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Abstract

‘We prove the central estimate of the construction: bounds, uniform in the lattice, on the error
Z of the approximate forecast and on the time the forecast spends at large fields. The two
halves of the FBSDE give two inequalities which close only together, with small coefficient
C\?/ g, for every coupling and every finite mass. The same bounds hold for the flow restarted
from any field at any scale. So the exact flow is an explicit flow with a control of finite relative
entropy. This writes the limit measure as an explicit density over an explicit SDE, for the
whole lattice sequence, and it gives the FBSDE on the continuum torus, the field equation
at every resolution, uniqueness in law for the scalar form of the FBSDE, a renormalised
variational formula with no infinite constant, and quartic exponential tails.

The results presented in Lectures 4-7 were obtained recently, with the use of Al, in

collaboration with Sarah-Jean Meyer.
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Notation from Lecture 6. We recall the symbols used throughout; the definitions are in Sec-

tions 10.1-10.5, 11 and 12 of Lecture 6.

e Lattice. Ay is the periodic lattice of mesh N~! in the unit torus, Hy = R, [ f=
N33 f(x), (u,v) = [uv, and |||, is the L? norm for [. For a kernel, ||C||row = sup [
|C (z, z)|dz is the row norm, which bounds ||C||,—, for every p when C is symmetric.

A = Ay is the nearest-neighbour Laplacian.



2 INTRODUCTION

e  Resolution and free operators (10.1)—(10.2). The resolution g € [go, 00) is the squared mass
of the regulator, and go > 0 is the squared mass of the Gaussian reference. K,=¢q¢ — A
is the precision and C; = K ! the covariance of the scales not yet resolved at resolution
¢ |1Cyllp—p=q~ . In particular C' = C,, is the covariance of the Gaussian reference and
Kg,=qo— A the free field operator. The resolved covariance is Qy=C — Cy, with 9,Qq= Cc?
and the bubble as(q) = (C2)(z,z) < ¢~ /% is the variance of the shell at resolution ¢, by
(10.4).

e Couplings (11.1). X is the quartic coupling, Ul(p) :%f ¢*, so that D?U(y) = \y? and

the gradient of the interaction is = y Jg=Aq~ 1/2 is the dimensionless coupling and Tq=

(q/ )\)1/ % the field size at which the cube balances K. g. is the auxiliary scale above which
gq is small.

e Processes (Section 10.3). @, is the Polchinski process, with ®4, =0 and ®o ~vn; W is the
Brownian motion on Hy driving it, B the Brownian motion of the bridge (10.7), and E,
the conditional expectation given the past of ®. The forecast is 1; = E;®, and Covy is
the conditional covariance of ®,. The filtration is Fy =0 (®Ps: s < ¢) (the same letter as the
exact force, as in Lecture 6; the meaning is always clear from the context). The forecast is
a function of the field, ¢, =mq(®P,), and so is the approximate forecast, Y; = y,(®,), where
y = y,(x) solves Kgy + Fy(y) = K z.

o [Forces and coefficients (10.9)—(10.12), (12.5). F, is the exact force in the forecast coordinate,
K, ®,= K, + F4(1,), and Fy(y) 2% y3 4+ M,y + £,(y) the explicit approximate force (12.1):
the cube, a linear operator M, = u4l + ©4, made of the exact running scalar mass and
the centred kernel ©,= 9([13] produced by the iteration, and the clipped corrections Zq.
H,(y) = (K,+ DF,(y)) ! is the approximate response, b, = — H,D, the drift produced by the
force defect D,, and =, = Cov,— H,(Y,). In the coordinate equation, o,(y)=C, (Myy+£,(y))
collects the linear and the clipped parts of the explicit force.

At the end of Lecture 6 we had, at each lattice cutoff NV, the exact system (Theorem 10.6)

dYq:[bq(Y) ( ) q]dQ“‘Hq(Yq) dWyg,

- (1)
dZg=—[bg(Yq) + Hy(Yg) Zgdq+EqdWg, 42 qo,

where Y is the approximate forecast built from the explicit force ]:'q, Z =1 —Y is its error, and
Y=Y + Z is the exact forecast, a martingale. The inputs from Lecture 6, all for g > ¢., are:

A) Global coercivity (Lemma 12.1): H,(y) is comparable to (K, + Ay*)~! and

1Ho()llp—p < (1+24)/ ¢,
gq=C(gq+ 92).
B) The source (Proposition 12.2): b=bP +b! with |[b2[|cc <CA/2¢~%/% and
166()113 < CA* a2ty (»)IE,
where t(y) =y 1y|>r,-
C) The coordinate equation (12.5):

A
Ky (V+ 0,(0) + 5 Y7 = K, @y,

with a small Lipschitz correction, ||.D g4/p—p < &¢-

D) Further bounds, used from Section 16.3 on: the global linear bound ||by(y)|l, <CXq~/2|y|l,
of Proposition 12.2; the bound diag H,(y)? < Cax(q) of (12.3); below g., the frozen force
(12.7)—(12.9); and, for the density, the defect bound (11.14) together with the bound (21.11)
of the Supplement on the large-field defect © before multiplication by H.
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The goal is to show that Z is small and that Y rarely visits large fields, uniformly in N. This is
UV stability. Neither equation can be estimated alone: the forward equation contains Z, and the
source of the backward equation is controlled by the large fields of Y.

How a priori estimates for FBSDEs are usually obtained. For an FBSDE with Lipschitz
coefficients one estimates E||Z,[|? by [t6’s formula and Gronwall, and closes either on a short time
interval or under a monotonicity condition [MY99]. Here the time interval is infinite, the coefficients
are not uniformly Lipschitz in the relevant norms, and the coupling is not small in a Lipschitz sense.
What we have instead is structure: the backward equation is linear in Z, the forward equation is a
memoryless cubic elliptic equation at each resolution, and its noise is sub-Gaussian whatever the
interaction (Proposition 9.6 of Lecture 5, as far as we know a new observation of these notes).

Where the system starts. The system starts at go with Y = Z,,=0. The energies below
are integrated from g, (Section 12.4), and no value of Y at g, is used: this is what the memoryless
field equation makes possible. Below g, everything follows from the martingale property of the
forecast (Section 16.3).

Sections 13-15 prove these estimates at a fixed lattice and a finite upper scale. Sections 1618
remove the cutoffs and identify the limit.

The role of the estimates. Each estimate has one job.

e Noise bound (Lemma 13.2): the noise ¢ has free-field tails whatever the interaction. This is
where the posterior structure enters.

o  Forward coercivity (Proposition 14.3): pathwise, at each scale, the cube bounds the large-
field part of Y by the noise tails and Z. It controls where the explicit force is inaccurate.

e  Backward representation (Lemma 15.1, Proposition 15.2): Z is the transported defect, as the
equation is linear in it. Its energy is bounded by the bounded-field source, a boundary term,
and O\?/ g, times the large-field action. This factor is the only smallness that closes the loop.

e Boundary (Lemma 16.1): qualitative, at fixed N. It removes the boundary term, and it is
why the upper scale goes first.

e UV stability (Theorem 16.2): the result of these four, E||Z,||3 < C'¢~*/? uniformly in N. Tt
says that the control turning the explicit flow into the exact one has finite entropy.

e Restarted laws (Proposition 16.4): the same from any field at any scale, and below ¢, by
the martingale property of the forecast.

e Defect on all fields and Lipschitz coordinate (Lemmas 18.1, 16.3): the defect is integrable
along both flows, and the explicit flow is a strong continuum SDE, continuous in the cutoff.

o  Terminal tail (Section 17): tightness in H~°, s >%.

e Sources (Proposition 17.3, Theorems 17.4-17.5): quartic tails by a linear source, a restart
at (qo, h Cy,f), and Gaussian tails by a quadratic tilt. These are end results, and nothing
else depends on them.

e  Pointwise bounds (Proposition 14.4, Lemmas 14.5, 17.1): after closure, large fields occur only
at finitely many dyadic scales. Neither the loop nor the identification of the limit uses them.

So the formula for v (Theorem 18.5) needs the first five at the start of the flow, and if ¢o < g
the deduction below g. of Proposition 16.4 there, all with first moments of the energies; plus the
defect, the coordinate, the tail, the consistency of the coefficients, and moments of the explicit flow,
which are It6’s formula. The FBSDE then follows by Girsanov’s theorem (Theorem 18.6), with
no further estimate on the flow, only the convergence of H and b and lower semicontinuity. The
restart at every (¢, x) gives the kernel II;: the formula (18.18), the statement that the forecast is
a continuous function of the field, its convergence at each scale, and Section 18.6; the sources use
it at (qgo, h Cy,f). Higher moments of the energies serve only for the stretched exponential bound,
the higher moments in Corollary 17.2 and in Lemma 17.1, and (16.10) with p > 1.
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Detailed proofs of what these lectures cite or condense are in the Supplement.
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13 The energies

13.1 Moments at fixed cutoff
All estimates below are first proved on a finite interval [¢., 7] and at fixed N. There, everything

is finite.

Lemma 13.1. (Preliminary moments) At fited N and T, the mazima over [q.,T| of ®,Y,
¥, Z have all moments, and so does qu(HCoqu%{S—l— |12, |l5s)dq. Consequently the energies Et, Jr
and G defined below have all moments at fixed N, T.

Proof. ® has all maximal moments, since vy has all moments. Global coercivity, K,+ DF,>cq
and F,(0) =0, gives ||Y;|| < C||K,®,||/g. Doob’s inequality for the martingale 1, = E, ®o, gives
its maximal moments, and Z =1 — Y. For the integrands, |Cov,|/ns < TrCov, < E,||®ool|?, and
| Hy(Yy)|lus < Cv/dim Hy / g. The energies involve, besides Y and Z, the field {; of Section 13.2
and g,(Y;); finite-dimensional norm equivalence and ||o4(y)|| <&q||y| give their moments. O

These constants depend on N and T. They are used only to justify the absorptions below,
never in the final bounds.

13.2 The field equation

The forecast equation of Lecture 5. In the profile (10.2), where S; = Cj; and the regulator is
q — qo, the noise observable of Theorem 9.1 of Lecture 5 is

wq = Ky®q — (¢ — qo) Vg =Eq[By—q), (13.1)
the second form by the bridge (10.7),
Ky®q=(q— q0)Poc + By—qgo-

Since Fy=Ky(1g — ®q) = —F4(1q) and K, = K, + q — qo, the field equation for the forecast (9.12)
of Lecture 5 reads

Koothg + Fy(g) =wy:

an elliptic equation for the forecast at resolution g, in which the exact force F; acts with no
smoothing operator, and whose noise is controlled whatever the interaction (Proposition 9.6 of
Lecture 5, here in one line).

Lemma 13.2. (The noise) For every convex ¥ on Hy, E ¥(w,) <E ¥(By_g,), whatever the
interaction. In particular (q:= Cqwq satisfies, for all x and ue R,

E %) L exp (u;(q—qo) aQ(Q)), (¢—q0) a*(q) <CVv/a, (13.2)

uniformly in N.

Proof. Conditional Jensen in (13.1), with ¥(f)=e%{Ca% ) and (10.4). O
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The explicit force. The exact force F; is unknown, and so is its coercivity. We replace it by

the explicit force of (12.5),
A3

Foly) = Kqo(y) + 5%,

and the forecast by the approximate forecast, 1), =Y, + Z,. The coordinate equation K,Y,+ F,(Y;) =
K,®, and (13.1) give the exact identity

qu%""fq(}{z):wq"‘(q_ 0) Zg- (13.3)
This is the forecast equation of Lecture 5 with the explicit force in place of the exact one, and it
is the equation we estimate:

e it is an elliptic equation at each resolution, with no memory: the past enters only through
the noise wy;

e the coercivity comes from the cube of F,, which is explicit;

o the price of the replacement is the error (¢ — qo) Zy, the only trace of the backward equation,
at the same resolution;

e the identity is pathwise: no expectation has been taken.

