℓ[j])

line R = (Kq + M
[j]
q + D(U ′ + ℓ[j]))−1

∂qKq = 1, the derivative of the scale

root: the output slot of the force

ℓ[j], j ≥ 1, enters twice: in the lines and in the vertex

(b) expanded in bare lines Gq = (Kq + DU′)−1 (single lines; external field legs not drawn)

seed δ[1] = ℓ[1]

one loop, λgq

−→ +

δ[2]: ℓ[1] inserted
two loops, λg2

q

−→ +

δ[3]: δ[2] inserted
three loops, λg3

q

=⇒ δ[3]

defect Do
q , no q-integral

S4(D
o
q ) . λ5q−3

Figure 11.2. The iteration (11.8). (a) One step: the loop map (11.7) at the previous approximation ℓ [j],
which enters both the propagator and the vertex. (b) The same steps expanded in the bare propagatorGq:
each step inserts the previous increment 𝛿 [j]=ℓ [j]−ℓ [j−1] into the loop, on a line or as the vertex, and gains
one loop and one factor gq, as in (11.13). After two steps the defect is one loop with 𝛿 [3] and Θ[3]−Θ[2]

inserted, projected by Π′, and no scale integral; this gives (11.14) and makes the source integrable in the
backward equation. Insertions of the level massesMq

[j] on the lines are not drawn (M[0]=0: the first step
is massless).

Closing the mass path. The notation 𝛽q[𝜇] includes the dependence of the final approxim-
ation on the whole trial path. More explicitly, for any admissible scalar path 𝜇 first compute
the two steps of the iteration, corrections and centred kernels, and set

𝛽q[𝜇]= //D𝒯q[M[3][𝜇], ℓ [3][𝜇]](0)//.

Integrate it from q∗ to define a new scalar path

𝒜[𝜇]q=b∗+∫q∗

q 𝛽s[𝜇]ds.

The desired mass solves 𝜇=𝒜[𝜇]. At a fixed point, ∂q𝜇q=𝛽q[𝜇] and 𝜇q∗= b∗. This is a fixed
point on scalar paths over [q∗,∞), rather than an ordinary initial-value equation: the correc-
tions and the centred kernels at q use the trial path at later scales. It is the only fixed point
we actually solve: the exact equations for ℓ and Θ are replaced by two Picard steps, and the
centred kernels are explicit outputs of them. The unknown of the fixed point is a scalar func-
tion of q, not an operator-valued path.
Two nonlinear steps, one scalar fixed point. For example, start with 𝜇q

(0)=b∗ and repeat

𝜇(n)⟼(ℓ [2],Θ[2])[𝜇(n)]⟼(ℓ [3],Θ[3])[𝜇(n)]⟼𝛽[𝜇(n)]⟼𝜇(n+1)=𝒜[𝜇(n)].
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Every evaluation starts again from the same seed and uses precisely two steps; increasing n
does not increase their depth. On the admissible ball, use the weighted path norm

‖𝜇‖∗=sup
q⩾q∗

∣𝜇q∣
𝜆 q�

.

Where the small factor comes from. Compare two admissible scalar paths 𝜇, 𝜇̂ with the
same boundary value b∗. Write d=‖𝜇− 𝜇̂‖∗; 𝛿 denotes the corresponding difference of every
output, including the level masses 𝛿M[j]=𝛿𝜇I+𝛿Θ[j]. In a resolvent, the mass difference is a
marked insertion. For the response at level j, the exact identity is

R[j][𝜇]−R[j][𝜇̂]=−R[j][𝜇](𝛿M[j]+D𝛿ℓ [j])R[j][𝜇̂].

The scalar insertion relative to the regulator obeys ∣𝛿𝜇q∣/q⩽ gqd. The centred kernels are out-
puts of the iteration, so their differences are computed level by level: the differences of the
centred sources obey the moment bound displayed below, and integrating them from infinity
gives q−1/2v1(𝛿Θq

[j])⩽Cgq3d. The centred-kernel estimate uses only this first spatial moment;
an absolute row norm is not needed. Thus the centred part contributes gq3, while the scalar
part contributes gq: the factor comes from cancellation followed by resolvent smoothing, not
from small absolute mass of the centred kernel. These are the resolvent comparisons in the
proof of Lemma 20.4 of the Supplement. Applying the loop comparison at each of the two
fixed levels gives, in the norms of Proposition 11.2,

𝒩 k,q(𝛿ℓ [j])⩽Cgq2qrq2−kd, j=2,3, 4⩽k⩽12−2j.

