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Where we are

Lecture 4. Interacting field at resolution t = solution of the FBSDE
= [ Q.F.ds+ [ QU2AW,  Fi=E,[-DVr(@p))

In the forecast coordinate ;= E; Pt the forward equation has no drift and
the trees are integrated exactly; the backward half is the force equation.

Lectures 6-7. Construct ®5 on T? with this FBSDE:

1. deterministic renormalisation: an explicit approximate force %, and its
defect (today);

2. a priori estimates for the exact FBSDE in the coordinates of 9/;,1 uniform
in the lattice (Lecture 7);

3. removing the cutoffs and identifying the limit (Lecture 7).

Notes: Lectures 6—7 and the Supplement; Bailleul-Chevyrev-G. (in prep.)



What is proved

For every coupling A >0, every reference mass go>0 and every finite part
r of the counterterm, on a fixed torus, with no smallness, and an explicit
counterterm with arbitrary finite part:

» the whole lattice sequence converges to a measure v, an explicit density
over an explicit SDE;

> the forecasts converge to the solution of an FBSDE from Y, =0, driven
by the limit of the lattice innovations, and VP, =m,(P,);

» uniqueness in law for its scalar form, a variational formula with no infinite
constant, quartic tails, integration by parts.

Not proved: the vector FBSDE alone, strong solutions, OS axioms in full,
infinite volume.

Guiding principle. Do not estimate ® and F. Estimate the error of an explicit
approximate forecast.

The results of Lectures 6-7 are new: joint work with S.-J. Meyer + Al.



The problem and the exact FBSDE

Lecture 6



Lattice and the mass-regulator profile

= (N"17Z/7)3, ff:N‘3 >..f(x), A=Ay nearest neighbour. Resolution
parameter g =qo+t* € [go, ®):

K,=q—4A, C,=K;', C=C,=(q0—1)""
In Lecture 3 notation (T = oo, and Q:Bqu):

Qq—c Cq/ Q CZ/ Q1/2 q/ Sq:Cq/ %q—q qo-

Free resolvents (uniform in N)

C,=0as akemnel, C,1=¢7"1, IC,ll,—,=q7",

ax(q) = (C) (x,x) Sg V*AN’q~%,  TrC=N.

The bubble a,(g) is the coincident-point variance of the shell at resolution g.



The cutoff measure

U(@) =15 ¢, Vw=U+5[ 92 vn(de) = Zi'e™ " @uc(de).
So D?U(y) =Ay* the coupling is the curvature, the same A as in Lecture 4.
The Wick ordering is now part of py.

Reference mass gy >0 (constants €ker A on the torus; r may be negative).
Only g9+ un matters: fix go, vary r.

Main result, informal. Let
i :r—ATrC+%)\2f c?
N 3 :

Then (a) vyw—=vin H™S, s >%, along the whole sequence; (b) the forecasts

converge in law to a solution of a limiting FBSDE; (c) v has a variational
formula, an integration by parts formula and quartic tails.

These come from bounds on the error Z of an approximate forecast, uni-
form in N: UV stability.



The Polchinski process as a filter

By Lecture 4, in the profile S, =C,, #,=q—qo; at fixed N everything is a
theorem. The Polchinski process solves

d®,=C;F,dg+C,dW,, F,=E,[-DVyn(®)], P,=0,

and ®, - O ~vy.

» a noisy observation of its endpoint, P, =(9—q0)C;Pe + C;B,—y,, With B
independent of ®;

» forecast
1|)q = IEqCIDOO = CIDq -+ Cqu = mq(CDq),

covariance Cov,>0;
» W is the innovation: dy,=Cov,dW,;

> noise: w, =K, ®,— (9 —q0)P,;=E,B,_,, sub-Gaussian whatever the inter-
action (L5).



One site

one sample path, A=6, ¢y =1 sizes over 200 paths
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One site, v oce_)‘(P4/12}11/‘7°, A =6, gqo=1. Left: one path of the observation
®, and of the forecast 1, both converging to the hidden ®... Right, over
200 paths: the forecast error ~471/2, the force term ¢, — ®,=C,F,~q", and

the error Z, of the approximate forecast from F :%y3, below the bound
2C. (A /3)1/2373/2 of Theorem 10.12 (see "Integrating the cube" below).



