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Notation from Lecture 6

» Lattice: Ay=(N"'Z/Z)3, ff:N‘3fo(x), I-l, the L norms, A=Ay.

» Free operators: resolution g€ [go, o), K,=g—A (precision), Cq:Kq‘1 (unresolved
covariance), ||Cq||p_)p:q‘1; C=C,, the Gaussian reference, K,,=go—A the free field
operator, go>0 the reference mass.

» Couplings: U:%f ¢*, ga=Aq7 V%, r,=(q/\)? (cube =<K,), auxiliary scale g,.

» Processes: Polchinski process ®, (®,,=0), innovation W, bridge noise B, forecast
P, =E P, Cov, its conditional covariance, filtration ¥, =0 (P.:s<q); P, =m, (D),
Yo=Y (Dp).

» Forces: exact ¥, (K, ®, =K, + F,(,)), explicit %(y) :%y3+qu+ K;(y); response
H,= (Kq+D37q)‘1, defect drift b,, &,=Cov,—H,(Y;), coordinate correction g,.



Where we are

At each lattice N, exactly (Lecture 6):

dY, =[b,(Y,) + H,(Y,) Z,]dq + H,(Y,) dW,,
dZ,=—[b,(Y,) + H,(Y;) Z,]dq + E,dW,,

p=Y+Z=[ Covdw.

A) Coercivity: Hy(y) =< (K;+Ay?) L, [Hllyop < (1484 /g, €,=C (g4 + 87)-
B) Source: [l < CA72g772, [Iby() 1< CA* g llta () 1€,

. A
C) Coordinates: K, (Y;+0,(Y,)) + gY; =K; D, ID yllp—p < &y

Goal

Z small and Y rarely at large fields, uniformly in N. Neither equation can
be estimated alone.




How FBSDE estimates usually work, and why not here

Usual (Ma—Yong): Lipschitz coefficients, 1td on || Z||?> and Gronwall; close on a
short interval or under monotonicity.

Here: infinite interval, coefficients not uniformly Lipschitz, the coupling is
not small. Instead we use structure:

» the backward equation is linear in Z given Y: a conditional representa-
tion with an explicit propagator;

» the forward equation is, by the field equation of Lecture 5, a cubic elliptic
equation at each resolution: coercive, estimated pathwise;

» the two estimates are linked by two weighted energies with matched
weights.

At fixed N, T all moments are finite (finite dimensions): used only to justify
absorptions. Ma-Yong 1999



The energies

Lecture 7



The noise of the field equation

Lecture 6: @, = (9 —q0)C;Pw + C;B;—y, @ Noisy measurement. Since VP, =
E, o
q (e o))

wy:= Ky Py — (9 —q0) $g=E4[ By, ]:

the noise observable of Lecture 5 is the filtered measurement noise.

Lemma. For convex ¥, EY¥(w,) <EY(B,_,), whatever the interaction.
So {,=C,w, has

2
Ee"“™ <exp (”7 (9—q0)a*(q) ) (9—40)a*(]) S V1.

» Proof: conditional Jensen. One line.

» (is not Gaussian, but it has the tails of the free field, uniformly in N and
in the interaction.



The field equation

Lecture 5, forecast form, in this profile: K, ., + %, (,) = w,, with the exact

(unknown) force. Explicit force %,=K,0,+ %y‘g, Pp=Y+Z:

KoYo + F3(Y) =@, + (4 —q0) Z,

» Elliptic at each 4, no memory, pathwise; coercivity from the explicit
cube.

» The backward equation enters only through (g —q0) Z,.
> Pointwise bounds need a smooth noise: {=C,w, V=Y +0(Y) -,

A
Ko Vot= Y—(q q0) (Gg—0,(Yy) +Zp).

Mass only go: all the coercivity comes from the cube.



Thresholds and energies

3
Thresholds: w,=sgn(V,) (IVqI —qu)Jr, ti=Ylysr,  Ga=Gqlig>ra2-

ET:%fql/ZHqul%dq backward energy
]T:f g2 [q lwgllz + Mw,lIg + MitI1e]dg  large-field action

GT:I [q7V2IG N+ A g 75215 )I8]dg  noise tails

quantity weight reason
1Z,1? g'/? forcing: g=3/2.A"14%ZI13
Mitlle  g73/2 g7 P CA3 - N g2 216
B> ¢7/>  propagators/q, f"s™?=247"/2

Only thresholded sixth powers: E||( ¢~ 7°/* would give Gr~ANZ.