This compares the same level at different scalar paths; it is distinct from the difference between
consecutive nonlinear levels. At both levels j=2,3 the path differences of the corrections have
relative size g2. Contracting their four-leg vertices in the sources, and also varying the propag-
ators there, yields for the scalar source of the mass equation, and for the centred sources
of the iteration,

∣𝛿𝛽q∣⩽Cgq2d=C𝜆2q−1d, v1(𝛿(𝔖q
[j])∘)⩽C𝜆3q−2d.

For the scalar bound, a one-loop source of size gq gains the relative insertion gqd. In the centred
bound the local quartic contributes only to the scalar; the spatial moment stays in the non-
local four-leg tensor. Its source has size 𝜆2q−3/2 and gains the same extra factor. The precise
comparisons are in the proof of Proposition 20.6.

Integrating and normalising the differences. Since the two paths have the same value b∗, it
cancels in the scalar update:

∣𝛿𝜇q
new∣⩽C𝜆2d∫q∗

q ds
s =C𝜆2log(q/q∗)d.

Divide by its path weight 𝜆 q� and set x=q/q∗⩾1:

∣𝛿𝜇q
new∣

𝜆 q�
⩽Cgq∗

log x
x√ d⩽ 2C

e gq∗d.

Here supx⩾1log x/ x√ =2/e. This proves

‖𝒜[𝜇]−𝒜[𝜇̂]‖∗⩽Cgq∗‖𝜇− 𝜇̂‖∗.

The centred kernels are not part of the unknown of the fixed point: their variation is already
contained in 𝛿𝛽.
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The individual source bounds also show that 𝒜 preserves a fixed admissible ball. Choose
its radius first, then take q∗ large enough for the resolvent bounds and Cgq∗<1/2. Banach's
theorem gives the unique scalar mass path on the whole half-line, uniformly inN. The scalar
logarithm causes no loss: the weight q� absorbs it, leaving precisely gq∗.

Why the outer contraction loses nomore derivatives. The derivative loss belongs to applying
the nonlinear loop map, which requires a (k+2)-leg vertex to control a k-leg output. One
evaluation of 𝒜 always has the same finite budget:

ℓ [1]: 10 legs⟶ℓ [2]: 8 legs⟶ℓ [3]: 6 legs⟶defect: 4 legs.

For a force, a k-leg vertex is its (k−1)th field derivative. The mass source itself uses only the
four-leg vertex of ℓ [3], and the centred sources those of ℓ [1] and ℓ [2]. A difference of scalar
paths adds the marked insertions 𝛿M[j]=𝛿𝜇I+𝛿Θ[j] in the resolvent identity; these operators
are independent of the field, soDy𝛿M[j]=0. Comparing the two finite constructions therefore
uses the same budgets as constructing them. This is a Lipschitz comparison in the mass para-
meter, not an extra application of the nonlinear loop map.

Crucially, 𝒜 returns a scalar path, not the final force correction as a new seed. At outer
step n+1we restart from the original seedwith the new path 𝜇(n+1); we do not apply a further
loop step to ℓ [3][𝜇(n)]. The contraction acts on the fixed complete space of scalar paths. The
finite Lipschitz estimates above then give convergence of the corrections and of the centred
kernels in their respective fixed norms. At the limit the scalar part of the linear flow is exact
for ℱ o, while its defect, nonlinear and centred linear, remains the difference of the last two
levels.

The bare mass is then
𝜇N= lim

q→∞
𝜇q=b∗+∫q∗

∞ 𝛽qdq, (11.11)

and it is this number that enters the Gibbs measure (10.5).

Proposition 11.2. (The coefficient construction) For q∗⩾max(1, q0) large enough, depending
on 𝜆 and B0 but not on N, and ∣b∗∣⩽B0𝜆q∗1/2, the system (11.8)–(11.9) has a unique scalar mass path
in a ball, and, with Mq=𝜇qI+Θq

[3] as in (11.10),

∣𝜇q∣⩽C𝜆 q� , v1(Θq
[j])⩽C𝜆2q−1/2, ‖∂qMq‖row⩽Cgq, (11.12)

where v1(Θ)=∫d(0,z) ∣Θ(0,z)∣dz; moreover 𝜂q(Θ[2])⩽Cgq2 and 𝜂q(Θ[3]−Θ[2])⩽Cgq3. The incre-
ments, the seed 𝛿[1]= ℓ [1] included, obey

𝒩 k,q(ℓ [j]− ℓ [j−1])⩽Ck gq
j q rq2−k, 4⩽k⩽12−2 j, j=1,2,3, (11.13)

where 𝒩k,q( f )=Sk( f )+ q� v1(Dk−1 f (0)), and for a k-tensor

v1(T)=max
i,a<b

sup
xi

∫d(xa,xb)∣T∣∏
j=/ i

dxj.