The exact force in the forecast coordinate

Since ®,— 1, is invertible, define %, by
Dy =g+ CF(Py)

and Hex(y) = (K,+D%,(y))~". Itis the F of Lecture 4 (x=9 + SF (})), and
Fa(Pg).

The force equation with a mass regulator

1
aq% + ECtF(H;X)ZDZ% = O, COVq:H;X(qu) .

1t6 on @ =9+ CF (V). Its integrated form is Wetterich's equation, which we
do not need. An identity about the unknown vy, not a construction.

Strategy: an approximate force F gives approximate forecast coordinates;
the error should be driven by the failure of ¥ to solve this equation.



Approximate forecast and error

9517 odd, D% symmetric, K, + DS% > C,l, ¢;>0. Recall p,=E,[P],
Cov,=Var,(®.,),

: 1
H,=(K,+D%F)~Y, P,=0,F,+~ CterD%*, b,=—-H,7,.

Y, +C,F(Y,)=®, Z,=0,—Y, E,=Cov,—H,(Y,).

Exact, at fixed N

dY,=[b,(Y)) +H,(Y)Z, ) dqg+Hy(Y,) dW,, Y, =0

dZ,=—[b,(Y)) +H,(Y)Z,]dg+ E,dW,, Zo=Pu - Y.

Proof: [t6 on the coordinate equation, with the Polchinski process and dC, =
—C7dg: the martingale part gives H, the drift gives HZ +b.



Reading the system

» Y: forward and explicit once Z is known; coefficients b, H built from F .

» Z: backward. The terminal condition gZ,— 0 is proved at fixed N (Lec-
ture 7), because %, — bare force.

» The only source of Z is the drift b, the force defect, transported by exp [
H.

UV stability

The explicit force ¥ computes the forecast up to an error Z which is small
uniformly in N.

Needed: (i) a defect integrable against the backward propagator (renor-
malisation); (ii) global coercivity of F (large fields); (iii) a priori estimates
(Lecture 7).



The structure of the construction

Renormalisation: Clipping: global Exact FBSDE for
seed + 2 corrections, coerc1v1ty, defect —> Y 7) at fixed N
mass path _ b gl (Y, Z) at fixe

Backward
Forward coerc1v1ty representation:
large fields | by < _ energy E by bP,
noise tails +E (L7) boundary, CA 1 (L7)
4 q*

Boundary qZ; — 0 UV stability:
at fixed N (L7)

supy E||Z4*> < Cq~>/2
J: large-field functional, E: energy (both Lecture 7); b°,b": bounded- and large-field parts of the
drift.

Compactness, limit
FBSDE, DS (L7)

]




Why not Polchinski with a frozen cube?

Programme: keep —%cp?’ unclipped, clip the higher orders (result: f), pay in
the source of R=F — f. Test it on one site: K,=¢, S=1/4.

Fy(x) = —%Excbé’g = (my(x) —x), |mg(x)| <2\ /3) 44+ 2(3qlxl /M) 3.

inward force /(qry) remainder /(qr,), log scale

2

— frozen cube 4x3 10 |F, + 443
= exact force F;

6 1 - - integrated cube f, 10!

qx

100 4

bound, Theorem 10.12
]071 e S g

1072 4

1073

x/1g x/1q

So 3R/ (Ax®) = 1: the remainder cancels the cube (the dip: R changes sign,
Wick term below, cube above). Field equation: gx = (g —qo)m,; + w,, only
linear confinement.



The price of clipping

f¢=fi+ € fo, with f1= —%(x3+35x), f> the first tree, x, a smooth clip at x| ~7,,
€ fo=x,"- frox,. For |x|>2r, the Burgers defect is exactly

)\2
fq = Szflfl -~ ?Szx5,

of order (g/\)Y/? at the edge of the clip: not integrable in g.

2
dR,=—[#+S*(f) R, dg+EFdW,, bracketz%52x5 —AS%°R.

e A :
The source and the dissipation cancel for the true R~§x3: separate estim-
ates give nothing.

Tails independent of R: on one site from the posterior moment, but not
uniform on the lattice (negative bare mass).

: .2
More orders do not help: the tree series has radius z7,.



Integrating the cube

Solve the transport part of the flow exactly:

; A A A
Of +5ff' =0, fo=—7x = fiN=—7y, qy+zy’=qx.

A 1
Sup |Fq(x)_fq(x)|<zc*(3_q)l/2/ C:{-<§

> y,(D,) =Y,: this is the forecast coordinate. F,— f,=K,Z,, and Z is the
posterior mean minus the mode.