The smoothed noise. The noise wy is rough, with covariance dominated by that of B,_g,, a
white noise; pointwise estimates need a noise which is a function. So we use (= Cqwy=IE;[CqBy— ¢,
the filtered version of the Gaussian bridge noise (; of Section 9.3 of Lecture 5, which by (13.2)
has the tails of the free field at resolution ¢. It is not Gaussian, and it depends on the interaction
through ¢, but its bounds do not. Since K4,y =wy — (¢ — qo)¢y, subtracting it from (13.3) and
writing

Vo =Yg+ 04(Yg) — Ggs (13.4)

(V7 is not to be confused with the potentials Vi(z), Viy of Lectures 4-6 and of Sections 16.3 and 18.2;
the potentials are functions of a field, V; here is a random field) we obtain (13.3) in the form in
which it is estimated,

A
qu%+§3’z;3=(q—qO) (Co—0g(Yg) +2Zg),  Yg=Vy+ (g — 04(Yy)- (13.5)
The mass of (13.5) is only qo, so at large resolution all the coercivity must come from the cube.

The next section shows that it does.

13.3 Thresholds and energies

Define the signed excess of V over three quarters of the threshold, the large-field part of Y, and
the large values of the noise,

3
we=sen(Vy) (IVal = 374) 1o ta=Yalyyore &= Calic I>ry/32, (13.6)

all pointwise in space, with 7, = (q/))!/2. The three random energies are

T
EF% q""?1Z, )15 dq (backward energy),
s
T <
JT:/ a2 [q ||wg I3 4 M|wg 18+ NIt 18] dg (large-field action), (13.7)
T
GT:/ [q7 2|11+ X g™*/2)|&, 18] dg (noise tails).
s

Only thresholded sixth powers are integrated over all scales: E||(,||$ can be of order ¢*/?, so an
unthresholded noise contribution to J would not be integrable uniformly in N. The weights are
matched to each other and to the source bounds:
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quantity weight reason
2 . _ _
1Zgl3  q'/2 forcing: ¢~3/%- X~ ¢%|Z|3
Mltgllé ¢=3/2 source: q7/2||bY|2 < C A3 Aq™3/2||t||§

||b(11||§ ¢"/?  backward propagator s/q and fqoos*3/2ds =2q¢"1/2

Exercises

Exercise 13.1. (Matched weights) Check the three weights in the table. Show from (13.5) that the forward
estimate, with the weight ¢~3/2 on the large-field action, needs the weight ¢'/2 on || Z||3. Show that the backward
estimate of Section 15 also holds with weight q1/2+“ for0<o < =, keeping the other weights of the table (¢~ 3/2
on the large-field action, ¢7/2 on ||b!]|3) as in the proof. Which term breaks at o ==, and how does the feedback
coefficient depend on ¢? (Hint: in Proposition 15.2 the boundary integral is taken up to 00.)

Exercise 13.2. (Moments of the noise) Show from Lemma 13.2 that E||¢,]|8 < 15((g — g0) a*(¢))? < Cq*/?
and E||&,|8 < C¢®/? exp (—cy/q/N). For Viy =0, compute the covariance of ¢, and compare it with the bound.
On which modes is the bound sharp?

Exercise 13.3. (The memory form) Let X, = fq‘iC’s dWs, so that Kq Xq =W, + quoXS ds, and V) =Y, +
0q(Yy) — X4. Using K&, =W, + fq s ds, derive the equation with memory

KoV 42y = / (V7 — ou(Ya) + Z) ds
qo

Below the auxiliary scale ¢ comes from the frozen force, and is not small. Here the noise is exactly Gaussian,
but the memory has the size of the mass term. Why would testing it with w® need the Hardy inequality
llg= 1f0 Fllpacg—172aq) < ”fHL‘l(q”/qu)v and where would the margin come from? What does (13.5) trade to
avoid this?

14 Forward coercivity

14.1 The scalar model

On one site the Laplacian disappears. We also drop the small Lipschitz correction ¢ (restored
in Proposition 14.3) and treat the noise and the error as given numbers. Then (13.5) is a scalar
equation at each ¢, and all the constants can be checked by hand.

Lemma  14.1. (Scalar  forward  coercivity) Let X, ¢ > 0, a > 0,
0 < w(legslant>q) and v, g, z € R with

av—i—i(v—l—g)?’:w(g—i—z). (14.1)

3
Letr=(q/\)"? w=sgn(v) (jo| = $7)+, €= g¥g|>r /32 Then
%w4+1—)\6 <54 §4+4225)\§6 12 222 (14.2)
Moreover t = (v + g)ﬁ\u+g|>rsat15ﬁes |t‘ \%(|w| +1€1)-

Proof. Multiply (14.1) by w3, where w#0; there |v|=|w] —&-Er and v, w have the same sign, so
avw3>0. Since |g| Q%Jr I€], sgn(w) (v+g) = |w|+ 1 r— |§\ (we give up —r to leave Toom, on
the lattice, for o). The cube being increasing, (14.3) and Ar?= q give

A A s oq , 4225
Fuilvtg)’> 12“’+4“’+13|| 6

This is the large-field coercivity: above the threshold the cube provides a sizth power, a quartic
term of the size of a mass q, and a cubic term which dominates the noise below the threshold. On
the right side wgw3 < qr|w|3—|— q\{Hw\?’ and the first term is absorbed. By Young’s inequality,
q|él|w|? < w —|—54 q§4 and qlz||w]? < —w +12 ~ @*2°. This gives (14.2). For the last claim,
o gl < wl+ 27+ 2+ [€], 50 on {Jo+g]>r} we have Lo+ g| <o+ gl — Zr < w|+]¢]. D

A €S
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Lemma 14.2. (Two elementary inequalities) For x,p>0, (x —p)®> %x‘?’ —65p>. Foru, p,
r=0,

1 5 11 31 g 1 5 41 4. 4225 ¢
Zr—p| >— = — — 2252 6, ,
Fu <u+167" p) > 15U +4ru+13ru G P (14.3)

Proof. la:3~6-(i4,<) —32%p= (33—8/)) (x+4p)=0, so (m—p)3>$3—3m2p—p3>%m3—65p3.

Apply it wzthm—u+b b —r %ug(x—p)3>lu3 3 65u3p3 and %> u® 4+ 3b%u + b> with
_b2 363 1 4225 ¢ 1 1 1

2 3__ 1331 P3>3 65 3 3 6 i 1_ 1
ooz " > r* and - b Toasa > 1T Fmally up< L 64 2225 P and ;—e=15. O

What the scalar lemma says. The excess of the forecast over the threshold is controlled, at
each resolution separately, by two things only: how large the noise is, whose tails are known and
exponentially small at large q, and the error Z. There is no smallness in the coupling: the estimate is
uniform in \ once the threshold scales like ry=(q/\)*/?. It is pathwise, and it needs no integration
in q.

14.2 The lattice version

Proposition 14.3. (Forward coercivity) For g. large (depending on \), at every cutoff N,
pathwise and for every q = qx,

qlwql|3 + Allwg||§ + AlltelI§ < C (qll&lli + A€ N8+ X" 41 Z4]13).- (14.4)
Consequently, for every T,
Jr<C(Gr+EBr),  |Grllr@<CNp° (p=1), (14.5)
with C independent of N, T and p.

Proof: the changes from the scalar case. Test (13.5) with wi in L*(An) and proceed as in
Lemma 14.1, with Hélder’s inequality in space. Three new terms appear.

The elliptic term. (w3, K,y V) > 0. Indeed w?= ¢'(V) for the convex function ¢(v) :% (Jv] —
%T)i, Vw? >0, and for any nondecreasing ¢’,

(0'(V),=AnV)=N"13" (¢ —¢'(V(z"))) (V(z) = V(")) 20,
summing over unordered nearest-neighbour pairs. So the elliptic term only helps.
The coordinate correction. Split g4(y) = gg + g; according to |y| <ry or not (writing 4(y) =
Ly(y) y with L the averaged derivative). Then |0l < €q7q < 14/32 shifts the threshold, and
. 13
loglly < qlltallys 5=4,6. Then |Y|<|w|+ 157+ €]+ |0'; on {|Y]>rg} this gives £|V] <
lw|+ €] + 0, so for small e

ltqll; < C (lwglls +116117), Ileglls < Ceq (lwgll; + l1&qll5)-

This also supplies the t part of (14.4). These are operator bounds: o is nonlocal, but small in
every LP. In the cube and on the right side of (13 5) the error is p=|&|+|0'|. The bounded parts
on the right cost 2 Hng, which is absorbed by ||wH3 from the cube. The cube error is at most
CA (Hng—l—EGHwHG), and Young’s inequality gives Cq (||€||1+&*||w]|1). The w parts are absorbed
for small e: these are deterministic smallness conditions on g,,, independent of p.

The error. [(w?, (¢ — qo) Z)| < Zgllw|§+ 22 2|1 Z|I3. Multiplying (14.4) by ¢*/* and integrating
gives Jr < C (Gr+ Er).

Tails of the noise. By Minkowski’s inequality in x, for] 4,6, [|1&]I} ||Lp y<supg ||[&(2))7 |zeep)
and by Hélder and (13.2), with threshold rq/32 = (q//\)l/z, this is at most

1 1 . .
(Bl Gy(2)[277)27 P(|Gy(@)| > 7 /32)77 < Cjp?/? g/ o=V 1P,
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and integrating in q with u=/q/(pA) gives ||Gr|,<C I p°. O

No information on the interacting field has been used, apart from the equation itself and the
posterior structure of the noise. The tails of ( are those of the free field whatever the interaction:
this replaces the subtraction of a Gaussian field.

14.83 A pointwise bound

The mazximum principle gives more than the integrated estimate: a bound in L driven by the cube
alone.

Proposition 14.4. (L° coercivity) For g, large, at every cutoff, pathwise and for every q = q.,

1/3
Walloo <C [ (£) NG+ Ialloo + a7+ a1 Zy 2. (14.6)

In particular there is ¢ >0 such that t;=0, i.e. ||Y;]loo <7q, whenever ||{ylloo+ ql|Zgll2 < crg: large
fields occur only when the noise or the error is large.

Proof. Let w=q— qo, d=(;— 04(Yy), and remove the error by H=w Cy, Zy. Then |H| o <
was(qo) %) Zyll2< Cql| Zy||2, since the kernel of Cy, is in L? uniformly in N by (10.4). By (13.5),
W=V —H and D="H+d satisfy

quw+%(W+D)3:wd, Y,=W+D.

At a positive mazimum of W, Ko W >0, so W+ D < (3 @ ||d||oe /N3 there; similarly at a
negative minimum. Hence ||Yg|loo <2||D|loo + (3 qlld]|oo /N3, With Il og(Y) lloo < €4l1Yglloo, the
term 2¢4||Yy|loo s absorbed, and by Young’s inequality (q5q||3{1\|oo/)\)1/3<%HY(]HOOJrC(qsq/)\)l/?,
where qgeq /A< CL/q since gq=/\q*1/2. This proves (14.6). For the last claim use q//\:rg.' the

terms of (14.6) are at most C (¢'/3 + ¢+ g;/z) rq, and 93/2 < 93*/2 is small. O

Lemma 14.5. (Supremum of the noise) Uniformly in N and in the interaction,

INzeey <CvVD,  N:=supg 4 (log (24 q)) "¢l co-

q2qx

Proof. At fized q the norm f—||Cy flloo is convex, so by Lemma 13.2 ||(y|lc is dominated by
the supremum of the Gaussian field CyBg_q,. Its variance is at most C\/q, and for 6 <1 its
increments have variance at most C\/q (\/q|x — y|)? uniformly in N, so Dudley’s bound gives
the mean §q1/4 log (24 q) and Gaussian concentration gives fluctuations at the scale q'/*. For
the supremum over s € [Q,2 Q)], write Cs = Caq Kaoq Cs, where ||[K2q Cslloo—oo < 2. Since dwy=
(I — (g — qo0)Covy) dW, by (10.6) and (10.8), w is a martingale, ||Cagws|| is a submartingale, and
Doob’s inequality gives, for p>2, |[supse(q.2q) [|slloollr < CQY* (\/log (24 Q) +v/p). Markov’s
inequality with p<92log (2 + Q) bounds the probability that the normalised supremum over [Q,2 Q)]
exceeds ¥ by (2+ Q)Y for ¥ >1g. This is summable over dyadic Q, and | N||,<C\/p follows. O

FEzxercises

Ezercise 14.1. (Without the cube) Replace %(v +9)3 by 0 in (14.1). Show that v=wa~'(g+ 2), so that
the estimate fails as ¢ — oo at fixed mass a. Which term of (14.2) replaces the missing mass, and how does
the threshold r = (q//\)l/2 enter?

