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1 Introduction

The theme of these lectures is the use of stochastic analysis to study a class of random
fields defined on a set A =T (a d-dimensional torus) or R? with d =2, 3. Formally, the
fields we are interested in, and which we collectively call Euclidean quantum fields (EQF),
are expressed via an integration over all configurations ¢: A — R with weight:

exp ~ [ Ve + 3@+ u(p(o)de )Py 1)

where Dy is some kind of infinite-dimensional flat measure (like Lebesgue’s, which however
does not exist).
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This formula, which seems quite arbitrary, has its origin in the fundamental property
one would expect these fields to have, i.e. the domain Markov property, which is a natural
multidimensional generalisation of the usual Markov property for stochastic processes.
Intuitively a Euclidean quantum field theory (EQFT) is a “Markov field” in some d-dimen-
sional Riemannian manifold. This point of view has been introduced by Nelson [47, 48]
and exploited by G. Segal to give an axiomatization of (E)QFT as functors (Pickrell [52]
provides a formulation accessible to the probabilist).

The Markovian picture is difficult to make precise in relevant examples, and it has
been long understood that an appropriate replacement for Markovianity, which still gives
enough structure to the problem, is to assume that EQFTs are reflection positive and
FEuclidean invariant random fields. For the scope of these lectures I decided to skip the
detailed discussion of these properties, suffice it to say that relevant examples we know of
random fields satisfying these two properties have the form (1).

A good starting point to study these fields is to start with the case when v =0. Then
the functional integral becomes quadratic and it can be interpreted as a Gaussian measure,
which we denote p, with covariance given by (1 — A)~! where A is the Laplacian on A.
This is the (massive) Gaussian Free Field, an object which has been well studied in the

mathematical literature. The Gaussian free field in dimension d > 2 has only distributional
1-d/2—k
00,00

given its explicit nature it is quite easy to show that it has indeed some form of the Markov

property. See e.g. the very good recent book of Berestycki and Powell [10].

sample paths, belonging locally to the Besov space B (A) for any x> 0. Moreover

Following the heuristic formula, other EQFTs can be realised as Gibbsian perturbations
of the GFF, i.e. exponential tilts of the general form

o) = n(de).  pes() )

where the function V is a local functional of the form

and v: R — R is called the “potential” of the model.

There are three fundamental problems that a mathematician needs to address to con-
struct a measure v which can “rightfully” express the “intentions” of the heuristic formula (1).

Renormalisation problem. Due to the distributional character of the sample paths
of the measure p, the definition of V' does not really make sense and an approxim-
ation procedure is needed, which in turn will involve a “renormalisation”, i.e. the
need to “tune” carefully the function v as we remove the regularisation. Sometimes
this procedure creates a measure which is singular wrt. the GFF, so the formula (2)
loses its meaning.

Large field problem. The renormalisation procedure involves several expansions, or
other manipulation of the approximate Gibbs measure, which in turn create quant-
ities which are difficult to control probabilistically. Intuitively, the large fluctuations
of the field ¢ should be suppressed both by the Gaussian measure and the “stability”
of the interaction potential, but, in concrete proofs, it is usually very difficult to keep
track of the stability of the model and one risks losing tightness of the approximate
measures.
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Infinite volume limit. The natural setting for EQFTs is R?, the full Euclidean space
with its Euclidean group of transformations (rotations + translations). The massive
GFF is well defined on R¢ (even in d=2 where the GFF without a mass term is
not), but the interaction potential has to be integrated over the full space and this
gives rise to a singular measure. Again the formula (2) reveals itself as a poor proxy
for the object we try to construct.

Regularisation is usually achieved by introducing a smoothing operator Rp: 8’(A) —
C*°(A), which is a symmetric operator which removes fluctuations at spatial scales <1/T
and such that R7— Id as T'— oco. Usually it can be realised via convolution with a sequence
of functions approximating the ¢ function as T'— oo, or equivalently, by applying a low-
pass filter in Fourier space up to frequencies of the order of T'. The scale T is called usually
the “ultraviolet cutoff” (UV cutoff).

Using the smoothing operator, we can construct a regularised measure

vT(dy) = Zflexp<—)\/

UT(Rw(x))dx>MGFF(d<P)
A

for a T-dependent modification vr of the interaction potential. This is needed (a posteriori)
since usually we must “tune” certain components of the potential in order to have a non-
trivial limit as we remove the UV cutoff.

There are various models for which we know this procedure can be achieved when d > 2:

1. The P(p)2 models for d =2 where vp is a polynomial bounded below:
vr(@) ="+ 111" LT+ To T

where we must consider renormalisation constants 7 7 which diverge as T'— oo.