Forward coercivity
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The scalar model

Lemma. (scalar forward coercivity) If >0, 0< @ <g and av+% (v+g)3=
@ (g+2z), then, with r=(q/\)1/2,

q 4, N & 4422561222
U e w <544¢ +—— A+ ~ 977

where w=sgn(v) (Jv| — 1’)+, ¢ =8 lg>r/32; and [f] < 2 (jwl +18)).

» The excess is controlled at each resolution separately by the noise tails
and by the error Z.

» No smallness of the coupling, and no integration in g: multiply by g3/
only to match the energies.




Proof: test with w?

3 .
Where w+#£0: [v| = |w| + 77, same sign, so avw’>0.

» Cube. sgn(w) (v+g) 2wl +—r— 1|, and )\rzzq:

A A

gw (v+g)3> 12w —|—Zw +g;

» Noise. @gw3<%lwl3 + g|¢|lw|’: the first term is absorbed by the cube,
and g[¢llwP < fw*+544%"

12
» Error. q|z||w|3< Wl +g°2%

Above the threshold the cube provides a sixth power, a mass g and a cubic
term which dominates the noise below the threshold.




Two elementary inequalities
For x,p,u,r >0:
(x — p)3>%x3—65 0°,

U+=—1— —r U+ —=r’u’———p".

1 o( 11 Yoo 1 o 1,, 1 ,, 4225,
§”( 16 p) Tty 13 0

Proof. %x3+64p3—3x2p:%(x—Sp)z(x+4p)20. Then x=u+1b, b:%r:

3,201 59 1.3 1 3 66 3 3 1 ¢ 4225 ¢4
707>t > , and SUP KU +——p".



The lattice version

Proposition. (forward coercivity) For g. large, at every N, pathwise and
for every g,

qllwgllg + Mlwgllg + Alitgl1e < C (qlIE g + MEHE + A gAIZ,115).

So Jr<C(Gr+Er), and |Gl <CA3p°.

» Elliptic term: w’=¢'(V), ¢ convex, so (w>, K, V) >0.

» Coordinate correction: 0 =0°+0?, [0°]|l <& shifts the threshold, ||Q1||]-<
Ce (Jlwll;+ IICll;) is absorbed.

> Noise tails: P (|, (x)|>7,/32) <2e_c‘/ﬁ/}‘, by the lemma.



L* coercivity

Proposition. For g, large, at every N, pathwise and for every g,

1/3
Yyl SC[ (5) G + 1Tl + 974 + 12l |

So t;=0 whenever |Gl + gliZ ll, < c 7.

» Remove the error: 96 = (g —qo) Cy, Z,, With [|36]l S g1 Z4ll2.

» At a maximum of W=V — 9, the elliptic term has a sign: %qundno@.
The cube alone gives the bound.

» Large fields occur only when the noise or the error is large.

> With 1G]l Y4 and 1Z,12< 47%* (Doob on E, A): Yl S 9%/ < 7, up to
logarithms.



Backward feedback and closure
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The backward representation

Propagator: d; P, s= %, Hs(Ys), P, ,=1, and by (A)

S €e du C 2
”g)q,sn <Lo a, L0=eXp (L 8u7) <e (8q*+gq*).

Lemma. (conditional representation)

Z,= B, PyrZr+ qu Py bo(Ye) ds].

Proof: dy(% s Zs) = =Py s bsds + P, s EsdWs, a true martingale at fixed N.

Z = expected source on the unresolved scales, transported back, plus the
boundary error. Compare F;=E;[Fr]| in Lecture 4: here the source is the
defect.



‘ Three contributions

Bounded fields (two correction steps!):

@ g _ _ 1 _
IIZ§II<L LOE CN/2575/2ds =2 CLoA"/2q 7312, qu1/2||zb||2<CA6q*3/2.

Boundary: g Zj| < Lo E, IT Z7ll, contrlbutlng Wi BNTP, 5NTp—||TZT||L2p(]p> 12"

Large fields: A'= [s7/2bl|>< CA3Jr; Cauchy-Schwarz and Jensen,

_ 1
1Zy2<2L3q 2B, A, |5 [ 22!