Ezercise 14.2. (Discrete convexity) Prove that (¢'(u), —Anu) =0 for every convexr ¢ € C* and u € Hy,
and that equality holds iff ¢'(u(z)) = ¢'(u(z’)) on every edge x~z’' with u(z) #u(z’).

Ezercise 14.3. (Numerical check) Solve (14.1) numerically for random X, q,a,w, g,z, and check (14.2).
Take g Gaussian with variance \/q, z=0, A=1, and compare |v+ g| with (q|g|/X)'/> and with r. Is the
exponent 5/12 of (q|g|)*/3~ ¢°/1? attained on one site? What should improve it on the lattice?
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15 Backward feedback and closure

15.1 The backward representation
The backward equation in (1) is linear in Z. Its propagator is the adapted operator solution of
8qu,s:,Pq,sHs(1/s)a Pq,qzla $=q. (15-1)

1+4eqy
u

By (A), ||Pq.s|

22 < exp f; du < Lo %, with Lo=exp (fqiosu %) <exp (C (gq, + g,?*)).

Lemma 15.1. (Conditional representation) For ¢.<¢<T7T, at fired N,

T
Zy =1, |:'Pq7TZT+/ Py.s bg(Yg) d8:| (15.2)
q

Proof. By the product rule and (1), ds(Py,s Zs) =Py, s Hs Zsds — Py s (bs+ Hs Zs)ds + Py s EsdW; =
—Py.s bsds + Py s 2sdWs. The stochastic integral is a true martingale by Lemma 13.1 and the
deterministic bound on P. Integrate from q to T and take IE,. O

So Z is the expected source accumulated on the unresolved scales, transported back to q, plus the
boundary error. This is the conditional-expectation form of a backward equation, as in Fy=1EFr)
for the force (Theorem 7.3 of Lecture /); here the source is the defect.

15.2 Three contributions

Split Z = Z'+ ZP + Z according to the terminal term and the two parts of the source. We estimate
each in the scalar manner: norms of the propagator times norms of the source.

Bounded fields. By (B),

1225 [ La% CX P as=2LaON 5 [T 2 e <000
q qx

This is where the two correction steps of Lecture 6 are used: with one step the source would be
O(s72) and the first integral would diverge logarithmically.
Boundary. q”Z(;HQ < Lo IEq ||TZTH2; so, with 5N,T,p:: ”TZTHEQP(]P;LQ)f

| P
5 [z
qx

L%/O" _3/2 213
<= q~°'*dq N, T,p=—75 IN.T,p-
LP(P) A qx ? A 1/2 !

At fized N, én 7,p—0 as T— o0 (Lemma 16.1).

Large fields. Let A':= qus7/ 2|16L(Y5)||3ds S CN* [s73/2||t]|8< CN3 Jr by (B). By Cauchy-Schwarz
mn s,

1 Lo . Lo( [ 32, \"/? 1\1/2
||Zq||2\7 E, 5||bs\|2d3<7 s—%/%ds E,[(A)7],
q q

so that, by Jensen’s inequality, || Z}|3 <2 L3 ¢=%/% B, A. Integrating, and using that B, is a
contraction on LP(IP),

1 r 1/2 12
+ [zt

qx

oN

<2L
L» A

> C\?
| gl <S5 1 on

Proposition 15.2. (Backward feedback) At every cutoff,

|Erllr <O g %2+ CAT g 2 oy i+ C N2 g7 I, (15.3)
with C independent of N, T and p.

Proof. || Z|2<3(|ZY]2+ | Z°)|2+ || Z'|?) and the three estimates above. O
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15.3 Closing the loop

Theorem 15.3. (Cutoff-uniform energy estimate) There is q., depending on X\, such
that for every N, T and p>1,

|Er|lLe+ || J7|lee < Cx (14 p° + 0N, 7,p)- (15.4)

Proof. Let x=|Er|, and y=|Jr||p. By Propositions 14.5 and 15.2,

2
y< Ao (CN3pd+ 1), x<Bo+B1dn,1,p+0 vy, HZC(’I/\,

with Ao, Bo, B1 and the constant in 6 independent of N, T, p, and bounded for all q. beyond
the thresholds already required. Choose q. such that also Ag 0 < % Then y < Ag (C N2 p® + By +
B1dnT,p) +%y. Since y < oo by Lemma 13.1, it can be absorbed, and x follows. O

The structure of the argument is the point:

J<C(G+E)
large-field action |7 backward energy Et

(forward, pathwise) (backward, in LF)
E<B+SY)

The smallness is in the feedback, A\?/q., not in the coupling of either equation, and it is
independent of the moment order, so a single g, closes the loop for every p. The growth p° is then
inherited from the tails of the noise, G, and gives stretched exponential moments Eexp {c(Es +
Joo)'/5} < 00 once the boundary term is removed. Note that N/ q. = g2..

15.4 Consequences

The boundary term oy 1,p is removed in Section 16, at each fized N, by letting T — co. Assuming
this for the moment, we obtain

sup||EX ||z +sup | JZ||» < Cx (1 +p°), sup || ZN |3< Crg~/2 (15.5)
N N N

The second bound follows from the representation formula on [q,00): the three contributions are,
up to the factor 3, O(q=3), 0 and, by the computation above, 2 L3 g %?E Al So the approzimate
forecast differs from the exact one by O(q_5/4) in L?(P; L?) (root mean square), uniformly in
the lattice. Since ||Hy|| < C/q, the coupling term H, Z, in the forward equation is O(q % in
L2(IP; L?), integrable in q: the forward equation is, up to an integrable drift, the explicit SDE
dY =b(Y)dg+ H(Y)dW. The same computation holds along the path. At T = oo the boundary
part vanishes (Lemma 16.1) and, with A' now integrated up to oo (it has all moments, since
A<KCNTy), ¢ Z,13<3(C N q*_l/erQLg E,AY). Since E, A is a martingale, Doob’s inequality
gives, for p>2,

sup ¢°/%| Z,113
q=q«

<Cx(1+p°). (15.6)
LP(P)

FEzxercises

Ezercise 15.1. (The scalar backward estimate) On one site, with Hy(y) = (¢ +Ay?) ™!, show that

s 5 AY2 s
Pq,s =—ex —/ — 4 __du |<=.
T Ty p( . u(u—Q—)\Yf) > q

In which sense do large fields make the backward equation more contractive? Redo the three estimates of
Section 15 on one site.

Ezxercise 15.2. (Absorption needs finiteness) Give an example of nonnegative numbers x,y (possibly
infinite) with y<1l+z, z<1+ % y and y=oco0. Where is Lemma 13.1 used in the proof of Theorem 15.39
Ezercise 15.3. (Moment growth) From ||Eo + Joo|lp < C (1 + p®) for all p>1, deduce Eexp {c (Eoo +
Joo) /®} < 00 for small c.
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Removing the cutoffs

Sections 15-15 proved (15.4) at every lattice cutoff N and every upper scale T. Three things
TEMaIn.

i. Show that the boundary term vanishes: TZp— 0 as T — oo at fived N (Section 16).
it. Turn the uniform energy bounds into tightness of the measures (Section 17).

wi. Identify the limit: the deterministic coefficients; then, from the restarted flow, the limit as
an explicit density over an explicit flow, along the whole sequence; then the equations, read
off by Girsanov’s theorem (Section 18).

16 The boundary at infinite resolution

16.1 The boundary lemma

At a fized lattice, the terminal resolution is ¢ =00, and the field at resolution g, ®,, converges to
the terminal field ®o. The approzimate force fq was built to converge to the bare force: pg— un,
©,— 0, and the nonlinear corrections were integrated from q=o00, so that they vanish there. This
s the boundary condition of the backward equation.

Lemma 16.1. (Boundary lemma) At fized N, for every p<oo, as ¢— 00,

1% = Boclloo@imn + 10 Zalorwimg <Cxp g /% hence  dnzp<Cn, T~ (16.1)

The constants depend on N; this is not a uniform estimate.

Proof. All norms on Hy are equivalent, and we do not track the dependence on N.

The field at resolution ¢. By (10.7), ®q=(q — qo) Cq Poc + Cy Bq—¢q,, and (¢ — qo) Cq— I =
~CyKq=0(q7"), Cq By—gollzr= O(q_1/2). S0 [|@g — PoollLr < Cn,p g2

The approximate forecast. Global coercivity gives ||Y;|| < C||Ky®qll/ g, bounded in every LP
uniformly in q. The coordinate equation ®,=Y,+ CyF,(Y,) and the bounds |u,| < Ch, [|Og]lrow =
ON(q_l/Q) and ||17q(y)||oo < CS4(€([13])||yH§O <C X2 q_1/2||y|\2O (Taylor from the four-leg vertex, since
the low jet vanishes) show that F,(Yy) is bounded in LP, so ||Y; — ®4|lL» = O(q~!). Moreover
|tg — pn|=On(q™1), and therefore

1Y) = D Var(@oo)l|Le < Cn a2 (16.2)

Thus the explicit force at the approximate forecast converges to the bare force at the terminal field.
The error. Subtract the approzimate coordinate equation K,®q=K,Y,+ F,(Y;) from the exact
one ((10.6) and Proposition 10.4(b)), Kq®q=Kqq+Eq[D VN (Poo)]:

qZq=qCqy [}_—q(Yq) —E; D Vy(Peo)]- (16.3)

Let G=DVy(®s) and Gy = D V(®,), which is Fy-measurable. Then |E,G — G| < ||Eq (G —
G|l + |G~ Glrr <2||G = GY||Lr = O(q™1/?), by the cubic Lipschitz bound for D Vy and the
first step. With (16.2) and ||gCql| <1 this proves the claim. O

The proof uses no estimate uniform in N, and no concentration of the posterior: only that the
Polchinski process @4, which is Fy-measurable, converges to the hidden field. In Lecture j language,
the forecast and the field at resolution q have the same limit at infinite resolution, and the force Fy=
K, (g — ®4) converges to the bare force —D V(®Ps) (Ezercise 16.1; recall Fyg=1E,[—D Vy(Pso)]
by (10.6), so this is the conditional-expectation step of the proof).

16.2 UV stability

Now let T — 0o at fized N in (15.4): the paths and the law vy do not depend on T, Er and Jr
increase to Eo and Jo, and én 7.p— 0 by Lemma 16.1. Only then take the supremum over N.
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Theorem 16.2. (UV stability) For q. large enough, depending on A,

sup([|EX||ce + | TZ|ler) SCA (1 +p%),  swpE[|Z[IB< Crg™?, (16.4)
and N N
sup E exp {c (EX 4+ JX¥)1/%} < 00
N
for small ¢> 0.

Proof. Monotone convergence in (15.4), then the representation formula (15.2) on [q,00), whose
terminal term vanishes by Lemma 16.1. The exponential moment follows from the polynomial
growth by Markov’s inequality with p= R'/®. O

16.3 Restarted laws

The coordinate is Lipschitz for the uniform norm, by the mazimum principle.

Lemma 16.3. (Lipschitz coordinate) Uniformly in N, ||ys(z) — ys(z')]lco < 3|z — 2'||0o for
82 ¢« and with the constant 6 for s < q.. So the drift in (18.4) is Lipschitz on L with constant
7/s.

