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This supplement contains the detailed proofs which Lectures 67 cite or condense. It is
reference material: the lectures can be read without it. The results are recent, joint work with
S.-]J. Meyer + Al Unless stated otherwise, notation is that of the lectures.

Where each result is proved.

e Free resolvents, Lemma 10.1: Lemma 19.1.

e The coefficient construction, Proposition 11.2: Section 20, in particular Proposition 20.6,
with the rooted calculus and the trace comparison. The dependence on the boundary

value is Proposition 20.8.

e The explicit counterterm, Theorem 11.3: Section 22.

e Global coercivity and the source bounds, Lemma 12.1 and Proposition 12.2, with the

term-by-term ledger: Section 21.

e Thefactsof (12.5), (12.8)-(12.9) and the bound on ® used in Lemma 18.1: Lemma 21.2.

e Consistency of the coefficients, Section 18.1 of Lecture 7, and Lemma 18.3: Sec-

tions 23-31.



2 SECTION 19

e Results removed from the lectures, which are not needed there: regularity at finite res-
olution, the proof of the limit FBSDE by compactness and the Riccati equation, the
density at a fixed scale, and two earlier proofs of uniqueness: Section 32.

The auxiliary scale ¢, is as in the lectures. In Sections 19-31 it is the lowest scale of the action;
below it the action is frozen (Section 12.4 of Lecture 6).

19 Elementary kernels

We use the notation of Lecture 6: K;=q—An, C;=K, v Gy(y) = (K +Ay2) —1 H for the inverses
of Ky + DT, M, = pgl + ©, for the quadratic path, with ®,= @E] for the final one and MY for
the level masses of Section 20.4, x, for the clip, ¢, for the coordinate correction, and CtrgT for
contraction. Recall g;= Aq~Y2 and ro=(q/A)'?, so that Arg =¢q. Generic convolution kernels
are denoted E, E’, and the letters L, L" denote arbitrary kernels. Distance d is torus distance.

Forces and their primitives. Lecture 6 is written in terms of forces. The proofs below expand
the trace, so they are written for the primitives of those forces: h!/! with D hUl = ¢V for the
corrections (11.8), h! = L with DL = ¢! for the seed (11.6), T with DT = J, e with De= 1,

and the trace map %Tr[ (K+M+D>*(U+h))"1—= (K+M)~1], whose derivative is the loop force
T of Lecture 6. A vertex with k legs is D of the primitive and D*~! of the force, so the norms
Sk and N agree. No additive constant of a primitive enters any estimate.

There are two scales, which must not be confused. The reference mass g >0 has arbitrary
size; it fixes the covariance C = C,, of the measure, and it is the lower end of the range of
Lemma 19.1. The auxiliary scale 4. > max(1,qo) is large, depending on A and on the bound
By below; all the operators of Sections 19-21 after Lemma 19.1 are used at scales 4> ¢, and
do not involve go. So from Lemma 19.3 on we assume g > 1. Constants may depend on the
coupling and on finitely many derivative orders, but not on N or on the scale interval. For a
kernel, |Cllyow =supy [ |C (x,z)|dz is the row norm (Section 10.1 of Lecture 6); it bounds ICllp=p
for every p when C is symmetric.

Lemma 19.1. (Free and killed resolvents) This is Lemma 10.1 of Lecture 6, with further items.
For g > qo, uniformly in N, with constants that depend on qo only through scales q <1: the kernel of
C, is nonnegative, C;1 = q_ll, ICqllp—p= q_l for 1<p< oo, and

a(q):=Tr C}<q > AN3g™2, TrC,SNAN%~, fd(O,z)Cq(O,z)zdz<Cq_1. (19.1)
ForyeHyand A >0,
0<G(W)(x,2)<Cy(x,2), Gyy)(q+Ay*)=1. (19.2)

Proof. The heat integral C;= ;" e "e'™ dt proves positivity, the row mass and the operator
norms. Killing the lattice random walk at rate Ay? proves the first part of (19.2). The second
partis (K, +Ay?)1=g+Ay>

The symbol of —Ay is 4N 22 ; sin?(7tn;/N), with k=27n, comparable to k|? on the centred
frequency cube. Thus ax(q) =), (9 +ck) =2 and Tr Cy=2 (q+ cx) ~!, with ¢ this symbol,
co=0. Counting the N> modes gives the bounds N3;~2 and N°3;~, with universal constants.
Nonzero modes have |k| > 27t. Splitting at |k| = ‘/ﬁ bounds Zk;eo (g+ clk|?) 2 by Cq'l/z for
allg>0, and Zk#) (g+ clk|?)~1< CN. The zero mode contributes q_Z to ap and q_l to the trace:

-1/2 -3/2_-1

for 4> 1 these are at most q and 1, and for go< g <1 they are at most g;>/*g /% and g .
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Let g>1. A dyadic shell is a smooth Fourier cutoff supported where the frequency mag-
nitude is comparable to L, with L ranging over powers of two; together with a low-frequency
cutoff these form a partition of unity. Such a shell of radius L < CN has kernel bounded by
CmL3(q +L»~Y1+Ld)~™. This follows by summation by parts; on the final shell use the

periodic sine symbol. Summing gives C,;(0,z) < Cmin(d ™}, q'ld =3y off the diagonal. For its
-1/2

weighted square split the radial integral at /2 | g "rdrand q7> fq?E}Q r~3drareboth O(g™").

Discrete annuli give the same bound above the lattice kinetic scale; the diagonal has zero

distance weight.

Let go<g< 1. Separate the zero mode, whose kernel is the constant g~ the kernel of
Cy— q_l has multiplier 1;.0(q + cx) —1 and that of Cy— q_l — (C1—1) has multiplier bounded
by ¢ 21;@&0, which is summable uniformly in N. Hence C4(0,z) < q'l +C+C4(0,2). Inserting
this and the case g=1 gives | d(O,z)Cq(O,z)zdz < C(q_2+ DLCA+ q&l)q_l. m]
Remark 19.2. (The zero mode) The dependence on ¢ in Lemma 19.1 is genuine and comes
only from the constant mode, whose eigenvalue of C; is g~L. On the one-site lattice a5(q) =g >

and Tr C; = q'l, so that the bounds a; < q'l/ 2 and Tr Cy SN cannot be uniform as g — 0. The
constants are universal for g > 1. Since 4. > 1, no constant below depends on gy through this
lemma.

For a symmetric centred convolution kernel ©®, that is, with ®1 =0, put

01(@) = [ d(0,2)0(0,2)|dz, 1,(®)=9""1(©).

The diagonal is determined by centring. We never need its absolute row norm. Define the
convolution algebra and module norms

IEIA,= [ (1+ Jgd)IE, IEIG, = [ (1+ Jqd)EP.

Here a translation-invariant kernel is identified with its displacement function E(z) = E(0,
z), all integrals are in that displacement, and (E % E"(z) = [E(z— u)E'(u) du is convolution.
Products EE' inside a single spatial integral instead mean pointwise products. The triangle
inequality for distance, Minkowski, and Cauchy-Schwarz give

IE* E'lla, IEIAJE Ta,  NE*E Ny, SUELIENr, [ dEEI<q ™ 2IEIE 1y, (193)

Also IIC;IIHq < qu_(j_l)_1/4; for j>1 use the heat integral bound C,; < qu_(j_l)Cq/Z. We also use
||C,7|| A < C/gq. Indeed the unwrapped lattice walk has second moment 6t, so its expected torus
distance at time ¢ is at most /6. Integrating against e ¥ d¢ bounds the first moment of C, by
Cqg~3/2

Lemma 19.3. (Centre before taking absolute values) Define spatial translation by (o.f)(x) =
f(x+z) and its symmetric second difference by 52 = 0, + 0, — 2I, where I denotes the identity oper-
ator. Then

162C,llA, < Cq~%d(0,2), IC;0lla,<Cryy(O). (19.4)

For M= ul + © this implies
1G4 (1) Mllsomsoo + ICs M CyPlla S Cllpl / g+ 174(©)). (19.5)
Proof. A shell of radius L and multiplier size a; contributes at most Caymin((L d)2,1)(1+
\/ﬁ /L+ ‘/ﬁd ) to the first norm. Use two derivatives of its kernel when Ld < 1, and translates

otherwise. Put A= /g and t=Ad. Let # be a smooth even Fourier multiplier equal to one
below frequency A and zero above 2/, with the usual scaled derivative bounds. Decompose

Cy=q""0n— 4 (=DN)CyBa+ Cy(I—Bn).
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The last two terms have shell sizes 4 2L? below A and L2 above it. After dividing by g~ the
sums are

Z xZmin((x )2, 1) (1 +x"1+1), Z xZmin((x )2 1) (1+x"1+4).

x<1 x>1

Splitting at x = t~! bounds each by Ct; for t <1 the only borderline high-shell term is t2(1+
llog t|) < Ct. The first term in the decomposition is bounded by C q_lt too. Above the lattice
frequency take &, =I; nonzero lattice distances have ¢ > 1, and the delta kernel has the same
bound.

Now use the signed identity C,© = % f @(z)&qudz. The receiving identity GO = (I —
G/\yZ)CqG and || — G/\yzlloo_,oo <2 give the row bound. The form bound follows from the
commuting Fourier multipliers of C; and M and the row bound on C;M. 0

Remark 19.4. (A necessary endpoint modification) The estimate ||522CL7||1 <d(0,z)? generally

has a logarithmic loss at kinetic order two. We use one distance power and pay q~'/? instead.

The recursion below produces exactly the compensating first-moment bound. This choice
also rules out an unrecorded Laplacian in weak kernel limits: on d < § a smooth second differ-
ence is bounded by Cdd.

20 Renormalisation with two correction steps

This deterministic section assumes no interacting field estimates. It contains the proof of Pro-
position 11.2 of Lecture 6.

20.1 Tensors and the iteration

The kernels of field derivatives will be called vertices. A physical k-tensor T represents a mul-
tilinear form by

k k
T[ul,...,uk]:f T(xl,...,xk)n ui(x,»)H dx;.
i=1 i=1

A slot means one argument x;. Fixing a slot as a root, and integrating all others absolutely,
defines the rooted norm

s(T) =max;sup f IT(x1,... ,xk)IH dx;.
Xi ];El

For a translation-invariant tensor define its first spatial moment by

v1(T) =max;acpsup [ dy,x)TCxy,...,x01[ | dax.
Xi JE!
All derivative tensors are symmetric in their slots. A local derivative is allowed to contain

physical deltas: 6,(z) = N*1,_, has integral one. This convention prevents hidden lattice-
volume factors when slots coincide. On the field ball 8B, the set of y € Hy with |lyll. <27, put

Sk(f) = sups(D*F (1)),  Niq(f) =Sk(f) + /7o1(D*f (0)).
yeEB,;
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Thus Sk controls the derivative everywhere in the field ball, whereas the spatial moment is
required only at the zero field. The scalar bound Si(f) is distinct from the posterior covari-
ance S, of (10.2). For a symmetric k-tensor T, contraction of two slots against a kernel E means
the physical integral

(CtrgT) (x1,...,xk—2) = f E(u,v)T(x1,...,Xk_2,u,v)dudo.

For tensor measures the same formula is interpreted after testing the remaining slots. Slots
joined to inverse kernels in such a product are called operator slots; the remaining ones are
external slots. The seed is the mass-subtracted logarithmic determinant, (11.6) of Lecture 6,

Ly(y) =5 Trllog(I +CJ PAy’Cl) — CIPAy2C) ). (20.1)

The square root and logarithm are defined by diagonalising the positive finite-dimensional
operators; in particular this is a finite matrix logarithm. The subtraction removes its quadratic
tield term. It is nonpositive with zero constant and quadratic jets, and

1 A
9 La(y) = 5Tr[Gy(y) = Col + 52yl (20.2)

For an even action define (I f)(y) = f(y) — f(0) — %sz (0)[y, y]; this removes the constant
and quadratic Taylor coefficients, also called its low jets. For a quadratic path M, =yl + O,
(ascalar and an even, translation-invariant, centred kernel), whenever the displayed inverses

exist, define the primitive of the trace map (11.7) of Lecture 6 (its field gradient is that map
with {=Dh)

: 1
JaIM, h](y) = 5Tr[(Kg+ Mo+ DA(U +h) (1)) ™ = (Kg+Mg) '] (20.3)

Its quadratic jet at zero is, by evenness, the operator DZj;[M,h] (0) =6&4[M, h] of (20.8) below.
For a translation-invariant operator L write L = (L)I + L°, with (L) its constant-mode eigen-
value and L° centred. Given a scalar path y, the recursion has three nonlinear functions and
two centred kernels, as in (11.8): with the level masses MU = ul+ o and 01 =0,

=L, h£,f+1]:£q—fq""H(I[MU],hU]]—aSLS)ds, @)y*”:—f;"GS[MU],hU]]"ds, j=
1,2. (20.4)

Integrals are at fixed field, and the field balls increase with scale. The integrals are improper
at infinite scale; their convergence is proved in Proposition 20.6. No derivative-losing infinite
iteration is used.

20.2 Two elementary receiving estimates

All kernels in this subsection are physical kernels, with normalised spatial measure. A closed
cycle means the product of alternating vertex and inverse kernels, integrated over all joined
operator slots. An external slot is left unintegrated until the rooted norm is taken. A marked
factor is simply a selected factor that carries a difference estimate or a spatial-distance weight.
Define

m(L) = max(sup f IL(x,u)|du,sup f IL(x, 1) dx),

[(L) =max(sup [IL(x,)ll2,supIL(-, u)ll2).

X u
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Schur's inequality gives ||L|l,—,<m(L) for all 1 <p << oo. Also [((LL"),[(L'L) <m(L")I(L): on one
side use the L% operator bound for L’, and on the other use Minkowski and its absolute row
or column mass. These statements do not require positive kernels.

Lemma 20.1. (A rooted closed cycle) This is (11.5) of Lecture 6 with its proof. Let Ty,...,T, be
symmetric physical vertices, each with at least one external slot. Close their two operator slots into a
cycle with p + 1 symmetric inverse factors H; two consecutive inverse factors may be combined into

H?. Denote the resulting external tensor by Z. Then the absolute rooted norm of Z is at most

p
(H)2m(H)P ] | s(Ty). (20.5)
i=1
Ifall factors are translation invariant and every inverse factor has A, norm at most C/q and Hy norm
at most C q_l/ 4 then its first-moment version is

$(2) +Jqui(2) < Cpq—l/zq—@—”H (s(T1) + Jqui(Ty). (20.6)

The same conclusions hold for mixed inverse factors with common bounds. A marked factor with both
norms smaller by p gives the additional factor p. For cycles with p inverse factors and p vertices, p >2,
replace p—1 by p —2 in both bounds.

Proof. Choose the external root in T7. Integrate all external slots of the other vertices in abso-
lute value. Their two-slot marginals T; have both Schur masses at most s(T}), by symmetry.
The open chain between the two operator slots of T; starts and ends with an inverse. Its kernel
is bounded by

IH (14, ) |l2lmiddle chainll,2[H (-, )l < [(H)Zm(H)p_ln s(Ti).
i>1
Integrating the rooted T; gives (20.5). Absolute kernels were used throughout; no cancella-
tion or positivity of H was assumed.

For the spatial assertion, translation invariance identifies every rooted integral with its
full spatial average. If the marked pair is in one vertex, charge its distance to that vertex's v;.
Otherwise follow either arc of the closed cycle between the two marked external slots. The
triangle inequality charges each piece to a within-vertex displacement or an inverse edge.
A vertex charge gives a two-slot marginal with weighted row and column masses at most
s(T)) + \/ﬁvl (T;). For edge charges the two arcs contain an inverse each. After the intervening
vertices have been collapsed, write their convolution chains as Ej, E>. The closing integrals
obey

f (1+ yqd)IE1(2) Ea(=2)| dz <IIExll e, | E2ll

Use one inverse in each /{, norm and every other inverse and collapsed vertex in A, using
(19.3). There are p — 1 remaining inverses. This gives (20.6); there are at most Cp distance
charges. The identical proof treats marked factors and the version with one fewer inverse.
The weighted estimate uses g /% the sharper unweighted factor [(H)2< Ca,(q) is retained
separately when needed. O

Remark 20.2. (The vertex must pay for its own spatial extent) Take the nonlocal fourth
vertex T(x1, X7, x3,x4) = 1. Since qul = q'zl, its contraction is the constant two-slot kernel
CtquzT =g~2 Consequently

U1(CtrC§T)

gy = 10 d2>0
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On a lattice replace the integral by its normalised sum. Thus closing two free inverses cannot

by itself give a g~/ spatial gain for an arbitrary nonlocal vertex. This is why (20.6) retains

every within-vertex moment.

Lemma 20.3. (An inserted multiplication and a nonlocal vertex) For arbitrary kernels L,L’, a
symmetric third tensor T, and a multiplication input ¢, the two linear maps

¢ diag(LM¢L'), ¢ CtrLM¢L’T

have LY operator norms at most [(L)I(L") and s(T)I(L)I(L"), respectively, for every 1<p< cc. Ifa
bounded covariance kernel E satisfies ||E||l«: =supy z |E(x,z)| < ¢, inserting a multiplication input in
any one slot of CtrgT costs at most cs(T)l|ll,.

Proof. For the diagonal map the positive majorant kernel is |L(x,a)L’(a,x)|. Its row and column
masses are bounded by [(L)I(L"), using Cauchy-Schwarz in a and x, respectively.
For the tensor contraction its majorant is

Jm = [1TGxu,0)lIL@w,a)L (a,0)|du do.

For its row mass first integrate a, obtaining at most [(L) [(L")s(T). For its column mass put T(u,
v) = [IT(x,u,v)| dx. Symmetry makes IT|l2—2 <s(T), and therefore

f Jx,a) dx <s(DILC, )2l (a, )12

Schur's inequality proves the assertion, including both endpoints p =1, c. For an input in a
contracted slot, bound E by c and collapse the unused slot of T; symmetry again supplies both
Schur masses. An input in the open slot multiplies a function bounded by cs(T). These proofs
also apply to diagonal vertex measures: the physical delta integrates to one, so it introduces
no extra lattice factor. O

20.3 The finite derivative budgets

Lemma 20.4. (Finite trace calculus) This is step (a) of the proof of Proposition 11.2 of Lecture 6.

For 4<k<10, Nk,q(aC) <Ciggq ri‘k. For the trace comparison fix k >4. Assume that h,fz are trans-
lation invariant and even, have zero constant and quadratic jets, and obey the individual bounds

Nja(h) + N <Cigaqrs ™, 4<j<k+2.