2. The 3 model in d =3, where vy is a quartic polynomial bounded below. Usually
taken to be symmetric:

vr(p)=¢* —rr¢® +cr,
where both r7, ¢ have to be taken to diverge as T'— oo.
3. The sine-Gordon model (cos(fFy))2 in d=2, with

vr(p) = crcos(Bp)
where ¢ > 0 has to be taken to diverge as T'— oo.

4. The exponential model (exp(5p))2 in d =2, with

vr(p) = crexp(By)

where instead cp > 0 has to be taken to vanish as T'— oco. Combinations of expo-
nentials with different § are also treatable.

The aim of these notes is to illustrate how stochastic analysis can be used to address
the problem of existence of the limit 7'— oo and of the infinite volume limit A ' R? for
Euclidean fields.

Stochastic analysis of Euclidean fields is a very recent development and there are various
ways to interpret it, some of them already being object of courses and lecture notes:

Parabolic SQ. This is the classical approach of Parisi-Wu via a Langevin equa-
tion [51]. The target measure is realised as the invariant measure of a stochastic
dynamics.
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Elliptic SQ. In the elliptic variant, the target measure is realised as a marginal of the
solution to an elliptic SPDE. This method has been recently introduced in [1, 2]
via the supersymmetric dimensional reduction of Parisi-Sourlas [50].

Canonical SQ. In this case the relevant SPDE is a wave equation, see e.g. [29, 31,
30, 16].

To provide a different perspective we decided to focus here on the variational approach
to Euclidean quantum fields initiated in [5] using as basic examples the (p?)s 3 EQFTs
on a bounded domain T% and subsequently to suggest which form it takes in the case
of the infinite volume problem on R?. We will not consider the case of R? since it has
not been worked out in detail. Moreover, we would also like to discuss the case of (exp(G¢))2
as in this case we can prove uniqueness of the infinite volume limit and it will allow us
also to showcase the construction of other models than those with polynomial interactions.

The variational method has been recently used in various contexts to provide novel
results: Bringmann used it to construct singular Gibbs measures [14] and study their
invariance under dispersive dynamics [15], Chandra, Gunaratnam and Weber used it to
show the existence of phase transition in the ¢4§ model [17], Oh, Okamoto and Tolomeo [49]
to prove existence and non-existence of certain Gibbs measures.

The PhD thesis of N. Barashkov [6] describes also how to study the infinite volume limit
of the Sine-Gordon model (up to the first threshold) via the variational method including
a full verification of the Osterwalder—Schrader axioms. The joint work of S. J. Meyer and
the author [32] extends these results to the second threshold using a renormalisation group
point of view coupled with the forward-backward stochastic dynamics for the optimal
control problem. Moreover in 7] together with Barashkov we provide another approach to
describe the most singular part of the ¢4 measure by approximating the optimal drift of
the variational description.

Similar ideas relying on a coupling between the Gaussian free field and an interacting
field have been used by Bauerschmidt and Hofstetter to control the maximum of the
Sine-Gordon model [8]. More generally, mapping a Brownian motion into a measure of
interest has revealed itself a useful method also in the context of functional inequalities, see
e.g. the work of Borell [11], Lehec [42] and the recent paper of Mikulincer and Shenfeld [43]
on the “Brownian transport map”.

Let us finally mention the manifesto [4] where a (speculative) proposal for a new class
of stochastic equations, Wilson—Ito diffusions, describing local random fields, including
EQFTs is laid out.

The plan of the lectures is the following:

1. We introduce the Gaussian Free field as a generalised Gaussian Markov process and
discuss its regularity and a simple construction of ¢4 in finite volume, due to Nelson.

2. We introduce the variational characterisation of an EQFT in terms of a stochastic
control problem, via the formula of Boué—Dupuis. This will allow us to transform
a problem in probability theory into a problem of stochastic analysis amenable to
functional analytic techniques.

3. We will illustrate these analytic techniques via the construction of ¢j in finite
volume, providing an alternative proof to that of Nelson.
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4. We shift to the infinite volume limit problem via variational techniques, where new
ideas are needed which shift the attention to the Euler—Lagrange equations satisfied
by the minimisers of the variational problem. We will discuss how to obtain a-priori
information on the EQFTs via these equations in the case of the ¢3 and exponential
models.

5. We will finish by focusing on the more challenging situation of the (3 model in
finite volume where the variational problem has to be “renormalised” to provide a
description which is stable in the UV limit.

2 Gaussian Free Field

To discuss the Gaussian free field, I find it interesting to start with its one dimensional
version, which is the Gaussian Markov process known as the Ornstein—Uhlenbeck process,
i.e. the stationary solution to the SDE:

dX; = —Xdt + d B4, telR,

which can be expressed as the Wiener integral

t
Xt:/ e~ t=9dB,,  teR,

—00

or as the Gaussian process with covariance
C(t —s) = B[X; X, = %e*‘H‘, t,sc€R.