Proof. Withé=y—y', h=x—1', a=38+ 0s(y) — 0s(vy’), (12.5) gives Ks(a—h) —i—%(y?’— (y")?)=0.
At a positive mazimum of a —h, Ks(a —h) > s(a —h) >0, so y> < (y')? there, i.e. 6 <0 and
a—h<|o0s(y) — 0s(y)loo + [|P]|oo; stmilarly at a negative minimum. Since os is £5-Lipschitz on
L, [|6]loo <2||h]lco + 25 ||0]|c0- For s < g« use (12.7) and ||Cq, K| oo—o00 < 2. Finally ||Cslloo—o0o=
1/s. O

The estimates above use the start of the flow only through the noise. So they hold, with the

changes below, for the flow restarted from any field at any scale, and these estimates are the input of

Section 18.2. Let e*V‘l(””):IEe_VN(r+fqmcsdm), and define the exact force Fy=—DV,, and let P9*
be the exact flow conditioned on ®,=z, d®=—C2DV,(®)ds+CsdW. Fiz N, ¢= qo and = € Hy,
R=|z||so. By the Markov property of the flow, P9* is the law of ®;=Cy(Kya+ (t—q)®+B{_,),
t > q, where B’ is a Brownian motion independent of <i>, and ® has the law

vIorl(dz) oc eXp<<Zv Kqx) - %(z, Kqz) - VN(Z)> dz. (16.5)

Note that V199 =y, s0 P90 js the flow itself. The posterior given ®; is o<exp(<z,Kt<I>t> —%{z,
Kz) — VN(z)) dz, the same function of ®; as for vn. So Yr=my(Py), and Vi, Ze =1 —Y; and
the system (1) are unchanged, with the same coefficients and with Y, = y,(z), [|Ygllcc <6R by
Lemma 16.3. Let wy=K;®y — (t — q)vy = Kgz +E¢B;_,, (¢=Cos. Then

Cr=di+ P, dy=CiKqz, C?:CtIEtBé—(r (16.6)

Here CyKy=1—(t —q)Cy and (t — q¢)Cy has a positive kernel of total mass at most 1, so ||di||co <
2R. By conditional Jensen, ¢V satisfies Lemma 15.2, with (t — q)as(t) < C\/t. With the field
Vi=Ye+ 0:(Yy) — G of (13.4) (not the potential Vi(x), always written with its argument), the
computation of (13.5) with qo replaced by q gives the field equation

KVict 358 = (t = (G = oY) + Z0). (16.7)

It has the form of (13.5), with mass K;>0 and 0<t— q<t, and it holds for t > q. also when
q < g, as 1t uses only K= K,+t— q and the coordinate equation at t.

Proposition 16.4. (Restarted UV stability) Let ¢ =max(q, q.). With energies on [¢¥,00)
and E,J as in (15.7), for p=1, with C independent of N, q,x,p,

| Ess|lLr(paey + [ ool Lopa.=y < C(1 + p° + p*RY), (16.8)

E®7|| Z,|3< C(14 R%s™ /2, E®*||Y,||3<C(1+ RO (R2+5?), s>q". (16.9)
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Below the auxiliary scale, if ¢ < q«, forp>1,

sup BO(||9s]|2” + %122 + 11 Z]127) < Cp, e (16.10)

q<s< gy

Proof. Forward. Proposition 1/.3 applies pathwise to (16.7): its proof uses only a nonnegative
mass, a right-side coefficient t — q € [0, ], the positivity of (w3, K,V') and the bounds on o. So
Jr < C(Gr+ Er) with Gp built on &= Ctl\Ct\>m/32~

The noise. Let qr=(128)?A\R?, so that 2R<r;/64 for t > qr. For sucht, |(|>r;/32 forces
[¢°) > 71 /64 and |¢| <2[¢°, and the proof of (14.5) applies to C° with this threshold. For q<t<qgr
use ||§t\|§ <C(RI+ ||§?||§) and ||||§?||§||Lp< Cp?/t3/%. Then the part of G on [q", qr) has LP norm
at most

qrR
c/ (- 2(RA+ pt) + \t=3/2(RO 4 p%3/2)) dt < Cp*(1 + RY),
qv

the constant depending on \. So ||Grl|, < C(p®+ p*RY).

Backward and closure. Lemma 13.1 holds as v!9%) has all moments. Lemma 15.1 and
Proposition 15.2 hold on [q",T], as they use only the propagator (15.1), the deterministic bounds
(B) on bP, bl and the conditional expectations; the feedback coefficient is C\?/q" < CA*/q.. No
initial value of Y at qV is used. So Theorem 15.3 holds with dr,, computed under P**. Boundary:
the proof of Lemma 16.1 applies at fized N, with ®;— ® and the coordinate equation K;®,= Ky, +
E:D Vi(®), s0 07, — 0. This proves (16.8). The bound on Z follows from the representation
(15.2) as in (15.5). The bound on Y follows from Ito’s formula for ||Y||3 in the system (1),
with ||Yg]l2 < 3R if ¢ > g« and the moments of Y, below if ¢ < q«, the linear bound on b (Proposi-
tion 12.2), ||H||<C /s and Tr H2<C's~/? ((12.3)). The coupling term needs care: the naive bound
2|Y |12l Z|2C/ s would give the Gronwall factor exp [ Cs~'ds, which is not bounded. Split instead
Yz, HyZs)| < s73/2|| V4|13 + C's~Y/?|| Zy||3: the first part gives the bounded factor exp [s~3/2ds, and
by the bound on Z the second contributes at most C(1+ RS) [ s™3ds < oo.

Below the auziliary scale: the deduction. Let q < q.. By the representation (15.2)
at ¢« and conditional Jensen, ||Zg |2 has all moments. By (14.4) at the scale q., pathwise,
At M8 < C(gell€llE+ MENG+A162N Zal13), and [[Yg,ll2 < 7o, + ltqlls: So ¢q. = Yo, + Z,, has all
moments in L2. As 1 is a martingale, B||vs|37 < E||v,.||5" for s < q., by Jensen. Now Y, =
Yq.(x8) with x5 =Cq K ®s=Cy Kgz + (s — q)Cobs + Co EsBi ;. By Lemma 106.3, ||Ys| 0o < 32| oo
as ¥q.(0) =0, and Cy: L? — L is bounded uniformly in N, while ||Cy.EsB._ | is dominated
in every conver moment by the supremum of a Gaussian field at the fixed scale q., by condi-
tional Jensen as in Lemma 13.2. This bounds IEHYS||§§ Then Zs=1s—Y;. This proves (16.10). O

Fzxercises

Ezxercise 16.1. (The force at infinite resolution) Show that, at fivzed N, Fy= Ky (g — Pq) = —D VN (Poo)
in every LP, and that Fy= K, Z;— .7:'4(1/(1). Interpret the last identity: the force observable of Lecture 4 is the
explicit force at the approximate forecast, corrected by Ky Z,.

Ezercise 16.2. (Why the stronger boundary) Using the bound on the boundary term in the proof of
Proposition 15.2, explain why Zp — 0 alone would not make it vanish, and why the rate ||T Zr| =o(1) of
Lemma 16.1 is what is needed.

17 Tightness and tails

17.1 One Hilbert space

To compare lattices, partition T3 into cubic cells O, of side N1 centred at x € Ay, and let

(iwu)(2)=u(x) (z€0,),  (inf)() =N / £ Py,
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uv: Hy — H = L?(T3) is an isometry, jn =k, and Py—1 strongly. Fields are embedded by 1y, oper-
ators by tn - jn. The embedded innovation has covariance Py; in the limit it becomes a cylindrical
Brownian motion on H, obtained as the limit of the lattice innovations.

17.2 Spatial suprema by a maximum principle

The energy bounds control L* and LS norms of large fields. Spatial suprema at finite resolution
come from the L coercivity of Proposition 14.4.

Lemma 17.1. (Supremum after closure) Let Y =sup,>,.q /2 (log (24 ¢)) /|| Ys||oe and
Z:supq>q*q5/4||Zq||2. For q. large, with N the supremum of the noise of Lemma 14.5,

YSCA+N+2Z),  [Ner<Cyp, 122 <Cr(1+p°), (17.1)

uniformly in N.

Proof. By the definitions, ||(ylloo < ¢'/* (log (24 ¢))Y/2 N and q||Z,||2 < ¢ V/* Z. Inserting these
in (14.6), the first term gives A=*/3 ¢°/12 (log (2 + q))"/S N'V/3, and the others are of lower order.
The bound on Z is (15.6), whose boundary term vanishes by Lemma 106.1. O

Any exponent below % keeps Y below the threshold rq at large q. The exponent 5/12 comes from

the cube alone. The memory form of Exercise 13.3, with a weight in q absorbing the memory, gives

every exponent above L at the price of that absorption.

4}

At the terminal resolution there is no such bound: ®. 1s a distribution.

What the pointwise bound gives, and what it does not. The L*>° bound cannot replace
Proposition 14.3 in the loop: it is linear in q||Zy||2, so its sizth power is not controlled by the
energy E, while the test with w® gives a bound quadratic in Z. Once the loop has closed it does give
more. Almost surely ||Y;||co < 74 past a random scale, so large fields occur only at finitely many
dyadic scales, and Dy(Y;) is then the bounded-field defect alone. Suprema over finite intervals of
scales > q. have all moments uniformly in N, which is the boundedness part of the hypothesis of
Section 18.1 along the exact flow, though Section 18.1 does not need it, as it passes through the
explicit flow. The same mazimum principle, in the form of Lemma 16.3, gives the estimate below
g« tn Proposition 16.4.

17.83 The terminal field

The approximate forecast converges at infinite resolution in negative Sobolev spaces, uniformly in N

(to the same limit as the forecast 1). The martingale part of Y has bracket fHQ, and the positive
inequality Hq2 < % Cy gives

0o o0 2\—s 1
A2 2 e < INCOHED) o oG- Lo 38
J, W=t sag<e [ TS R ds e @ gy )

where q+ c|k|? bounds the lattice symbol from below (aliases of the cell embedding only increase
the frequency). The drifts are integrable at infinity in H: the bounded-field drift is O(q_5/2), the
large-field drift is controlled by fq7/2||bl||2 < CN Js and Cauchy-Schwarz, and [ ||Hy Z4||dg <
Clqa Y2z, < C'/\l/zECIX{?. More precisely, the squared drift tails beyond Q are O(Q~3) (bounded-

1
field), O(Q™%/?) N J (large-field) and O(Q™3/?) X\ Eo, (the H Z term), all at most Q_(S_5) for
s < % By Doob’s inequality, for %< s < %,

1
supE sup ||V — YolF-.<C. Q2. (17.3)
N t2Q

Letting t — 0o at fixed N (Lemma 16.1) this holds with Y; replaced by ® .
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The field at the lower scale. As in the proof of Proposition 16.4, ||Y,.|l2 has all moments,
uniformly in N. So supyE[in®N||% - < oo for %< s’ < %, and these spaces embed compactly in
H™? for s>s’:

Corollary 17.2. (Tightness of the lattice measures) For every s >% the embedded laws

vyouy' are tight in H=5(T?), and supy E |y @Y ||E—. < 0o for every p.

For the moments: the drift integrals have all moments by (16.4), and the H~° martingale has
a deterministic bracket bound by (17.2) at Q = q., the field at the lower scale has all moments by
the paragraph above, so the Burkholder—Davis—Gundy inequality gives all moments.

The threshold s >% is that of the free field in d=3: the interacting field is no rougher than the
Gaussian one. At every finite resolution its part V is smoother (H*).

17.4 Exponential moments

Theorem 16.2 gives only stretched exponential moments of the energies. Hairer and Steele [ HSt22]
showed that the measure has quartic exponential tails, as its formal density suggests, by tilting it
and using a priori bounds for the tilted dynamics. Here is a proof in the language of this lecture,
through linear sources: the filter is available for every prior, and the noise bound does not depend
on the prior.