» The defect is gb,(y): bounded for all fields. The trees are in x — y; the
cube does not flow in y, so only loops are clipped.

» The cube is coercive in y: qy+%y3:q<bq.



Renormalisation: why two of them

Lecture 6



Approximating the exact force

We seek an explicit force with a small defect, not the full solution of the

nonlinear flow.

1
aq%: —§Ctr(H;X)2D2%, quX: (Kg‘FD%)_l

. e . . T . ) A3
At infinite resolution: ¥, =U" +pny, with U’ (y) =3y
1. Insert the bare cube into the response and the vertex: a one-loop seed.
2. Feed each approximation back into the equation: two correction steps.

3. Estimate the remaining defect in the backward equation for Z.

First separate the linear flow: it produces the divergent mass counterterm
and cannot be treated as a small nonlinear error.




Why the linear term must be separated

Insert U’ into the loop, with
G,(y) = (K +Ay*) ~L:
1
—5Ctre:D*U' (y) (x) = =My () Gy(1)*(x, x).
Its linear Taylor coefficient is
—Aap(Qy(x),  ax(g) =Cq(x,x).

In three dimensions a,(g) has continuum size g~%/2: its integral to infinity
diverges. At fixed lattice cutoff it is finite, but grows with N.

This is the tadpole. Further insertions also produce the logarithmic sunset.
Keep the linear flow in a running mass; iterate only the nonlinear remainder.




The projections IT and IT’

For a smooth odd force f, and a translation-invariant operator L= (L) + L°
(constant mode plus centred part):

T1f)(y) = f(y) =DfO)y,  ATf)(y) = f(y) — (D) )y.

» [1f starts at cubic order; IT'f =T1f + (Df(0))°y removes only the scalar
part of the linear jet.

» The divergences (tadpole, sunset) are constant modes. The centred part
of the linear flow is integrable at infinity.

F=U'+My+¢, I1l4=4¢, M=nul+0,

¢ and the centred kernel ®: integrate from oo, by the same finite iteration.
Scalar mass y: solve exactly, fixed at an auxiliary large scale g. (with g,
small).




Scales and power counting

g,=Agq "/*(dimensionless coupling),
r,=(q/N)2(Ar7 = g:nonlinearity~regulator).

Free field at resolution g: free field X,, VarX,(x) <q'/% typical size q'/*=
1/2
8q' 1K1y

Rooted norm of a vertex T(x,...,xx) and field ball:

s(T):maxsupflTlH dx;, Sk(f):sups(Dk—lf), %q:{||y||w<2rq}-
Yoo i B

Natural size of the k-leg vertex of the loop corrections:

Sk<8q 9 rg_k (k=4:Ag,).



The loop estimate

Root one leg of a closed loop and follow the loop: two of its propagators are

estimated in L? (this gives the bubble a,(g)), all the others in operator norm
(each g71).

Loop estimate

A closed loop with p vertices:

s(loop) < Cax(q) g~V ] | s(Ty)

(two propagators in L?, the others in operator norm). After the g integra-
tion a one-loop term is of size g,q77~; every further loop gains a factor g,.




Computing the one-loop seed

Project the bare loop before integrating:

ITI[—Ay ()G, ()2 (x,x) ] = =Ay(x) [ G, (1) *(x,x) —az(q)].

Use 9,G,=—G¢ and 9,C,=—Cz. With zero boundary value at infinity:

) () () = Ay (0) [ Gy () (x, %) — Cylx, 1) ].
The leading term is the bubble:

—)\zy(x)qu(x,z)2y(z)2dz.

Four-leg size: S4(€q[1]) <SA%7Y2=\g,. This is the seed ¢! the superscript
counts loops.



The seed in graphs

N
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—_—
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The seed as one-loop graphs: lines C,, a vertex Ay* with its two external
fields at each corner. The j-th ring has 2j legs and coefficient (—=1)/*1y (2j); D

marks one leg, giving the force. The series sums to a logarithm, with radius
of convergence r,. The quartic ring is the bubble.



Splitting the flow and deriving the iteration

For # =U'+ My + ¢, the loop map
%[M,[]:—%CtrRzDz(U’+£), R= (K, +M,+DU" +¢))~".
Three equations of different nature:
9,0 =115 [M,¢], 9,0=(DT [M,¢](0))°, ou=(DT [M,¢](0)).