This process is Markov and its covariance has the Fourier transform given by

iwt
()= / o dw
R

1+w22r

as can be checked via an application of the residue formula. This means that the covariance
C is a fundamental solution for the operator (1 — 7).

By analogy, the multidimensional version (¢(x)), cra of this random field can be defined
as the Gaussian field on R? whose covariance C(z) has the Fourier transform given by

ettr o dk
Cla)=| ————
0= [ TR
which gives a fundamental solution of the operator (1 — A) where A is the Laplacian on
R¢. However, when d > 2 we have that C'(0) = +o0o and more generally that

—log|z| (d=2)
C(x) ~ 1
(I) {|l’|2_d (d>2)7 |$|<< )

which means that the random field ¢ does not have continuous sample paths and it must
be realised as a generalised function taking values a.s. in S’'(IRY), the space of tempered
distributions.

The rigorous definition of GFF is therefore that of a Gaussian process indexed by S(IR%)
and such that

Elp(/)=(f,(1=0)7f),  feSRY)

where we denoted by (1 — A)~! the operator whose L?-kernel is given by C. We denote by
p=puSFF the law of the GFF as a probability measure on S’(IR%). Later on we will consider
also the GFF on T?=[-1/2,1/2]¢ (with periodic b.c.) which has a similar definition.
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If we denote by Cy the covariance of the GFF on A =T or R¢ then they are related
by the method of images:

Crpa(z) =) Cpra(z +k)
kezd

where the sum converges as Cra has exponential decay for large distances.

2.1 Besov spaces

Besov spaces provide a convenient setting to measure regularity of random fields. For
simplicity we discuss the case of R¢ and discuss later how to adapt it to the case of T
The reader can find full details and proofs in [3, 28] and for weighted spaces in [26, 45].

Let (o) :=(1+ |a[>)"/2 Let S(RY be the Schwartz space of test functions on R
and S’'(R%) the corresponding space of tempered distributions. For any o € R we define
fractional derivatives (D)® = (1+D?)*/2 on S’(R%) by

D) f =F U E= (E)UFNE),  [eS'(RY)

where F is the Fourier transform on RY. More generally if h: R? — R is a nice radial
function we let

h(D)f=FHE—h(E(FN)(E),  feS(RY).

To localise functions in frequency space, we need a partition of unity whose existence
can be proved but we shall take this for granted here. Let x, 0 be smooth radial functions
R?— R such that

o suppx € B(0,4/3), suppe S {3/4<[{[<8/3};

o 0<x,0<L, X(§)+3,5,0(279) =1 for any £ € RY

e suppo(277-)Nsupp o(27¢- ) =@ if |i — j| > 1.
Introduce the notations g_1 =1, 0j=0(277-) for j>0.

Given such a partition of unity, we define the associated Littlewood—Paley—pro-
jectors as

and write

Kj:f_lgjv 32_17

for the resulting convolution kernels in position space.

We can then write, for any u € S'(R%),

u= Z Aju= Z Kjxu. (3)

j>—1 j>—1

where convergence is in the sense of S’(IRY).

Note that Aju is now a holomorphic function since its Fourier transform is supported
on a ball (for j=—1) or on an annulus (for j > 0), indeed we have for any u € S’(R%)

(Aju)(@) :=F~(esa(")).
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From (3) we finally define the Besov spaces.

Definition 1. Let s€ R, p, ¢ € [1,00]|. For a Schwartz distribution f € .'(A) define the
norm

1 £liBs., = 12711 A fllr)j=—1lles

where |||[Lr denotes the normalised LP(A) norm. The space By , is the set of functions
e (A) such that | flB; ,< oo moreover H*= B3 5 are the usual Sobolev spaces, and we
denote by €° the closure of smooth functions in the B3, o norm.

Remark 2.

e The specific norm ||-||gs , depends on the partition of unity, but all such norms are
equivalent and the space B, , does not depend on the specific choice.

e The space (Bj ,(RY), |llB3.,) is a Banach space.

Let us quickly note that the parameter s € R indeed measures regularity in the usual
sense.

Theorem 3. For any s,a € R and u € S'(R%)

g, 11 = A) 2 o

Remark 4. There is a relation between Besov spaces and Sobolev and Holder spaces: in
particular one can prove that,

Bzyp(]Rd):Ws,p(Rd)’ sERL\Z B&,OO(R‘[)ZCQ(W), aeR\Z.

Easy embeddings among Besov spaces are as follows:
e Since (9(Z) — (%(Z) for ¢i < ga, we directly see By , (RY) — Bj ,,(RY).
e Moreover, for sy < s1, 2927 <29V so that B, (R?) — B2 (RY).