Let f € Hy, h€R, and let v oce™ Py, which has all moments at fivred N. Let ®, be the
Polchinski process with terminal law ¥, i.e. the bridge (10.7) built on e~ K,®,=(q— qo)&) +
By g0, and ¥y =E,®. Keep the force, and shift the field in the coordinate equation:

KqYle'i_fq(Y;]):Kq(I)q'i‘hfa Zq:d;q_}/(r (17.4)

Proposition 17.3. (The source changes the field equation, not the system) For ¢ > q.:
the pair (Y, Z) solves (1) with the same b, H; TZ1— 0 in every L at fixred N; the field equation
(13.5) holds with the extra term h f on the right side. If ¢1 > q. and qf/22 TON2|h || £ lloo, then
the conclusion of Theorem 16.2 holds on [q1,00), with constants independent of N, h, f, q1.

Proof. This is the flow restarted at (qo, ) with = h Cyf: then V%% =y and K, &, + h f =
Koz + (¢ — L + By_q,- So the system and the boundary are as in Section 16.3; the extra term
in the field equation is (g — qo)dg+ Kqodg=h f with dg=h Cyf. Since ||dg|loo < ||| flloo/ g <7q/64
forq>=q1, as 64 <70, the proof of Proposition 16.4 applies with no range below the threshold. The
backward estimate and the closure only improve with q;. O

There is also an exact identity with no cube and no derivative. As wg=K;®q—(q— )y and
K,®,=(q—qo)®+ By_q, (herew is the unshifted noise, wg=1Eq[By— 4] ), for every prior and ¢> qo,

— BQ*QO

b =Y, + Z,+ 1 (17.5)
qd—do

Theorem 17.4. (Quartic tails) Let || fll.=flli+ |fll2+ || flleo. There are 3,C independent
of N and f such that

E[(@Z, AISCI Sl Eexp(B{@X, f)*/IIfII7) < C. (17.6)

Consequently, supyEexp(S3,|in®L||5-0) < oo for p >%. The same bounds hold for the limit, by
Theorem 18.5.

Proof. Let || f|l.=1 and g =max (q.,2qo+ 1, (TOX/?|h])2/3). Put X =(®, f). By (17.5), |Y|<rq+
ltq| and g —qo>q/2,

2
[ X[ <7l Flln+ lltqllell fllo/5 + 1| Zgllall £ 12 +E|<wq = By )|
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Average over [qn, 2qp]. By Proposition 17.3, EJo < C on [gn, o0); since
)\(Qqh)_?’/quth" It,18dq < Joo, Hélder’s inequality gives the average of Bl|ty|ls at most C(q}bm/
M6, Also || Z,|la< Cq~5/4, and the last term has expectation at most Cq~/? by Lemma 13.2.
So B|X| < Cry + C <O+ |R)Y3. With L(h) =logEe"®=f) we have L'(h) =EX at fired
N, so L(h) < C(|h|+|h|*?), and Chernoff’s inequality gives P(|(®oo, f)| > R) < 2¢~B" for R>R,.

For the norm, take a real Fourier basis fi, and wiy=(1+ |k|?) =P, with W =3 wi, < o0o. As {inep,
fey = (o, infr) and ||jnfrll« < C, the bound applies to z = (iNPoo, fi). Cauchy—-Schwarz gives
(3> wrzd)? < WY wizit, and Jensen’s inequality concludes. O

The scale g, ~ |h|?/® is where the cube at its threshold, grq, dominates the source; it plays the
role of the time in coming down from infinity. On one site L(h) N%(/\/3)71/3h4/3, so the powers
are sharp there. The moments with p >% are at a regularity far from the free threshold. At the

threshold we have the Gaussian order, by a quadratic tilt.

Theorem 17.5. (Gaussian tails at the free threshold) For s >% there is (s >0 with
supnEexp( s |ev @ |7 ) < oo

Proof. Let %< s <%, Wz%”wgo”?{fs, v oceWuy, with no shift. As in the proof of Lemma 16.1,
with Vyy — W in place of Vi, (16.3) gives TZr— DW (®) at fized N, with | DW ||2< B|tve||g-s- Let
r=|un®||%-. <co. Then (15.4) withp=1 gives B(Eo+ Joo) <C(14 32x), and the argument for
the field at the lower scale gives B||Y,,|3<C(1+ 3%x). Integrating the forward equation on [qs, o),
with (17.2) for the martingale and Cauchy-Schwarz in q for the drifts, v < Cs(1+ 5%2). So < 2C,
for small B. Thus v(A) 2% for the ball A of radius K, K2=A4C,, in H=*. Since v(A) < Z~1ePK*/2
this bounds Z =TFEeV < 2ePK?/2, O

FEzxercises

Ezercise 17.1. (One site: the sharp threshold) On one site, with 1/o<exp(—1—>‘2x‘1 — %:ﬂ), show that

Eexp(%:c‘l) is finite if and only if B < \. Compute L(h) asymptotically and compare with Theorem 17.4.

Ezercise 17.2. (The shift) Show directly on one site that ‘I(d:'q — yq) — h if yq solves qy + % y2=q ®y, and
that q Zqg— 0 with (17.4). Why does a quartic tilt have no such shift, and which power of the field does its
boundary term produce?

Ezercise 17.3. (Moment growth and determinacy) Deduce Carleman’s condition for (®, f) from The-
orem 17.4. Why does the theorem exclude a nondegenerate Gaussian law for (®, f)?

Ezxercise 17.4. (Regularity at finite resolution) On I =|q., Q], test K4 V;=(q — q0)({q — 0q(Yg) + Z4) —
%qu’ with Vg, and show from the energy bounds that supnE [; [VallF dg < oo. In which sense is the field at

finite resolution smoother than the free field?

18 Identifying the limait

18.1 The deterministic coefficients

The coefficients M}, Egj]’N, HN(y), b (y) are constructed at each lattice. Their uniform bounds
(Proposition 11.2) do not by themselves identify a limit: a weakly convergent vertex cannot in
general be contracted against a varying covariance. The three tools are:

e  Weak vertex measures. Derivative kernels with bounded rooted norms are signed measures
with bounded mass; they converge weakly along subsequences, and the centred kernel ©q
converges in a weak topology controlled by its first moment. The limiting scalar mass solves
the same scalar fired-point problem, whose solution is unique in its ball, and the centred
kernels are explicit outputs of the iteration; so the whole sequence converges.
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e Compact sandwich. If Gy — G in Hilbert—Schmidt norm, and By are symmetric, uniformly
bounded and converge weakly to B, with supy ||GNBy|| <0 <1 and |GB| <6, then (I +
GNBN) PGy — (I +GB)~LG in Hilbert-Schmidt norm. The free resolvent is the compact
factor that turns weak convergence of the derivative of the force into strong convergence of
the response.

e Contraction against a moving covariance. The rows of the inverses are Holder (any exponent
a <%); with the Hilbert—Schmidt convergence given by the sandwich, the squared kernels

(HqN)2 converge uniformly to a continuous kernel. Weakly convergent vertices of bounded
variation can therefore be contracted against them, and the loop steps of the recursion pass
to the limit.

With these, if YN — Y, uniformly on T® for almost every q € I, with sup; ||YV || bounded, in
probability, then HY (Y,N) — Hy(Y,) and b (Y,N) — by(Yy) in L*(I;HS) and L*(I; H), in probability.
By the resolvent identity HN = (I — HNDFN)CY, for bounded y, HN is small in Hilbert-Schmidt
norm on high modes, uniformly in N; so the Fourier projection and jy give the same limit, and
fILNHN(YN) dWN—>fIH(Y) dW in H, in probability, when W is the projection of W, and the
processes are adapted to a filtration for which W is a Brownian motion. For q < q. this holds with
the frozen coefficients, as U in (12.8) is the loop part of the defect, and Y is continuous across q.
although b jumps.

18.2 The exact flow as a controlled explicit flow

Compactness would give limit points, and nothing in the FBSDE selects among them. A change of
measure does better, following the idea of Gubinelli and Meyer for sine-Gordon [ GM2/]: the exact
flow is an explicit flow with control Z, and that control has finite relative entropy.

Let y = y,(z) solve Ky + Fy(y) = Ky, let fy(x) = K (y —x) be the explicit force in the field
variable, and recall the exact force Fy=—D V, of Section 16.3. Differentiating the coordinate
equation in q and x gives the Burgers equation with a source,

Ouf + %Ctrch%? + Df[Cqu] =—K.H;Dyoy. (18.1)

Up to here we have needed only forces. To compare the laws of the two flows we need, for the
first time, a scalar. Since DF is symmetric, F is a gradient, and so are f, and the defect D, (as
5CtrgD?F = —-DTr H). Let

eqly) = / (Dy(ry)yydr, Vi) = - / (Fura), ) dr, (18.2)

so that D e, =D,, DV,=—f,, €,(0)=V,(0)=0. Then (18.1), together with Dy = H,K,, is the
gradient of

o, 1 o1 > 1
0V + 5T (CiD*V) =S [|CDV [F=eqoy+c(q),  e(q) =5Tr(Cy— Hy(0)), (18.3)

where the constant is read off at x=0, as D*V(0) = K, — K,H,(0)K,. Here V is the value function
of the explicit flow, in the sense of Section 8.5 of Lecture /, and e is its running cost. This is the
only place where a potential enters, and it is unavoidable: Girsanov alone gives a density in terms
of the unknown Z, and only the identity D= D e makes it explicit.

So V solves the Polchinski equation up to its defect. Since C2DVy(x)=Cy(x — ys()), the explicit
flow R®* from x at scale q is

de=—-Ci(r —ys(z))ds+ CsdW, z4=zx. (18.4)
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Its coordinate Y = ys(x5) solves dY =b(Y)ds+H(Y)dW, b=—HD: indeed d(K,x)=Y ds+ dW,
and one applies Ité’s formula to KSY—|—.7?S(Y) = Kgx. It contains no Z. All this holds for all ¢ > qo;
below g, the defect is (12.8).

Lemma 18.1. (The defect on all fields) Let m, be the pointwise projection on [—rs,rs]. For
all y and s> q.,

les(y)| < CNs ™3| may 1§+ OX's ~||may |3+ CA%s ™72 ts(y) 6. (18.5)

Proof. On the ball Ds=DY, so |es(msy)| < ONs 73| msy |1+ CA*s 2| msy ||3 by the primitive formula
and (11.14): the quartic term comes from the cubic part of the defect, the quadratic one from its
centred linear part, as %|<y, Esy)| < %HSSCHmWHyH% With zg =7y + 0(y — msy), es(y) — es(msy) =
f01 (Ds(z0), y — msy) db, and y — w5y is supported on the set A where |y|>rs, with norm at most
[tsllo. Write Dy(2) = Dkis(2) D2(ks2) +Ds(2). Then | D0 <Sa(D°)(276)3 )6+ || ES | row2rs <O/ 2573/2
and |A|Y2 <rt|ts|la, so the first term contributes at most CA*s2||ts||3. By the term-by-term
bounds behind Proposition 12.2 (the four groups of Section 12.3 of Lecture 6, proved in Section 21.3
of the Supplement), which bound ®© before multiplication by H (the bound stated for b'= —HD
would not suffice, as H~" is unbounded), ||Ds(2)||l2< Cgs([|ts(2)||2+75 H|122xs(2)||2) s since |z0] <|y|
and zg has size above 75 only on A, the second term contributes at most Cgs(||ts||3+75 " ||tsl13]ts]l2).
On the support of ts we have |ts| =15, so ||ts]2 Sr;2\|ts||% and ||ts||421<7“;1||ts||%. All these are
at most C gers *||t]|8 = CN3s=5/2|t,)|8. O

With A=V —V (A is not the Laplacian in this section), Cn(q) :fqooc(s)ds and An(q,x) =
Vy(x) = Vy(z) — Cn(q), subtracting (18.3) from the Polchinski equation gives

8SA+%Tr(CED2A) —(C2DV,, DA) _%||CSDA||%+65 o s + () =0. (18.6)
This is a Hamilton—-Jacobi-Bellman equation with the control u, added as a drift Csus to the
explicit flow, dY =(b(Y)+ H(Y )u)ds+ H(Y)dW, and running cost e+ c+ %||u||2, with optimal
feedback u*=—CsDA,. Moreover —CsDAy=Cy(Fy— fs)=Z, since F=K (¢ —x) and f =—DV =
—K(x —y). So the exact flow is the explicit flow with control Z.