S

This is how the clipping error is controlled

b' is not small, but it enters the backward energy only through the large-
field action Jr, with the small factor A?/g,.




Closing the loop

Theorem. (cutoff-uniform energy estimate) One g, =4.(\): forall N, T,
p=1,

IETll + I Tllr < Ca (14 p° + 8n,7,p).-

x=|Erlp, y=W1l,: y<Ao(CNp°+x), x<Bo+B18+0y, 6=CA/g.=
Cgi. Choose Ay0 g%; y < oo at fixed N, T, absorb.

: : ] <C(G+E)
large-field action |1 |« backward energy Et
(forward, pathwise) > (backward, in LF)

E<B+S2)

The smallness is in the feedback, independent of p: one g, for all p; the
growth p° is inherited from Gr.




Consequences

Once the boundary term is removed (Section 16):

sup [IEXN+sup lJRIlr<Ca (1+p”),  sup EIZJI5<Crg ™%,

N N N

and Eexp {c (Ew+Jo) 1%} < o0.

» The approximate forecast differs from the exact one by O(37°/%) in L? (P;
L?) (root mean square), uniformly in the lattice.

> H,Z,=0(q~""*) in L*(P;L*): up to an integrable drift, the forward equa-
tion is the explicit SDE dY=b(Y)dg+ H(Y)dW.



Comparison with the variational method

Comparison with Boué-Dupuis (Lecture 4)

There: drift u = —%Ql/zz X3: +r (%f:cp‘*: in Lecture 4). Here: & does all
such changes of variables at once in the forecast coordinate; Z plays the

role of r. Coercivity of the quartic: pathwise in the forward equation; the
remainder: in expectation through the backward one.

Barashkov-G. 2020



Removing the cutoffs

So far, at every lattice N and upper scale T:

IETlr + 7l < Co (14 p°+ On,Tp)r  ONTp= “TZT”%Zp(]P’;LZ)‘

Three things remain:
1. the boundary term vanishes: TZr — 0 at fixed N;
2. uniform energy bounds = tightness of the measures;

3. identify the limit: coefficients, the explicit density, then the equations.

The subtle point

Convergence of the fields does not pass an FBSDE to the limit: the back-
ward martingale could acquire extra noise. Here the limit is a density over
an explicit flow, and the equations are read off from it.




The boundary at infinite resolution
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The boundary lemma

¥, was built to converge to the bare force: y,— uy, ®,—0, corrections integ-
rated from g = co.

Lemma. (fixed N, constants depend on N)

1Y, — Pl + 19 Zgllr <Cnypq %, hence  Onr,<Cn,pT "

> The field at resolution g: ®,= (9 —q0) C; P + C;Bj—gy = P
> O, =Y, +C, F (Y, s0Y,—D,=0(q™") and F,(Y,) > D Vn(Ds,).
» Exact minus approximate coordinate identity:

4Z,=q9C,[F(Y,) —E,DVn(DPL)];

compare E,G with the observed G; =D Vx(®,): I|IE,G -Gl <2[G— Gl

No uniform estimate, no posterior concentration.



UV stability

Let T — oo at fixed N (paths and vy do not depend on T; monotone conver-
gence; dy,r,,— 0). Only then take supy.

Theorem. (UV stability) For g.=4.(\) large,

sup (IERM+1T80) KCh (1 +p°),  sup EIZNIE<Chg ™%,
N N

and supy E exp {c (EX +TN)1/%}) < oo,

> Cy,p diverges with N: never take supy of Cy,,/T.

» The force: F,=E,[-D Vn(®P) | =K, Z,— F/;q(Yq), the explicit force at the
approximate forecast, corrected by K, Z,,.



Restarted laws

The estimates use the start of the flow only through the noise. Let P?* be

the exact flow conditioned on @, =x: ®;,=Cy(K,x + (t—q)CI>+Bt q), With prior

oce<z qu)——<z Kgz)—Vn(z) Az

The same posterior, the same system, and ;= C:K;x + 9 with ICK x| oo <
2||x|lo. The field equation is Kth+%Yt3: (t—q)(Cr—0:(Yr) + Zy).