Assume also that M lies in the coefficient ball ||/ g+ 17,(©) < Co(gy +g§) and that q is large enough
for all the corresponding row Neumann series to converge. If the difference obeys N ,(h — Iy < &qq 1’; 7,
4<j<k+2, then

Nig(TgIM, h] = JgIM, 1) < Cregq/?r . (20.7)

Changing M between two paths in the same ball gives the bound with |5yl /q+q~/*01(6@) replacing
&g The initial comparison H(j;[M, L]— 8q£) has e;=C(g+1ul/q+15(0)).

Proof. Let H= (K;+M,+ D*(U+h) ) -1 and H the same with h. Taylor's formula, evenness,
and the zero quadratic jet give Sy(h) <C gq9 and S3(h) <C $qq/74; the same holds for /1, and for
their difference with g, replaced by ¢;. Thus the hypotheses control every Hessian vertex used
in differentiating the inverse, including those with zero or one field derivative. Together with
the local quartic they give s(DIT2U+h) < Ciq rq_j for 0<j<k.
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More explicitly, D*H[uy,...,ux] is the sum over ordered partitions (Py,...,P,) of the index
setl,..., kof

(—1)PHDP2(U + hy[up,JH- - - DU + 1) [up,1H.

Here two slots of each vertex are operator slots, and up fills its remaining slots. Taking the
trace closes this chain. Lemma 20.1 gives its rooted absolute bound

Ckaz(Q)q_(p_l)H s(Ty) < qul/qu—k.

The factor a;(q) comes from the two L? inverse rows, and each of the other p —1 inverses
costs C/g. Symmetry gives both Schur bounds for every collapsed vertex, also at nonconstant
fields. The row Neumann series preserves the row and row-L? bounds: use (19.5) for M, and
the just proved S, bound for the nonlinear Hessian. All constants depend on the finite list of
individual derivative bounds above.

Telescope the two partition sums. A changed vertex contributes ¢, by the difference
budgets. A changed inverse equals —H (D?h — szz)f{ and contributes the same factor, since
its extra inverse costs ¢! and its Hessian costs ¢49- More precisely, group that product as
one marked inverse; its m and ¢ bounds are Ce,/q and Ce,/a2(q). This proves the unweighted
part of (20.7). The worst vertex uses k +2 derivatives.

For a quadratic inverse difference put o =[0ul/q +q~?01(6@). Ata nonconstant field,
(19.5) and the row Neumann series give [|[HOM||c— < Cp. Thus 6H = —HJIMH has absolute
row mass Cp/q and row L? bound Cp./a2(q). Transposing and exchanging the two back-
grounds supplies the column bounds. Apply the same cycle estimate with this marked inverse.
One must not replace this argument by an absolute row bound on §@ itself.

At zero field all inverses are the convolution Ry= (K + M) L. The centred cancellation and
the convolution Neumann series give

IRolla, <C/q, IIRolly, <Cq~1/*

The identity R = —RoéMﬁo, with [|C,6 M| A, S Cp, gives the same two bounds multiplied by p
for 6Ry. Equation (20.6) now proves the first-moment part of the trace comparison, including
changes of M. Within-vertex distances use exactly the individual moment budgets in the
statement.

For the seed, a derivative of order k>4 of the log determinant has p > 2 inverse factors
and p vertices: the local potential Ay has only first and second derivatives. The same cycle
cut has p — 2 intermediate inverses and gives quZaz(q)rq_ k< Crga rg_k. At zero its degree
2j term is (—1)/ +1Tr(Cqu2)f / (2j); the same two-chain argument proves its spatial bound.
Taylor gives Sp<Cg,q, S3<Cgqq/1,- Finally (20.2) says that J,[0,0] — 9,.L, is purely quadratic.
Consequently

T1(Jg[M, L] = 3,L) =TI(Ig[M, L] = J4[M, 0]+ Jg[M, 0] = J4[0,0]).

The first difference has a marked seed vertex and factor g,; the second has a marked quadratic
inverse and factor |p|/q +17,(®). This proves the stated initial comparison. O

Remark 20.5. (Small Hessians alone do not suffice) The higher individual bounds in this
lemma are necessary (compare Exercise 11.3 of Lecture 6). On the one-site lattice take g=A =
1, M =0, and fixed small &, >0. Put

2,2

l A 0
hn<y>=%(cos<ny>—1+%), ) = ha(y) +759*
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Both corrections have zero quadratic jet and uniformly small Hessians on |y| <2, while all
derivatives of their difference through order six are bounded independently of n. Neverthe-
less, expanding (1+y?+,/(y))~! to order four gives

D4(T [h,] =T [h,])(0) =12(26 + a6 + 52).

Thus a trace Lipschitz estimate cannot follow from Hessian smallness and difference bounds
alone. The example rescales to any ¢,A: put y =r,s and replace each correction /(s) by grzh(y/
rq)- The displayed trace derivative is then multiplied by q_qu' % and still diverges with n at
fixed q. In our recursion the needed higher individual bounds follow at each finite step from
the seed and the previous increment; they are not extra assumptions on the field.

20.4 The coefficients, with a boundary value

Retain the quadratic jet and set, with Ro ;= (K, + M) ~1 asin (11.9),
&g[M,h]=—ATr(Rj )] — %CtrR&qD‘*h(m, Gl=B1, &,:=6, M B (20.8)

Let B = [—Bo/\qi/ 2B Ox\q,l,/ 21, an interval of boundary values, not to be confused with the field
ball B,. For b, € 83 the scalar mass solves

H=bot [ peds,  fo=(&MP,EY). (20.9)

Here &,[M, 1] is a deterministic operator-valued source, the linear coefficient of the loop force
at zero field, and B, is the constant-mode eigenvalue of the final one. The identity operator
is written I when its space is clear. Translation invariance makes the constant mode a scalar.
The centred parts of the sources at the first two levels define @2/, 3 in (20.4), integrated
from infinity; only the scalar of the final level is imposed, from g.. The linear force is M, :=

M,;g’] = pgl + @553], so that 9,M = BI + Gq[M[z],h[z]] °, Hq,=b. and v1(®,) -0 as g— co. The bare
mass is yn=lim,_, oy asin (11.11), whose existence is a fixed-lattice assertion proved below.
Note that go does not occur in (20.4), (20.8) or (20.9): these operators are built from K; and
the level masses alone.

Give scalar paths on [g,, o) the norm

IIVII*:supM

¢ NI

Proposition 20.6. (The coefficient construction closes) This is Proposition 11.2 of Lecture 6,
with the dependence on b, made explicit; the bare mass is treated in Lemma 20.7. There is a universal
constant C, > 1 and, for each By< oo, a scale §= (A, By) such that the following holds for q. >4, q. >
max(1,q¢), and b, € B. With R=By+ C., the recursion (20.4) and the scalar problem (20.8)—(20.9)
on [q., o) have a unique solution with ||ull. <R, and, as in (11.12),

A <CAYg, 01OV KC712 9 Mylleow < Cgy 7,1 - @) <CgP. (20.10)
Starting with ten derivatives leaves six at the final depth, and, as in (11.13),
Nigh —hU=1) < Ciglgrd ™, 4<k<12-2j, j=2,3. (20.11)

The complete defect of I) =U + %(y,qu) + h,53] on By is, as in (11.14), e =T1(J[M'*, h'21] —
j;[M[g’],h[g’]]) + %(y, Eqy), with the centred kernel £4=&,[M (21 pl2lye - &M (31 B3 and

Sa(ed) SCA73, 1E6lkow +q*01(E£5) < Cgy. (20.12)
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The constants in (20.10)—(20.12) may depend on By, but not on N or on b, € B.

Proof. Here every O is even and centred. At each fixed N the norm ||-||. defines a complete
weighted supremum space of continuous scalar paths; restrict to the closed subset i, =b.. It
meets the ball of radius R, since |b,|/ (/\\/ﬁ) < Bo(q,,/q)l/2 < By for g > g.. Work provisionally
with radius R>1 and Rg,, smaller than a fixed constant.

The recursion on a given scalar path. Apply the trace lemma by a finite induction, with the
level masses. The seed supplies its individual bounds through order ten, and @1 =0. The
first comparison, [1(J (MM £]1—9.L), with M = ul, is the initial comparison of Lemma 20.4
with ¢, =C(g, + il /9) < CRgy; it constructs pt2l— pil through order eight, and adding the
seed gives the individual bounds for 1[*) at these orders. The centred source of the first level,
S4[M (11 L7°, contracts the fourth seed vertex with R(Z),q, whose supremum is C q_l/ 2. the dis-
tance stays in the vertex, so its first moment is at most C)\Zq —3/2 and 01(@),52]) < 2C/\2q'1/ 2 that
is 17q(®[2]) <C gg. The local quartic contributes only to the scalar. The second comparison,
J MBI R — 7 MM i) changes the vertex by K21 — 1 and the mass by the centred
kernel ®[: write it as a vertex comparison at the mass M plus a mass comparison at
the primitive 11, both covered by Lemma 20.4, the second with 7,(®!?]) replacing ¢,. Both
have relative size gg, so it constructs h'¥ — 12! through order six and hence the individual
bounds for %), The centred source changes by the same two insertions: contracting the fourth
vertex of h — 11 with R(Z), and the fourth vertex of h!!) with the marked difference of R%,
whose supremum is C17,(© (21Yg=1/2by the marked inverse bounds of Lemma 20.4, gives a first
moment Cq~Y Zgg, and integrating from infinity 17q(®[3] -ebhgc gg. These in turn permit
the final fourth-order defect comparison. At each step the Hessian Schur norm is Cg,q, and
every level mass lies in the coefficient ball, |u,l/q + 17q(®[j < CR( S+ g,%), so the inverses
exist before the next trace is used. The centred kernels enter only through their first moments,
absorbed in the resolvents by (19.5); they are never cycle vertices. In this induction the trace

lemma and
2—k/2—(a+1)/2

oo
J‘q gl=k2—@+1/2 4o — 1

K2 2rasDy k2v a2l

prove the two increment bounds. Here are the details at the improper endpoint. Put F s[j =
1T (MY 11 —9,.L,). At the first step the initial comparison gives, for 4 <k <8,

Nis(FMY S Cr(1+R)ges M 2r* = Cp(1 + R)AIHF/25 K72,

For F% through order six, telescope it as FI! + T1(J [M!, h121] — T [M™M, ht1]). The addi-
tional term has the smaller factor ¢Z instead of g;. All these powers are integrable. In the
moment part of the integral, \/ﬁ < /5 permits the same domination for ]\Zk,q. The projected
integrands have zero constant and quadratic jets and are even. Taylor's formula therefore
bounds their derivatives of order zero through three, on each fixed bounded field set, by the
integrable fourth-order bound CgA% 2 times the corresponding field powers. Thus differen-
tiation under the improper integral is justified through order eight at depth two and six at
depth three. No unknown terminal jets or interacting moments are being imposed at infinity.

For fixed g and any compact subset of B, the same bounds hold in a common neighbour-
hood in field and scale, since B increases with s. The lower-endpoint derivative is therefore
legitimate, and I19,.L,; = 9,.L;, gives

aqh[Hl] =HI[MUJ,hU]].

Moreover Ss(h1) € CAZq'l/ 2 and the zero low jets show that each htgj Jand its first three field
derivatives vanish as 4 — co on any fixed bounded field set.
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The scalar fixed point. Contracting fourth tensors with the kernel R}, whose supremum is
Cq~'/2, gives for the source &,= S,[M U1, nU1] at every level j

Bal + 164llrow < C (g5 +87),  v1(S5) KCA%q 372

In the centred part the distance stays in the fourth tensor. These bounds give ||8,7M llrow < C <
and, for the scalar map A defined by the right side of (20.9),

ALl _ b

Mg T Ag

Here is the order of the constants. With R>1 and Rg,, smaller than a fixed constant, the
inverse Neumann sums are bounded, for example, by two. The first increment has size C(1 +
R) gg, the next has one further g,; after adding the seed, the individual derivative budgets
have constants independent of R in this regime. Thus the source bounds above have a fixed
constant, and the output bound reads By + C., with C, >1 independent of R and of By. Enlar-

+CA +84.) <By+CA1 +84.)-

ging C, if necessary, the centred outputs obey v; (@g ]) <C *Azq'l/ 2 with the same constant, so
every level mass lies in the ball |M ), <R of (23.1). Now put R=By+ C, and then choose 4.
to satisfy the provisional smallness requirement.

For two scalar paths p, ji in the ball with the same boundary value b,, put d = ||y — jill..
The difference is a scalar insertion of relative size |61,/ q < g4 at every level. Through the
finite recursion, the trace comparison with mass changes gives N(6hV!) <C ggq rg_kd and,
integrating the centred sources from infinity, 7,(6©® ihygc ggd. Contracting with R(% as above,
the scalar source changes by |68,/ <C g,%d. The scalar integral in (20.9) starts from the same
value, so

6A L[]l < CAlog(q/g.)d.

After normalisation this is at most Cg, dlog x/ v with x=¢/q. >1; the supremum of log x / VX
is 2/e. This is a contraction estimate on the whole half-line, with no prescribed bound on the
bare mass. Increasing q. once more makes it less than d/2. The closed ball is complete, so
Banach's theorem gives the solution. Every choice here depends on the coupling, on By and
on the finite derivative budget, not on N or on a probability moment order.

The defect. Evenness gives DZ(%TI‘ H ) 0)= —%CtrR%D‘lFO(O). The scalar mass equation sup-
plies exactly the constant mode of this quadratic jet, while d,h S Hj;[M (2] p121] and 9,0 (31—
&,[M), h21]°. This proves the defect identity. Apply the trace bound to the last increment
to obtain the fourth-derivative estimate, with ¢, <C g;;’ from (20.11) and 77,(® Bl_elhgc g;;’ .
The centred kernel &; has no tadpole contribution, since the local term is a multiple of the
identity; it is the centred part of Ctré(R%)D‘Lh 310y + CtrR(z]D4(h[3] —h2h(0), up to the factor —%.
The row norm of a contraction is at most the supremum of the kernel times the rooted norm
of the tensor, and that of a centred part at most twice that of the operator. With sup |5(R(2))| <
ngq ~1/2and sup|R§| < Cq /2, this gives [[SHMSES Cq‘l/z(gg/\gq +Ag§) < Cgy; the first moment
follows in the same way, the distance staying in the vertex. O

From now on q >4, whenever I, occurs, and all constants may depend on A, By but not on
Noronb,eB.

Lemma 20.7. (The bare mass exists at each lattice) This is the last assertion of Proposition 11.2
of Lecture 6. For each fixed N, the preceding infinite-scale construction satisfies

||6q||row + |,Bq| <CA1 +gq)92(5])/ N — bl <CATr Cq,, <CAN, (20.13)

N — gl SCAN?/q,  [Ogllrow SCNAG 12— 0.
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The last two limits concern q— oo at fixed N. In particular |un| < |b.l+ CAN, and Tr C;, <Tr C.

Proof. Keep the sharp finite-lattice bubble in the unweighted trace bounds: ||R%,q||oo <Cax(g)
and S4(hg3]) < CAZq_l/ 2=CA gg- Contracting the fourth tensor in (20.8) therefore gives the
first inequality, including both Schur masses. Since [ ;j a(s) ds =Tr Cg,, its scalar integral is
absolutely convergent, and (20.9) gives the bound on yy — b.. The Fourier symbol bound
gives Tr C;, < CZ\k\gCN (1+1kI>)~'<CN. For the upper tail use a;(s) < N3s2, Finally every
nonzero lattice displacement has distance at least N~!. The absolute off-diagonal row mass

of ® is at most Nv1(®); centring bounds the diagonal by that same mass. This proves the last
estimate. For the one-site lattice © =0. O

The leading N-dependent part of py is —ATr C,,, and it differs from —ATr C by a quantity
bounded in N. The next quadratic contraction contains the logarithmic two-loop mass diver-
gence. Keeping its full running kernel avoids an incorrect local replacement. There is no
quartic or kinetic counterterm in the bare potential. The number yy generally diverges as N —
oo; only the running mass at each finite scale has a continuum limit. We never interchange
these two limits of the mass. The explicit form of py is Theorem 22.2, and the limits of the
coefficients are in Proposition 22.1.

Proposition 20.8. (Dependence on the boundary value) This is the step Response of the proof
of Theorem 11.3 of Lecture 6. For q, large depending on A, By, let b, 1,b. » € B with scalar paths u‘V,
1® and level masses MUY D, MUV P and §b=b, 1 —b, ». Then at every fixed N,

Sup |61l <210bsl,  supg®?v1(0O) CA26b.l, 161N — b,/ < CAgy216b.l. (20.14)
q2q+« g249x

Proof. Let D =sup,|dp,l and X = supq,jq3/ 201(5@; 1Y, Both are finite at fixed N: Lemma 20.7
gives ax(q) = ON(q_Z), so the centred source is ON(q_3) and 01(Q,) = ON(q_Z). Put p,=D/
q+ Xq_z, which bounds (6] /g + q_l/zvl((S@q). The trace comparison gives Nk,s(j;[M[j]’(D,

h] — J, (MU 1)y < Cpssl/ 2y 7% at each level. Since the seed does not depend on the mass,
integrating from g to co with k=4 and using the finite recursion,

s(D*h(0)) SCA(Dq =2+ Xq7%%),  01(D*h(0)) SCA*(Dg~2+Xq7%).

Let RO,ZAQO be the two zero-field inverses. These are commuting Fourier multipliers, each with
symbol bounded by C(g + clk® 1 by (19.5), and (S(R(%) = —(R%IAQO + ROIAQ(%)(SM. So the local
term of (20.8) varies by ATr( (R(%IAQO + ROIA{(%)(SM), to leading order ZATr(RS’(SM). This is at most
CAMD ™32+ Xq75/%), as 130 (k)| < 2kiv1(3@) and Y, k(g + clk?) "3 < Cq~'. Contracting the
fourth vertex with R(Z), whose supremumis Cq -1 2, and the vertex D*h!3! (0) with 5(R5), whose
supremum is at most Cpqq_l/ 2 by the marked inverse bounds of Lemma 20.4, gives

|(5‘3q| <C)L(Dq‘3/2+Xq—5/2), 01(5617_ 5131171) <C/\2(Dq_5/2+Xq‘7/2),

The same bounds hold for the centred sources of the iteration at each level, whose kernels are
integrated from infinity; as the kernels are outputs of the finite recursion, this gives directly
X < CA?D, the bound at the first level feeding the second. Integrating the scalar part from g,
tog,

D<|0b.]+CAg; 2D+ CAg %X,
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For g. large this gives D <2|6b,|, and integrating 58 over [g., o) gives the last bound. 0

21 Global coercivity and the complete large-field error

This section proves (12.2), Lemma 12.1 and Proposition 12.2 of Lecture 6.