Theorem 18.2. (Density and sandwich) At fized N, P%* and R%? are equivalent on the paths
on [q,00), and

d]Pq’w o0 ax o0
— :eAN(‘LE)eXp(_/ es(Y;)ds>, e—An(g:7) — ER "exp(—/ es(Y;)ds>. (18.7)
dR® q q
Further,
Ent(lpwuam:%/ E27(|Z,|3ds, (18.8)
q
Ax(g, ) = Ent(P1:2[R0:+) + EF*” / es(¥s) ds, (18.9)
q
and so
]E]Pq’x/ es(Ys) ds < An(gq,x) <IERQ'I/ es(Y;) ds. (18.10)
q q

Uniformly in N, for |z]lco <R and T > ¢V,

]E]P”/ les(Y)| ds+]ER”/ leo(Y,)| dis < CpT—1/2. (18.11)
T T
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The integrals over [q, q.], if ¢ < g, are at most Cr. In particular |An(q,z)| < Crg.

Proof. Density on [q,T]. Both are absolutely continuous with respect to the free flow from x,
dé=C,dW. As e~V is harmonic the ﬁrst density is e=VTED+TVa(@) By (18.3) and Ité’s formula

the second is exp(—Vp(&r) + Vo(x —|—f es(ys(&s)) + c(s))ds); it is a true martingale since the
drift is Lipschitz at fized N. So

dpe.x

Mot =qgee

—exp( Aqfa) - Artar) - [ e et as),

[q,T]

Entropy on [q,T]. Under P%* the explicit flow has the extra drift CsZs, so log M = fT (Zs,
d W) 2f 1 Zs||3ds, and EntTf—IEf |Z||3, as the stochastic integral is a true martingale at
fized N. By Proposition 16.4 and ]E||ZSH2<C’RS_5/2, (16.10), supr Entr<Cgr. So Mr is uniformly
integrable under R%%, and P?* < R?* on [q,00) with density Moo =limrMy, and (18.8) holds.

The limit of Mp. Both laws have, at fired N, Tp — o almost surely. Under P27,
xp— @, from ar = COp(Kea + (T — q)® + Bp_,). Under R*, dY =b(Y)ds+ H(Y)dW with
16(Y)]l2 < CAs™3/2||Y ||z and ||H|| < C/s, so sups ||Ya||2 is finite and Y, converges almost surely,
the drift being integrable and the martingale bounded in L?; and x — y= 0s(y) —|—%Csy3:ON(s_l(1 +
lyll2)) — 0. Then Ar(zr) — 0: at fived N the coefficients converge with rates and y — x =
ON(T7Y(||2||oo + |7]12)), 80 Vir— Vi, and Vr— Viy by Gaussian integration, uniformly on bounded
sets. By the bounds below f:o|es(Y;)|ds < oo almost surely under both laws, and c is integrable
at fixed N. So M, = exp(Aq(m) —Cn(q) — fqooe) :eANe_fe, which s positive; hence the equi-
valence and (18.7), the second formula by ERM  =1.

The identity. Take ET of log M, in (18.7): this is (18.9), the integrability coming from
(18.11). The left inequality in (18.10) is Ent>0, the right one Jensen’s inequality in (18.7). So
the exact and explicit potentials are compared using only expectations of the defect and the entropy
of the control.

The expectations. For s < q. use (12.9), so |es(y)| <C||yl13 by ( 18.2): under PT* by (16.10);
under R9® by Ité’s formula for ||Y||3, the bounds (12.9) and ||Yy|l2<6R. So these contribute at
most Cr. For s> q. use Lemma 18.1, |es(y)| < CNs73||my |34+ CX4s~2||msy |3+ CA3s /2|t s(1)]|8.
Under P9%: the third term integrates on [T, 00) to at most CA*’T~1J,. For the first two, with
|7 Y ||$<72||Y |13, both are at most CX*s—2||Y'||3, and ( 16.9) gives a bound CRT /2. Under R%*:
with ;= Y, — Y, by the linear bound ||b(Y)||, <CAs~3/2||Y ||, of Proposition 12.2, valid for every p,
diagH2< C's~ /2 and Ité’s formula, ]EHcsHj <C(s7/*+ (ggvR)?) for j=2,6,12, with C depending
on g« if ¢<qs, by (12.9) on [q, ¢.]; in that case read gq below as g,,, only Cr being claimed.
The first two terms give CAPT —2R* 4+ CA*T ' R2 4+ CX*T—1/2(1 + ggRQT_l/Q). For the third, when
5> qr/C, |ts|8 < Cr. 0|13 as before, giving CAT /2 and terms in g,R of higher decay. When
5s<qr/C, |[t|8 < C(RS + ||s:||8), whose integral with the weight X>s~>/2 on [T, qr/C] is at most
CXNNT3/2RS + (g,R)°T~3/2 +-1og (qr/T)). Since log(qr/T) < CrT /2, thisis (18.11). O

18.3 The limait law

Couple the lattices by common Fourier Gaussians, W being the projection of a cylindrical W on
a fized probability space. The consistency of the fized-scale coefficients of Section 18.1 gives the
following, along b, N — b..

Lemma 18.3. (Consistency) If xny € Hy, = is continuous, and the interpolations .yxn —
uniformly, then for each s, inyly (xn) — ys(x) uniformly, and eXN (yN (zn)) — es(ys(x)).
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Proof. Fory: boundedness by the maximum principle, equicontinuity by Lemma 16.53 and trans-
lation covariance, uniqueness of the coordinate equation among continuous y by testing with the
difference, as y—x € H'. For e: e5(0) =0, so0 es(y fo y)dt. By the consistency of the
coefficients (Theorem 31.2 of the Supplement), DN (¢N) converges weakly in L? at each s for smooth
bounded ¢, and uniformly in N, | DN (y) — DN (2)|2 < C(1+||2]loo) |y — 2|l2+ || % — 22||2). A three-
term approximation extends the weak convergence to uniformly convergent fields, and dominated
convergence in t gives the claim. Moreover |e)(y)| < Cgsllyl|3 by the global linear bound on D
behind Proposition 12.2 (Lemma 21.2 of the Supplement), which dominates on [q,T)]. For s < g
the same applies to U in (12.8), and ||y||3 is continuous; for ys use (12.7) and the convergence of
the kernel of C,, in L*. O

By Lemma 16.3, x=§£ +v with ftzxq+f;Cs dW; and v solving an ODE on C(T?3), uniquely, for
each path £ € C([q,T); L™). So the explicit flow R9® is a continuum strong solution, adapted to W,
for continuous x. By Lemma 18.3 and the continuity of the ODE, if inzy — x uniformly, then along
the coupling sups<r [inel — 24ljoo — 0 almost surely, since Esups<r||ivél — &2, < C,N P by
Kolmogorov interpolation between the covariance difference and the Holder bounds, and Borel-Can-
telli. Testing, (Ys,h) converges as s— oo in L? for h€ L?, uniformly in N, since ||[Hsh|2<Cs™||h|2
and ||b]l2 < CAS_3/2||Y||2 So (Yoo, h) is defined; by (17.2) and the Ité bound on E|Y:|3, Ys
converges also in H™*' >—, in L2(R%%), uniformly in N.

Theorem 18.4. (Limit of the kernels) Let iyzy — x uniformly, x continuous. The densities
(18.7) converge in L* along the coupling, An(q,zn)— A(q,x), and for bounded continuous cylinder
functions O of the terminal field

EP" 1NO( ) —11,0(x): =e Algz) R T[O ~o)exp(— / eS(Y;)ds)}
. ? (18.12)
e~ A7) —[ER® “exp( / es(Ys) ds).
q

The same holds for bounded functionals of the path (xs)s<r and finitely many (@, h;) jointly,
continuous for the uniform norm, and for O(yp) = (p,h), he L?. So A and 11,0(x) are jointly
continuous in (q,) € [qo, 00) x C(T?), also for O={-,h). We write (my(x),h)=1,(-,h)(x), the
limit decoupling field; ||m,(x)||2 < Cgr by Proposition 106.4.

Proof. Let aN:exp( f NNy ds) fv=e4Nay. On [q,T] the integrals converge almost surely
by Lemma 18.3, since the paths are bounded; the tail on [T',00) is small in L' uniformly in N by
(18.11). So aNHa:exp(—fqooe) in probability. By (18.8), (16.9) and (16.10), E fylog fn < Cg,
so (fn) is uniformly integrable by de la Vallée Poussin’s criterion, and |An|<Cgr by Theorem 18.2.
Along any subsequence with Ay — A, fy —e%a in L', so e~ =Ea. Thus the limit is unique and
Ay — A. As (YX h) — (Yoo, h) in probability, L' convergence of fn gives (18.12) for bounded
continuous O and, the paths converging uniformly along the coupling, for the joint functionals.
For (¢, h) use also the uniform second moment of <<i>,h) under PT*N | from the system (1) and
(16.9). Continuity: the limit of IV along every uniformly convergent sequence exists, so the limit
function is continuous in x. If (qn,xn) — (q,x), the flows driven by the same W converge uniformly
on compact scales by Lemma 16.3, quAti" les(Ys)| ds— 0 by the bounds on the defect, and the tails
and the entropy are uniform; the same argument gives joint continuity. O

Theorem 18.5. (The measure) For bounded continuous cylinder O, the whole sequence con-
verges, and with R the explicit flow dY =b(Y)ds+ H(Y)dW on [go,00), Yg =0,

ER[O(Y Je —[es(Ya)d }
/Od”* g e ] (18.13)
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With Vy(0) =0 and pc the Gaussian measure of covariance Cy,, the renormalised free energy
converges:

7[;;es(Y9)d5

—log/e_VN dpc — Cn(qo) — A(qo, 0) = —loglERe (18.14)

Proof. This is Theorem 18.4 at (q,z) = (qo,0), as P is the flow for vy, and Vi, (0) =0,
Vao(0) = —logfe_VN duc. With the tightness of Corollary 17.2 this identifies the limit along the
whole sequence. O

The divergent constant has not disappeared: it is Cn(qo) in (18.14), and it does not enter
(18.13). Exercise 18.9 computes it in the Gaussian case.

18.4 The filtering model and the FBSDE

We now read off the limit FBSDE from the density. Let R=R%Y, P = fIR with fzeA(q"’O)eifq0 5
on the paths of x. Let ® =Y, ®,=1x,, tested with smooth functions, and Fq=0(xs: s < q).

Theorem 18.6. (Construction of ®3) Let \, qo >0, r € R, with the counterterm of The-
orem 11.8 (or gy large and by, v — by, |bs N| éBO/\qi/Q). Under IP:

a) The filtering model. & ~v, and zq= (g — qo)Cq® + CyB;—q, with B a cylindrical
Brownian motion independent of ®.

b) The forecast. The conditional law of ® given Fy is Iy(Py,-). So for smooth h,
(Yg, h): =E[(®, k)| Fg] = (mq(Dy), h), (18.15)
which is a function of x4, and 1, is the conditional mean of the terminal field.