The complete defect of ℱ o on the ball is

𝒟q
o=Π′(𝒯q [M[2], ℓ [2]]−𝒯q [M[3], ℓ [3]]),

and
S4(𝒟q

o)⩽C𝜆5q−3, ‖ℰq
c‖row+q1/2v1(ℰq

c)⩽Cgq4, (11.14)

where ℰq
c=D𝒟q

o(0) is the linear part of the defect, a centred kernel. At fixed N the bare mass exists,
∣𝜇N−b∗∣≲𝜆TrCq∗≲𝜆N, and ∣𝜇N−𝜇q∣⩽C𝜆N3/q, ‖Θq

[3]‖row⩽CN 𝜆2q−1/2→0 as q→∞.
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Idea of the proof (complete proof: Proposition 20.6 of the Supplement). (a) Loop Lipschitz
estimate. If two corrections ℓ, ℓ̂ obey the individual bounds (11.4) up to order k+2 and their
difference obeys them with gq replaced by 𝜀q, then 𝒩k (𝒯 [M, ℓ]− 𝒯 [M, ℓ̂]) ⩽C 𝜀q q1/2 rq−k.
Expand Dk−1 of the loop force into loops; in each, telescope the difference onto one marked
vertex or propagator and apply (11.5). (b) Integration. Each step gains one g; the integrand
of (11.8), after subtracting the seed, isO(𝜆1+k/2s−k/2) in the k-leg vertex, and that of the incre-
ment ℓ [j+1]− ℓ [j] is O(𝜆1+k/2 s−k/2 gs

j−1), j⩾1, integrable at s=∞ for k⩾4. The low jets have
been removed, so the lower derivatives are controlled by Taylor's formula from the four-leg
vertex. (c) Scalar mass path. Given 𝜇 in the ball, the right side of (11.9) is computed from the
two steps (ℓ [2],Θ[2])[𝜇] and (ℓ [3],Θ[3])[𝜇]. The boundary-integrated map 𝒜 defined above
is a contraction for large q∗: differences gain a factor gq∗ (for 𝜇 after integrating from q∗, using
supx log x/ x√ <∞). (d) Defect. The mass equation supplies exactly the scalar linear jet of
the flow, and ∂q ℓ [3]=Π𝒯 [M[2], ℓ [2]], ∂qΘ[3]=(D𝒯 [M[2], ℓ [2]](0))∘, so the defect is the loop
difference between the last two approximations, of order g3: by (a) with 𝜀q= gq3, S4(𝒟o)⩽
Cgq3 q1/2 rq−4=C 𝜆5 q−3. Its centred linear part has no tadpole contribution, the tadpole being
local; it contracts the four-leg vertex of 𝛿[3] with R0,q

2 , whose supremum is Cq−1/2, and the
four-leg vertex of ℓ [2] with the change of R0,q

2 caused byΘ[3]−Θ[2]: both are O(gq4) in the row
norm. □

Two technical points are hidden in this sketch. First, the loop estimate (a) needs more
derivatives than it controls: the k-leg vertex of the loop involves vertices with k+2 legs. Ten
legs of the seed leave eight after one step and six after two; this is why the number of steps
must be finite and fixed in advance (an infinite iteration loses all derivatives). Second, the
nonlocal kernel Θq must be measured in a first spatial moment v1, not in a second one: the
estimate ‖𝛿z2Cq‖row≲d(0,z)2, which a secondmoment would require, fails by a logarithm, and
one uses ‖𝛿z2Cq‖row≲q−1/2d(0,z) instead (Lemma 19.3 of the Supplement). Distances inside a
vertex must be paid for by the vertex itself ("The vertex pays for the spatial moment"), which
is why 𝒩k contains a spatial moment at y=0.

11.4 Two mass renormalisations
The bare mass 𝜇N diverges as N→∞. Its two divergent parts are the two divergent self-
energy diagrams of Appendix A.2 of Lecture 5.

• The tadpole. The first term of (11.9) integrates to

−𝜆∫q∗

∞
TrR0,q

2 dq≈−𝜆TrC∼−𝜆N

(up to a term bounded uniformly in N). This is Wick ordering: 𝜆
12 𝜑

4− 1
2 𝜆 c𝜑

2 agrees,
up to a constant, with 𝜆

12 H4(𝜑; c), with c=C(x,x) ((A.5) of Lecture 5).
• The sunset. The second term contracts the bubble contained inD3ℓ [3](0) (the cubic coef-

ficient of the seed force) with R0
2, and integrating in q produces the two-loop self-

energy, which diverges like
𝜆2∫∣z∣>1/N

∣z∣−3dz∼𝜆2 logN.