21.1 Clipping

Choose a smooth odd 7, equal to the identity on [—1,1], constant outside [—2,2], with 0< 7' <
1 and |7] <2. Define pointwise, as in (12.1),

~ _ 1 -
K (Y) () =1, Ty () /1), hg=hox, Iy= U+5{y,Mgy) + g (21.1)

The quartic and quadratic terms are not clipped. The finite chain rule gives globally, as in
(12.2),

(D) <Cgrs™) (j=2,3,4), s(D%yhy) <Cgy. (21.2)

For the scale term use d;xy = (1Y —yT "(y/ rq))/ (2q), of size Cr;/q, and differentiate the com-
position. These terms remain in the defect.

Proof. We verify the clipping budgets (21.2). In this proof h = h,53] is the unclipped correction
and | = Dxy(y) is the diagonal operator multiplying by 7'(y/r,). Taylor on the unclipped
ball gives D hll < Cggq7, as well as the stated Hessian and higher budgets. In Di(ho Kq),
each partition with m blocks has one D"h and clipping factors whose product is bounded by
C r,;” /. Indeed |K¢;”)| < Car;_” for a>1. Coincident slots give physical deltas integrating to one.
Root any external slot and use symmetry of the / vertex to obtain the asserted Schur bound
for2<j<4.

For scale differentiation first use aqhm = Hj;[M (21 21, With T = U + h™ and H? =
(K;+ Méz] +DTRh-1 differentiating this trace twice gives the two types

Tr(HPD3T 2y HPID3T Rl [v]H2), —%Tr(H[ZJD‘*r[ZJ[u,v]H[Zl).

Lemma 20.1 bounds both rooted kernels by Cax(q)qr, 2<C gg- Subtracting the quadratic jet at

zero preserves this bound. Hence S;(9;h Bhgc gq and [|D9;h Bl.<C g47q on the ball. Write
z=1xgzy and w = d;x,y. Globally,

wl|<Crq/q, IDwIKC/q, ID*0|<C/(qry), dgh=(3gh)(2) +(Dh(z),w).

Two derivatives of the first term cost Cg, by the preceding two bounds. The second gives
respectively D%h[], ], w], Dzh[Ké',w], the two terms D?h[J,Dw], and DhD?*w. Each costs Cgy
in rooted Schur norm, using the displayed budgets. This proves the scale assertion in (21.2),
including motion of the clipping scale. O

21.2 Global coercivity
Write H,(y) = (K; + DZI_"q(y))_l, asin (10.11).
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Lemma 21.1. (Uniform resolvent bounds) This is Lemma 12.1 of Lecture 6, with one further
bound. For large q. the inverse exists globally, and as in (12.3), for allye Hy and q > q.,

1+C(gg+87)

c(Ky+Ay?) SH () IS CKg+Ay?),  IHyW)llpop < (1<p< o), (21.3)

diagH,(1)*<Cax(q), M,H,(y)*M,<C(Aq)~'I.

Proof. Use (19.5) and ||D2fl||2_,2 < Cgyq for the forms. The row Neumann series in H = (I +
G(M + D?%1))~1G has first-factor norm 1+ C( g+ gg). Symmetry gives columns and interpola-

tion gives p. Every row of G has L? norm at most Va2(9); Minkowski in the same series proves
the covariance estimate. Finally use H?*<(C/ ¢)H and M,;HM,, < CA~!I. One must not square
a Loewner inequality to obtain this assertion. O

21.3 The complete defect

The defect is e,(y) = aqqu) — %Tr[Hq(y) —H,(0)] and the drift is b,(y) = —H,(y)De;(y), as in
(10.11). Put x4(y) =1y>r, pointwise, and split the drift as

b2 (y) = —Hy () Dy (y)De(rgy),  by=by—bL.

Lemma 21.2. (The complete source bounds) This is Proposition 12.2 of Lecture 6, with the cor-
rection bound of (12.5). For t=t,(y) =yx,(y), uniformly iny€Hy, N, g 2q. and p € [1, o],

IIbg ()l < CA7/2g 7572, (21.4)
B3l < CAG (It + 74 Y22 D)),
lbg(»)115 < CAYg It

Moreover ||bg(y)llp < CAq_3/2||y||p, ID e;(W)llp < Cggliylly; the trace part (the loop part Uof (12.8) of

Lecture 6) DY, (y) =AydiagH,(y)*+ %Ctqu(y)sz’ﬁq(y) obeys IDY,;(y) |l < Cgqyllylly; and
0q(1): =Coy(Mgy +Dhy(y)), 1Dy llp—p < &5 =C(g+g2)- (21.5)

Proof. The exact gradient is

De=9;M,y + D3, + AydiagH? + %CterD:”fz. (21.6)

For this calculation let 1 = hbg?’], z=1xgy, and | = Dxy(y), the diagonal derivative of the clipping
map, and write M =9,M,. Evenness, the zero scalar quadratic jet of ¢° and its centred quad-
ratic jet £ give [IDe°(2)llo < Sa(€°) (279)% /6 + 1 EGllow2ry < CA7/2g /2, by (20.12). Multiplication
by J and the C/g inverse bound therefore give the bounded-field estimate in (21.4). Here
are the identities for the large-field calculation. Put w = dyxzy, fi=Dh(z), f= D?h(z), and
f5=D31(z). Here w is only the local abbreviation for the scale derivative of the clip. The
unclipped and clipped inverses are

H°= (K;+My+Az*+D?1(z))~Y, H=H,(y).
Their inverse difference, denoted D to distinguish it from field differentiation, obeys
D:=H'— (H))'=AM2_2+ (J =D fof + foJ = D) + Myir,

H?— (H°)?2=—H?DH° — HD(H°)2.
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The full gradient difference is
De—]De°(z)=M'y—M'z+ [fhw+ (Dw)*f

+A(y —Jz)diagH? 4+ A] zdiag (H? — (H®)?)

1 1
+5CtrH2[D3(h o Kq) — ]f3] + E]CtI'HZ_(HO)Zf}

These are the groups of Section 12.3 of Lecture 6. Here | in the last line acts on the open
slot, x;" denotes the pointwise second derivative of the scalar clipping function, and products

such as x;'uv are pointwise. In the next identity the symbol ) cyc denotes the three cyclic
permutations of the directions u,v,v". Retain the entire chain rule

D3(hox)[u,v,0'1=D%h[Ju,Jv,]v'] +Z D?h[«""uv,Jv' 1+ Dh[x"""uvo'].
cyc
Suppress g and put r=r,, g=g4 a2=a2(q), x =x;(y) and t=yx. Let
=lfilo<Cgqr, =m(f2)<Cgq, 03=5(f3)<Cgq/r.

Clipping obeys the following pointwise bounds, all uniform in y:
lzZI<min(lyl,2r), ly—zl+ly—JzI<Clt, 11-JI<Cx, I«"I<Cx/r, (21.7)
IK""|1<Cx/r?, 0<y?’—z2<y®x, wI<Crx/q, IDwI<Cx/q, x<IH/r<y’x/r>

The estimates for H hold also for H® on the unclipped ball, by the same Neumann-series
proof. In particular, for H? either of the inverses H, H®,

m(H)<C/q, WHH<Cva, WHH)<LCq™' v

Receive every inverse insertion before estimating the field. Write 1, = H?— (H°)2. In each term of
its exact identity the two outer inverse chains have product of £ norms at most Ca,/q. For
a local insertion use Lemma 20.3. In an insertion (J —1I) fo] or fo(J —1I), absorb f,,] into the
adjacent chain; this costs at most 03 in its £ norm. Finally |fix"'|<Coyx /7. The lemma therefore
gives, for all p,

IdiagDsll, < C= [/\Ily Xllp+ (02+ 1/ 7)llxlp] <ciz IIy 2Xllps (21.8)
||Ctr@2f3||p<Cas7||y2x||p.

In the last inequality use o2+ 01/7r < Cgq, x <Ay*x/q, and small g. This argument controls the
column mass of the nonlocal contraction as well as its row mass.

Receive the third-order chain rule. In its first term, after removing the open-slot J, the dif-
ference of the two contracted-slot factors is bounded by x(u) + x(v). The last assertion of
Lemma 20.3, with supy, |H?(x, u)| < Cay, gives Cayoslixll,. Of the three second-derivative
terms, one identifies the two contracted slots and the other two identify the open slot with
a contracted slot. Their majorant kernels have Schur masses at most Cayc» /7. The last term
identifies all three slots and costs Cay0q /7% Write E3=D3(ho x7) —Jf3. Consequently

ICtr2E5ll, < Can(oz + 02/ 1+ 01/ 1) Xl < CElIH (21.9)

Here q/ r2=A and Aa,<C g. This is an operator estimate; the marked input sites can produce
output at other spatial sites.
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Bound the six groups in the complete gradient difference. The following ledger follows directly
from (21.7)-(21.9):

IM"y — ] M'zll, < CglItl,, (21.10)
I f2w + (Dw)*f1ll, < Cglity,
N (y — ] z)diagH?|l, < Cglitll,
] zdiag Dall, < Cg iyl

1
SICtrp2E3ll, < Cgll,

1
SWCtep fll, <Cr My Xl

For the first row split the expression exactly as M'(y —z) + (I — J)M'z. The first part uses
m(M") < Cg; the second uses |M 'zl < Cgr and x <I|f//r. The second row uses the w, Dw
bounds and ¢4, 0». For the fourth row note A>ray/ g=Aay/r<Cg/r; for the sixth use o3Aay/
g<Cg?/r.
Put®,(y) =Dey(y) — DKq(y)De;’ (14y). Summing the ledger gives, before multiplication by
H, for all y and p,
1D lp < C&aUUlta W Iy + 75 Iy X W1lp)- (21.11)

This is the bound used in Lemma 18.1 of Lecture 7; rows one, two, three—four and five-six are
the four groups of Section 12.3 of Lecture 6. Since bl'=—HD, using ||H|l,-, < C/g proves

||b1||,,<C§<||t||p+r—1||y2xnp>.

On the tail |f| + r‘lyz)( <2r 3 squaring the p =2 inequality gives ||b1||% < CA4q_5||t||g. This
retains the same coefficients needed for the backward energy.

For the global linear estimate, freeze H(y)2 in (21.6) and write D3P~l(y) = fol D‘%(uy) [yldu.
Collapsing the covariance slots gives a two-slot kernel with both Schur masses at most
C QZS(D4fl) <Caygq/ r?’<C gz. The other three terms in that gradient have L” bounds C Slylly,
using m(M") < Cg, s(Dzaqu) <Cg, and /\IlcliagHzlloo < Cg. Multiplication by H proves
Ib)l, < ng_lllyllp. In particular, at g =g., the last two terms of (21.6), which form DY in
(12.8) of Section 12.4 of Lecture 6, are bounded by Cg, Ilyll,- Finally Do =C,M + CqDZfl. The
centred convolution estimate bounds the first summand by C(|ul/q+1,(®)) on every L?; the
Schur bounds for C; and the clipped Hessian bound the second by Cg. This proves (21.5). As

04(0) =0 by evenness and DU = %y3, the equation Ky + Dl_"q(y) =K,xis (12.5) of Lecture 6. O

22 The bare mass and its limit

This section gives the consistency of the mass path with a moving boundary value and the
proof of the explicit counterterm, Theorem 11.3 of Lecture 6. All constants may depend on A,
go, Bo, but not on N or on the boundary value.

Proposition 22.1. (Limits with a moving boundary) Ifb,  — b, in B, the scalar paths y"™ with
boundary values b, n converge to the unique continuum scalar fixed point with boundary value b.,

and the centred kernels @ U'N converge, in the weak path topology of Section 24, to its outputs; the
nonlinear coefficients and ,Bgl\] converge accorfiingly at Aeach fixed q, and Propositions 27.2, 29.1 and
Theorem 30.1 hold along b, N. In particular @Z,\I (k) = ©g(k) for each fixed k.
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Proof. This is Theorem 28.3, whose proof does not use this section. 0

Theorem 22.2. (The mass and its explicit counterterm) Write a;=Tr C;, Céz) for the kernel of
C2, and fy(be) = pn (D) +ATe C—22f C%. Then By=—Aay—Aptgas + a3+ 202 C2C? + Ry with
|Rgl <CXq7372, and

2 o
fau(b) = b1 + Aax(q.) + A(Tr C — Tr Cp,) — §A2f (C3-C3) + L* (Ry + A(By +
Aap)ay) dg. (22.1)

As N — oo, f converges to a limit f pointwise on 3, and for By larger than a universal constant, each
re R and q. large depending on A,qo, By, t, there is a unique b, y € B with fn(b. N) =7, that is,

yN:r—/\TrC+§/\2 f C?, (22.2)

and b*,N—>f_1(r) along the whole sequence. Moreover |fn(b.,1) — fn(bs2) — (bx1— b4 2)|<Cgg, 101 —
b*,Z"

Proof. Expansion. Expand Ro=C—-CMC+CMCM R with C=C,;. Then —ATr R3=—-Aay+
2ATr(C3M) + O(/\az,oz), where p=|ul/q+1,<Cgy. As ah=—2Tr C3, this is —Aa, — Apay +
2ATr(C3@) up to the error, and ITr(C30)|< Cq_lvl(®) < C/\2 —3/2_ For the vertex, write h[3 =
L+ (W21 = L) + (hBT = h[2]). The increments have fourth rooted norm at most Cg; 2), and con-
tracted with R§, whose supremum is Cq~'/?, they give O(A%;%?). The quartic part of the

seed is L(y) = —%2 [ C(x,2)%y(x)?y(z)%. So

——Tr(R §D2L(y)) = (y, (Pardiag(R}) +2/2C%-R})y),

where - denotes the pointwise product of kernels. Its constant-mode eigenvalue is
Azazdiag(Rg) +2)2 [C 2R(2), and replacing R% by C @ costs a relative factor C gq thatis, O(A3q_3 /2.
This proves the expansion.

Integration. Three identities: o,Tr Cq = —ay; 9;,Cy(x) = —C(Z)(x), s0 9, [ C3= -3f C2C(2),
and 9,(paz) = Ba + Haj, o —Auay + A5 =—A9 (yaz) +A(B+ Aaz)ay. At fixed N, as g — oo,
TrC, [ C and p4a>(q) tend to 0. Since 2.2 —:—/\ integrating 8 over [g., o) gives un =
b.(1 +/\a2(q*)) —ATrCy, + —/\2f C3 + [(R +A(,B +/\a2)a2), which is (22.1). The last integrand
is O(A%g73/2), because B +Aay = O(/\Z/q). indeed pa>=0(Aq'/%q73/2),

Limit. The multiplier of Tr C —Tr C,, is (7. —qo) ((qo + ck) (9« + o)) E< (1 + k)4 sum-
mable, with ci > clk|?, so this sum converges. Next C3— Cg* =(C-Cy) (C*+ CCy+ Ci), where
C — C,, converges uniformly, by the same summability, and the second factor convergesin L.
At fixed g, ,Bf,\l p qu\’ and the explicit terms converge by Proposition 22.1 and the convergence
of the free kernels, hence so does Ré\l . The integrand is dominated by CA%37%/2, so fy— f
pointwise.

Inversion. By Proposition 20.8 and Aax(q.) <Cgy,, f is increasing with | fy (b, 1) — fn(D.2) —
0b.1<Cgg,I6b,|, and the same holds for f. By (22.1), fn(0) =A(Tr C-Tr C;,) + O(logg.), and
Tr C-Tr C;, <C(q0) + ql/ 2 /10 uniformly in N (the continuum value of the coefficient is 4% <

7o- and the lattice sum is bounded by % uniformly in N). So for By above a universal con-
stant and then g, large depending on A, ¢, By, 7, fn(J83) contains r for all N. Monotonicity
and pointwise convergence give b, y— f 1(r). O

The measure depends only on .y, so the choice of g, is immaterial for (22.2): we may take
any large g..
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23 Identifying the deterministic coefficients: conventions

This part proves the statements of Section 18.1 of Lecture 7 and Lemma 18.3: the convergence
of the coefficients along fields, which enter Theorems 18.4 and 18.6. The estimates of Propos-
ition 11.2 do not by themselves identify the coefficients of a limit: a weakly converging vertex
cannot automatically be contracted against a varying covariance. That additional assertion is
proved here.

Notation. We use that of Lectures 6-7: K; =g — Ay, C;= Kq_l, =g ra=(q/ )2,
ax(q) =Tr C;, the quadratic path M, = p,l + O, Ro 4= (K;+ Mq)_l, Gy(y) = (K +}Ly2)_1, the
seed Lq, the corrections hﬁy Vof (11.8), the sources G,4[M, h] of (20.8), with &,1 =1 at the final
level and centred parts &;, the centred kernels G)y ! with Q,= @EJ, the clip x,, flq = hf] ° Ky,
the action fq, the response H,(y) = (K; + DZI_’q(y))_l, the defect e;, the drift b;=—H;De,, and

the coordinate correction ¢4(y) = C4(Mgy + szq(y)) of (12.5). CtrrT contracts two slots of the
tensor T with the kernel R. The letter H without a scale index is the space L2(T3); the response
always carries a scale index or a field. HS is the Hilbert-Schmidt class on H. The boundary
value (below) is b.; by(y) is the drift.

Superscripts or subscripts N distinguish the cutoffs: N = ( y{;] )g>q, is a running mass path,

while uy is reserved for the single bare mass. ke 73 and ex(x) = 2Tk (the k of Lecture 6 is 27t
times this one); ek is the restriction of ¢ to Ay, and A} is the centred cube of N3 frequencies.
On A} the symbol ¢ = 4NZZZ sin?(7tk;/ N) of —Ay satisfies clk|> < ¢ <4702k|2.