¢) The FBSDE. W= Kz, — fq’iwsds is a cylindrical Brownian motion for (F,). With
Yo =yq(xq), Z=1 —Y, and for ¢ = qo,
4 q
YIIZ/ (bs(Ys) + Hs(Ys) Zs) dSJF/ H(Y;) dW
q0 qo

, (18.16)

q
zq:_/ (bs(m+Hs(mzs)ds+/ =, dW,
q

0 q0

where == Cov—H(Y), 1= [ CovdW with no orthogonal part, and Cov is the condi-
tional covariance,

<COth7 k> :EK(I)’ h><CI), k>|~7:q} - <'(/)q7 h><"/’q’ k> (18.17)

Moreover Yy, = Z,, =0, and E||Z,||3< Cq~%/? for large q.
d) The terminal value. Y;— ® in H™*° in mean square, for every s > %

e) The lattice. Along the whole sequence, in law and jointly with SN : 2N converges

uniformly on compact sets of scales and space, YZZN uniformly in space at each q, (z/JéV,
h), (Zév, h) at each q, the innovations W in C(I; H~?), 19>%, to W. The energies
FE, Joo satisfy the bounds of Theorem 16.2 in the limit.

Proof. (a). By Theorem 18./ at (qo,0), the pair (zN,®Y) under the ezact law converges in law to
(z,®) under P. At each N, thbév —(q— qo)®L. is a Brownian motion independent of ®Y.; test with
Jnh, as iNKgjnh converges in every Sobolev norm. So (B, h) for smooth h are jointly Gaussian,
independent of ®, with covariance (s ANt)(h,k); by density B is a cylindrical Brownian motion,
with paths in H=Y, 9 > % Moreover Fy Co(®, Byir < q—qo), as 2r=(r — qo)Cr® + CrBr— 4.
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(b). Under R the flow is Markov, and by Theorem 18.4 at (t,z,),

t
Dy: =ER[f|Fi] = exp(A(qo,0) — A(t, x4) — / es(Ys) ds), (18.18)
90
and EF[O(®)|F] =ER[fO(®)|F)]/D:=11,0(x). The right side of (18.18) is continuous in t, so
(18.18) holds for all t simultaneously, and D is continuous and positive.

(c): the forward equation. By Lemma 16.3 the flow is a strong solution, and x and W&
determine each other; so F is a Brownian filtration under R. As f >0 has finite entropy, by lower
semicontinuity from Theorem 18.2, martingale representation gives dD = D(Z' dWTR) with ]Elpf
|1Z'||3=2Ent(P|R), and W:=W®— [ Z’ is a P-Brownian motion for F by Girsanov’s theorem.
Under R, the lattice equation dY =b(Y)ds+ H(Y)dWR passes to the limit by Section 18.1, along
the convergence of the coupling at each scale. So under P, dY =(b(Y)+ H(Y)Z')ds+ H(Y)dW,
and d(Kszs) = (Ys+ Z.) ds+ dW;.

The drift is the forecast. By (a), the increments of B after s are independent of ® and
of Fs, so E[(Kxy — Ksxs, h)|Fs] = (t — s)(ts, h) for smooth h. As ¢ is a martingale, (K;zq,
h) —fqi(z/)u, )y du is an F-martingale. So is (Wy, h) = (Kyxq, >—fq(f)<KL+Z7;,h) du, where Y + Z'
is locally in L?(dudP; L?), by (16.9), (16.10) and lower semicontinuity. Their difference is a
continuous martingale of finite variation, null at qg, so it vanishes. With a countable dense set
of h, Y=Yy + Z, for almost every u, almost surely, where 1, =m,(x,) is defined at every scale.
So Z: =1y =Y =m(x) — y(x) is defined at every scale, Z' = Z almost everywhere, and W is the
innovation. Moreover E||vo||3 <liminfyE| ¢ ||3 < oo, by Fatou’s lemma along (e) and the same
bounds, so i is square integrable.

Representation, with no orthogonal part. Let S=(®,h) and M =EF[S|F]. Under R,
N =ER[fS|F] is a Brownian integral, dN = (n, dWR), and M =N /D, so Ité’s formula gives
dM={n/D—-MZ,dWR - Zds)=(n/D—MZ,dW). This defines Covh. Here S € L*(P) by
Theorem 18./ and Fatou’s lemma, so M is a true L*>-martingale and E [ ||Covsh||3ds = VarS.
Summing over an orthonormal basis, Ef | Covs||fs ds = E||1ql|3.

The covariance. For G bounded and Fs-measurable and k smooth, Wy — W tested with k is
(t—s)(D, k) +(Bi—go— Bs—qo0 k) — ft (Yu, k) du, and the term in B is independent of (G,S). So

E[GS(W,— VVS, k)] f E[GS({®, k) — (y, k)] du. By the representation and Ité’s isometry the
left side is f E[G(Covyh, k)] du. On the right, condition on F, D Fs. So the integral over [qo, ]
of the dzﬁ‘erence of the two sides of (18.17) is a continuous martingale of finite variation, hence
null. This is (18.17) for almost every q, almost surely, and Cov is symmetric and nonnegative,
Hilbert—Schmidt almost everywhere.

The rest of (c). The equation for Z is the difference of those for ¢ and Y. At qo, 24,=0: s0
Y,, =0 since F is odd, and Zy,= 10y, =E,®=0. The bound on Z is weak lower semicontinuity from
Theorem 16.2, by (e).

(d). (17.3) passes to the limit by lower semicontinuity.

(e). For the path and ® this is Theorem 18.4; for v =mN(2V) and ZV use continuous
convergence in the same theorem and the uniform bound of Proposition 16.4. Then W/;N:quév —
fqiwévds converges tested, and W is tight in C(I; H~") as a Brownian motion. For the energies,

C=®;— (¢ — q0)Cqpq and V= Cq[(q — q0)¥q — %Yq‘s} converge uniformly, since the rows of the
kernel of C’év converge uniformly in L2, and along the coupling 1/)5\7 = mév(xév) is bounded in L?

and converges weakly. The integrands of E and J are lower semicontinuous in these variables, and
Fatou’s lemma applies. O

Remark 18.7. (Hidden noise) Let B be a real Brownian motion and L} = fo (1+sin(ns)) d Bs.
Then (L™, B) converges in law to (B+27'/?B, B), with B an mdependent Brownian motion: the
integrands converge weakly to 1, but their squares converge weakly to 5. A limiting FBSDE obtained
by compactness could in this way have an extra martingale, orthogonal to the driving noise. A
compactness proof must exclude this by strong compactness of Cov®, for which the compactness
route of Section 32.2 of the Supplement uses the Riccati equation of the conditional covariance
(Ezercise 18.3). Here the density does it: the filtration is Brownian under the reference. What
remains open is whether F is generated by W (Section 18.7).
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18.5 The renormalised field equation

The terminal law satisfies an integration by parts formula in which the renormalised cube appears
only tested in expectation.

Theorem 18.8. (Integration by parts) Let h,hy,..., hy be smooth and G(¢)=g({®, h1),...,{p,

hi)) with g € Cs°(R¥), and let D, G(p) :%G(go—i—ah)‘

o Along the sequence of Theorem 18.6
(recall C' = (m?— An) ™1 with m? = qp),

a=

lngnE[G(LN oY) (uy @£+§<¢£>3,jNh>HN] —E, [DyG(®) — G(D)(®, (qo— A)h)].  (18.19)

Vv —5 {0, Kqyp)

Proof. At fized N, Gaussian integration by parts in the density e gives, with x=®%

and hNZjNh,
E {G (LNm)wa—i—%x?’, hN>] =E [Dpy (Gown)(x)] —E[G (enzx)(x, K¢y hn)]-

Cell averaging commutes with lattice translations, so K, jnh= jn (qo — A%) h with AR the finite-
difference Laplacian acting on smooth functions, which converges to A h in every Sobolev norm.
The right side converges by Corollary 17.2 (weak convergence in H™* and uniform moments), and
the derivative term is a finite sum with converging coefficients (jnh, jnhi) — (h, h;). O

This is the terminal case of the Dyson—Schwinger equation of Theorem 9.1, (9.8) of Lecture 5,
for the limiting theory. It does not say that pun ® +%<I>3 converges as a random distribution: only
its expectation against cylinder functions is identified. This is consistent with the expectation of
Lecture 5 (Remark 9.5) that the limiting force is an observable without a terminal representative; it

is not proved here that no such representative exists. At every finite resolution, on the other hand,
the force is explicit: Fy= K, Zq— Fo(Y,) (Exercises 16.1 and 18.1).

Theorem 18.9. (The field equation in the limit) For the limit of Theorem 18.6, Theorem 9.1
and Corollary 9.4 of Lecture 5 hold at every resolution, with Fy= K (g — ®,), wq = KP4 —
(¢ — q0)%q and Jy=(q — qo)Cq— I. That is, for all smooth h and cylinder G, almost surely as
distributions, and with no renormalisation constant,

Kqo®q= JoFyq+wq, (18.20)
I D50 G(®,) = EIG(®,) (g, 1)) = EIG(@) (@, Kgoh) — (Fy, Jyh), (18.21)

and (F,h),{w,h) are centred martingales, with

(F,, h) :/q<(CovsstI)h, dW,)

0
and Eelwsh) ge(Q*qo)“h”g/?. Moreover:
a) The renormalised cube as an observable. For large q, with the explicit force
<~7:_q(Y;1)a h):=(Kq®q, h) — (Yq, Kh),
1(Fy, ) + (Fo(Yg), h) llLaeey < Ol |lmrag 1%, (18.22)
So (F,h) is the unique martingale asymptotically equivalent to the germ
—(Fo(Ye) ),
in the sense of Lemma 5./ of Lecture 3.

b) Infinite resolution. As ¢q— o,

limg < EIG(B,) (), Jyh)] = By [DyG(®) — G(®)(, (g9 — AR, (18.23)
the right side of (18.19).
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¢) Along the scales. For g€ C°(RF), G = g((®y,, h1), .., ( Py, hk)), ¢: < g,
EY _ 8ig(Joh, hi) = BIG((g, Kgoh) + (Fy(Yy), Jh)] + O(Cligllscllbllzrzg ™), (18.24)

so at every large resolution the renormalised cube closes the hierarchy, up to an error which
vanishes as ¢ — o0.

Proof. The algebra and the integration by parts are those of Lecture 5, since by Theorem 18.6(a),(b),
wq =Eq[Bq—q|, with ®q=J;® + CyB;_q, and B independent of ®. The martingale represent-
ation is = [ CovdW, and the exponential bound is conditional Jensen. For (18.22), Fy=K,Z,—

Fy(Yy), so its left side is at most || Kyh||2(E||Z,||3)*/?, and Theorem 18.6(c) applies. For (18 9?}
by (18.22) with K, J;h=(q — qo)h, replacing —F, by F,(Y,) in (18.21) costs O(q~'/*). Moreover
(By, k) = (g, Jyk) + (g, k) with E((,, k)% < Hk||§/q, and 1y — @ tested in mean square, by the
martingale property. So ®,;— ® tested with smooth functions, and J;h— h in every Sobolev norm.
(18.24) follows from (18.22) with Jyh, as ||Joh|m2 < ||| me- O

This is the renormalised cube: the cube of the forecast with its counterterms, at resolution q. By
(18.23) the two orders of limits, N — oo at the terminal resolution and ¢ — oo after N, give the
same right side. What is not proved is that F'is closed: (18.22) gives no bound on (Fj,h) uniform
m q.

18.6 Uniqueness in law and the variational formula

Along the exact flow the value A= A(t,x+) solves a scalar backward equation, the integrated form of
the vector one and the analogue of (4.13) of Gubinelli-Meyer. Indeed, by (18.18) and dD=D(Z,
dW),

A= [T+ g1z ds+ [z am). (18.25)
t t

Definition 18.10. (Scalar FBSDE) Fiz q > qo and a continuous x. A solution is a filtered
probability space, of law Q, with an Fi-cylindrical Brownian motion W and adapted processes (z,Y,
Z,A), x with paths in C([q,0); C(T?)), with Yi=yi(x1), zg=z, dz=—Cs(z —Y)ds+Cs(Zds+
dW), with EfqooHZﬂgds—i—]Efoo\es )\ ds < oo, satisfying (18.25), A, being deterministic, and

such that Ep = exp(— f (Z,dW) —= ||ZH 5) is a uniformly integrable martingale.