More generally, functions with localised Fourier transform have equivalent Lebesgue norms
(this is called Bernstein’s theorem) and this generates embeddings similar to the well-
known Sobolev embeddings:

Lemma 5. Let 1<p1<po<o0, 1<q1 < gp<Lx. Ifszgsl—d<%—%>, then
Bl (RY— B2 (R%).

p1,q1 P2,q92

Besov spaces on T have a similar definition using the LP decomposition on the torus.

All along the paper we need to consider Banach subspaces of S’(IR?) associated with a
positive spatial weight p.
Definition 6. A polynomial weight p is a function p: R?*— R of the form p(x)=c{lx)~°
for o,c,£>0. For a polynomial weight p let

i =( [ Jr@oprar) "
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and denote by LP(p) the space of functions for which this norm is finite. For functions

defined on a torus in R we consider their periodic extensions on RY. Similarly we define
the weighted Besov spaces By, ,(p) as the set of elements of S(RY) for which the norm

1133, () = 127 125 f 1)) > ~1]lea
is finite and by €°(p) those such that the norm
1f 30 = 11271 02 f lloe)j -1 [l o=
18 finite.
We will fix a weight p such that for some sufficiently small € >0 we have
APV P <ept? pS ()T (4)

The number ¢ can depend on various parameters but not on the volume cutoffs we
introduce to regularise the Euclidean QFTs.

We note that the weighted norm B ,(p®) is equivalent to
1718 o= D7 259 A e = 3 259 0 A [y~ 3 2A 0 )|y
i>-1 i>—1 i>-1
that is, the weight p® can be freely commuted with the LP projectors as far as Besov norms

are concerned.

We collect here some basic estimates which will be useful below.

Proposition 7. Let § >0. We have for any q1, g2 € [1,00], ¢1 < q2
11185 gy < LF 15 4, S F I35

Furthermore, if we denote by WP the normalised fractional Sobolev spaces then for any
g€ 1,00

1£ 135, S 1 F lwasn S I psas.

Proposition 8. For any s1,s2€ R such that so<si, any p, q € [1,00] the Besov space B;}q
is compactly embedded into BZ?q.

Definition 9. A smooth function n is said to be an S™ multiplier if for every multi-index
« there exists a constant C,, such that

]%n@\ < (1+lehm el ceRre, 5)

We say that a family n; is a uniformly S™ multiplier if (5) is satisfied for every t with Cl,
independent of t.

Proposition 10. Let 1 be an S™ multiplier, s€ R, p,q€ [1,00], and f € B, ,, then

19D) £l S 1 £ U,

7q}

Furthermore the constant depends only on s, p, q,d and the constants Cy, in eq. (5).

For a proof see [3] Lemma 2.78.
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Proposition 11. Let 6 € [0, 1], p, p1, p2 and s, s1, s2 be such that %: E+7 and
s=0s1+ (1 —0)s2 and assume that f € WP NW52P2, Then

1w L Il £ lgore.

For a proof see [44].

2.2 Regularity of the GFF

The basic argument to obtain a Besov regularity for the GFF is to compute the following
average:

2
E[Iol3% , o)
We have

E[ll¢l% , ]

Z 22Pa3\|A]g0HL2p] Z 22pa]E[HAJ¢HL2P]

j=-1 j=-1

Now we observe that, by Fubini theorem and hypercontractivity of Gaussian vectors
(see e.g. Janson’s book on Gaussian measures [38])

Ell|Azel75] S (Ell Az l72)?,

so we reduced ourselves to computing covariances. Now we observe that, by standard
Fourier analysis

2
Ellampll= D> oik)o(KE[ek)(R)]= 191(112)12
k.k'€2r7d ke2rnzd

But now the sum is over 2/¢ points thanks to the support of p;(k) and in addition this
forces |k| to be of order 27, these two remarks give

B[ Ay |[2:] S 234221 = 21(4-2),
This means that

[H90H32 o Z ZQPQJIE[HA]@HLQP Z 92paj9ip(d—2) Z 92pj(a+d/2-1)
Jjz—1 j=-1 j=>—1

So we see that in order to have a convergent series we need

a+d/2-1<0 = a<2;2d.

To conclude, we shall use Besov embedding recalling that if 1 <p; <p2<oo, 1< @1 < ga< 00,
s9< S —d(i——) then
2571 p1 b2 s s
By, (T = By ,,(T%).
We are interested in the case

D2 = q2 =00, pP1=q1=2p, s1=«
then we see that

BQQp,Qp(Td) — Bgo,oo(Td) = CS(Td)a

%. But since p can be chosen to be arbitrarily large, we conclude that the

above embedding is true for any

for any s<a —

s<oz<—u
2
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Remark 12. We see that:

e for d=1 the GFF can be realised as a continuous function, indeed it belongs to C'*
for any a <1/2;

e for d=2, the GFF can be realised as a random distribution which is not very
singular, namely C® for any a <0, so arbitrarily close to 0. From the viewpoint
we discussed here, this is why the p?* model is less difficult in 2 dimensions wrt the
higher dimensional case;

e for d >3 we have a singular behaviour getting progressively worse with d.