Identifications. Fields are embedded by the cell function 1y, operators by iy - jn, with jy=
1%, jnin =1 and Py=injn — I strongly. All embedded inverses are (xR jy on H, with zero action
on the orthogonal complement of the cell functions. Their resolvent identities are valid in this
convention; an inverse on the complementary subspace is never required. For a smooth ¢ we

put o = jn@, 50 Plle <l and llinygn — Plloo < ClPlcN

Boundary value. Fix By < o, let B =[—BoAq+/?, BoAqL/?], fix b, y — b, in B, and take g, large
depending on A, By. Throughout, the lattlce coefficients are those of the system (11.8)—(11.9)
with P‘fy\i = b, n, the centred kernels integrated from infinity; by Proposition 20.6 the level
masses M = ul + ©U11ie in the ball M|, <R =B+ C., where

v1(O
IM]|. = max(sup /\Wﬂzrsup /\21( 11)2%

q2q+« q2q+«

d.(M, M) = M — M. (23.1)

Constants may depend on A, By and on the compact scale interval I C [g., o) when so indic-
ated, and never on N. The bounds of Proposition 11.2, of (12.2), of Lemma 12.1 and of Propos-
ition 12.2 hold in this ball.

Measures. We use signed Radon measures, that is, signed measures with finite variation
on compact sets. For such a ¢, |7 is its total variation measure and ||c|ltv=|c|(E) on its under-
lying space E. 6, has unit mass at z. Weak convergence on a compact space means convergence
against every continuous test; vague convergence off zero uses continuous tests with compact
support in the punctured torus. An annular test is supported a positive distance from zero.

24 The topology of the centred quadratic kernel

Let O1 be the space of even signed Radon measures on T2\ 0 with norm
01(®) = [ d(0,2)/0](dz) < ce.

Such a measure acts by the compensated formula

1
(O f)(x) =§f [f(x+2)+ f(x—2) —2f (x)]O(dz). (24.1)
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For a lattice kernel the off-diagonal measure assigns mass N “305(0,2) to z#0; its diagonal is
supplied by centring, ®y1=0. There is no independent diagonal mass in Q1: that coefficient

belongs to pI. The multiplier O (k) is characterised by Oex= O (k)ey.

Lemma 24.1. (Compensated kernels and weak paths) The space O+ is complete. The norm vy is
lower semicontinuous for vague convergence off zero. If @n — © vaguely off zero with bounded first
moments, then for every smooth f,

INONiNF > ©f  uniformly, Oy (k)< Co1(ON)IK,

and Oy (k) — O (k) for each k. The same conclusions are locally uniform in scale when convergence
against compactly supported tests off zero is locally uniform in scale. Such a topology, with the scalar

paths N converging locally uniformly, is called the weak path topology.

Proof. Multiplication by d(0,z) identifies O isometrically with the even finite signed meas-
ures on the punctured torus, a Banach space in total variation. On each closed annulus the
weighted variation is the supremum over continuous tests dominated by d. Taking increasing
annuli gives lower semicontinuity.

For d(0,z) < ¢ the second difference of a smooth function satisfies

|f (x+2) + f(x—2) =2f ()< Cl fllc2d (0,2)2 < Cll fll 2 (0, 2).

The small displacement contribution is therefore uniformly negligible, as the first moments
are bounded. Away from d(0,z) < use a continuous cutoff and the vague convergence; a
finite net in x and the same bound for derivatives give uniformity in x. Cell averages com-
mute with translations by lattice displacements, so replacing f by its cell averages gives the
same limit. There is no large distance tail on the torus.

For a Fourier character the multiplier is [ (cos(27tk-z) —1)@(dz), and |cos(27tk - z) —
1< Clkld(0,z) proves the bound. This also justifies a Fourier approximation of a smooth f,
uniformly over the moment bounded family. The function cos(27tk-z) —1 vanishes to second
order at z=0, so the first part with f =¢; gives the convergence of the multipliers. The scale
uniform claims follow by the identical estimates. Bounded first moments prevent a hidden
second order differential operator from surviving at zero. O

The strong metric d,. of (23.1), restricted to scalar paths, is the one used for the fixed point;
on the centred kernels it only records their bounds. It is different from the weak path topo-
logy: lattice measures need not converge in total variation to their continuum limits. Both
lattice and continuum paths are defined on [g., o), so the same metric is used for all their
contraction estimates. Weak convergence is still only local in scale.

25 Physical vertex measures and their derivatives

If Dy (y) has physical tensor kernel Ty, associate the atomic measure

nN:Z\]_?’k Z TN(X1/~“1xk)5(x1 ..... Xi)*

Integrating smooth products against it evaluates the derivative on their lattice samples. Eval-
uation on cell averages differs by o(1), since samples and averages of a fixed smooth function
differ uniformly by O(N~!) and the tensor variation is bounded. We use atomic measures for
weak convergence and cell kernels for operator comparisons. As in Section 20.1, s(T) is the
rooted norm.
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Lemma 25.1. (Root bounds pass to limits) A family with s(Ty) < C has weakly convergent sub-
sequences as signed measures on the compact product torus. Its limiting variation has every one-slot
marginal bounded by C dx. Spatial first moment bounds also pass to the limit. In particular a two-slot
limit defines a bounded operator on H of norm at most C.

Proof. The total variation is at most C, since the root variable has volume one. Weak com-
pactness of bounded measures gives a subsequence. For a continuous nonnegative root test
a and a continuous product space test ¢ with || <1, the rooted estimate gives

| [ axppdon| <CNT2 Y ax).

xeAN

Pass to the limit and take the supremum over ¥ to obtain the marginal variation bound. Insert
a distance in the tests for the moment version. A symmetric two-slot measure T therefore
obeys

|[ u@)o@T(dx, d2)| < ([ @ TV [ 1o ATHY2 <L Clullloll.
This defines its bounded operator, first on smooth functions, then by density on H. O

Lemma 25.2. (Recovering derivatives by finite differences) Suppose scalar actions fn(jn¢)
converge for smooth profiles in an open bounded field domain, and their derivatives through order m +
1 have uniform rooted bounds there. Then, on smaller compact finite-dimensional families of smooth
profiles, all tested derivatives through order m converge. Their physical tensor measures converge
weakly to the corresponding derivative measures.

Proof. Restrict to ¢ + Zflzl tiu;, with smooth directions u; and parameters a positive distance
inside the domain. A mixed finite difference of order k <m and step ¢ approximates the cor-
responding derivative with error Cé, by the bound on the derivative of order k+ 1. At fixed
0 its finitely many scalar values converge. Let N — oo, then § — 0. The next derivative bound
and finite parameter nets give uniformity on compact parameter sets.

Products of smooth one-variable tests determine a measure on the product torus: finite
Fourier sums approximate every continuous product space test uniformly, and the common
variation bound removes that approximation. This identifies the full weak vertex limit, not
just a selected collection of tensor contractions. The limiting scalar action on these families
has the stated derivatives, since the fundamental theorem of calculus passes to the limit on
segments. O

For even corrections with zero quadratic jet, Taylor's formula also gives

D%(¢)= [ (1-HD*(tp)[¢,p] dt. (25.1)

Thus the Hessian Schur bounds follow from the bounds on the fourth derivative on every
bounded field set. Local diagonal terms cause no difficulty: they are diagonal measures, not
ordinary functions of two independent variables.

26 Compact resolvents receive weak Hessians

The four lemmas of this section (compact sandwich, and contraction against a moving cov-
ariance) are the second and third tools listed in Section 18.1 of Lecture 7.

Lemma 26.1. (Free and quadratic background consistency) For paths converging in the weak
path topology,

IN(Kg+ MM YN = (= A+ g+ ©p) ™1 in HS,
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locally uniformly in q. The same holds after adding A(jn¢)? for a fixed smooth bounded profile ¢. In
particular lNCg]\I jn— Cgin HS.

Proof. For each fixed Fourier mode the multipliers converge, by Lemma 24.1 and the conver-
gence of the lattice Laplacian symbol. Their absolute values are bounded by C(g + clk|?)~?,
by the small relative form bound: |y, <R g,q and I@q(k)l SCRg K < Cqu(ggq +1k|?). The
squared tail beyond |k| =L is therefore at most C IZIkI> L (1+ k|2)~2< C;/L. The embedded lat-
tice Fourier characters converge uniformly to their continuum characters on each fixed finite
set of modes. The low and high frequency split proves Hilbert-Schmidt convergence.

For the multiplication potential put Vy=A( thNgb)2 and V :)upz, S0 [VN =Vl = 0. If Ay,
A denote the preceding background inverses and Gy, G the inverses with Vy, V, the exact
identity is

GN—=G=U—-GNVN)AN—A)UT-VG)+GN(V=V7N)G.

All outer factors have bounded operator norms on the fixed profile, and the middle difference
is Hilbert-Schmidt. The identity follows by expanding and using Gy = (I - GNVN)AN and
G=A(—-VG). This proves the assertion without an expansion in the field amplitude. O

Lemma 26.2. (Compact sandwich) Let Gy — G in Hilbert-Schmidt norm. Let By be a uniformly
bounded symmetric sequence converging weakly as operators to B, meaning ( f,Bng) — (f,Bg) forall
f,g€H. Assume

max(|GnBnll2-2, IGBll2-2) <6< 1.
Then

Ry=U+ GNBN)_lGN—)R ={+ GB)_1G in HS.

Weak convergence of physical Hessian measures with uniform Schur bounds supplies the weak oper-
ator hypothesis.

Proof. A uniformly bounded weakly convergent sequence Ey — 0 satisfies A EyD — 0 in Hil-
bert-Schmidt norm whenever A, D are Hilbert-Schmidt. Indeed, approximate both outer
factors by finite rank operators: the finite matrix elements converge, and the two errors are
bounded using [X Y Z|lus < IXI|us| YIIZIl. Apply this to G(By—B)R. Also (Gy—G)(By—B)R —
0 in Hilbert-Schmidt norm. Now use

Ry—R=(U- RNBN) (GN— G) - BR) +RN(B—BN)R,

where Ry = (I + GyBn) ~1Gy in the last term. The inverse factors are uniformly bounded by
(1—6)~1 soboth terms vanish. Weak measure convergence gives weak operator convergence

on smooth product tests, and the Schur bound extends it to arbitrary L? tests by density. O

In the applications Gy includes the quadratic background and the nonnegative local poten-
tial. Here ¢y = jn¢ for a fixed smooth bounded profile ¢, hy is the nonlinear correction at
whichever finite depth is being considered, and By=D?hx(¢n). The finite hierarchy gives
IBnII<Cgqq, and IGNII< C/qg, so the same large g, ensures the smallness required in the lemma.
The limit inherits these bounds and defines a positive inverse before the convergence argu-
ment is used.

Lemma 26.3. (A continuous covariance kernel) On bounded field sets and compact scale inter-
vals, for every 0 <a < %, the rows of the lattice inverses Ry above satisfy

IRN(x,-) = Rn(x", )2 < Crad (x,x")". (26.1)

Their squares have bounded kernels with the corresponding modulus in both variables. If Ry — R in
Hilbert-Schmidt norm, the squared physical kernels converge uniformly, under cell embedding, to a
continuous kernel Rz(x,z).
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Proof. For R = (K;+M,) —1 Parseval and the multiplier bound give

li li kZH li
IRoN(x, ) = Ron(x, IB< Cal(x, ")) | T N <Crad (XY,
k

+ clk|?)?

The sum converges because a < % At a bounded field, write Ry =Ron — RO,N(A(PZZ\] + Bn)Ry;
the factor to the right of Ry is bounded on L?. Taking row differences proves (26.1). Since
Rlz\[(x,z) is the inner product of the two inverse rows, their common L? bound proves the
covariance modulus.

For cell embeddings that modulus has an additional error CN ™", as each point is replaced
by its cell centre. The kernels are precompact in the uniform norm up to this vanishing
error, for instance by interpolating their grid values continuously. On the other hand Hil-

bert-Schmidt convergence implies R — R? in Hilbert-Schmidt norm, by the bounded operator

norms. Thus every uniform subsequential limit equals the same L? kernel. This proves uni-
form convergence and continuity. O

Lemma 26.4. (Contraction against a moving covariance) Let physical vertex measures Ty con-
verge weakly with bounded variation, and let Ry be as in the preceding lemma. Any contraction of two
slots of Ty against R¥ converges weakly in the remaining slots. In particular the scalar trace converges
when Ty is a Hessian.

Proof. After testing the remaining slots by a continuous function, split the difference as
[(RA=RHdTy+ [ R2d(Tn-T).

The first term tends to zero by uniform convergence and bounded variation; the second by
weak convergence against the fixed continuous kernel. The use of atomic vertices and cell
covariances is consistent: the former evaluate the latter at their grid values, and the uniform
cell error tends to zero. For a Hessian the trace identity follows first for finite rank approx-
imations of the smoothing inverses, then by the same kernel bound. Equivalently, the Schur
factorisation of its symmetric measure as M zEM 4, |[E[| <1, makes the double sandwich trace
class; here a(x) dx is its variation marginal. Thus no trace of a single, unsquared divergent
inverse is taken. 0

27 Convergence of the seed and the two trace steps

Lemma 27.1. (The seed has a cutoff independent limit) The scalar seed actions converge on
smooth bounded profiles, locally uniformly in scale and on finite-dimensional profile families. Their
tested derivatives through order nine converge. Their physical derivative measures converge weakly
at these profiles.

Proof. Subtract before taking a diagonal. The exact force identity is

D.Ly($) (x) = =A%p(x) f Cy(x,2)(2)%Gy(9) (z,x) dz. (27.1)

It follows from DL =A¢diag(G — C) and G — C = —CA$>G. Both inverses converge in Hil-
bert-Schmidt norm by Lemma 26.1. Cauchy-Schwarz in their two kernel variables proves
L! convergence of this force. Its uniform bound C 1||q>||§o upgrades convergence to every finite
spatial L?. Integrate (D.L,(t¢), ¢) over t € [0,1] to identify the scalar action, with value zero
at the origin. The ten derivative bounds of Proposition 11.2 and Lemma 25.2 give the nine
tested derivatives. All estimates are uniform on compact profile families and scale intervals.
In particular neither diagC, nor diagG, is assigned a separate continuum limit. O
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Proposition 27.2. (Consistency of the finite nonlinear recursion) For prescribed level masses
converging in the weak path topology, the functions hVI"N of (11.8) converge on smooth profiles inside
their field balls. Tested derivatives converge through orders 9,7,5 at depths j=1,2,3, respectively.
All convergences are uniform on compact scale and admissible parameter sets. Corresponding inverse
operators converge in Hilbert—Schmidt norm, including all interpolated inverses used below. This is
the passage of the trace steps to the limit announced in Section 18.1 of Lecture 7.

Proof. The assertion at depth one is Lemma 27.1. Suppose scalar and tested convergence hold
at depth j. The Hessians converge weakly with uniform Schur bounds. Lemmas 26.1 and 26.2
identify the inverses with Hessian 0D 0<6<1. The convergence is uniform in 6, since
the resolvent identity gives a common Lipschitz bound in that parameter.

Let Gy = (K;+ M, +A(/>2) ~land Ry, = (Kq+M, +/\gl>2 +6D?hl] ($)) ~1. The scalar trace map
decomposes exactly as

Tr(Gm—Roq) = —Tr(RoAp*Gr), Tr(Rp—Gum)=— fol Ctngthh g) de. (27.2)

The first term converges as a product of Hilbert-Schmidt operators. The second converges
by Lemma 26.4. Thus the scalar trace map converges at every admissible smooth profile.
The finite derivative bounds and finite differences also identify its quadratic jet at zero, so its
projection by IT converges.

It remains to pass the improper scale integral in (11.8). A fixed profile admissible at scale q
remains admissible at all later scales. The initial trace comparison (Lemma 20.4), the common
coefficient ball, and Taylor's formula to fourth order give

ITT(T5IM YL U —3,.L4) ()| < CA®s 2115 (27.3)

Consequently the omitted tail beyond L is at most C/\3L_1||gb||ﬁ, uniformly in the cutoffs. Pass
to the limit first on [g,L], then send L — co. This proves scalar convergence at depth j+1. Its
derivative budget is eight at depth two and six at depth three, so finite differences identify
derivatives through seven and five. These orders include the fourth zero-field vertex needed
by the mass equation. There is one genuinely unused derivative at the final step; it cannot be
omitted.

The identities d;h L+ = I1,[M U], 111 and the corresponding differentiated estimates give
local scale equicontinuity. Compact parameter nets give local uniformity. Only the two stated
steps are used; no infinite derivative hierarchy or infinite field Taylor series has been intro-
duced. O

28 The scalar fixed point converges

The continuum source is a measure valued kernel. Weak convergence does not supply an
integral in the total variation norm. The following construction is sufficient and avoids that
assumption.

Lemma 28.1. (Integrating weak measure sources) Let €, Q1 be even measures off zero, meas-
urable when tested against every compactly supported continuous function off zero, and suppose

01(&s) < f(s) with f eLl([q*, o0)). Then the weak prescription
@q:—fq"" ¢, ds (28.1)
defines a unique element of Q4, with

w(@)< [Tf)ds, v(@-0p< [ f5)ds (0.
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In particular the path is continuous in its first moment norm. If €Y — & locally uniformly in scale
against annular tests, with the same integrable bound, then N — @ in the weak path topology.

Suppose in addition that S are even finite signed measures on the whole torus, weakly continuous
in scale and locally bounded in total variation, that & are their restrictions off zero, with the centring
supplied as in (24.1), so that &3 is the centred convolution they define, and let Bs be any continuous
scalar function. If pg="b,+ fq‘i Bsds and My = pgl + Oy, then for smooth u,

(Mt—Mq)u:fqt (Bsu+GSgu)ds in H, diq(Mqu):ﬁqu+6;u in H. (28.2)

The scalar B need not be the constant mode of &; in the scheme of (20.4) it comes from the final level
and & from the previous one. Here G3u means convolution. This does not assert differentiability of
the measure path in total variation.

Proof. Write d(z) =d(0,z). On the punctured torus the functional
po—[7 [ d@yp@e(dz) ds

is bounded on Co(T3\ 0) with the uniform norm: the space of continuous 1 such that the set
where [if]| > € is compact in the punctured torus for every £ >0. The norm of the functional
is at most fqoo f. The inner integrals are measurable: first take compactly supported tests and
then approximate in the uniform norm, using the bound on d|¢,|. The Riesz representation
theorem gives a finite signed measure ¢ for this functional. Define ®,=d !0, off zero. It
is a locally finite signed Radon measure with | dlOyl < fqoo f and the required test integrals.
Uniqueness follows from compactly supported tests. The identical argument on [g,t] proves
the difference bound and continuity. For cutoff convergence, first integrate on [g,L] and then
bound the common tail by [ f times the weighted test norm. This is uniform for g in a com-
pact interval. Evenness passes through the test prescription.