Restarted UV stability. Uniformly in N and ||x||.o <R, the bounds on E, ] and
E||IZ13<Crs ™% hold on [gV g,, ).

Below g.: deduced. { is a martingale, so IE||1|)S||§P< E||1pq*||§f7. The coordinate
equation at g, bounds Y;, and Z;=1,—



The role of the estimates

» Noise bound: free-field tails for T, whatever the interaction.
» Forward coercivity: the cube bounds large fields by noise tails and Z.

» Backward representation: Z is the transported defect; CA?/q, closes
the loop.

» Boundary: at fixed N. Why the upper scale goes first.

» UV stability: the control from the explicit to the exact flow has finite
entropy.

» Restarted laws: the same from any field at any scale; gives the kernels.

» Defect, Lipschitz coordinate: [|e| integrable; the explicit flow is a strong
SDE.

» Terminal tail: tightness in H™®. Sources: tails, end results only.

The formula for v needs the first five at the start of the flow, with first
moments. The FBSDE follows by Girsanov.



Tightness

Lecture 7



Suprema by a maximum principle

Embed by cells o,: 1y: Hy — H = L?(T?) isometric, jny = L¥.

Lemma. (supremum after closure) Let % =sup,g /" (log (2 +
)Y, B =supqq5/4||Zq||2. Uniformly in N,

YLCA+N+Z), INIr<Cyp, 1ZAr<Cd+p).

» From the L™ coercivity above: lattice maximum principle in the field
equation, no memory.

» N supremum of the noise (convex domination, Dudley, Doob). %:
Doob on ]EqA', after the boundary term is removed.

» The exponent5/12 <% keeps Y below the threshold.

Finite-resolution suprema have all moments, uniformly in N. At the terminal
resolution there is no such bound: &, is a distribution.



The terminal field

Embed by cells: 1y: Hy — H=L*(T?) isometric, jy=L}.

. 1 3
H7 < CqC, gives, for 5 <8< 5,

(1+1k|*)~
q + clk|?

J, 1a-m=rHRsdg<C| %;

and the drifts have squared tails O(Q™2), O(Q™'?), 0(Q~3/?). Doob:

1
supEsup||Y; — Yol < C,Q (5=2),
N t=20Q

vy is tight in H™5(T?) for every s>%, with moments uniform in N. (Threshold
of the free field in d=3.)



Identifying the limit

Lecture 7



The deterministic coefficients

Uniform bounds do not identify a limit: a weakly convergent vertex cannot
in general be contracted against a varying covariance. Three tools:

» Weak vertex measures: bounded rooted norms = signed measures,
weakly compact; the centred kernel in a first-moment topology. The
limits solve the same fixed point, unique in its ball: the whole sequence
converges.

» Compact sandwich: Gy — G in HS, By—B weakly, symmetric, uniformly
bounded, supNIIGNBNII <0<1, ||IGB|I<O6 = (I+GxBy) =1 Gy— I+ GB)_1 G
in HS.

» Contraction against a moving covariance: rows of the inverses are

Holder + HS convergence = (HY)2 - H? uniformly; weak vertices can
be contracted.

Hence HY (YY) - H,(Y,) in L*(I;HS) and b,'(Y,") = b,(Y,) in L*(I; H).



The exact flow as a controlled explicit flow

Ky + %(y) =K., fq(x) = K,(y —x): the explicit force solves Burgers with a
source —K,H, P, 0y.

The first scalar. 2 and f are gradients: ¢, = fol(@q(ty),y) dt, DV=—f, and
3.V 1-|- 2277y 1 712 —
WV +5THCID?V) = ZIC,DVI5=e;0y +c(4).

Explicit flow R%*: dx =—Cs(x —ys(x))ds + CsdW, whose coordinate solves
dY=b(Y)ds+H(Y)dW. It contains no Z.

ys is Lipschitz for the uniform norm (maximum principle), uniformly in N: a
strong continuum SDE.

The exact flow is a controlled explicit flow. A=V —V solves a
Hamilton-Jacobi-Bellman equation with control u, drift Csus, and running
cost e+c+%l|u|l2. lts optimal feedback is —C;DA;=Z,.