Fix a trial scalar path p (determined at the end as a fixed point, "Closing the
mass path"). Level masses Y= u1+ Ol sources 6V =D [M ](O)

zero-field response Rolq:(Kq+Mq ly-1,

gq[f“]:_fooHGJ:[MU],zUJ]ds, @lgf“]:_f &hyeds, j=1,2.
q q

With ¢l9 =0, M9 =0, the case j=0is the seed step without mass, qu[” =
117 [0,0], and ®!11 =0 (the tadpole is local). Output: (¢, @13 [u].



‘ Centre before taking absolute values

A centred kernel ®(z) = ©(0,z) is measured by its first moment v1(®) =
[d(0,2)|©(z)|dz, d the torus distance. For an even kernel, ®1 =0 means

that the diagonal cancels the off-diagonal mass. With (o.f)(x) = f(x +z),
2=0,+0_,—2I,

1
CqG):Ef@(z)é%quZ.
The absolute row norm discards the cancellation. For a lattice step & in

direction e, take

a 2a
®h:E(Uhe+O——he_21)/ Ul(®h) —=4a, ”®h”row:7-

The row norm diverges as h — 0; the first moment stays bounded.

Estimate the signed product C,© first. The quantity needed by the loop is
the kernel after resolvent smoothing, not the absolute mass of © itself.




Smoothing turns cancellation into a moment bound

The resolvent smooths on length scale g71/2:

185Cllrow < Cq~1/%d(0, 2).

Scale check: integrate the heat-kernel translation bound Cd(0,z)t~!/? against
e 'dt.

IC@llow< Cq™2[ d(0,2)|@(2)ldz = Cq~/?01(©).

The iteration (next slides) supplies exactly the compensating moment:
01(@) SN = 72010, SN =gl

A bound by d(0,z)? loses a logarithm; one distance power, with q_l/z, suffices (Lemma 19.3 of
the Supplement).



The small factor in a resolvent comparison

The field-dependent response also receives this cancellation. With V =Ay?
and G= (K, + V)71,

GO=(-GV)C,0, I—GVllw.0<2.

The bounded Neumann series for the full R then gives
o
IROM o~ 00 < Cy, pq=%+q‘1/zv1(5®q)-

Holding the nonlinear correction fixed, dR = —RSMR (R the response at mass
M — 6M) has row norm <p,/q and row L? norm sup, IOR(x, )2 Spgv/a2(q)

A marked propagator gains the relative factor p,: for ®2! in the second
correction, pngg; for two scalar paths, see "Mass differences"” below.




Centring the source removes local terms

Separate the source at level j into tadpole and correction vertex:

. . 1 . .
&)= —ATH(RyPII+E, Eg=—5Ctren 1,7, T,/'=D¢70).

Write E;1 =¢,1. The constant mode contains the whole local contribution:
(611 =-ATr(RIDD +e, (&) =E;—efl

The tadpole cancels; so does any term c,I. Off-diagonal entries stay
unchanged. Since 4(0,0) =0,

01((6 1)) =v1(Eg).

Centring removes the local obstruction. The remaining spatial estimate
must come from the first moment of the nonlinear vertex.




The iteration produces the first-moment bound

Four-leg vertex T of ¢Ul broved below level by level (@12 needs only the bubble
g q P y y
T @bl only T2 at MU =ul):

ST/ + JGou(TV) S A% 72, hence oy(TV) A%~

Keep the distance between the uncontracted legs of Tl since supu,vl(R([)f‘]])z(u,v)l <
~1/2

q
01((8))") =01(Ep) S or (T N7

Integrate with zero boundary value at infinity:

0@ < [ " (&l ds <N

Uniformly in N: 11,(@'?) < ¢2, and one more g for the difference, 1,(0F! - 02) < g3,
with 1,(0) =47 %0, (0).




First correction: insert the seed

Set RUI = (K + MUl + DU' + D¢V -1 and 8[2! = ¢[21 — p[1] Sybtract the bare
loop from the loop containing the seed:

q 2.[ Ctr(R ly2_ GzD U’ +Ctr(R )2D2 []] ds.

Two changes: the propagators and the vertex.
RM_G=-RUu+Delthg, MmU=urL

The insertion (u+D€[1]) /qis O(g,). One extra loop gives
54(5,52]) < L g551/2r5_4ds = 7\351_1 = )\g,?.