This is the sunset counterterm 𝛾T∼log T of (A.7) of Lecture 5: with 𝛾T∫H2=𝛾T∫𝜑2+
const, the sunset part of 𝜇N is

2𝛾T=
2
3 𝜆2∫C3≈ 𝜆2

24𝜋2 logN,

positive. (The double-tadpole logarithms in the two terms of (11.9), the bubble with a
tadpole insertion and the mass insertion in TrR0,q

2 , cancel each other.)
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∂qµq =

tadpole, D4U = 2λ

−
1
2 −

1
2 D3ℓ[3]

∋

sunset

µN ≈ −

λ Tr C ∼ λN

+

2
3 λ2

∫
C3

∼ λ2 log N

the q-integral removes
the cross:

∫
C2

q dq closes a line

Figure 11.3. The mass equation (11.9), the constant mode of the two diagrams, and the two divergent
parts of the bare mass. The cross is the insertion R0,q

2 . SinceD3ℓ [3](0) contains the bubble of Figure 11.1, its
contraction contains the sunset. Integrating in q turns the crossed line into a line C: the tadpole is linear
in N and the sunset logarithmic.

Power counting (Exercise A.3 of Lecture 5) says that no other counterterm is needed. In
the flow this is the statement that the integrals (11.8) of all vertices with k⩾4 legs converge
at q=∞: only the constant mode of the linear jet must be fixed by a boundary condition at a
finite scale; its centred part is integrated from infinity like the vertices.

There is a subtlety: the running mass 𝜇q at fixed q has a limit as N→∞, but 𝜇N=𝜇∞ does
not. One never interchanges these two limits. Also, the nonlocal part of the sunset is kept, as
the centred kernel Θ[3] of the corrections: replacing the sunset by its local part would leave a
nonlocal remainder of the wrong size.

11.5 Two correction steps
Why two corrections, and not one or three? The answer is in the backward equation of (10.13).
Freeze the noise and the large fields, and estimate the size of Z produced by a defect on the
ball. The propagator of dZ=−HZdq+ . . . from q to s is about s/q (since H≈Cq has norm
q−1), so

Zq≈∫q
∞ s
q bsds, ∣bs∣≲ s−1(S4(𝒟 s) rs3+‖ℰ s

c‖rowrs), (11.15)

using ‖Hs‖≲ s−1 and that the constant and scalar linear jets of 𝒟 vanish, so on the ball ∣𝒟∣⩽
S4(𝒟)‖y‖∞3 /6+‖ℰ c‖row‖y‖∞. After n steps ‖ℰ c‖row≲gsn+2, so ‖ℰ c‖rowrs≍gsn+1𝜆1/2≍S4(𝒟 s)rs3: the
linear term contributes exactly like the cubic one, and we follow the latter. After n correction
steps the defect is the loop difference of the last two approximations, of relative size gn+1: by
the loop estimate,

S4(𝒟 s)≲ gsn+1 s1/2 rs−4=𝜆n+3 s−(n+4)/2, ∣bs∣≲𝜆n+3/2 s−(n+3)/2,
and therefore

�Zq�≲
𝜆n+3/2

q ∫q
∞
s−(n+1)/2ds.

steps n S4(𝒟 s) ∣bs∣ ∫q
∞ s

q ∣bs∣ds

0 (seed only) 𝜆3 s−2 𝜆3/2 s−3/2 ∞ (power)

1 𝜆4 s−5/2 𝜆5/2 s−2 ∞ (logarithm)

2 𝜆5 s−3 𝜆7/2 s−5/2 2𝜆7/2q−3/2

With one step the bounded-field source produces a logarithmically divergent error; two
steps are the minimum, and they suffice: Zq

b=O(q−3/2), and the backward energy 𝜆−1 ∫
q1/2∣Zb∣2dq is finite (Lecture 7). The general (fractional) theory gives the depth criterion

(n+2)𝜘>(3+𝜘)/2,
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with subcriticality 𝜘= 1
2 for Φ3

4: (2+2) ⋅ 1
2 =2> 7

4 , while n=1 gives 3
2 <

7
4 . This is a sufficient

condition, which loses 𝜘/2; for Φ3
4 the heuristic above shows that n>1 suffices, with n=1

borderline.
The two senses of “two renormalisations” are related. The mass counterterm must con-

tain the sunset because the quartic vertex of the corrections, already of the seed, contains
the bubble, and contracting it produces the sunset; and the second step is needed because
the defect of the first one, the three-loop remainder, is borderline in the backward equation,
exactly as the sunset is borderline in the mass.