Density and sandwich

With An(g,%) = Vy(x) = Vy(x) = [ "¢, at fixed N:

dp* o 1 oo
— AN _ LXTRIXY — — 2
TR =eexp(= [ e¥ods), Ent(PHIR™) =5 [~ EIZJ3ds,

ANzEnt+1EPf e, SO EpfegANglERf e.

The defect on all fields: |e; ()| < CNs 3[Imtaylls + CA*s ~2Imtayli3 + CAPs it ()12,

So both sides are bounded uniformly in N, by the energies under P and
by 1t6 under R.

No penalty, no sub- or supersolutions, no exponential moment of the
defect: only expectations of ¢, and the entropy of the control.



‘ The limit law

Let iy — x uniformly. Couple the flows by the same W: paths converge uni-
formly, [ eN— [ ein probability. The entropy bound makes the densities
uniformly integrable, so they converge in L:

1,0(x) = eA(qIX)ERq'x[O(Yoo)e_fqme]/ e~ 400 = ]ERq'xe_f"me,

jointly continuous in (g,x).

The measure is the kernel at (go,0). With R the flow from Y, =0, along the
whole sequence,

ER[O(Ya)e 0]
ER[e_fqzoe]

As in Gubinelli-Meyer for sine-Gordon, but the defect is unbounded: the
entropy replaces the bound.

f Odv= , —logf e”"Vduc— En(q0) = A(go,0).



The filtering model and the FBSDE

Under P = fR, with f:eA(qO’O)e_fe, P=Y,, F=0(x:5<q):
> & ~v, x,=(9—q0)C;P +C,B,_,, with B independent of ®;
> P, =E[D|F ] =m,(D,), a continuous function of the field;

» W=P— [1isaBrownian motion, and with Y=y(x), Z=1¢—Y, the FBSDE
holds from Y, =7, =0;
» = [CovdW, no orthogonal part, Cov the conditional covariance;

» the lattice processes converge in law.

Proof. # is Brownian under R. So dD=D(Z’, dW®), and Girsanov gives
dP=(Y+Z")ds+ dW. By independence of B the drift is {. For M=N/D,
It6 gives dM=(n/D—-MZ, dW).



‘ Hidden noise

L?= f(fgn(s) dB;, gn=1+sin (ns): integrands —1 weakly, squares 2

(L",B)= (B+2~Y2B, B), B.LB.

n=200: corr=0.021, var=0.524 9n(s) =1+ sin(ns): weak limits of g, and g2
1.501

J— f;gn—»t

1257 Jig2-15t
1.00 A
0.754

0.50

0.25 1

0.00

5

Left: (B, LT — B1), n=200: correlation ~0, variance of the gap z% — the

residual does not vanish and is orthogonal to B. Right: fotgn—n‘ but fotg,%—%t.

A limit by compactness could carry an extra orthogonal martingale. Here
the density excludes it: the filtration is Brownian under the reference.



The renormalised field equation

Theorem. (integration by parts) G(¢) =g¢({(@,h1),...,{(®,h)), §EC;°, h,h;
smooth:

lim E | G (i @) iy @ +-5(@X)7, k)

—E, [DyG(®) — G(P) (D, (q0— M) h)].

1
Proof: Gaussian integration by parts in e~ N2 (@K, tightness and uniform
moments.

» The terminal case of the DS equations of Lecture 5.

» The renormalised cube py® +%CI>3 is identified only tested in expecta-
tion, not as a random distribution.
» Limiting force without terminal representative: not proved.

> At every finite resolution the force is explicit: F;=K,Z, — F/;q(Yq).



The field equation at resolution g

In the limit: w,=K,®,— (9 —q0) Py, F;=K,(P,— D), J;=(9—q0) C;— 1.

Theorem. For every g, with no renormalisation constant, pathwise as
distributions,

Ky ®y=J;Fy+w,  EDp,G(®y) = E[G(Dy){w,h)].

(F,1), (w,h) are martingales, and [(F,+ F,(Y,), h)lir2 S llzg 4.

» Proof of DS: w,=E B, ,, and ®,=], &+ C,B,_,: Gaussian integration
by parts in B.

» The renormalised cube is an observable: the unique martingale in the
class of the explicit —%,(Y,).

» g — oo recovers the integration by parts formula. Not proved: that F is
closed.