All factors inside the integral are evaluated at scale s.



Second correction: insert the first correction

Put 531 = ¢131 _ p[2] Subtract the first two Picard equations:

The marked insertion is now the first correction itself, nonlinear and centred:
RPI_RM = _REI@l 4 psl2hRH]

where ©?] costs nq(®[2]) Sg,? (above).

34(5 )<f g2 12— 4ds=%7\4q‘3/2.

Four-leg sizes: seed Ag,, first correction Agz, second correction Ag;.

For squared propagators use A?>—B?=A(A—B)+ (A—B)B; no commutativity is assumed.



Following a spatial distance through a loop

At zero field, set W, (T) =s(T) + \/ﬁvl(T). Mark two external legs and follow
their distance around the loop.

» Adisplacementinside a vertex is controlled by that vertex's first moment.

» A displacement along a propagator is controlled by its weighted L! or

L? bound. The triangle inequality distributes the external distance over
these pieces.

For p vertices and p propagators:

p
W, (loop) Sq‘l/zq_(’"l)n W, (T)).
o

The weight /g makes a distance of order 47/? dimensionless: the weighted
loop has the same scale powers as the unweighted loop.

Keep within-vertex moments: smoothing the propagators cannot supply spatial localisation
for an arbitrary nonlocal vertex.



Integrating preserves the moment weight

A loop difference with relative size ¢, has a marked vertex or propagator.
With 8T, = F[M, ¢] — T;[ M, ¢], the weighted comparison gives

W,(D*187,(0)) Sess'/?ri™.

Fors>gq, \Jg< V5:

wq(f:’ Asds) < Loo (s(As) + 701(Ag))ds < f:’ W.(A,)ds.

First correction: ;< g;. Second correction: eSSgSZ.

I'T subtracts only a linear force, so it leaves all k>4 vertices unchanged. The
field supremum also propagates, since 38, C 3.



The four-leg moment after two corrections
Write Tq[j] :D3€q[j](0). The seed is the bubble:
Wy(T;) A2 (1+7d(0,2))Cy(2)2dz SN 712
For the increments, integrate the weighted loop bounds:
2 1 ® =23c — 3,1
Wq(Tq[ ]—Tq[ ])S7\3fq sTds=A\q7,

3 2 e 0 2.4 _
Wq(Tq[ ]—Tq[ ])SNLL S 5/2ds:§)\4q 2

Forj=1,2,3, S(Tq[j]) + \/ﬁvl(Tq[j]) SANg 21 + 4 +g§) SN2,

The 10> 8 — 6 leg budget supplies the higher vertices needed by both comparisons. Thus
o1 (TP sA%~L.



The mass

Impose the scalar part of the linear flow for the final approximation M =
M =1+ 0B, with Rg)) = (K;+M,) "

1
=Py =(6,"), &, = -ATr(Ro:) )= 5Ctr D6 (0),
with w, =b,, |b.|<BoAgl/? at an auxiliary scale g,. The centred part of GIsd
Wq. q y q

is not imposed. Bare mass py=lim,_ 1, an output of the flow. p depends
on the whole path u through ¢13![11]: a fixed point (" Closing the mass path").



The defect after the second correction

The bounded-field approximation:
Fo=U+My+eP,  du=(DT[M,P(0).

The approximations use the preceding level, aq£[3] =117 M2 ¢[2]], aq@m =
(6[2])". Hence

@g:H’(%[M[Z],g[Z]] _%[M[3]Ig[3]]):

nonlinear part and a centred linear part %y; the scalar part vanishes by the
mass equation.

One loop with 51 and ©31 — @121 inserted, without a scale integration:

SUDHSNG, 18 lowS 80




Why stop after two corrections?

The constant and scalar linear jets of the defect vanish, so on the field ball

b 57N SU DI+ 1B SNhowrs),  Zy [ 7 Zbids

Both terms have the same size; s/q is the backward transport. The cubic
source:

corrections S4(Z,) backward source integral

0: seed A3g—2 A
1 A\4g—5/2 )\5/2q_1fq005_1d5 .
2 Ns=3 N/l [ 53125 = 2712302

One correction is logarithmically borderline. Two corrections beyond the
seed suffice for the bounded-field source estimate.

Each step costs two field derivatives: keep the iteration finite. Full estimates: Lecture 7.