2.3 Regularity of the Wick powers

Since the GFF is a random distribution, it is not easy to construct local non-linear func-
tionals. The non-trivial fact is that they indeed exist and can be constructed by approxima-
tions.

Consider a mollifier operator Ry (see below for precise definitions), e.g. one can take
Ry=Anv=>) A,
i<N
via partial sums of LP blocks. Then, if ¢ is a GFF,
YN = RN(,O

is a smooth Gaussian process with a translation invariant covariance given by Cy = Ry(1 —
A)'RY. A direct computation, e.g. in Fourier space, shows that

—log(|z| + N1 d=2
C
(‘IB)OC{ (|§L‘|+N_1)2_d d>3

Recall also that the Hermite polynomials (H,(x)),>0 are the orthogonal polynomials
of the standard Gaussian measure over R and that the first of them (in probabilist’s
normalisation) are:

HO(‘T) = 17

Hy(z) = =,

Hg(l‘) = x2—1,

H3(x) = 3_3[177

Hy(z) = 2*—622+3,
Hs(x) = x°—102%+ 152,

generated by the series

t? ¢
exp(tx - 5) = Z mHn(ﬂf)

n>0

We define now the (regularised) Wick powers of the GFF as

[(on)"(@)] = CR/*(0) Ha on (@) / C/*(0) ):

For example:
[(on)*(2)] = pie(z) — Cw(0)

[(on)*(@)] = R (2) — 3n(x) O (0)
[(on) ()] = i (2) — 69k () Cv(0) + 3CR(0).
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In particular the covariance of these local functions of ¢y is given by
E[ [(on)"(@)]Ln) ()] | = 6n, k() CRi(z — )

and by hypercontractivity we also have, for any nice test function f: R?— R

IE{ /Rd[[(SON)"(a?)]] (z)dx Jan{ [/ [om) @) (@) 2}};0/2
<

|‘ p/2
S| [ [ Chte =) st sy
R4/ R4
We will need to estimate the average size of the random fields [n] uniformly in N. As
with the GFF, we do not expect them to be bounded in some function space and therefore
we will use negative regularity Besov—Holder spaces to estimate them. First we note that
by Besov embedding, for all a € R and N > 1,

(st
68Ty SN = 3 20 [pr@iaient@ira

i>—1

Taking expectations and using Fubini’s theorem we have now

Bkl s 3 20 [rwmiatetieran

i>—1

Now Gaussian hypercontractivity applied to the Gaussian polynomial A;[op](z), gives
n n p/2
E[ALR@) S {ElALRT@)]
which reduces the computation to an L? bound. Now, when d =2,
EALR @) = [[ Kiw =) Kila =y BTN IR0 dudy’

x / Ki(z — 1) Ki(z — /) {Elow(y) on(y) dydy’

,S/ Ki(z — y)Ki(z — y')log™ |y — y'||dydy’

< / / Ki(y)Ki(y)|log™ |y — y/l| dydy’
—1
[// pilataydy | st

where we used that in two dimensions

Elen(y)en(y")] < loglly — ') + N7Y| < Jlogly — ¢/l]]

and that this function is in LY for the product measure dy x dy’ for any ¢ > 1.
Putting all together we arrive at

Bk 30 200 [ gty < v

2
i>—1 R
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for any a < 0 as soon as p and q are large enough, since then we have also p°? € L!(IR?).

This sketches the proof that in d=2, for all kK > 0,e >0 we have, for any n > 1 and any
p=1,

sup B [RT[& ey < o0 (6)
A variant of these computations shows that

sup B[ %]~ [oRlB sy SN
M>=N

that is, the family ([¢AN])nv is Cauchy and converges in LP to a (unique) limit denoted
[¢"] € C~*(p®) and called the n-th Wick power of the GFF.

Similar computations in d =3 show that for all k,e >0 and p>1,
sup E||[oRT |1 oy < +00,

and similarly can be used to establish the existence of the random field [p?] € C~1%.
However for any a >3/2,¢ >0 we have for n=3:

BY LR o)~ (108 NP2

which hints at the fact that in d=3 the family ([¢%])n does not converge to a well-defined
random distribution. A similar phenomenon affects all the higher Wick powers. In d =4
things get worse and not even [¢?] exists.

2.4 Nelson’s approach to ¢35

To illustrate the basic ideas of the construction of Euclidean QFTs let us review the proof
of Nelson that the 3 model exists in finite volume. Consider the functional

V() = /A (04(z) - rrp?(@)]dz

and let’s try to take the limit T'— oo for the family of measures

AV (R
VT (dg) = 2L Z;( 1)) i (ag).
for some A >0. We let
rr=6E[(Rre(z))?]

where we denote by IE the expectation wrt the measure p= with canonical process (.