11.6 The explicit counterterm
Formula (11.11) gives 𝜇N as an output of the flow, from the boundary value b∗. The input can
be made explicit, and this also fixes what the finite part is.

Theorem 11.3. (The explicit counterterm) Let a2=Tr Cq
2 and Cq

(2) be the kernel of Cq
2; in

integrals, powers of kernels are pointwise, ∫Cq
2Cq

(2)=∫Cq(0,z)2Cq
(2)(0,z)dz. For ∣b∗∣⩽B0𝜆q∗1/2

and q∗ large,

𝛽q=−𝜆a2−𝜆𝜇qa2′ +𝜆2a22+2𝜆2∫ Cq
2Cq

(2)+ℛq, ∣ℛq∣⩽C𝜆3q−3/2, (11.16)

and so, for fN(b∗)=𝜇N(b∗)+𝜆TrC− 2
3𝜆

2∫ C3,

fN(b∗)=b∗(1+𝜆a2(q∗))+𝜆(TrC−TrCq∗)

−2
3𝜆

2∫(C3−Cq∗
3 )+∫q∗

∞ (ℛq+𝜆(𝛽q+𝜆a2)a2) dq.
(11.17)

Moreover ∣ fN(b∗,1)− fN(b∗,2)− (b∗,1− b∗,2)∣⩽Cgq∗∣b∗,1− b∗,2∣, and fN→ f pointwise along the
whole sequence. Consequently, for B0 above a universal constant, every r∈ℝ and q∗ large
depending on 𝜆,q0,B0, r, there is a unique b∗,N with

𝜇N= r−𝜆TrC+ 2
3𝜆

2∫ C3, (11.18)

and b∗,N converges along the whole sequence.

Proof. Expansion. Expand R0=C−CMC+CMCMR0 with C=Cq. Since a2′ =−2Tr C3, the
first term of (11.9) is −𝜆a2−𝜆𝜇a2′ +2𝜆Tr(C3Θ), up to O(𝜆a2gq2), and ∣Tr(C3Θ)∣⩽Cq−1v1(Θ)
because ∣Θ̂(k)∣⩽2∣k∣v1. By (11.12) this term isO(𝜆3q−3/2) and goes intoℛq. The corrections in
ℓ [3] give O(𝜆3q−3/2) after contraction, by (11.13). The cubic part of the seed is −𝜆2y(x)∫ C2(x,
z)y(z)2, and contracting its third derivative at zero with R0

2 gives the operator 𝜆2a2diag(R0
2)+

2𝜆2C2 ⋅R0
2, where ⋅ is the pointwise product of kernels. Its constant-mode eigenvalue, with R0

2

replaced by C2 at a relative cost gq, gives the remaining two terms.
Integration.Use ∂qTrCq=−a2, ∂q∫ Cq

3=−3∫ Cq
2Cq

(2), and −𝜆𝜇a2′ +𝜆2a22=−𝜆∂q(𝜇a2)+𝜆(𝛽+
𝜆a2)a2. This is the cancellation of the double-tadpole logarithms: 𝛽+𝜆a2=O(𝜆2/q). At fixed
N the boundary terms at q=∞ vanish, which gives (11.17).

Response. For two boundary values with difference 𝛿b∗, put D= supq ∣𝛿𝜇q∣ and X=
supq, jq3/2v1(𝛿Θq

[j]), which are finite at fixedN. The loop comparison gives ∣𝛿𝛽q∣⩽C𝜆(Dq−3/2+
Xq−5/2) and the centred kernels, outputs of the iteration integrated from infinity, obeyX⩽C𝜆2D
and D⩽ ∣𝛿b∗∣+C𝜆q∗−1/2D+C𝜆q∗−3/2X. Hence D⩽2∣𝛿b∗∣, and integrating 𝛿𝛽 gives the claim.
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Limit and inversion. In (11.17), Tr C−Tr Cq∗ has summable terms ≲(1+ ∣k∣)−4; C−Cq∗
converges uniformly and C2+CCq∗+Cq∗

2 in L1; and the integrand converges at fixed q by con-
sistency of the coefficients, dominated by C𝜆3q−3/2. As TrC−Tr Cq∗⩽C+ q∗1/2/10 uniformly
in N, the range of fN contains r for B0 above a universal constant and q∗ large. Monotonicity
and pointwise convergence give the convergence of b∗,N. □

The boundary value b∗ is not the finite part: by (11.17), fN(b∗)≈b∗+𝜆q∗1/2/(4𝜋) at leading
order, so at fixed b∗, raising q∗ changes the theory.