The corrections in graphs
(a) one step of the iteration

QO vertex D2(U' + ¢U])
line R = (K, + MY + D(U’ + £1i1))~1
d;K; = 1, the derivative of the scale

j+1
ot — 1

Y ® |

root: the output slot of the force

ol

i, j > 1, enters twice: in the lines and in the vertex

(b) expanded in bare lines G; = (K; + DU’ )~1 (single lines; external field legs not drawn)

-0 O~ () -

seed oMl = ¢[1] 612: ¢l inserted 6Bl: 612 inserted defect D7, no g-integral
one loop, Ag, two loops, /\gq three loops, qu S4 (D") < A%

Each step inserts the previous correction into the loop: one more loop, one more g,. Two
steps give a defect of order gg’.



Closing the mass path

Given a trial scalar path yu, compute the two steps of the iteration, correc-
tions and centred kernels, then

Byl ] = (DI [MPI[u], eBIu]1@),  A[ply=b.+ f: Bs[p]ds.

The mass is the fixed point y= 4[u]: a scalar function of g, not an oper-
ator-valued path. Itis the only fixed point we solve; the centred kernels are
explicit outputs of two Picard steps.

This is an equation for the whole path: the corrections and centred kernels
at g depend on y at later scales.



What the fixed point gives

For g, large, uniformly in N:

> aunique scalar path in the ball [jull. <R (norm on the next slide), so [y, <
)\ql/Z;

» centred kernels: 01(@)?]) SNg 12

> increments: W (¢ —eUmy < olgrd™*, j=1,2,3, 4<k <12 -2j, where

Nea(f) =Sk(f) +[qu1(DF1£(0));

> defect: Si(DJ) SNG° 1€ llrow S 85-

Explicit counterterm. yy=r—ATr C+§)\2f C3 is reached by a unique
boundary value b, y, and b, y converges as N — co. The measure does not
depend on g,.




Two distinct iterations

Inner recursion: for each trial scalar path u, start from the seed and com-
pute exactly two steps.

w— (02,0 [u]— (P, 0B [u]— plu] — A[u].

Outer contraction: start at 1" =b,; iterate p*? = 4[], in the norm
||V”>e—5upq>q |}'{q|/()\\/—)

I A ] — A ]l < Cgqlipt — fill..

Every outer step recomputes the same two-level force. Its depth stays 2, so
no additional field derivatives are consumed. At the fixed point the scalar
linear flow is exact; the defect, nonlinear and centred linear, remains.




Mass differences gain a small insertion

Compare two scalar paths with the same b,, d =l —{ill.; d denotes output
differences, SMUl =3ur+ 30U/,

RUI_ RUI = _RUI(5MU 4 DUy RU.
The relative scalar and centred insertions obey
%gqur qu(5®[j]) Sggd,
the latter by integrating the differences of the centred sources from infinity.

Loop comparisons through the two levels give A}, (80l )<gqqrq —*d,7=2,3,
4< k<12 —2j (the seed does not depend on p).

The resulting source differences are

0B SN, 01(8(81H7) A%,




Integration leaves the factor g,

Scalar update: the common boundary value b, cancels. Withx=g/g.21,
Al <N [* L = chlog xd
RS 7. S ’

164 [ 1]l logx . _2C
)\—\/ﬁgcgq* v d< o 8q.4-

The centred kernels are not part of the unknown: their variation is already
contained in 6p.

Contraction constant Cg,.. Fix an invariant ball, then choose 4. so that
Cg,.<1/2, uniformly in N.




Why the derivative budget stays fixed

A loop needs k+2 legs to control a k-leg vertex. Every evaluation of A4 uses
the same budget:

¢ 10— o121 § — p13l: 6 — defect: 4.

A k-leg force vertex has k—1 field derivatives. The mass source uses only the four-leg vertex

of €[3], the centred sources those of 5[1], o121

» A path difference inserts MU in a resolvent. It is field-independent:
DyéMU] =0. The comparison uses the same field-derivative ranges as the
construction.

» 4 returns a scalar path. At the next outer step, restart from the original

seed and perform the same two steps. We do not use the previous ¢!
as a new seed.

The outer iteration contracts in one fixed space of scalar paths. The finite
Lipschitz estimates transfer convergence to the corrections; their deriv-
ative budget does not shrink with the outer index.