For the final assertion, with 62u = u(-+z) + u(-—z) — 2u, centring and evenness give on
smooth u

%f 52uC,(dz) =G — (Shu=6G2u,

where (S;) = G4(T?); the scalar Bs enters only the scalar part. This integral is legitimate
even for an infinite first moment measure: [|62ull, < C,d(z)2. The preceding weak integral
and Fubini, with the integrable first moment bound, give the first identity in (28.2), initially
against smooth tests. The constant b, cancels in the difference. To justify the strong H form,
convolution by &, has norm at most ||S|ity. For a finite Fourier sum, S,u is continuous in
H by weak continuity of &,. Approximation by Fourier sums and the locally uniform total
variation bound give this continuity for every u € H. Thus the right side is the integral of
a continuous H-valued function, and its fundamental theorem of calculus proves the deriv-
ative assertion. On each compact scale interval M; — M, consequently extends to a bounded
operator on H, even when the individual M, are only defined on a dense domain. No Banach
space differentiability theorem for measures is used. 0

Remark 28.2. (Norm continuity does not imply a measure derivative) Lete;=(1,0,0) and,

forO<a<t<c< %, set ¢; = %((ﬁel + 6_te,) Off zero. Let F; = f; ¢,ds in the weak sense, with
diagonal supplied by centring. Then F is Lipschitz in O, but

Frin—Fi

v1( 7 —Ct):ZHE (O<h<c—t).

2
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Indeed the difference quotient is distributed along two short arcs, whereas ¢; consists of their
endpoint atoms. They are mutually singular, so the first moments add. The quotient con-
verges weakly to €4, so there is no derivative in the v; norm. On a Fourier mode the centred
multiplier is instead cos(27tk;t) — 1, and differentiating the integrated multiplier is valid. This
illustrates exactly the distinction in the lemma.

Theorem 28.3. (Consistency of the quadratic path) The scalar paths " selected by (11.9) with
boundary values b, y — b, in I3 converge, locally uniformly, to the unique scalar path in the ball
]l < R solving the continuum problem

Hg=bot [ peds,  pi={&IMP, BT, (28.3)

where the level masses MY = ul + ©U! and the corrections WY1 are those of the continuum recur-
sion (20.4) on this path. The centred kernels @ YN converge in the weak path topology to ®Y!, and

the corrections as in Proposition 27.2. The sources S4[M AN hUYNT converge weakly as measures
on the relative variable, locally uniformly in g, to &5[M 3, n; s0 ﬁé\] — By locally uniformly, and
@,1[] IN (k) = @,1[] ] (k) for each fixed k. Uniqueness here concerns deterministic coefficients, not a lim-

iting Gibbs law or stochastic equation. This is the first tool of Section 18.1 of Lecture 7, and it is the
convergence used in Theorem 22.2.

Proof. Step 0: reduction to a fixed boundary value. For fixed N and b} € B3 write y/N'"? “ for the

scalar path with boundary value b}, and MN"? “ for any of its level masses. By Proposition 20.8,
uniformly in N,

A (MNPN MNPy L Clb, = Dl (28.4)

Thus it is enough to prove the theorem for the fixed value b.: the tests below are Lipschitz in
d., and the assertions on the corrections follow from Proposition 27.2, which only requires
weak path convergence of its input. We write Ay for the scalar map defined by (11.9) with
boundary value b,, An(p) =b.+ fq Bs[p]ds.

Step 1: the map on continuum paths. The continuum map must be defined on its whole
ball, not just on a particular extracted sequence. Its argument is a scalar path, which is its own
lattice approximation; the centred kernels are not arguments but outputs, constructed level
by level in Step 2. Proposition 27.2 and Step 2 therefore define the continuum recursion and
A(p) for every continuous scalar path in the ball, with no approximation of measure-valued
inputs. Apply the finite cutoff contraction estimate of Proposition 20.6 and pass to the limit:
after exhausting scale intervals this gives the same contraction estimate for A.

Step 2: one application of the map. Let 1 be scalar paths in the ball converging locally
uniformly to y. Proceed level by level, starting from @ =0 and the seed, which con-
verges by Lemma 27.1. Suppose the level masses MUV converge in the weak path topology
to MU and KUWN ag in Proposition 27.2, which identifies the fourth zero-field vertex. Its
contraction with R} converges by Lemma 26.4; the local contribution —ATr R} converges by
Hilbert-Schmidt convergence. It follows that &,[M N WUINT converges weakly as a two-
slot measure, locally uniformly in scale. The limit is invariant under every torus shift: approx-
imate that shift by lattice shifts in each continuous test. It is therefore also a convolution
measure on the relative spatial variable. Its uniform row bound gives the limiting total vari-
ation bound [|&llTv < C(g;+ gg). The uniform weak convergence and finite cutoff continuity
give weak continuity of this source.

For the centred integral toward infinity, the bound of Proposition 20.6 is

01(62) < CA%s 372,
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Its upper tail in the first moment norm is at most 2CA*L™1/2. Lemma 28.1 constructs this
integral without a strong measurability assumption in the measure norm. It proves conver-
gence against annular tests; the small displacement estimate of Lemma 24.1 gives compensated

tests, uniformly on compact scale intervals. So @UTHN _, @U+1 in the weak path topology,
and Proposition 27.2 gives the next primitive. After the two levels, testing both external
slots of the final source by the constant function one identifies ,8,17\[ , since the volume is one.
Hence the scalar integral from g, to a fixed g converges, and the value b, at 4. passes through
unchanged. Lemma 28.1 gives local Lipschitz continuity of the centred kernels in the first
moment norm; the scalar source gives it for . The identity M’ = pI + &,[M (21, h1211° in the

continuum has the strong vector meaning (28.2). In particular the term M'y in the complete
gradient (29.1) below means a bounded convolution, also on nonsmooth H inputs. No deriv-
ative in total variation norm is needed to define the drift. Lower semicontinuity keeps the
limits in the same balls. There is no infinite upper scale integral for the scalar mass.

Step 3: iteration. Iterate Ay from the constant path y =b., which lies in the ball as b. € B,
and denote the rth iterate by u\/. Write uy = p/N**. For each fixed r, induction using Step 2

proves convergence to a continuum iterate 1. The contraction estimate has a single 6 <1,
independent of N, and gives

¢
lpn — N <CO, 1t — il < Co.

These inequalities pass to the limit on compact scale intervals followed by exhaustion of the
half-line. The weighted space of continuous scalar paths is complete. Therefore " tends to
a path p, with error C6’, and un — p locally uniformly. The continuum map is Lipschitz by
the difference estimates, so p= A(p) and the contraction proves uniqueness in the ball. Step 2
with input py then gives the convergence of the centred kernels, of the corrections and of the

sources, and the bounds vl(®y ]) < C/\Zq'l/ 2 pass to the limit.

Step 4: conclusion along the moving boundary. By (28.4), the scalar paths and the level
masses with boundary values b, y converge to the same limits. Step 2 with these inputs gives

the convergence of the sources and of ,Bév ,and Lemma 24.1 that of the multipliers (:Dq[] ]’N(k). O

29 Clipping and the complete drift

We keep all quadratic, covariance and scale-clipping terms. The exact gradient of the defect
for 4> q., computed in Lemma 21.2, is

I 7 . 1 T
Dey(y) = Mgy +Dditg(y) + DYy(y),  DYy(y) =AydiagH, ()2 +5Ctry,q:Dohy(y),  (29.1)

with DY, = D(—%Tr[Hq — Hq(O)]> the trace part. Write Y =Y,,. Following Section 12.4, for
0 < g<q. the coefficients are frozen:

H,=H,;, Dey(y)=-y+DY(y), by(y)=H,(y)(y—DY(W)). (29.2)
The term Daqu,7 and the mass derivative do not appear below g., which is why b, jumps at g..

Proposition 29.1. (Consistency at smooth profiles) Let q>q. and let ¢ be smooth and bounded
on T3. Then, as N — co along b, y— b.:
a) tNHé\’(ng)jN — Hy(¢) in HS, where Hy(¢) is the limiting inverse, of the form (I + GB)-1G
with G= (K;+ M, +A¢p? 1 and B the limit of the clipped Hessians;
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b) D ef;]((pN) and lNDYé\I((PN) converge weakly in H, to limits called D e;(¢p), DY,(¢);

c) szé\]((])N) — by(¢) = —Hy(p)Dey(¢p) in H, and zNQ;;\](ng) — 04(¢) in H, where 04(¢) =
Cy(My¢ + Dity(¢)) and Diiy(¢) is the weak limit of iNDIY ().

Consequently, for every smooth bounded space—scale profile ¢, on each compact I C g, o) the clipped
inverses converge in L2(I; HS), and their complete drifts and the coordinate corrections QZ]\] (¢pN) con-
verge in L*(I;H). These limits include all quadratic, covariance and scale-clipping terms in the exact

formulas, and this is the consistency of the coefficients quoted in the proof of Lemma 18.3. The same
holds for 0 < q < q. with the frozen coefficients (29.2).

Proof. For q in a compact I, the profile x;¢ and its finitely many smooth parameter perturb-
ations stay a positive distance inside the unclipped field ball, since sup || <2. On the lattice
k5(¢n) and jn(xy¢) differ uniformly by O(N ~1y an error which the next derivative bound
removes. The finite chain rule expresses clipped jets through the converging unclipped jets,
multiplied by smooth functions of the external spatial variables; repeated slots give diagonal
measures. Thus the clipped Hessians and third and fourth vertices converge weakly with
their Schur bounds. Lemmas 26.2 and 26.3 identify the clipped inverses, giving (a) at each 4.
The scale derivative must also be retained. Use

Agha(¢) = ATT LML, 11217 (13) + (D1 (), dgrcyp).

The first term and its tested derivatives converge by the trace argument of Proposition 27.2;

the second by the finite chain rule. The mass derivative M '= Byl + &4 [M (21 p217° is identified
in Theorem 28.3. In the complete gradient (29.1), both covariance terms converge weakly
after testing the open slot, by Lemma 26.4. All terms are bounded in L on this fixed bounded

profile. Thus Deé\] (¢n) and its trace part converge weakly in L at each scale, which is (b).

The inverse turns this into a strong drift limit. If fy is bounded and weakly convergent
in H, and Ry — R in Hilbert-Schmidt norm, then Ryfy —Rf = (RN —R)fn+ R(fn— f) = 0:
the second term uses the compactness of R. Apply this to —DeN. For 04, the quadratic part
converges on smooth tests by Lemma 24.1; apply the same compact argument with C; to the
weakly converging clipped first derivative. This is (c).

The bounds ||H£]V(y)||%{5 <Cax(g) and ||b$l(y)||2 < CAq_3/2||y||2, of Lemma 12.1 and Propos-
ition 12.2, and ||Qf,\] (\)ll2 < gllyll2 are uniform. So for a space-scale profile we integrate the
convergence at each scale over I by dominated convergence.

For g<q., (a) and (b) at the single scale . give Hé\f(qu) — H,,(¢) and the weak con-
vergence of DYN(¢y); adding the strongly convergent ¢y and applying the same compact
argument gives bé\[(ng) — Hy,(¢) (¢ — DY (¢)). The domination is (12.9). O

The proof gives the convergence at every fixed scale, not only in L>(I). This matters: for
the frozen coefficients, the scale g, is a single point of the coefficient interval.

Lemma 29.2. (Continuity in the actual field) For arbitrary lattice fields y,z and g€1C [q., ),
with a=y*—z2,

1H;(y) — Hy(2)lus < Cr(lly — zll2 + llall2), (29.3)
IDe;(y) —Deg(2)ll2+ by (y) — by(2) 2 < Cr(1 + lIzlloo) (ly — zll2 + llall2), (294)
log(y) — 04(2) 2 < &glly —zll2- (29.5)

The constants are uniform in N, and only z is assumed bounded in (29.4); this is the estimate quoted
in the proof of Lemma 18.3. The estimate (29.4) also holds for the trace part DY,, and so, at q=q., for
the frozen drift of (29.2) at every g <q.,.
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Proof. Write AH = H,(y) — H,(z), H,=H,(y), H.=H,(z), and D,=D?h,(y), D.=D?M,(z). The
exact identity is

AH=—H,[AM, +D,~D.]H..

Every row of H, has bounded L’>normon], by the diagonal bound (12.3), so [|M,H.llas < Cillallo.
Also

Dy—DZ:fol D3fzq(z+ t(y—z))[y—z]dt.

Bound a row of the last inverse in this product by Minkowski, then collapse the third tensor
over one internal slot: for a three-tensor T, S(x, u) = [|T(x,v,u)| dv has both Schur masses at
most s(T). Hence

I(Dy—D2)Hllnus < CiSslly —zll2,  1(Dy—Dx) fll2 < Sall flllly — zll2, (29.6)

where Sz=sup s(D3ftq) is finite by (12.2). With |[H,||<C/q this proves (29.3).

Letd(x) =||AH(x,)|l2, s0 |dlla= IAH||gs. Since H?(u,v) is the inner product of the two rows,
symmetry gives

diag(Hy — H2) (x)|<Cid(x), [(Hy—H2)(u,0)| < Cr(d(u) +d(0)).

In (29.1), split ydiagH§ —zdiagH?= (y —z)diagH ; +zdiag(H ; — H2). For the third vertex term,
the vertex difference is an integral of D4fzq[y —z], and the covariance difoerence is bounded
using the last display and the rooted third tensor. The terms My and D9,h, are linear, respect-
ively Lipschitz, with constant Cg,, by [[&lltv<Cg; and (12.2). These give

IDe;(y) —Deg(z)l2+ DY, (y) — DYq(2)ll2 < Cr(1 + lzllo) (Y — zll2 + llall2).
Finally use
by(y) —by(z) = —Hy(Dey(y) —Dey(z)) + Hy[AM,; + D, —D,]H.De,(z).

The global linear bound of Proposition 12.2 gives |H.D e;(z) |« = lIb4(z) [l < Cillzll, and the
second bound of (29.6) handles the remaining Hessian term. The coordinate estimate is the
bound on Dy, in (12.5).

For the frozen drift, b(y) — b(z) = Hy(y —z— DY (y) + DY(z)) — Hy[AM, + D,—D.]b(z), with
Hy, Dy at scale g, and [|b(z) | < Clizllo by (12.9). The same bounds apply. O

Proposition 29.3. (Coefficients at bounded fields) For each q >0 the maps Hy, Deg, by, for q>4.
also 0, (and DY), defined on smooth bounded profiles by Proposition 29.1, extend uniquely to L~ (T?),

continuously for the H topology on each ball [yl < L, with (29.3)—(29.5). If zy € HN, supnliznlle <
oo and inzy— z in H, then z€ L™ and

tNHé\’(zN)jN—»Hq(z) in HS, LNbé\](zN)abq(z), LNgé\l(zN)qu(z) in H, (29.7)

while (D efi\’(zN) — Dey(z) and lNDYé\I(ZN) — DY, (z) weakly in H. Moreover ¢4(y) = Cy(Myy +
szq(y)) for q 2 q., where C;M, is the Fourier multiplier and Dﬁq is Lipschitz on H with constant
Cggq- Finally (q,y) = Hy(y),by(y), 04(y) are jointly Borel on (0, c0) x L™, the balls carrying the H
topology.

Proof. Fix 4> g, and L < co. On the ball ||ly||cc <L we have ||y2—22||2<2L||y—z||2, s0 (29.3)-(29.5)
give uniform Lipschitz continuity for the H norm, uniformly in N. Smooth profiles bounded
by L are dense in this ball, by mollification, and the ball is closed in H. For smooth ¢, ¢’
bounded by L, the bounds pass to the limit from ¢y, ¢y, in (29.4) by the lower semicontinuity
of the norm for weak limits. This defines the extension and gives the estimates.
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For the convergence, a limit z of inzy is bounded, as balls are closed. Take a smooth ¢,
bounded by L =sup |Iznlle, With [l — zll2 < 7. Since [linzn — in@Nl2 < llinzn = zll2+ 17+ 1 — Pngll2,
the three term split

HY(zn) — Hy(z) = [HY (zn) = HY (¢pn) 1+ [HY (9n) — Hy ()1 + [Hy(p) — Hy(2)]

(with embeddings omitted) and Proposition 29.1 give the claim as N — oo and then 77— 0. The
same split, after testing with f € H, gives the weak convergence of De and DY, and without
testing that of b and ¢.

The form of ¢, follows by the Lipschitz bound ||szf]\](y) — szf]\](z)nz < s(DZfzq)lly —
zll2 < Cgyqlly — zll2 and (12.2), passed to the weak limit, together with the fact that the mul-
tiplier (q+ 472k1%) =1 (g + ©,(k)) is bounded.

For the measurability, on smooth ¢ the maps g~ Hy(¢), by(¢), 0,(¢) are limits of con-
tinuous functions of g (the second piecewise), so are Borel. For explicit jointly measurable
versions, choose in each supremum ball a countable dense collection of smooth profiles and
select the first profile within H distance 27" of the input. This is a Borel selection. The con-
tinuity estimates identify the limit of the resulting countably valued maps. Supremum balls
are closed in H, so their increasing union gives Borel coefficient maps on bounded fields.
Fixed values may be assigned outside this union, which does not affect the actual integrals.
For g < g. everything reduces to scale 4., and y — y is continuous. a

30 Random inputs

The conclusion below is the statement of Section 18.1 of Lecture 7, used in the proofs of
Theorems 18.4 and 18.6. We work on one probability space. All fields YV are measurable
functions on Q) x [ with values in Hy, and Y is a random element of L*(I x T?); I is a com-
pact interval in (0, o), and the coefficients for q <. are the frozen ones (29.2). If I contains
g in its interior, split it there.

Theorem 30.1. (Coefficient identification along random fields) Suppose that iyYN - Y in
L(Ix T3 in probability and that (supge; ||YqN loo)N is tight. Then Y is almost surely bounded on
IxT3and, in probability,

iNHY (YN jin—Ho(Yy)  in LA(HS),  inbY (V) > by(Yy)  in L*(I;H), (30.1)

and, for I C [q«,0), 1NQ£I\I(Y€,N) —04(Yy) in L2 (;H). In particular this holds if, for almost every q €1,
LNYqN — Y, uniformly on T3 in probability, with supy YNl bounded in probability.