Exercises
Exercise 11.1. (Counting loops) (a) Use (11.5) to show that a loop with p vertices D ji+1(U'+ ℓ), ji⩾1, each
with s⩽Cqrq

−ji, and k=∑ ji external legs has rooted norm ⩽Ca2(q)q rq−k⩽Cq1/2rq−k. (b) Show that q ⋅q1/2rq−k=
gqq rq2−k. (c) If one vertex is replaced by a vertex of size 𝜀q rq

−j, show that the loop gains the factor 𝜀. Deduce
the sizes g j of the increments ℓ [j]− ℓ [j−1] in (11.13).

Exercise 11.2. (The bubble) Compute D3ℓq[1](0). Show that its rooted norm is 6𝜆2a2(q) and its first spatial
moment is O(𝜆2q−1).
Exercise 11.3. (Small derivatives are not enough) On one site take q=𝜆= 1, M= 0, fixed small 𝛼, 𝛿 > 0,
ℓ̂n(y)=𝛼n−1(ny−sin(ny)), and ℓn= ℓ̂n+

𝛿
3y

3. Show that both have small first derivatives on ∣y∣<2, that ℓn− ℓ̂n
has bounded derivatives, but D3(𝒯 [ℓn]−𝒯 [ℓ̂n])(0)=12(2𝛿+𝛼𝛿n2+𝛿2) is unbounded in n. Conclude that the
loop estimate needs the individual higher derivative bounds.
Exercise 11.4. (Why two steps) Verify the table above. With one step, show that the bounded-field part of Z
is of size q−1 log (T/q) on [q,T], for an upper scale cutoff T.

12 The flow at large fields

12.1 The large-field problem
All the estimates of Proposition 11.2 hold on the field ball ‖y‖∞<2 rq, and only there. But
the forecast Yq is a random field on N3 sites, and nothing prevents it from being larger than
rq somewhere. The free field has typical size q1/4≪ rq, but it exceeds rq with small, nonzero
probability, and nothing a priori controls the interacting forecast. We need a force ℱ̄q defined
and uniformly coercive for all fields, which agrees with ℱq

o for ‖y‖∞⩽ rq.

Ascalarmodel. The difficulty is already visible in the one-site seed, ℓq
[1](y)=𝜆y[(q+𝜆y2)−1−

q−1]. Its power series in y has radius of convergence exactly rq: the singularities are at y=
±irq. Truncating it at any order produces a polynomial whose leading coefficient alternates
in sign: half of the truncations destroy the monotonicity of U'+ ℓ [1] at ∣y∣≫ rq. The exact func-
tion is harmless: it is linear at large fields, and ∣ℓq

[1]′(y)∣⩽ 9
8𝜆/q⩽2𝜆/q for all y. In field theory

we do not have the exact function, only bounds on the ball, obtained through an expansion
of the loop in vertices (the corrections are not polynomials, but their estimates are expansions
in the field). This is the large-field problem: perturbative control holds for ∣y∣≲ rq, and out-
side one needs a non-perturbative replacement that preserves the structure the estimates use.

The structure to preserve is coercivity, and it is carried by the bare cube. In the scalar
model the coordinate equation qy+ 𝜆

3 y
3=qΦq has noise coefficient

Hq(y)=
1

q+𝜆y2 ⩽
1
q ∧ 1

𝜆y2 :

large fields are more elliptic and less noisy. A good large-field extension keeps U untouched
and freezes only the correction.
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12.2 Clipping
Let 𝜏:ℝ→ℝ be smooth and odd, 𝜏(u)=u on [−1,1], constant outside [−2,2], with 0⩽𝜏′⩽1,
and set

𝜅q(y)(x):=rq𝜏(y(x)/rq), ℓ̃q(y):=D𝜅q(y)ℓq[3](𝜅q(y)), ℱ̄q(y):=U'(y)+Mqy+ ℓ̃q(y). (12.1)

The clip acts pointwise in space and maps every field into the ball, and the factor D𝜅q is what
keeps the clipped force a gradient. The cubic and linear parts are not clipped. By the chain
rule, with factors ∣𝜅q(b)∣⩽Crq1−b, the clipped correction obeys the same bounds (11.4) globally:

s(D j−1ℓ̃q)⩽Cgqqrq
2− j (j=2,3,4), s(D∂qℓ̃q)⩽Cgq, (12.2)

for all y∈HN; the scale derivative includes the motion of the clip, ∂q𝜅q=O(rq/q).