Quartic tails: the tilt

Hairer-Steele proved quartic tails by tilting the dynamics. Here: the filter is
available for every prior, and the noise bound does not depend on the prior.

Let U e ®flyy,. Thisis the flow restarted at (90,hCq.f). Shift the coordinate:
KoY, + F,(V) =K@ +hf, Z,=1{,—Y,
The system is the same, TZ7— 0 at fixed N, and the field equation gains kf:

the noise gains d,=h C,f, |d,ll <Ihlll fllo/g-

So UV stability holds on [gj, c0) when q2/2>702\1/2|h|||f||oo: where the cube at
its threshold, g7, dominates the source.

An exact identity, with no cube and no derivative: D= W=k Zpam (W= 8y o)
(9 —q0)-



Quartic tails: closing

Test the identity with f, lIfll. =lIflli +Ifl2+ I fl =1, and average over [g;,
2q,], X= (CID,f):

E|X| < Cry,+C<C(+ ).
As L(h) =logEe"®f) has L' (h) = EX, we get L(h) < C(h] + [h]*/?). Chernoff:

3
Eexp(B(®@, f)*/1f1}) <C, supEexp(Bolin®lz—+) <o, p >
N

Gaussian tails at the free threshold. A quadratic tilt W:%HLNcpHIZ{_S, with
boundary term DW, gives supN]Eexp([SslltN(DHIZ{—s) < 00,8 >%.

: 1 :
The quartic moment at s near 5 would need spatially resolved sources.



‘ Dyson-Schwinger along the scales

DS along the scales. For G=g((®,,, h1),..., (P, ki), ;< q:

]EZ 9ig{Juh i) = E[G{w,, h) ] = E[G((®y, Ky h) + (F(Yy), TN ]+ O(q~ 4.

So the explicit force ,Gf;;](Yq) closes the hierarchy at large g, up to an error
which vanishes as g — co.



Uniqueness in law and the variational formula

Scalar form. A;=A(t,x;) solves

o0 1 (ee]
At: ft (es(Ys) +§”Zs”%) ds+ J.t (ZSI dWs)

With the forward equation dP=(Y +Z) ds+ dW this has uniqueness in law:
Girsanov removes Z, pathwise uniqueness gives R, and the scalar equation
gives the density. Z is the feedback m(x) —y(x).

Renormalised variational formula. The Gibbs principle over R:

—log[ edv = ¥(0) - ¥(0), ¥(O) = mfIE[O(Ygg) + [ (es(YS”) 1
u g0

1

2l ) ds],

dY"=(bO") +HY")u)ds+H(Y")dW, Y3 =0. Minimiser for O=0: u=Z. No
infinite constant, no initial law to optimise.



What is not proved

» The vector FBSDE alone: Z need not be a gradient. It would suffice
that any solution has a Lipschitz decoupling field: a pointwise bound
on Cov,(x), or high-scale contraction with non-degeneracy. Only L*(HS)
control is available.

» Strong solutions: is the Polchinski process adapted to W? The same
bound. Allinger—-Mitter does not apply, as [|P]|, = .

. . 1
» Tails: the quartic moment at s near 5

» Axioms: reflection positivity holds on the lattice and passes to v for every
coordinate reflection (standard; exercise); rotation invariance and clus-
tering need infinite volume.

» Infinite volume: the force and its Burgers flow are intensive, but the
entropy and the defect are extensive, so estimates must be made local.

Lomn
H

The noise from infinity in the nonlocal E must also be controlled.



Summary of the course

Wightman — Euclidean (L1) — free field (L2) — stochastic quantisation, scale
decomposition (L3) — Polchinski, FBSDE, variational problem (L4) — field

equation at every resolution, sub-Gaussian noise (L5) — @3 through the
FBSDE in forecast coordinates (L6-7).

Lecture 4 (formal) Lectures 6-7 in the limit
forecast Y, =E; Py Y=Y+Z closed martingale
response H;= Cov; Cov=H(Y)+E conditional covariance
%, force equation 9‘;,7 explicit, defect & deterministic coefficients
force F; I — F/;Q(Yq) observable at finite g
DS equation integration by parts tested in expectation

UV stability = an explicit force predicts the conditional mean up to a small

error. So the measure is an explicit density over an explicit flow, with that
error as the optimal control.