The forward equation here is d(Ksxs) = (Y + Zs) ds + dWj: the forward equation of (18.16).
The limit law is a solution, by the proof of Theorem 18.6, at (q,x) in place of (qo,0): E=D;"is
uniformly integrable under the exact law, closed by dR/dP, and A(t,z¢) —0 as Di— f > 0.

Theorem 18.11. (Uniqueness in law) For every solution, the law of x on paths is the limit of
P?oN A= A(q,x), and Z is the adapted functional of the path of x of the exact solution. So the
terminal law is Iy (x, ).

Proof. Let dQ'=E,dQ. Under Q', W' =W + [ Z is a Brownian motion, and dx=—Cs(x —
Y)ds+ CsdW’. By pathwise uniqueness (Lemma 16.3), © under Q' has law R?*. By (18.25) at
t=q, £ fexp(f (Z,dW)+ 2f 1Z||3) =exp( A, f es(Ys)ds), a functional of the path of x.
So the law of  under @ is e“ee —JeRa: '*and normalisation gives Aq=A(q,x). By Theorem 18./
this is the limit of PT*N. For Z: under @', for the filtration F, W' is a Brownian motion and
x is Markov with respect to F, so the density process on Fy is Dt:IE’[eA“_fq e\}}}, an adapted

functional of the path of x. The drift Z under @Q is determined by the covariation of log D with
W', which is computed from the path of x only, since CsdW' is a differential of x and its drift. O

So if the backward equation is written for the scalar value A, the solution is unique in law.
Its Z is the feedback mg(xs) — ys(xs), and by Theorem 18.6 it coincides with ¥ —Y of (18.16);
differentiability of A in x is not claimed.
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Theorem 18.12. (Renormalised variational formula) For q > qo,  continuous, and O
bounded measurable on paths, under the reference R%7,

_IOgEqu,zefofffes(n)ds _ - [IEQ[O + / (es(Ys) + %Husng) ds”’
q

| Q<R Ent(QRT%) <oo
(18.26)

where, for Q of finite entropy, u is the drift of W under Q added to (18.4) as Csusds, so
that Y solves dY = (b(Y)+ H(Y)u)ds+ H(Y)dW® and Ent(QR%®®) :%IEQf llull3. For
O =0 the unique minimiser is u=Z, and the value is A(q,x). In particular, at (q,z) = (qo,
0), for O a bounded continuous cylinder function of the terminal field,
. > 1
_log/e—O dv=G(0) - G(0), G(O) :mflE[O(YO%) —|—/ (es(Y¥) +§||ué||%)ds . Y=o,
w 90
(18.27)

the infimum being over the laws of finite entropy with respect to R, and G(0) = A(qo,0) is
the renormalised free energy (18.14). The minimiser for O =0 is u=Z. No infinite constant
occurs in G, and there is no initial law to optimise over.

Proof. The Gibbs variational principle: for a probability R and a measurable S with Efe™° < 0o,
for every Q with Ent(Q|R) < 0o, ERS~ < Ent(Q|R) +logERe® ™ ; where e5~ <1+eS. This gives
that ERS is well-defined in (—oco, 0] and ERS + Ent(Q|R) > —logERe ™S, with equality eractly at
dQoce SdR if ER|S| < co there. Apply this with S =0 + fqooe. The integrability ERe~% < 0o is
Theorem 18.4. At the minimiser for O =0, E|S| < oo passes to the limit from (18.11) by Fatou;
for O bounded the same holds as the tilted law has a bounded density with respect to it. Since R%*
is the strong solution driven by W, every Q of finite entropy has a drift u with Ent:%IEQf [|lu]|?
by Follmer’s theorem. At O =0, the minimiser has control Z, by Theorem 18.11 (w=Z is the
Follmer drift of P9%). The equation for Y holds under R%* by the proof of Theorem 18.6, hence
under Q < RI® with dW = dWR4-uds. (18.27) is (18.26) at (qo,0), with (18.13). O

Remark 18.13. (Coercivity as a corollary) (18.26) with O =0 reads, for every control,
E [ (es(Y:") +%||uS||2) ds> A(q,x) > —Cgr. This is the coercivity IEf(es +§HUSH2) ds>—Cg with
constant 0 =1. It has been obtained from the exact solution without any estimate on the controlled
equation. An independent proof with 0 <1, as suggested by the test with Y3 in the memory form,
would give the exponential moments ERe_pfe, p>1, which are not needed here.

Remark 18.14. (Comparison) In the Barashkov—-Gubinelli functional the Lagrangian contains
éHuH2 for a control singular at the cutoff, and renormalisation is a change of variables in the cost,
subtracting the Wick cube of the free field (u= 7%@1/2:)(3: +r in Lecture 4 [BG20]). Here the
reference process carries the renormalisation, the control is the remainder Z, it is in L* uniformly
in N (of size ¢~°/*), and the only interaction left in the cost is the defect e, with E [ |e| small at
large q. The coercivity is used pathwise, the remainder in expectation.

Remark 18.15. (Comparison with sine-Gordon) In [GM2/] the smoothed force and the
defect are bounded uniformly in the field, there is a spatial cut-off, and the same formula follows
from boundedness; (18.25) is the analogue of their (4.13). Here the defect is unbounded. What
replaces the bound is the entropy of the control: UV stability of the restarted laws makes the densities
uniformly integrable, and exponential moments of the defect are not needed. The backward error
alone does not give the result: from a given law at scale q, Girsanov’s theorem reduces the terminal
law to that one, which is the unknown. Only the start at qo, or the restart from a fixed field,
removes it. The limit can also be identified as the invariant measure of the ®3 dynamics [ HSt22,
HMt18, HMal18, HSc22, MW17, MW20, GH21], where quartic tails hold also at H=277 on the
literature’s lattices; we have not used this.
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18.7 What is not proved, and where to go next

e The vector FBSDE and strong solutions. Theorem 18.11 gives uniqueness in law for the
scalar form. A solution of (18.16) alone need not have Z of gradient form. It would suffice
that any solution has a Lipschitz decoupling field, which needs a pointwise bound on Covg(x),
or high-scale contraction with non-degeneracy on compact intervals; only L*(HS) control of
Cov is available. The same bound is what is missing for the Polchinski process to be adapted
to the innovation W: the explicit flow is a strong solution, the exact one is not known to be.
The Allinger—Mitter theorem does not apply: its finite-energy hypothesis is on the signal @,
and ||®||2= o0 here.

e Quartic tails at the free threshold. Theorem 17.} gives quartic moments in H ™" for p > %,

and Theorem 17.5 Gaussian moments for s> % The quartic moment at s near % would
need spatially resolved sources.

e Axioms. Reflection positivity holds at every lattice, for reflections in lattice and mid-lattice
planes (nearest-neighbour action), and passes to v for every reflection in a coordinate plane,
by approximating the plane with lattice planes (standard; Exercise 18.4). Rotation invari-
ance (absent on the torus) and clustering need infinite volume.

e Infinite volume. The force, its Burgers flow, and differences of free energies are intensive
(Section 9.5 of Lecture 5). The estimates of this lecture must then be made local, with weights
in space and constants per unit volume. A new difficulty appears in the backward equation:
its integrand = is a nonlocal operator, and the backward error at a point can receive noise
from arbitrarily far away. Uniform-in-volume coefficient bounds and local energy moments
are themselves open; they could give an infinite-volume Gibbs subsequence. Controlling the
“notise from infinity” (together with local compactness of the blocks of the derivative of the
force) is the main additional step needed to retain the full FBSDE without an orthogonal
martingale.

Summary of the course. The lectures went from the Wightman axioms to the Euclidean
formulation (Lecture 1), to the free field (Lecture 2), to stochastic quantisation and the scale
decomposition (Lecture 3), and to three views of an interacting field, renormalisation, optimal
control and filtering, meeting in the force coordinates (Lecture 4), and to the field equation at every
resolution, whose noise, a conditional expectation of Nelson’s FEuclidean noise, is sub-Gaussian
whatever the interaction (Lecture 5). In Lectures 67 the FBSDE in forecast coordinates, together
with an explicit solution of the force equation up to an integrable defect, gave a construction of ®3
in which every object has a probabilistic meaning: the forecast is a conditional mean, the response is
a conditional covariance, the Brownian motion is an innovation, and UV stability is the statement
that an explicit force predicts the conditional mean up to an error that is small at high resolution.
In the end the exact flow is the explicit flow with control the error, the measure is an explicit density
over the explicit flow, and the renormalised variational problem has that error as its optimal control.

FEzxercises

Ezercise 18.1. (The force observable) Show that (F(;V, jNh) = (wév, Ky jnh) — (VI/;IN, iNh) — fq‘z (N,
jnh)ds. Deduce that, along the sequence of Theorem 18.6, these converge, with uniformly bounded moments,
to (Fg,h)= fq‘i((CovsKS - I_) h,dWs), a martingale for the limiting filtration (note Fg,=0, since vN is even).
(Cross-check: Fy=KqZq— Fq(Yy), with Theorem 16.2, gives a uniform second-moment bound.) Why does this
not give a terminal value Foo ?

Ezercise 18.2. (Hidden noise) Prove the claim of Remark 18.7. In the proof of Theorem 18.6, which step
excludes t?

Ezxercise 18.3. (Riccati and positivity) At fized N, show that the conditional covariance Cov, satisfies
dCovq:—Covgdq + €,[dW,], where ¥ is the third conditional cumulant of ®o (the conditional law is an
exponential family, Proposition 10.4(b) of Lecture 6). For a Gaussian vy = 1€, solve this and check that
Covy=Cy. For a general v, show that TrCovy is a supermartingale, and compare with (18.17).

Ezxercise 18.4. (Reflection positivity) Show that vy is reflection positive for reflections in lattice and
mid-lattice planes (nearest-neighbour Gaussian times a local potential). Deduce reflection positivity of v for
every coordinate plane {x1=a}: take cylinder functions of tests supported in {a <z1<a-+ %} (one of the
two components of the torus minus the fized planes {x1=a} and {x1= a—&—%} of 0,), cell-average them, and
use lattice planes any — a, so that for large N the averaged tests lie on the correct side. Since lattice and mid-
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lattice reflections map cells to cells, Oy jN f = jNOay f, so the reflected tested variables are (i @, 04, f), with
Ouy [ — 04 f in every HS.

Ezercise 18.5. (Dyson—Schwinger by Gaussian integration by parts) (a) At fized N, check that
(18.21) is Theorem 9.1 of Lecture 5 in the profile of Lecture 6, and compare the proofs of Theorem 9.1 and of
Corollary 9.4 (k=1) of Lecture 5: score of the law of ®4 against the filtered noise. (b) For VN =0, write F =0
and check (18.20) directly. (c) Show that (F',h) has bracket [ ||(Covs Ks—1I) h|13ds, and that (18.22) does not
bound it uniformly in q. What would a bound tmply?

Ezercise 18.6. (Negative Sobolev threshold) Verify (17.2), and show that at s:% the bound becomes
Q 'log(2+Q).

Ezercise 18.7. (One site) On one site take Ks=s, F(y) = %y3 + ay independent of s, with s +a >0 on
the range considered, and D Vi = F. Show that Ds(y) = %ﬁ”(y)(s +F(y)) "2 and es(y) +c(s) = %(s‘1 —(s+
F(y))™ Y. Simulate de=—s"1(x — ys(x))ds+s~1dW, and check (18.7) and (18.10) numerically. How small
is the entropy?

Exercise 18.8. (Freezing) In the setting of the previous exercise freeze the force below ¢, and check (18.13)
and (18.14) numerically for several q.. Which quantities change with q., and which do not?

Ezercise 18.9. (Gaussian case) For Wiy = %H(p||2 and Fy= py for ¢ q., show that D=0 above g, and
D= —y below, soe= —%||y|\2. Compute the density (18.7) mode by mode, and show that the constant diverging
with N is carried by Cn.
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