Two mass renormalisations

The two divergent self-energies of Appendix A.2 of Lecture 5'

L= Tadpole —)\f TrR§,,dg~ —ATrC ~ —AN. Wick ordering: 12 0 ——Accp
H4 (@;c) + const

> Sunset. contracting the bubble in D3¢131(0) with R3 and integrating gives
the two-loop self-energy,

2
227[2 logN (=27 of Lecture 5).

%)@fc%

Power counting: nothing else. In the flow: the integrals from g= o of all
vertices with k>4 legs converge; only the constant mode of the linear jet
needs a boundary condition at a finite scale.

U, at fixed g has a limit as N — co; yy does not. Never interchange the two
limits.



The two mass renormalisations in graphs

tadpole, D*U = 2A
sunset

UN ~ _ O + ./\. the g-integral removes

0 ‘\/ the cross: f Cg dq closes a line
ATeC ~ AN ZA2[C3 ~ A’log N

The cross is 9,K; =1, as before; with the two lines through it, it gives (Roq)2 The bubble in
D313 (O) produces the sunset.



The flow at large fields

Lecture 6



The large-field problem

All bounds hold on %, only. The free field exceeds r, with small, nonzero
probability, and nothing a priori controls the interacting forecast. We need
9‘% defined and uniformly coercive for all fields.

Scalar model
ROV ICEDNTDRE

Its power series has radius exactly r, (singularities at +ir,). Half of the trun—
cations destroy monotonicity. The exact function is harmless, |£ |< )\/

Perturbative control for |y| Sr,;; outside, a non-perturbative replacement that
keeps the structure the estimates use: coercivity, carried by the bare cube.
: A . .. _

One site: gy +5y°=q P, noise coefficient Hy(y) = (9 +Ay*) ' <q ' A (Ay*) 7.

Large fields are more elliptic and less noisy.



Clipping

T smooth odd, T(u#) =u on [—1,1], constant outside [-2,2], 0<T'<1;

K (Y) =1T(Y 1), G=Drg- 00k, Fr=U'+My+ 6,

The cubic and linear parts are not clipped, and Dx, keeps the force a
gradient. Globally: s(D]’_lf;) <ngqr§_j (j=2,3,4), s(Daqf;) <Cg

Global coercivity

For all y: ¢(K,; +A\y?) <Hy(y) ' < C(K, +Ay?),

14+ C(gq4+ 92
Hy )y S =88+ 8D

, diagH,(1)*< Caa(q).

Neumann series for H= (I+ G(M+ D?¢))~1G, G = (K, +AyH) 1< C,



The complete defect

b=b°+b', b°=—H Dk D°(xy), t;(y) =y Ly

Proposition. (uniformly in y, N, p)

b2l < CA2g752, libgll, S CA G2 (lltglly + 7 1y Ly lp),

1b4lI3 < CA* g it lIS.

Sources of b' (four groups): the mass term M’y —JM'«xy (J=Dx, M'=9,M; linear
part unclipped, flow computed at ky); the motion of the clip; cubic vertex at y vs
correction at ky; chain-rule terms with k", «"". All vanish if ||yl < 7.

The point

b'is as large as the whole drift, but supported on large fields. It is controlled by
how often the actual dynamics visits them: [q72A|lt,(Y,)l2dg (Lecture 7).




The coordinate equation

With U’ =%y3, up to a small Lipschitz perturbation, the forecast solves
the cubic elliptic equation driven by the field at resolution g:

A
K, @, =K, (Y, + 0,(Yy)) +§Yq3,

0, (y) =Cy (Myy+ (1)), 1D Qglly—p < C (g5 +82).



The force below the auxiliary scale

The expansion needs g, small, so %, is built for 4 >4.. Below g. nothing
needs constructing: freeze it,

Fo(y) = Fo. () + (3 — ).

Then K, + DGJ;L, =K, + DQF;;,*: coercivity is automatic, H,=H, , and y,(x) =
Yq,(Cy Kyx).

The defect is explicit: D(y) = —y-l—%CtrHiDz%*(y), with [|Z;)ll, < Cliyll,.

So the system holds on [g¢, o) with Y, =0: the initial value is deterministic,

with no large mass. g, stays only in the proofs, where the expansion and the
closure of the loop need g, small.



Summary of today

At every lattice:

> un, M, and a globally coercive %, all deterministic;
» the exact FBSDE for (Y, Z);

» a source whose bounded-field part is integrable (two steps), and whose
large-field part is controlled by sixth powers of Y on large fields.

Next: estimates on (Y, Z) uniform in N.