In this case, writing er:= E[(Rrp(x))? =r7/6 (independent of z), we have Vi (Ryp) =
S\ [(Rrep(x))*]da — 3c7|A|. The additive constant —3c#|A| does not depend on ¢ and can
be absorbed in the normalisation constant Zr of v”, so from now on we drop it and denote

GFF

Vi(tro) = [ [(Fro(a)) ]ae
since this corresponds to the 4-th Hermite polynomial of the random variable Ryp(x).

Recall that Hermite polynomials are defined to be the orthogonal polynomials of a
Gaussian measure, see e.g. [38].
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A basic result is to show that the density

exp(—=AVr(Rryp))

belongs to LP( uGFF) for all p > 1 uniformly in 7' — co. The strategy of Nelson [46] is based
on two observations:

1. The first is that the polynomial £* — r7¢? is bounded below by a quantity propor-
tional to —r%, which in our case diverges to —co as —log?T.

2. The second is hypercontractivity, which we take to mean the following inequality
for polynomials P of order d of a Gaussian vector X:

E[| P[] < (2p - )P E[ PP (7)
see e.g. [38] or the lecture notes of Hairer [33].
Take K <T and write
Vi (Brp) = (Vr(Rry) — Vie(Brp)) + Vie(Bxp)
with Vi (Rkp) = —log? K. Therefore for all [ >0
Vir(Rryp) < —l=
(Vr(Rrp) — Vi (Rip)) < =1 — Vi (Rip) < =1+ Clog? K

and using Markov-+hypercontractivity (7),
P(Vr(Rrp) < 1) <P(I(Vi(Rry) - Vi(Ricg))| > 1~ Clog? K )

CElVr(Rry) — Vi (Rip)|”]
= (I—Clog? K)P

E[“T(]gl@) LI((-RI(QO)P]} /2 — —
<{ < 2p /2 _ 2 P
S (- Clog? K) SpPK P51 —Clog” K)~P.

Take K = ((=1/O)? 5o 1 _ Clog? K =1 and
]P(VT(RW) < —z> < p2re(P/D(A-D/O) 2 < (2 =)D,

c'/?/2-1

and taking p=e we have

IP(VT(RW) < —l) < 6_2ec11/2/271

from which we conclude that

sup [lexp(=AVr(Rre)) || Loy < o0
for all ¢ > 1. 4

3 The variational approach

Gibbs measures are solutions to a variational problem: If p is a probability measure on
a measure space (2, F) and V a bounded measurable function, bounded from below, the
variational functional

Fo(v) ::/Vdu—l—H(um),
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is defined for all probability measures v on (€2, F). Here H is the relative entropy of v wrt.
p defined as

H(v|p) = sup [/fdv —log/exp(f)du],

where the supremum runs over bounded measurable functions f:{) — IR. The relative
entropy is finite only if ¥ < and in this case it holds

Hv|p) = / 1og{§_ﬂdy.

From the definition one also deduces that H is non-negative and convex and that H (v|u)=
0 iff v = pu. It is also lower semicontinuous for the weak topology as the supremum in the
definition can be taken over continuous functions (see e.g. [23]).
The functional Fy is convex and it admits a unique minimum /" given by
o
and

Fy(W)=—logZ"V = —log/e‘vd,u.

As a consequence the Gibbs measure (8) can be characterised as the minimum of the
functional Fy, i.e. as the result of an optimisation problem.

When the measure p is a Wiener measure, the variational formula acquires a more
specific form which is amenable to interesting stochastic analysis.

By a theorem of Follmer if (2, F, 1) is a Brownian probability space with Wiener
measure 4 we have that every v with finite entropy H(v|p) < +oo can be represented as a
Girsanov transform, namely there exists a previsible function u € L?(2 x [0, c0); R™) such
that

1 *® 9
H(y|,u):§IEZ, lus|*ds < 400,
0
and v = p* with p* the Girsanov shift of p in the direction u:

dut /°° 1/°° 9
=ex usdBs — = us|“ds |,
i p( ; 2/, |us|

where we denote B the canonical process on (§2, F). By this result the variational problem
takes the form

1 o
inf dpt+ ZE,u 2ds.
uleana/Qv'u —|—2 #/0 lus|*ds 9)
Under p* the process W := B — I(u) with I(u)::= fgusds is a Brownian motion and
Law,,«(W*") = Law,(B). Note that the quadratic costs above are expectations under v = p",
under which B has drift u, and not under pu.

A similar formula, but based on a fixed probability space and a fixed Brownian motion,
was found by Boué-Dupuis [12]. We need the notion of tame functional:
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Definition 13. Let (X,F,~) be a probability space. A measurable function F: X — [—o0,

o] is called tame with respect to v if there exist p, ¢ >1 with %—I—%: 1 and

Ey[exp(—qF)] + E4[|FF] < o0.