Lemma 12.1. (Global coercivity) For q∗ large, for all y∈HN and q⩾q∗,

c (Kq+𝜆y2)⩽Hq(y)−1⩽C (Kq+𝜆y2),

‖Hq(y)‖p→p⩽
1+C(gq+ gq2)

q (1⩽p⩽∞), diagHq(y)2⩽Ca2(q).
(12.3)

Idea. H−1=Kq+𝜆y2+Mq+Dℓ̃q, and Mq+Dℓ̃q is small relative to Kq: ‖Dℓ̃q‖⩽Cgqq, and Mq is
small after multiplication by Cq (the centred kernel is controlled by its first moment, Exer-
cise 12.1). Write H=(I+G (M+Dℓ̃))−1G with G=(Kq+𝜆y2)−1 and use the Neumann series
and Lemma 10.1. □

So ℱ̄q is a globally coercive force, and Theorem 10.6 applies.

12.3 The complete defect
On the set {‖y‖∞⩽ rq} the clip is the identity and the defect is 𝒟o, of size (11.14). Outside it,
the clipped force does not solve the force equation even approximately in relative terms. For
q⩾q∗ split the drift into its bounded-field and large-field parts,

bqb(y)≔−Hq(y) D𝜅q(y) 𝒟q
o(𝜅qy), bql≔bq−bqb,

and let 𝜒q(y)=1∣y∣>rq (pointwise) and tq(y)=y 𝜒q(y), the field restricted to the large-field set.

Proposition 12.2. (Complete source bounds) For q⩾q∗, uniformly in y∈HN, N and p∈[1,∞],

‖bqb(y)‖p⩽C𝜆7/2q−5/2,

‖bql(y)‖p⩽C𝜆q−3/2(‖tq‖p+ rq−1‖y2𝜒q‖p),

‖bql(y)‖22⩽C𝜆4q−5‖tq‖66.

(12.4)

Moreover ‖bq(y)‖p⩽C𝜆q−3/2‖y‖p.

The complete proof is Lemma 21.2 of the Supplement. The first bound is (11.15) with
n=2: on the ball ∣𝒟o∣⩽S4(𝒟o) (2 r)3/6+‖ℰ c‖row2 r, and q−1𝜆5q−3 rq3= q−1gq4rq=𝜆7/2q−5/2: the
centred linear part of the defect contributes at the same order as its cubic part. The large-field
part is as large as the bound 𝜆 q−3/2∣y∣=(gq/q)∣y∣ on the whole drift (no smallness beyond
the factor gq already present in b), but it is supported on the large-field set (up to nonlocal tails
controlled by operator bounds). The last bound follows from the second since on {∣y∣> r},
∣t∣+ r−1y2⩽2 r−2∣t∣3, and (𝜆q−3/2 r−2)2=𝜆4q−5.
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Where the large-field error comes from. Compute the defect of the clipped force and com-
pare it with D𝜅 𝒟o(𝜅y). With z=𝜅q(y), J=D𝜅q(y) (multiplication by 𝜏′(y/r)), ℓ= ℓq

[3],M′=
∂qMq, and the unclipped responseHo=(K+M+𝜆z2+Dℓ(z))−1, the difference has four groups
(seven terms):

i. the mass termM'y− JM'z: the linear part is not clipped, but its flowwas computed at z;

ii. the motion of the clip, JDℓ(z)∂q𝜅+(D∂q𝜅)∗ℓ(z);

iii. 𝜆(y− Jz)diagH2 and 𝜆J zdiag(H2−(Ho)2): the cubic vertex sees y, the correction sees z,
and the two responses differ by 𝜆(y2− z2) and by the chain-rule terms of the clipped
derivative, all supported on ∣y∣> rq;

iv. the contraction ofD2ℓ̃− JD2ℓ(z) (the chain rule produces terms with 𝜅'', 𝜅''', supported
on large fields) and of D2ℓ with H2− (Ho)2.

Each group vanishes if ‖y‖∞⩽ rq, and each is bounded by gq times ∣t∣ or r−1y2𝜒, in Lp, by the
same loop estimates (Section 21.3 of the Supplement; Exercise 12.2 for the one-site version).
There is no cancellation to exploit: the clipping error is genuinely of the size (gq/q)∣y∣ of the
whole drift on the large-field set. What saves us is that this set is rarely visited, and its occu-
pation is controlled by the coercivity of the actual dynamics. Lecture 7 controls it through the
large-field action (13.7).