For g < gq. the limits are H; = H,, and by,(y) = Hy,(y) (y — DY(y)), with Y the limit of
—%Tr[Hf,\f(y) —Hé\f(O)], given by (30.3) below.

Proof. Bounded fields. Let L < co. Consider nonrandom fields with ||z]|ec <L on I x T?. Integ-
rating (29.3)—(29.5) over I, on this set IIy2 — 2 < 2L|ly —zll> gives

IHN () — HN (2) 215, + 16N () — 0N @) 2 < Crlly — 22y, (30.2)

and the same for the continuum maps of Proposition 29.3: uniform continuity in strong
space-time L2 Smooth space-scale profiles bounded by L are dense in this set: convolve in
space and scale, using a bounded extension at the scale endpoints. Cell averages preserve
the supremum bound and converge strongly.
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Reduction to a net. Fix e >0. Choose L so that the probability that sup;||Y V|| > L is below ¢
for all N. The closed ball S; of radius L of L®(Ix T3) is closed in L?(I x T?), so the convergence
in probability gives P(Y & S1) < LminfP (inYN € S;) <e. As e is arbitrary, Y is almost surely
bounded. The law of the single random element Y of the Polish space L*(I x T?) is tight, so
there is a compact 5 C S with P(Y & 5) < 2e.

Given 77> 0, choose finitely many smooth space-scale profiles ¢,...,$™, bounded by L,
so that every point of .5 is within # of one of them in L*(Ix T?). On the event that Y € 5, that
supy YNl <L and that [inYN = Y| 2< 1, whose probability is at least 1 —4¢ for large N, pick
iwith [Y — ¢'ll;2<7. Then

IHN YNy = HOOI IHN (YY) — HN (93| + maxj< ull HN (94) — H@DI + IIH (91 — H(Y)I,

in L>([; HS), with embeddings omitted. The first term is at most Cj (217 + maxj||<pj — PN¢j r2)
by (30.2), the last at most C; 177, and the middle term tends to zero by Proposition 29.1, determ-
inistically. So the probability that the left side exceeds 4Cj 11 is at most 5¢ for large N. Letting
77— 0 and then & —» 0 proves (30.1) for H. The same argument applies to b and ¢. The limits
are the maps of Proposition 29.3, evaluated at Y, for almost every g; these are measurable
by the last assertion of that proposition.

The uniform hypothesis. Assume now that for almost every g €1, ||lNYqN —Ylle = 0 in
probability, with sup; 1Y Nl tight. By Fubini and dominated convergence, E [ ;min(1, ||lNYqN —
Yjll) dg— 0. Along a subsequence, almost surely, lNYqN — Y, uniformly for almost every g. Let
An be the event that sup; 1Y Nl <L, with P(AN) >1—¢. The event that Ay occurs infinitely
often along the subsequence has probability at least 1 —¢, and on it || Y|l <L for almost every
g. So P(IIYllo <L) 21 —¢, and on Ay intersected with this event,

[ YN = Y13 dg < (14202 [ min(1, Y)Y = Yylle) 2 dg,

whose expectation tends to zero. So YN SYin L2(Ix T?) in probability, and the preceding
part applies.

The frozen coefficients. The continuity and the consistency used above were established
for the frozen drift in Lemma 29.2 and Proposition 29.1. Since YNy =0,

1
YN(y) = —Tr HY () —HY 0)1= [ (DYN(ty),y)dt, Y@ =[] (DY(ty,pydt,  (303)

and this limit, for fields converging as in Proposition 29.3, is proved in Theorem 31.2 below.
DY is the trace part in the gradient (29.1) of ¢;,, as in (12.8). O

Remark 30.2. (Which hypotheses are used) The theorem needs less than Section 18.1 of Lec-
ture 7 assumes: uniform convergence in space is not used, only strong L2(I x T3 ) convergence,
and the sup bound need only be tight, with no moments. The estimate (29.5) requires no
bound at all, and (29.3) requires only the L* convergence of the field, but we do not use this.
Moments of the sup norm such as those of Lemma 17.1 are one way of obtaining the tightness.

31 The coordinate, high modes and stochastic integrals

We now prove Lemma 18.3 and the statement on stochastic integrals in Section 18.1 of Lec-
ture 7. Let 7, denote the lattice translation by a € Ay.
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Lemma 31.1. (Discrete compactness) Let uy & Hy be bounded in L™ with limsupnsup <5l Tain —
UNlleo < @(68), where @(5) —» 0 as § — 0. Then every subsequence has a further subsequence along
which iyuy converges uniformly to a continuous function. If moreover iyuy — u in H, then u is
continuous and iNun — u uniformly along the whole sequence.

Proof. Let p; be a mollifier supported in the ball of radius 4. If z lies in the cell of x and
lw| <9, then z —w lies in the cell of a lattice point within §+ C/N of x. So [lintn — ps * INUNIl e <
SUpa<s+c/N I Tatn — Unlles, Whose limsup is at most @(25). For each fixed §, the functions ps *
iNuy are bounded in CY, so by the Ascoli theorem and a diagonal argument over §=1/m they
converge uniformly along a subsequence for every m. By the last bound inuy is uniformly
Cauchy along it, and the limit is a uniform limit of the continuous limits of pq/, * iNun. If
iNun — u in H, then every such limit equals u. O

The continuum coordinate. Applying Cs, the coordinate equation Ky + DT;(y) = Kx reads,
by (12.5),
A
y+osy) +3Cy°=x  (524.). (31.1)
We take this equation, with the maps of Proposition 29.3, as the continuum coordinate equa-

tion, for y € L*. For s <q. we use (12.7), that is ys(x) =y,,(x — (4. —5)Cy,X).
The continuum defect is defined on L™ by

1 1
es(y) = fo (Des(ty),y)ydt (s=q.), es(y)= —§||y||%+Y<y) (8<q4). (31.2)
Theorem 31.2 shows that it is the limit of the lattice defects.
Theorem 31.2. (Consistency) This is Lemma 18.3 of Lecture 7. Let s >0, xn € Hy;, let x be con-

tinuous on T3, and suppose iyxy — x uniformly. Then:

a) There is a unique ys(x) € L™ solving the continuum coordinate equation, it is continuous, and
tNyﬁ\](xN) = ys(x) uniformly. Moreover |lys(x) — ys(x")lleo <3lx — Xl for s > q., with the
constant 6 for s <q..

b) If zy € Hyare bounded in L™ and inzn — z in H, then eNzn) s es(z) and YN (zy) > Y(2). In
particular eg\](yﬁ\’(xN)) — e5(Ys(X)).

¢) Fors>qs, uniformly in N, el ()| < Cgslyll3; for s <q., led ()| < Cliyl3.
Proof. Let first s >g,. ~ ~
Uniqueness. Let y, ' € L™ solve (31.1), and put 6=y —y’, f = Dhs(y) — Dhs(y") and w=
%(yg’ — (y’)3), which lie in H. By the form of ¢, in Proposition 29.3, in Fourier variables,
my(k)o(k) = —f (k) =b(k),  mg(k) =s+47ki? + s+ Os (k).
By the small relative form bound used in the proof of Lemma 26.1, m(k) > %(S +47t2k)%). So
se€H? and y—xeH' by (31.1). Multiplying by the conjugate of 5(k) and summing,

SIOB<Y moI3 (02 =—6, f) — (6,0} < Cgsldl,
k

as (9, w) >0 by the monotonicity of the cube. For g, large this gives 6 =0.

Convergence. Put yy :yg\](xN). As 1_"5N is even, yg\l(O) =0, so Lemma 16.3 gives [[ynlle <
3llxNlleo, Which is bounded. As I_’sN is translation invariant, the uniqueness of the coordinate
gives yg\] (TaxN) = Wﬁ“ (xN), so the same lemma gives

ITayN — YNlloo < 3lITaxN — XNlloo S OlliNXN — Xl oo + 30 (la] + C/N),
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with @, the modulus of continuity of x. By Lemma 31.1, along a subsequence ixyx — y uni-
formly, with y continuous. Pass to the limit in the lattice form of (31.1). Then lN(y13\,) - y3
uniformly and (nC N jn— Csin HS, by Lemma 26.1 with vanishing path, so that (nC N y13\, -C Sy3
in H. By (29.7), tNgg\](yN) — 05(y) in H. Thus y solves (31.1). So a bounded solution exists,
it is continuous, and by uniqueness every subsequential limit equals it: the whole sequence
converges. The Lipschitz bound passes to the limit, using xy = jyx and xj = jnx’.

Defect. The lattice defect satisfies e (0) =0, as fng and its scale derivative vanish at 0, and so
eﬁ\](y) = fol (Deg\](ty),y) dt. Let zy,zbeasin (b). Foreach t, ix5(tzn) — tzin H and is bounded, so
by Proposition 29.3, iyD eN(tzy) - Deg(tz) weakly in H, and inzn — z strongly; the pairing con-
verges. As DeN)=0 by evenness, (29.4) with second field 0 gives ||D eNtza) I < Clllznlla +
||212\]||2), so dominated convergence in ¢ gives eN(zn) = e5(2). The same proof applies to YN(zn)
with DYV, by (30.3). This also proves the limit claim in (30.3). Part (a) makes the choice
ZN = yé\f (xn) admissible.

The bound (c). The proof of the global linear bound of Proposition 12.2 (Lemma 21.2)
gives [Del (1)1, < Cgsllyll, for all y, and so leX ()| < Cgslyl3. For s< g, this is (12.9).

The frozen case s < g.. By (12.7), yN (xn) :yé\f(xl’\]) with xy =xn— (g, — s)Cé\fo. The oper-
ator Cé\f hasnorm 1/4, on L™ and commutes with lattice translations, so ux = Cé\f xn is bounded
and || Tun — UNlloo < q;lllraxN —XNlleo- Also iyun — Cp,xin H by Lemma 26.1. So by Lemma 31.1,
iNYN — X" =x — (4. — 5)Cyx uniformly, with x" continuous. The case s =q. gives (a), with
Lipschitz constant 3|l — (4. —$)Cy.llcme < 6. By definition el (1) = —5lyl3 + YN @); llznl3 -
l1zI135 by the strong convergence, and YN(zn) = Y(z) as shown. This proves (b). O

The following gives the second claim of Section 18.1 of Lecture 7: the identity HY = (I —

HND2TN)CN and its consequence on high modes. Let FY,, be the Fourier projection on Hy
onto the modes k€ Ax with |k|>m, and F ¢, the Fourier projection on H onto the modes |k| <m.

Lemma 31.3. (High modes of the response) For 4> q., y € Hy with [yl <L, and m>1,

HY(y)=I-HY(y)DT ) CY, IHY ()DLN )) a2 < C(L+AL?/q), (31.3)
and hence, uniformly in N,

IHY ) FYullns < C(L+AL?/qym~1/2, (31.4)

For g < g, the bound (31.4) holds with HLI,\’:H,?I.
Proof. The identity is HV(K, + D’TN) =I. By (12.1), DIV = Ay? + p, + O, + D?1,(y). By
Lemma 12.1, |HN |20 < C/q. So HN(/\y2 + pg + szlq) has norm at most C(ALZ/q +¢4), by
(11.12) and (12.2). The kernel @, is not bounded on L? uniformly in N, and we argue by

the other resolvent identity. By Lemma 24.1, ©,C; has the multiplier C:)q(k) g+ cr) "L, of size
at most Cv1(®,)9~/>< CRA%~'< 3. From HN=C,— C,DINHN,

(I+0,C)OHN = 0,C,(I — (Ay*+ g+ D) HY),
so that ||®qHN||2_,2 < C/\zq'l(l +/\L2/q), and HNG)q is its adjoint. This proves (31.3). Next

ICYFYllfis= Y, g+ 2<C Y A+k»H2KC/m,
ke, ki>m |k|>m

and multiplying by the bounded factor of (31.3) gives (31.4). The frozen case uses the same
identity at g.. O
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The projected noise. Let W be a cylindrical Brownian motion on H. As in Section 18.3 of
Lecture 7, its Fourier projection is WN=E ~W, where

Exf= Y. (feer,

keAy

a real operator H — Hy with ENE{ =1, as N is odd and the e,Ig] are orthonormal in Hy. The

alternative is WN = JNW, with jnji = jninv =1. Both are cylindrical on Hy. We show that both
give the same limit.

Theorem 31.4. (Stochastic integrals against the projected noise) Let W be a cylindrical
Brownian motion on H for a filtration (J;), and let YN and Y be progressively measurable, and sat-
isfy the hypotheses of Theorem 30.1 on a compact interval I. Let WX be either projection of W. Then

ESUIID“LW iHY G dWQ = [ Hq(Yp) d Wyl 0. (31.5)
te = =

In particular [;uy\HN(YN)dWN > [{H(Y)dW in H, in probability. For q < g, this holds with the
frozen coefficients (29.2), and I may contain q.

Proof. Let E ﬁ] be either Ey or jy. Then [iyHN(YN) dWN = fJN dW, with the integrand JCI,\] =
lNHg]\] (YqN )Ef;, which is progressively measurable. So by Doob's inequality and the It iso-
metry the left side of (31.5) is at most 4Ef1 IIQDéV—Hq(Yq) II%IS dg. By (12.3) and (12.9), ||<I>,§V||%{5<
Tr Hé\] (YqN 12K C deterministically, and the same bound holds for the limit by lower semicon-
tinuity. It is therefore enough to show that ®N S H(Y) in LA(LHS) in probability.

For Eﬁ] = jn this is Theorem 30.1. For Eﬁ] = Ejp;, it remains to show that IILNH,;V(Y,;V)(EN —
N)llas = 0 in L*(]), in probability. Work on the event that sup; 1YVl <L and split with F,,
and I — F¢,.

Low modes. Eney = e,IQ], while jnex :5N(k)e£] with sy (k) =], sinc(7tk;/N). So for m fixed,
ICEN — jn)F<nllizs — 0, and [HN]l-2 < C.

High modes, Fourier. Since En(I — F<p) :PngN and ||EnlI <1, (31.4) gives IHNE (I —
Fomlas < Cym~12, uniformly in N and ingel.

High modes, cell average. This operator does not preserve high modes exactly, because of
aliases, but

lenHY (YY) i = F<n) lls < llenHYY (Y3¥) jiv = Hy (Y s + 1Hq (Yg) (= F <) llas-

The first term tends to 0 in L>(I) in probability by Theorem 30.1. The second tends to 0 as
m— oo, for each g, and it is dominated, so it tends to 0 in L%(I) almost surely. Sending N — oo
and then m — oo and L — oo gives the claim.

For the final assertions, the frozen case is included in Theorem 30.1. If I contains 4., split it
there; the integrand is defined for all g, and the formula for H; is continuous across 4., as the
drift is not involved. 0O

Remark 31.5. (Across the auxiliary scale) T} is continuous in g at g, and y,, - =y,, by (12.7),
as C; K;,=1. So Y;=y,(x,) is continuous across q., though b, jumps there. Its forward equation
is obtained by integrating on each side and adding; the jump of b does not matter for conver-
gence in L?(I;H). The adaptedness of YN and Y in Theorem 31.4 is a genuine hypothesis, not
implied by the convergence. In Section 18.3 of Lecture 7 it holds since the explicit flow is a
strong solution, adapted to W.
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32 Complements not used in the lectures

The lectures obtain the limit law from an explicit density, and the FBSDE from it by Girsanov's
theorem. This section records the older routes and some stronger statements. References to
the lectures are to their present numbering. In the subsection on compactness, the conver-
gence is the stronger one of C(I; H) and strong L?(I; HS), which the lectures do not claim.
These routes predate the density of Section 18 of Lecture 7; where they differ from it, the
lectures are authoritative.

In this section V,, without argument is the field (13.4), and V,(x) the potential; x,(y) is the
pointwise large-field indicator, while x,(x) in the uniqueness proofs is a cut-off of the norm
and y in the penalty a profile; T in the cut-offs is not the clip profile; ¢ denotes the free flow
or Y —y as stated; A is the penalty constant, A(g,x) the Feynman-Kac exponent; | is Dx, ] the
filter, | the energy.

32.1 Regularity in space and scale

On a finite scale interval I =[g,, Q] write the field equation (13.5) as the linear elliptic equation

A
KoVa=fo  fo=(—90) ({g—04(Yg) +Zy) —§Yq3- (32.1)

The energies control EfIIIY [ dq (since |Y|6<rq + |tq|6) and ]EfIIIZ I dq, and ]Ellg"qllng\/_ Hence
Ef, ||fq||2 < Cj, and testing with V,

E [, (9 VI3 +1V,I3)dg < Cr.

So the part V of the approximate forecast is in H', and Y =V +{ — o(Y) inherits the regularity
of the noise {. This is that of the free field, whatever the 1nteract1on by Lemma 13.2, E ||§q|| f1e <
C—q0),; 1+ k%) (g+ clk|?) =2, finite uniformly in N for o < =

Proposition 32.1. (Forward compactness) For 0<c,0< 5,
E Y Ifed YN
sup I”lN g IIE5edg +llin ”H"(I;H) <o
N

The embedded approximate forecasts are tight in every space—time LP, and polynomials of them
converge along strongly convergent subsequences. The forward equation gives the Holder bound
supy E ||1NYN||?31/4(1;H) < oo, and averaging in time against the H” bound gives uniform Fourier tails
lim,,, supn E supge; I — Fp) i YqN I13=0 (F,, the projection on frequencies |k| < m); hence they are
also tight in C (I; H).

The spatial bound combines the H! bound on V, the H’ regularity of { (0 < %, for which the
cell embedding is uniformly bounded ), and the contraction property of ¢: since ¢ commutes
with lattice translations 7, (12.5) gives [T, 0(Y) —o(V)l2 < &llTa Y = Yll2, so the increments
of Y are controlled by those of V + ; the scale regularity uses the forward equation, whose
drift b(Y) + H(Y) Z has bounded integrated square by Proposition 12.2 and the energies, and
whose martingale part has bounded bracket density. The supremum bound of Lemma 17.1

upgrades L? compactness to every L.

32.2 The limit by compactness: the noise

The delicate point is the backward martingale. Fields converging in law do not imply that the
stochastic integrals converge to stochastic integrals of the limits.
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Remark 32.2. (Hidden noise) Let B be a real Brownian motion and L} = |, é (1+sin (ns))dB;.
Then (L",B) converges in law to (B+271/?B, B), with B an independent Brownian motion: the
integrands converge weakly to 1, but their squares converge weakly to % A limiting FBSDE
obtained this way would have an extra martingale, orthogonal to the driving noise.