Tameness has been introduced by Ustiinel [54] as a convenient condition for the validity
of the Boué-Dupuis variational formula (BD formula) for Brownian functionals. It has
been improved by Hariya and Watanabe [34] to allow for p=¢=1.

Theorem 14. [Boué-Dupuis| Let V be a tame functional for u, i.e. such that

/ VIP+e Vdu < +o0,

for some p,q>1 with 1/p+1/q=1, then

_log/e—VdM: inf /[V(B—I—I(u))—l—%/ HUstds}d“'
0

ueH,

Proof. This is essentially Theorem 7 from Ustiinel [54]. Note that the functional V(B +
I(u)) makes sense for any u € H, since by Theorem 2 from Ustiinel [54] we have that the
push-forward measure v = (B.+ I(u).)#p has finite relative entropy with respect to p and
therefore is absolutely continuous, i.e. v < . O

Remark 15. Some observations on these variational formulas.

a)

They originate directly from the variational formula for the free energy of statistical
mechanical systems: V' playing the role of the internal energy and the quadratic
term playing the role of the entropy.

The infimum might not be attained in Theorem 14 (see e.g. Theorem 8 in [54])
while it is attained in (9).

The drift generated by absolutely continuous perturbations of the Wiener measure
has been introduced and studied by Follmer [22].

They are a non—Markovian and infinite dimensional extension of the well known
stochastic control problem representation of the Hamilton—Jacobi—Bellman equa-
tion in finite dimensions [21].

The BD formula is easier to use than the formula (9) since the probability measure
does not depend on the drift u. Going from one formulation to the other requires
proving that certain SDEs with functional drift admit strong solutions and that one
is able to approximate unbounded functionals V' by bounded ones.

See Ustiinel [54] and Lehec [42] for a streamlined proof of the BD formula and for
applications to functional inequalities on Gaussian measures.

3.1 An example

As an example application of the BD formula, consider the problem of proving the expo-
nential integrability of a functional F'(B) of a Brownian motion (Bi);>0. We will assume
that this functional allows the following bound

F(B+1(u)) < H(B)+ Llu|lr2w), (10)
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for some integrable H(B) and a constant L > 0. Essentially, the functional should be of
linear growth along the directions of the Cameron-Martin space of the Brownian motion.
In this case by BD we have, for all o> 0,

log Ee*FB) — sup E[aF<B+I<u>> = ||us||2ds]

ueH, 2 0

where we denoted by E the expectation wrt. the Wiener measure p. Using the bound (10)
for F' we note that, path-wise (i.e. for almost every w € Q2)

1 [ 1
aF(B+1(u))— 5/) lus||*ds < aH (B) + oL ||u|2m) — §IIUII%2(R)
L2a?

2

<aH(B)+ sup [aLn — l772] <aH(B)+
n>0 2

which gives a bound uniform in the control process u. As a consequence we readily derive

the bound

L%a?
]EeO‘F(B)gexp<aIE[H(B)]+ 5 ), a>0,
which in particular implies that I’ has a Gaussian upper tail. What is remarkable is that
the BD variational formula allows an analytic line of reasoning (find a bound on the
variational functional for all the controls) to derive a probabilistic consequence. Moreover
the integrability question has been rephrased in a control of the Cameron—Martin shifts of
the functional.

3.2 FEuclidean fields as minimisers

Consider the Gibbs measure

-V(¢) 6°(do)
0V (dg) := < . $ES(R?), 11
9= (R?) (11)
where 60 is the law of the Gaussian field ¢ (GFF) on R? with covariance (1 — A)~!
and where A denotes the Laplacian on R?. The function V:S’(IR?) — R represents an
interaction potential and for now we will only assume that it is measurable and tame with
respect to 6°.

To introduce a useful variational description of this class of measures we need to enlarge
our probability space and realise the GFF #° as the terminal value of a Brownian martingale
(Wi)te[o,1] with values in S’(IR?) and covariance given by

E[Wy(z)Ws(y)] = (tAs) A1 —-A)Hz—y), x,yeR? t,se(0,1].

We construct this Brownian martingale on the measure IP given by the law of a cylindrical
Brownian motion (X¢)¢cp,1) on L*(R?). It can be realised on C([0,1],C~17%(p%)) where
€ >0 can be taken arbitrarily small. Let

Wi=(1-A)"2X,,  te[o,1],

and note that indeed 0° = Lawp(1#1). We will consider W as a random variable in Gg:=

C([0,1], €7=(p%))-
The measure #” can be then interpreted as the law of 1} under the Gibbs measure

QY (dW) = %e*WWl)IP(dW).
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It is well known that the measure Q" is the minimiser of a Gibbs variational problem and
that

—log ZV = —log E[e V(")) = iI%f {ErlV(W)]+H(R|P)},

where [ER denotes the expectation with respect to a probability measure R on the path
space C([0,1],S'(R?)) and H(R|P) the relative entropy of R with respect to IP.