The coordinate correction. Finally, write the approximate coordinate equation as

KqΦq=Kq(Yq+𝜚q(Yq))+
𝜆
3Yq

3, 𝜚q(y)≔Cq(Mqy+ ℓ̃q(y)), (12.5)

usingDU(y)= 𝜆
3 y

3. The correction is a small contraction, ‖D𝜚q(y)‖p→p⩽𝜀q≔C(gq+gq2), for all
y and 1⩽p⩽∞, and 𝜚q(0)=0 by oddness. So, up to a small Lipschitz perturbation, the forecast
is the solution of the cubic elliptic equation Kq (Y+𝜚)+ 𝜆

3 Y
3=KqΦq driven by the field at resolution

q. This is the equation whose coercivity Lecture 7 exploits.

12.4 The force below the auxiliary scale
The force above is built for q⩾ q∗, because its expansion needs gq small. Nothing below q∗
requires a construction: we freeze it. For 0<q<q∗ set

ℱ̄q(y)=ℱ̄q∗(y)+(q∗−q)y. (12.6)

Then Kq+Dℱ̄q=Kq∗ +Dℱ̄q∗, so the coordinate equation Kqy+ ℱ̄q(y)=Kqx, at x=Φq, reads
Kq∗y+ℱ̄q∗(y)=Kqx. Thus for q<q∗,

Hq=Hq∗, yq(x)=yq∗(Cq∗Kqx), Cq∗Kq= I− (q∗−q)Cq∗. (12.7)

The Itô computation of Theorem 10.6 holds for any such family. So the system (10.13) holds
on [q0,∞), with Yq0=0 for 𝜈N: the initial value is deterministic, and no large mass is used. The
force is continuous in q and piecewise C1, which is all that Itô's formula needs. The defect for
s<q∗ is explicit:

𝒟 s(y)=−y+𝒰(y), 𝒰(y)= 1
2CtrHq∗(y)2D

2ℱ̄q∗(y). (12.8)

Here 𝒰 is the loop part of 𝒟q∗; it obeys ‖𝒰(y)‖p⩽Cgq∗‖y‖p, which is part of the proof of the
global linear bound of Proposition 12.2 (Lemma 21.2 of the Supplement). Uniformly inN, for
s<q∗,

‖𝒟 s(y)‖p⩽C‖y‖p, ‖bs(y)‖p⩽C‖y‖p, diagHs
2⩽C, (12.9)
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with b=−H𝒟=H(y−𝒰). Here we used ‖H‖p→p⩽C/q∗. These are all the properties of s<q∗
we use. Note that 𝒟 jumps at q∗; the jump is harmless, and the measure does not depend on
q∗. More precisely ℱ̄,y,𝒟,b,Y,Z depend on q∗, while, with 𝜇N fixed (b∗,N then depends on q∗,
Theorem 11.3), 𝜈, 𝜓, Cov and the law of Φ do not.

Exercises
Exercise 12.1. (Receiving a centred kernel) LetΘ be a translation-invariant, even kernel with Θ1=0. With
𝜎z the translation by z, (𝜎z f)(x)= f (x+z), and using CqΘ= 1

2 ∫Θ(z) (𝜎z+𝜎−z−2)Cqdz, show that ‖CqΘ‖row⩽
C q−1/2v1(Θ) if ‖(𝜎z+𝜎−z−2)Cq‖row⩽Cq−1/2d(0,z). Why is the absolute row mass ofΘ not the right quantity?

Exercise 12.2. (The scalar clipping error) On one site, let ℓ(y) =−𝜎𝜆2q−2y3 (a cubic correction, 𝜎 a fixed
number) and ℱ̄q=

𝜆
3 y

3+𝜅q'(y)ℓ(𝜅q(y)). (a) Show that Kq+ℱ̄q'⩾q/2 for all y if 𝜎𝜆⩽ c q2. (b) Show that bq=bqb

for ∣y∣⩽ rq. For ∣y∣>2rq show that 𝜅q is locally constant, bqb(y)=0, and bq(y)=−𝜆y(q+𝜆y2)−3, the drift of the
pure cube. (c) Conclude that on the large-field set the error is the whole drift of the loop term: it is of the same
form, for ∣y∣≈2rq, as the one-site bound 𝜆q−3∣y∣ on the whole drift (the analogue of (gq/q)∣y∣, with a2(q)=q−2

in place of q−1/2), but it vanishes on the ball. Compare with (12.4).

Exercise 12.3. (Large fields are less noisy) On one site with ℱ̄ = 𝜆
3 y

3, show that the quadratic variation of Y
is ∫ Hq(Yq)2dq and that Hq(y)2⩽(𝜆y2)−2. Simulate the Polchinski process for 𝜈=e−𝜆𝜑4/12𝜇1/q0 and plot Φq, Yq
and 𝜓q.
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