To exclude this one needs strong compactness of the integrands. For the forward equation
the integrand H(Y) is an explicit function of Y, and strong convergence follows from the
coefficient limits. For the backward equation the integrand is Z = Cov—H(Y), and we need
strong compactness of the posterior covariance Cov,. It comes from its exact dynamics.

Lemma 32.3. (Riccati equation of the posterior covariance) At each N, the conditional covari-
ance Cov,>0 satisfies

dCOVqZ—COVqZ dg+¢,[dW,], (32.2)
where ¥, is the third conditional cumulant of ®, given J,.

Proof. The conditional law is an exponential family in p = K,®, (proof of Proposition 10.4 of
Lecture 6), with log-partition function JCq(p) = logfe<p’(p>_@”q)”%v1\](dgo), SO Covq:DZJCq(p)
and ¢, = D3JCq(p). Differentiating, 9, K + %TrDZJC + %HDJCH% =0; differentiate this twice in p:
(9 + %Ap +D K -Dp) D? K =—(D?X)?, and apply Itd's formula along dp =D K (p)dq +dW,
which follows from (10.6), 9;K; =TI and ¢, = @, + C,;F,. O

This is (8.9) of Lecture 4 for 9,R = 1: conditional variance is resolved at the rate Cov?.
For a smooth test f, the process {f,Cov,f) >0 is a nonnegative supermartingale, with drift
—[ICovyf |2, and initial value Var,,(®, f), bounded uniformly in N by Corollary 17.2. A non-
negative supermartingale has controlled oscillations: after stopping at the first time it exceeds
alevel K (an event of probability at most Cr/K), its decreasing part A and the bracket of its
martingale part ] satisfy EAo< Crand E[]]o< K*+2KCy, which gives time regularity in W*?,
a< %, and hence strong compactness of each finite block ( f;, Cov f;). In this subsection I =[qo,
Q], since ¥, W and the covariance do not involve Y. Spatial tails come from the isometry
(recall ;,=E ®. =0, vy being even), with symmetry exchanging input and output tails,
E fl l(I— Fm)COVqII%{sdq =E|U-F,;) ngII%, and from the terminal averaging yo=Eg fLL+1 (Ys+
Zs)ds, using the H” bound of Proposition 32.1 and E|IZ453 < Cs™>/? (first m — oo, then L —
). Altogether Cov" is tight in strong L?(I; HS). Since S~ [SS* is continuous from L*([;
HS) to C (I; trace class), the brackets of be are tight in C(I); a continuous martingale with
tight brackets and uniformly small maximal Fourier tails (from the terminal averaging above
and Doob's inequality) is tight in C (I; H). Hence l,bN, and ZN = 1,lJN — YN are tight in C (I; H).
Strong convergence of the integrands gives convergence of the brackets [ CovCov* and of the
covariations with W, and then:

Proposition 32.4. (Identification of the martingales) Along a subsequence, on a common filtered
probability space, the limit of the forecast satisfies ;= ftz) CovsdWs with W a cylindrical Brownian
motz’og Zf(;_r) the joint filtration, X, = f;i) CsdWs, and for q > qq (for q <q. see the paragraph after The-
orem 32.

Y, = [T (bs(Ys) + Ho(Y)Zo)ds + [T Ho(Yo) dW,,  Z, = — 7 (bs(Ys) + Hy(Ys)Zs) ds +
g qo qo 1 q0

q‘z E,dW.. (32.3)
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The argument is: the limiting ¥ is a continuous square-integrable martingale for the joint
filtration (fixed-time martingale identities pass to the limit with uniform integrability); its
bracket and its covariation with W are those of [CovdW; so i — [ CovdW has zero bracket
and vanishes. No extra martingale survives. The same argument for the forward equation
identifies its noise with the same W, and identifies the limit of the auxiliary Gaussian field X
as [CdW, not a new Gaussian field.

32.3 The limit by compactness: the result

Theorem 32.5. (Construction of d>3) Let A,qo>0, r€R, with the counterterm of Theorem 11.3

(or g, large and b, N — b, b, NI < BoAqi/?). Along a subsequence of lattices (the whole sequence, by
Theorem 18.6):

a) the embedded processes (l/JN XN YN ZNy with Xé\’ = f;’o CsdWN the auxiliary Gaussian field,
converge in law in C (I H) for compact I C [q, o), together with the embedded innovations

WNin C(LH™ ), 9 > 2, and CovN,EN in strong L*(I;HS); all jointly and with an almost sure
representation;

b) the limit solves the FBSDE (32.3) on [qo, o), Yy, =Z4,=0, with the deterministic continuum
coefficients b, H, limits of those of Lecture 6 and unique in their ball, an H-cylindrical Brownian
motion W for the joint filtration, obtained as the limit of the lattice innovations, a symmetric

nonnegative integrand Cov=H(Y) + &, and E|Z|5< Cq /2 for large q;

c) there is a terminal field ® with Y, — ® in H™°, almost surely and in mean square, for every
s > 5. Its law v is the weak limit of the lattice measures vy, and for smooth h,

(thg, h) = E[{D, )| Fg]: (32.4)

the forecast remains the conditional mean of the terminal field;

d) the limiting thresholded energies E ., ]oo satisfy the bounds of Theorem 16.2. Indeed, the lat-
tice identities Vy=C [(q q0) ¥y — g ] and {; = X, + C,,f'7 (s — Xs) ds — (g — q0)Cytpg

need neither o nor W, so VN and IV converge by (a), the L6 convergence of YN and the
Hilbert-Schmidt convergence of the free resolvent; the integrands of E and | are lower semi-
continuous in these variables, and Fatou's lemma applies.

Below the auxiliary scale. Above 4. the proof is that of Section 32.2, Propositions 32.1
and 32.4, with the moments of Y;, from Section 17, and spatial compactness at g, by one-sided
averaging on [q.,q. + 6]. The processes i, W,Cov never involve Y: for < Q, ¢, = E;g gives
their moments, and the Riccati argument starts at g from the deterministic Var,, (®Y, jnf). On
I=10q0,9+], Cq*KSQDf;V = Cq*WSN + f;o Cq*l/J,I)] du is tight in C(I;L*): the first term by Kolmogorov,
the second as C%:L2 - C'2 and l/JN converges in C(I; H). By (12.7) and Lemmas 16.3, 18.3,

= yé\f(Cq*KSCDg\’) — Y uniformly on I x T3, s0ZN - Zin C(I;H). The convergence stated at the
end of Section 18.1, at the single scale g., gives H(YNY S H(Y) in L3(I; HS) and b(YN) > b(Y)
in L*(I; H), so EN - & and the limit solves the system on I. At go, @4, =0: so Y, =0 since
Fis odd, and Z;, = 1,,=E,®=0.

So the posterior structure survives the continuum limit: y =Y + Z is a closed observable,
the conditional mean of the terminal field; Y is computed from the explicit action; and the
error Z is small at high resolution. This is the FBSDE of Lecture 4, in forecast coordinates, for
the limit v of the renormalised lattice measures, with the full noise retained.
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32.4 Density at a fixed scale

The following is not used in the lectures: it gives the law at a fixed high scale, and it is where
the second chaos of V,; becomes visible.

Proposition 32.6. (Density at a fixed scale) Let g be large enough, beyond the auxiliary scale and

such that supNIIQ;ﬂ@é\IQ;/ZII gi. There are constants cn(q) with: e_‘_/”’HN is bounded in L’”(’qu),

1<p <2, uniformly in N, and converges in probability along the coupling to a function e Vi, The
measure

pg(dx) = H@=AGN ) (dy) (32.5)

is finite, and for bounded continuous cylinder O,

0d fe“_’q°(x>'ygq( dx) IERq'X[O(Yoo)e_que“YS’ ds] .y
f V= V2 (x) R — [ Ces(Ys) ds ’ ( : )
Je " yg (d0E [e a ]

The law of @, under v is p; normalised, the convergence holds for the whole sequence without the limit

q— oo, and the renormalised partition functions [e~ "~ FOv e dyq, converge to the total mass of
Pg-

Proof. Bounds on V. On the unit volume, Vq(x) =min, [fq(y) + %(x -y, Ky(x—y) )], the func-
tional being strictly convex for g >¢.. As U + %yqyz + fzq > —C; (the quartic dominates, as S4(h;)
is smlall, and [fiy()| < CSa(hlylly), Vo(x) = —Cy+5(x, Ojx), with ©; = Ky(K; + ) ~'@,. With
CN= iTr(Qq®é), the dleterminant formula for the second chaos gives the L¥ bound, since the
operator has norm <5 and is Hilbert-Schmidt, uniformly in N; here the multiplier of O, is
at most Clk| and that of Q, at most Clk|~*. Convergence in probability is Step 4 of the proof
of Theorem 32.13, without Xq: the second chaos in Lz, the other terms by continuity for the
uniform norm.

Cut-off. For fixed N, the law of ®, is proportional to e 7Q, by the definition
of Ay. For xg a continuous cut-off of ||x||., on its support Ay is bounded and continuously
convergent (Theorem 18.4), and inxy — x uniformly in probability; with the L” bound,

~Vy+en—AN(q,")

IN(R)::fXRe—Vq-i-CN—ANdr),Qq_)I(R)::fXR dog

with I(R) >0, and the same with a bounded continuous function under the integral. By Step 1
of the proof of Theorem 32.13, that is (12.5) and Lemma 17.1, supN]P’(IICIDEI,\]IIOo >R/2)—-0 as
R — o. So for R large, IN(R) /Zn 2> %, where Zy is the total mass, and hence limsupnyZy <
2I(R) < o0; p, is finite by Fatou. Letting R — co the law of CIDé\’ converges to o, normalised, as
does Zy to its total mass.

The formula. The kernel form follows by disintegrating vy at scale g, and using (18.12)
with the uniform convergence in probability: the cylinder function Hf,\] O(xp) isbounded, and

converges for continuously convergent arguments. So [ Odv = [I1,0dp,/p,(1), which by
(18.12) and (32.5) is (32.6), the factor e cancelling. O

32.5 Feynman-Kac comparison along the explicit flow

Let V,(x) =T*(y) + %(x —v,Ky(x—y)), where y =1, (x) solves Kzy + DI'*(y) = Kx, for T'* one of
the actions below. Let e* = Bql"ﬁ - %Tlr[Hii —H#(O)] and c(q) = %Tr(Cq —Hy(0)).



38 SECTION 32

Lemma 32.7. (Hamilton-Jacobi defect) o V+—Tr(C2D2V) ——||C DV||2_e”oy+c(q) provided
H*(0) = H,(0).

Proof. By the envelope theorem Bq‘_/ = qu‘*(y) + %le - yll%. Further DV = K;(x—y), and since
Dy=H?*K,, D*V =K, — K;H?*K,. So Tr(C;D*V) =Tr(C,— H*) and |C;DV 2= |lx — yl. O

The penalty. Let yeC L1 smooth off el and nondecreasing, with x (1) =0 for u < 1—2, x(u)=

1foru>1, and)((u)Z:( D

T )4 near — For a constant A put gs(y) = gsf yz)(Z(lyl /ts) and

5q<y)=Af°°gs(y) ds:f Fy(y(x))dx, T*=T+6.

F; is even and C* vanishes on |u| < erq, and the s integral runs up to s, = gAMZ. Letv=
lul/rq— 1 Then for v >0, with constants independent of A and g,

|F”(u)|<Cqu(q+/\u2)1v>o, |F”(u)|<CAc]1/2/\m11n(v+,1)u for all u, (32.7)

the second from differentiating u? f;“)xs_l/ 2 2(Iul/ rs) ds twice in u: near the threshold the
integral is of order uzgqq v°, and for |u|> rq it is of order AN 23,

Lemma 32.8. (Global bounds for the comparison actions) For A fixed and q>qa, T'* satisfy
the conclusions of Lemma 12.1, H(0) = Hy(0), and [b*(y)ll» < Carg ~>"2|lyll>.

Proof. F"' < CAg,Ay” on its support, as < CAy? there. So Ay*+F"'(y) >0 for qu small, and
the proof of Lemma 12.1 applies with this potential: killing gives 0 < (K; +/\y +F'"~1g Cy
entrywise, and the Neumann series handles M + D?. For the drift, the new terms in D e*

are FA Dg, with |Dg,| < Cg,lyl, and +—P”'(y)cl1ag(H+)2 together with the change of H in the

terms of De. Since |F""' ()| < CAN/?1,50 and diag(H*)? < Cay, the former is at most CAgglyl.
Multiplication by H* costs C/g, and the global linear bound for b gives the rest. O

The linear large-field bound. Write De=DxDe ok +® as in Lemma 21.2, ®=De —
DxDe®ox.

Lemma 32.9. (The linear large-field bound) [|D,(z)ll, < Cgsllts(2)ll2 for all zand s > g,.

Proof. The ledger (21.10) has six rows, of which four are linear in t. Only rows four and six
carry y2y, through D, =H?— H** = —H?DH° — HDH®** with D=AM,2_.2+ D', where z is now
the clipped field and D’ the nonlocal insertions. The latter cost Cgqglixll2, and rx <|t|. For the
local insertion, put eg = (y2 —z%/ ly|<Clt|and Q :/\1/2M|y|H. By Lemma 21.1, [|Qll2—2 < Cq‘l/2

and diagH?, diagH 2L Cay. Let Thea symmetric 3-tensor and ¢ € L% Then X = HZ)LMyz_ZzH ©
reads AV2(H Q*)M,,H®, and Cauchy-Schwarz in all variables gives

|[ 9T, 0)X (1, 0)| KAV [ 9(0ATIHQ®) (1,2 V2( [ Tleo(@)*HO (a,0)2) /2.

Integrating a and using HQ*QH < IQI2H?, the first factor is at most (Cays(T) /9) 1/2||g0||2; integ-
rating x, u and then v, the second is at most (Caxs(T)) 12)10ll2- So ICtrxTllo < Crlays(T)|It|l. For
X=HAM,_H o2 write it as A/ 2(Q*M,,H®)H® and put ¢? on the factor with the outer H% the
same bound results. With s( f3) <Cgg/r this is row six, C gzlltll 5. With the local tensor, s(T) =1,
it gives [|diagDalla < Cr~'aslltll2, hence row four, CAraor it < Cglitll. m
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Lemma 32.10. (Sub- and supersolutions) With 7t the pointwise projection on [—rs, 1], for A
large and s > g,

es = —CAs I mylli + Ms~Amgyl3),  ed KCAs3mayllt+ As ~Almsyll3). (32.8)

Proof. The action I. On |z« <75 the clip is the identity, so es(7tsy) = eg(7tsy), and by even-
ness, the zero scalar jets and (11.14), |eg(7tsy)| < C}L5s_3||7rsy||i + CA4S_2||7ISyII%, the quadratic

term coming from the centred quadratic jet %{y, Esy). With zg=my + 0(y — mty),

es(y) —es(ty) = [ (Des(z0),y— ) .

The vector y — 7ty is supported on the set A where |y| > 75 and its norm is at most ||ts(y)ll2; also
Its(zo)ll2 < llEs(y)l2. The first term of De is bounded pointwise by sup [De°| < S4(e®) (2r)3/ 6+
1€ row2rs < CA/%s73/2, and | AIV2 < 57 t4llo, so it contributes at most CA%s ~2|It4)15 < C glitlI3. By
Lemma 32.9 so does the second. Since y =1 on A, gslltSII% <gs(y). Thus les(y)| < CA%s _3||7tsy||?i +
CM%s _2||7rsy||% + C195(y) with C; independent of A.

The penalty. d,0; = —Ags, so et =eF Ags — %Tr(HJ—r —H). As H¥f — H=FH*D?H and
D?6 is diagonal, [Tr(H* — H)| < Cay [ IF{ (y)|. Pointwise, with u =y(x) and v as above: by
(32.7), the ratio of ay|F"’(u)| to the density A gau?x?(jul/rs) of Ags is at most Cgs/min (v,
1). So for v > Cogs, this term is at most half of the density of Ags. For 0 <v < Cygs, the thin

layer, ao|F"'| < CAq~12q12A03 L CAAGS. There |rrou| > 1—27’5, and A%s =3¢ =A%~1, while AAg3 =
AX's73/2< A3~ for s large depending on A. Hence %|Tr(HJ—r —H)|< ggs(y) + CA% 3yl
Taking A >2C; gives (32.8). 0

The flows. Fix x and q. Let ® solve dd, = —C?DV;—F(Q_DS) ds+ Csd W, Q_Dq =x. The drift is
Ks-Lipschitz at fixed N with linear growth, as |[Dy|| is bounded. Its coordinate Y; = y}(q_Ds)
satisfies dY =b*(Y)ds+ H*(Y) dW, by the computation of Theorem 10.6 with no error. No
Z appears.

Lemma 32.11. (Riccati bound) Fory :yf(x),

logEexp( [~ Ca(Ws Yl + A's I Ysl3) ds) < CA% ~2lylid + A%~V 21+ Aq M yi3) +
q

CX4q~YiyI3. (32.9)

Proof. Let &=Y —y. Then |rrsY — 7yl <min (|&],275), 50 |7 YII§ < 8llmeyll§ + 3272113, and |77, Y13 <
2||y||% + 2||§||%. So the exponent is at most a deterministic term plus [ xswsds, with w = ||§||%
and x;=CA*~2 By Lemma 32.8, diag(H*)2< Cs~ /2 and |[HE||< (1 + &) /s:

dw < (CAs > 2(w+yI13) +Cs~ Y3 ds+ dM, d(M)<5s2wds.
Let §;=4CA*/s. Fors large, 6"+ CAs —3/2¢ 4 %s ~202 4+ ¥ <0, because 8’ = —4x dominates. Then
exp(Osws + f; Kw — f;a), with ag = 0;(CAs/?|lylI3 + Cs~1/?), is a local supermartingale by
Ito's formula. It starts from 1 as w,; =0, and 6w > 0. Fatou gives IFZexp(fqOO Kw) < expfqoo a,
and fqooa < CA% =32yl + CA%g~1/2. The deterministic term is at most C/\quoos_3||y||fids +
CA [ " s 2yl ds. O

Proposition 32.12. (The comparison) Let Cn(q) = fqoo c(s) ds, which is finite at fixed N. For

g =max (g.,44), if 1ys(xX)lle < %T’q/ then, uniformly in N,

Vo () — Vi (%) = Cn(@)| < CAP 2yl + CA% Y21+ Aq ~iyli3) + CAYg ~iyll3. (32.10)
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Proof. Let s be the free flow, d{ =C;dW, ¢;=x. Then e V1 = Ee~VTED for T> g, as'V
solves the Polchinski equation. By Lemma 32.7 and Itd's formula, exp(—V#(&r) + V+(x) +
f (e*oy+c)) is the Girsanov density of the flow @ with respect to ¢ on [g,T]; it is a true

martmgale because the drift has linear growth. Therefore, with AT =Vr— V7,
e Vi) = o O (A (Bp) — f e*(Y;) ds). (32.11)

At fixed N: [c(s)| < Cns 2 by Hg(0) — Cs= O(CsMCs) and a; = On(s72), so CN is finite.

Upper bound for V. Use I'" and Jensen in (32.11): Vi (x) < V+(x) + f c+ ETAL (D) +
IE+f e*. By (32.8) and Jensen again, the last term is bounded by the rlght side of (32.9).
As 5 >0, At < Vr— V7. This tends to 0 uniformly on [|x]|e < T8 by the estimates of the next
paragraph. Outside this set it has polynomial domination uniform in T: V< Cn(1+ llll%,) by
Jensen, and V> —Cy since U dominates ET And @7 has all moments uniformly in T at fixed

N, by the linear bound on b* and [ Tr(H")?ds < o at fixed N. So the limsup of E*A} is at
most 0.
Lower bound. Let gT be the event [I¢7llc < T8, Since V> inf Vy > —co at fixed N,

IEe_VT(‘jT)lgch CNIP’(QCT) —0. On gT, I¢Tllo K 7T, SO T Vanishes at the coordinate and Vr =Vr.
We claim supg;, |A7| - 0. Indeed at fixed N: g7 — pinl = ON(T™); [©7lrow = ON(T~V?); Sy(hr) =
ON(T™?), by the integrated bound using a,(T) = On(T™2); and ly — x| < CNT H(Ixllee + IX112,).
These give |Vr(x) — Vy(x)| = On(T14) for |Ixll < TY/8. Further |Vr(x) — Vn(x)| = On(T1/8)
on the same set, by Gaussian integration, since the remaining variance per site is On(T™1). So

= T
e~ Va0 ¢ g0V W=fyeg- exp(— f e~ (Ys)ds) +o(1).

By (32.8) and (32.9) the expectation is at most the exponential of the right side of (32.9), and

T — oo.
Conclusion. If ||yl < 1—21@7, then ¢, and D¢, vanish at y. So y is the critical point of the
strictly convex functional defining \_/qi(x), and ti(x) = \_/q(x). O

32.6 Uniqueness through the comparison

Theorem 32.13. (Uniqueness) Let . >max (,4a) and b. x— b. in B, in particular for the explicit
counterterm (22.2). Then the whole sequence vy converges weakly in H™®, s > %, to a measure v.

The joint law of ® and of the Polchinski process ®;= (q —qo)Cy® + CyB; 4, B independent of ®, is
unique. The dynamics are not used.

51240 and Xq(x) = T(lIxllo / pg) With T continuous, 7=1 on [0 l],

Proof. Fix 6 € (0,%), 03=1 '3

T=00n7[1,00). N N

Step 1: the good set. By (12.5), ®g=Y;+0,(Yg) +3C; Y7, 50 [@glleo < 20 Yglloo +5:1Y; % Pro-
position 14.4, whose constant involves [|Cyll2«, finite with a>(qo) <qo 2+ C uniformly in N,
with Lemma 14.5 and Theorem 16.2 gives Lemma 17.1: [|Yjllc < gq5/1zlog1/6(2 +q) for g>4.,

with g having moments uniformly in N. Therefore p,: :supN]P’(Ilq)f,V loo>p4/2) —0.
Step 2: the error. If ||x]|o < 04 then ||y, (%)l <30, Indeed with u =y + 0,4(y), Ky(u —x) +

%y3 =0. At a positive maximum of u —x, K;(u —x) >0, so y <0 there, and u —x <l04(¥) Il +
|lxllo; similarly at a negative minimum. So ||| < 2[1X]|co + &4llYll o, and ||yl < 3IX]| o for €5 sSMall.

For q large, 30, < 1—213], and (32.10) gives on suppx,

|Vq,N_Vq,N_CN(q)|gg{;::C(q—1/3+45+q—1/2+q—2/3+2(5+q—1/6+2(5)_)O’ (3212)
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the last term coming from CA4q_1||y||% with [yl <3p;; it tends to zero as § < %
Step 3: total variation. <I>N has law p 5 eV 'N’yQ , with Q;=C—C,. Let iy 4 oc;(qe_V'N’qu

On suppyy the two unnormalised densities have ratio e BRI gg; 50 the density of U 4
with respect to the measure xypn 4/ ) Xqdpn 4 liesin [e ~2e e2£‘7 ]. The constant cancels, whether
or not it converges. Removing x, costs at most 2p, in total variation, so

drv(Un,g UN,g) Sdg: =2p,+ 2(e%1-1) -0,

uniformly in N, the convention being the total mass of the difference.

Step 4: the reference law converges at fixed q. Let xx ~ 7, , be coupled through common
Fourier Gaussians. The multiplier (q — q0) ((q0 + cx) (9 + ) IS A+ k) gives, by the
Kolmogorov criterion, (yxy — x in probability in L™. Let y=y,(x) and w=y —x=—0,(y) —
%qug’. Then

} 1 . 1 -
V,(0) =UW) +ELlyIB+ 54y, ©y) + iy (y) + DL, w), x ).

On suppyxy, Yl < 3p4. Since |(:Dq(k)| < 2|k|01(®q) we have [[C;0ll;2_ ;1 < Cvy, and the other
terms in w are in H, so ||wl|y: < C, uniformly in N. So the terms involving © split as

(v, Oy)=(x,0x) +2(x, Ow) + (w,Ow), [x, Ow) < Clxl201llwllg,

all bounded on the support except the second chaos (x, ®,x). Its operator T = Ql/ 2®qQ1/ %has

—17245 y /%), so it is Hilbert-Schmidt, with ITllop <7 . for qlarge.

multiplier at most Cmin (k| 3,A2q
Therefore the centred form converges in L? by Proposition 22.1 and dominated convergence
in the multipliers, and its exponential is uniformly integrable, by the determinant formula.
The trace is a constant, which cancels on normalising. We need that DhN converges weakly
along strongly convergent bounded fields at fixed q. For smooth bounded profiles this is in
Proposition 29.1, the finite recursion being uniform on compact sets of scales; it extends to
strongly convergent bounded fields by the Lipschitz constant S,<Cg,q on L% The same holds
for the term Mgy by the fixed k convergence of Proposition 22.1. With this, L? compactness
of wy from the H! bound passes the coordinate equation to the limit. Its solution is unique
among bounded fields y with y —xe H 1. if d is the difference of two solutions v,y test Kyd +

5= (")) + My + Ditg(y) = Dig(y') =0 with , and use (d, Myd) > —eq(d, Kyd) and [Dly(y) ~
Dhq(y')llz < Cgyqlidlz, both of which pass from the lattice; so d =0. Thus pyn -y in L? and
boundedly. Hence U (yn), ||yN||% and fzé\l(yN) = fOl (szé\](tyN),yN) dt converge; so do the cross

.. . Y
terms, pairing strong xy with weak @Nwy. So y,e™ ¥

converges in probability and in
LY()). The normalisers are bounded below: since Vq(x) < l_},(x) by taking y’ =x in the infimum,
the density is bounded below on the intersection of a small uniform ball with the event that
the centred chaos is at most K, and this event has positive mass, uniformly in N, for K large.
Thus iyin,4 converges weakly to a limit 7/, along the whole sequence.

Step 5: from the scale to the field. For smooth 1, as &, = |;® + C;B; 4, and [ - J, = C,K,,
(IN(Poo = DPy), 1) = (P, CyKyoinht) — (CgBg—go jNH)-

By (17.6), the first has mean absolute value at most C||C;K, jinhll. <C q'lllhllcz, as C; has norm

q'l on each L?. The second has variance at most IIhII%/q. So for G=g({:, h1),..., (-, hx)) with g

bounded and Lipschitz,
limsupy,n'|E GUun®Y) — E G(in®N)| < 2liglloody + Coq 2
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Let g — co. Cylinder functions separate measures on H~° and Theorem 17.5 gives tightness,

so the whole sequence converges. Since BY is a Brownian motion independent of ®L, inde-
pendence passes to the limit, with ®;= (g —g0)C;® + C;B;_g,. O

What this proof does not give. This argument identifies only the joint law of ® and the
Polchinski process. It does not by itself give uniqueness for the system of Theorem 32.5(b) as
an equation, nor that ¢, is measurable for the filtration of the Polchinski process; these follow
from the density in Lecture 7, Theorem 18.6(b) and Theorem 18.11. It does not cover H ~° with

1 .
s near > for quartic moments.

32.7 Symmetrised Girsanov comparison

This section gives a second proof of Steps 2-3 of Theorem 32.13, which replaces all of Sec-
tion 32.5. It follows the idea of Gubinelli and Meyer for sine-Gordon [ GM24 |, Proposition 4.9,
where the limit law is written as an explicit density over an explicit SDE, and the backward
remainder disappears from the identification. There the smoothed force Q;F; and the defect
are bounded uniformly in the field [ GM24], Proposition 3.13, there is a spatial cut-off, and the
flow starts from zero. Here the defect is unbounded, and this older route uses the action only
above g, without the frozen extension of Section 12.4, so we use the symmetrised entropy at a
tixed scale, which needs only expectations of the defect, and let the scale tend to infinity at the
end. In particular neither the penalty, nor the sub- and supersolutions, nor the exponential
Riccati bound, nor Lemma 32.9 is needed.

Let y=y,(x) solve qu+D1:q(y) =K,x, and let ‘_/q(x) :fq(y) +%(x—y,Kq(x—y) } be the Moreau

transform of the action. Let ;= aqfq — %Tr[Hq — H,(0)] be its defect, and let V, be the exact

i - =V *Cs dWs
potential, e Vi¥) _ e N+ )

H‘iK‘i'

, with force F;=—DYV,. By the envelope theorem and Dy =

_ 1 _ 1 _ 1
aqv+§Tr(C§D2V) - E”CqDV”% =egoy+c(@), c(q)=5Tr(Cy—Hy(0)). (32.13)

So V solves the Polchinski equation up to its defect, and d®d=-C?DV.(P)ds+C,dW is an
explicit flow, whose coordinate Y = ys(@s) solves dY=b(Y)ds+H(Y)dW,b=—HDe: indeed
d(KsP)=Yds+ dW, and one applies It6's formula to K;Y + DI,(Y) =K ®. It contains no Z.

Lemma 32.14. (The defect on all fields) Let 7t be the pointwise projection on [—rs,7s]. Forally
and s 2q.,

les ()| < CA%s 3| rylld + CA%s ~2| mryl3 + CA%s =572t (1) 1S, (32.14)

Proof. On the ball e;=eg, so les(7tsy)| < C/\5s_3||7rsy||3 + C/\4s_2||7'csy||% by the zero scalar jets,
the centred quadratic jet and (11.14). With zp= 7ty + 0(y — 715Y), €s(y) —es(7Tsy) = fol {Deg(zp),
y—7sy)d6, and y — gy is supported on the set A where |y| > r;, with norm at most ||t|l,. Write
De=DxDe®ox+D. Then |De° < S4(e°) (275)3 /6 + |E Y row2ts S CA7%s73/2 and | AIM2 v itllo,
so the first term contributes at most CA%s 'ZIItSII%. By (21.11), which bounds © before mul-
tiplication by H (the bound stated for b' = —H® would not suffice, as H~! is unbounded),
1D5(2)ll2 < Cgs(lits(2)ll2 + rs_1||22)(5(z)||2); since |z¢| < |yl and zg has size above r; only on A, the
second term contributes at most Cgs(lltsll% + 7Yt 3llESl2) . On the support of t; we have [t5| >7s,
50 litslla <73 %ltsllg and IltsllF <737 litslg. AlL these are at most Cgsrs ltllg = CA%s —/2|itle. O

Fix (56(0,%),[),1:1] /%
on [1,00). Let py 4 e_V”'N'qu be the law of CIDL?] ,and Uy 4o )(qe_v"'N'qu the explicit law.

5/12+6

,and x;(x) = T(|Ixll / pg), with T continuous, 7= 1 on [0 ], =0
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Proposition 32.15. (Comparison by Girsanov) For g large, so that p, g% and ry > 6p,, there
are d;— 0, independent of N, with ||y, — ﬁN,qIITv <dy. Precisely, with p;= supN]P’(HCI),;\]IIoo >0,/2)
and o; = A5q‘2,0§} + A4q‘1p§ +Mg~V2 4+ g7, one has dy < C(pg + Uql/z), and p; — 0 by Step 1 of
Theorem 32.13.

Proof. The two path laws. On [g, o) let P be the exact law, conditioned softly: initial law
Xakinq/ | Xq dpin g, drift CZF,. Let R be the explicit one: initial law Un, g, drift —C2DV.. Both are
absolutely continuous with respect to the free flow d¢ =C,dW with initial law g " On [q,T]
the first has density proportional to )(q(é‘q)e_VT(gT), since e~ is harmonic. By (32.13) and It6's
formula, the second has density proportional to

Xa(Epe” 1 Dexp(—Vr(Er) + V(&) + qu (es(Ys(§e)) +c(s)) ds).

This is a true martingale density: the drift is —Cs(x —ys(x)), Lipschitz in x at fixed N since
Dy=HK. The factors at {, cancel: this is why no estimate at the initial scale is needed. So

logdP/ dR = —A7(&r) — qu es(Y;s) ds + const, with Ar = Vr— V7. The constant includes | ¢

and the normalisations, which diverge with N; it does not matter, since in the symmetrised
relative entropy it cancels:

Ent(PIR) + Ent(R[P) = E%[Ar + qu (Y, ds| — E¥[Ar+ qu (Y ds]. (32.15)

At fixed N: |ur — pnl = ON(T™Y), 1O7llrow = ON(T %), Sy(hr) = ON(T™?) and |y —
x| < CNT_l(IIxIIOO +1x112,) give |V — Vil = ON(T_1/4) on [|x]eo < T1/8, and Gaussian integration,
the remaining variance per site being ON(T™h, gives |V — V| = On(T~Y8) there. For all x,
IAT(x)] < Cn(1 + [IxI1%) uniformly in T: inf Vy < V7(x) <Cn(1 + llxl|%.) by Jensen, and —Cy <
Vr(x) <Tr(x) <Cn(1+xI%), as U dominates fi7. The moments of ¢r are uniform in T: under
P since ®1=JrP« + CrBr_y, under R by the Ito computation below with f°°a2 ds < oo at
fixed N, and x =Y + or(Y) + %CTY‘O’. So EPAr, ERA7 - 0. With the bounds below, logdP/
dR is integrable under both laws at each T, so both entropies are finite and (32.15) is jus-
tified. By Pinsker's inequality the squared total variation at the initial scale is at most the
sum of the two expectations of [ qoo les(Y5)|ds, and removing x, costs at most 2p,. It remains
to bound these expectations, by (32.14).

Under the exact law. f;" Ns™2ti18ds < 27 Y. Further |7rsYl: < r21Yl3, and
IE]||Y5||% <C(1+sY? by It6's formula for IIYSII% along the forward equation of Theorem 10.6,
from g., with the moments of Y;, and EllZuH% < Cu~>? of Theorem 16.2, |H||< C/u, the linear
bound on b and Tr H>*< Cu~2. So the first two terms of (32.14), both at most CAMs2Y,13,
integrate in expectation to at most C/\4q'1/ 2. The conditioning costs at most a factor 2.

Under the explicit law. Here Y, =y with ||yl <3p, by the maximum principle: with u=y +
0q(y), Ky(u—x) +%y3 =0, and at a positive maximum of u —x we have y <0, so u —x <llo5(y) ll +
|xlleo; similarly at a negative minimum. Thus [[ulle < 2||xlle + &llylle, With &; the contraction
constant of (12.5), and [yl < 3llxll for g large. Let s =Y; —y, which is a different ¢ from
the free flow. By the global linear bound of Proposition 12.2, [[b(Y)Il, < CAs™3/ 2||Y||p for every
p (it follows from the exact gradient of e, without the ledger), and diagH2 <Cs~ V2 1to's for-
mula gives, forp=2and p=12, IEIICsllg <C(sP*+ (gqpq)”). So, as |7, Y1 < 8||y||3+ 32r2||E|13, and
17 YI13 < 2||y||% +2||&113, the first two terms of (32.14) integrate to at most CA5q _ZpZ,L + C/\4q_1p,§ +
CA'q~Y2. For large q, rs > r, > 6p,, so where |Y|>r; we have |¢|>r;/2 and |Y|<2[¢|. Thus
I8 < Crs_6||§s|l%%, and the third term integrates to at most C/\6q_3/2. O
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The bound on E¥ is where UV stability enters. So the backward equation is used only
through Theorem 16.2, for |, and IE||ZS||%; under R the comparison has no Z, no Conditi_onal
expectation and no exponential moment. What is lost is the pointwise bound on V, —V; on
typical fields which a Feynman-Kac comparison gives: here one gets total variation at a fixed
scale, and that is all the theorem needs.

Remark 32.16. (The backward error alone) The drifts differ by C2(F, — f;) with f =—DV,

and C,(Fs— fs) =Z,. So, from the same initial law at scale g, Girsanov's theorem gives dir-
ectly that the relative entropy of the exact path law with respect to the explicit flow is
% fqoo ]EIIZSII% ds<C q_3/ 2 hence total variation <C q_3/ 4 This replaces the backward error by
a change of measure, but it does not identify the limit: it reduces the terminal law to the law
at scale g, which is the unknown, since the flow does not forget the low modes. In [ GM24] this
does not arise, as the flow starts from a deterministic point; the same holds in Lecture 7, where

the frozen action starts the flow at o from zero (Theorem 18.5). The symmetrised entropy
above compares the laws at scale g as well, through the cancellation of the factors at ¢;.

With Proposition 32.15, Steps 1, 4 and 5 of Theorem 32.13 conclude the proof as before: it
uses Theorem 16.2, Proposition 14.4, Lemma 14.5, (11.14), Lemma 12.1, and Proposition 12.2
with its ledger. On this route the condition q. > g4 of Theorem 32.13 is not needed.
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