Let $(p®) = HH. (p*), H=5(p"). Denote with $% p®) the space of all processes Z:
S x [0,1] — S'(IR?) progressively measurable with respect to the filtration generated by
(Wi)¢ejo, 1), starting from 0 and equipped with the norm of L*(P, 9(p®)). Moreover define
the quadratic form &: % — LO(IP) giving the “energy” of the drift Z as

1 1! . 1 11 . .
&2)= [ I0=8)2 Zigas = [ (IVZI+ 1 Z]E2)1ds

where Z denotes the time-derivative of Z.

With these definitions, the Boué-Dupuis formula [12, 54 reads as follows.
Lemma 16. (BD formula) For any tame functional G: 69— R we have

—log E[e~¢W)) = Zing E[GW.+Z)+E(Z)).
E a

Proof. Theorem 14 specialised in our context gives

1
—log E[e"¢W)] = inf E[G(W+Z.)+l/ ||us||§2ds],
”LLGIHa 2 0

where H® is the space of all progressively measurable processes starting from 0 equipped
with the norm of L*(IP, L? L2) and

t
Zyi=(1— A)1/2/ usds.
0
Observing that u;= (1 — A)'/2 Z; we obtain the claim. O

We call a random variable with values in $% a control (or drift) and we will understand
that W =W and Z = Z; whenever this does not lead to confusion.

To simplify certain technical considerations later it is convenient to augment the process
W with some additional information. Consider a Polish space & endowed with a continuous
projection my: & — &g and let W: G9 — & be a measurable map such that myy W=W i.e.

G] -, &y is a fibered topological space and W a measurable section. We will understand
W as an enhanced GFF. The kind of enhancements needed will be different in different
models. We will always consider the space & endowed with the measure given by the law
of W under P. A functional on & is tame if it is tame for this measure.

For any measurable f:S’(IR?) — R bounded below and in L?(6°) (not necessarily linear)
define WY (f) as

W) . /e—f(¢) 6v (do).

As a direct consequence of Lemma 16, the functional WV has the variational representation

WVY(f)= inf FItV(Z)— inf FV(Z)
ZeHe A
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for any f such that f+ V is tame and where for a tame functional G on &y we let

FO(Z):=E[GW+2)+&(Z)), Zen

In the formulation of Gibbs variational problem, the optimiser corresponds to the Gibbs
measure. Correspondingly we would like to show that the optimiser in the BD formula,
i.e. an optimal drift Z describes the law of the “interacting field” via the equality

Lawgy (W) = Lawp(W + Z) (12)
valid for any minimiser Z of the problem in Lemma 16 and in particular
0V = Lawp (W + Z1).

The existence of such minimisers will be guaranteed, in the rigorous discussion below,
by suitably relaxing the variational problem into a problem on the space of probability
measures.

Before proceeding with the rigorous development, let us pause a moment to give an
overview of what follows assuming that minimisers exist, then:

1. any minimiser Z satisfies the Euler—Lagrange equation (first variation)
E[VV(Wi+ Z1)- K1 +2&(Z,K)] =0 (13)

for all “test controls” K, where VV (W + Z;) - K1 denotes the derivative of ¢ +—
V(p) at W1+ Z; and in the direction of K. In the following we will refer to the
equation (13) as a weak forward-backwards stochastic (partial) differential equation
(wFBSDE). The reason for this name derives from observing that (13) can be
formally rewritten as

1 . .
/ / E[(VV(Wi + Z1) + (1 — A)Zy)K,]ds =0
0 JRr2
and since this holds for any nice adapted control K it implies that

(1-A)Z,=-E[VV(W + Z1) | F] (14)

which is a kind of elliptic equation for the optimal control (Zs)se[o,1]- It can be cast
into a system of a forward SDE for Z and a backward SDE which computes the
conditional expectation. In these notes we will not exploit further this specific inter-
pretation of (13) as a FBSDE so it is not necessary to make it more precise. Let
us stress that our wFBSDE is a stochastic quantisation for Euclidean QFTs of
a new kind.

2. additionally, we will be able to introduce a variational description of the measure
QY with drift Z via a renormalised BD formula of the form

—log E[e /)] = inf E[f(X1+ K1) + V(X1 4+ K1) = V(X)) + £E(Z + K) —
E(2)] (15)
with Xs; =W, + Zs being the “interacting field” with potential V' and f(¢) a test
function which depends only locally on the field ¢ and where the infimum is taken
among all drifts K which satisfy suitable decay at infinity. Given this decay one

expects that the quantities V(X; + K1) — V(X1) and £(Z + K) — E(Z) are finite
even if each summand is infinite.
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This reformulation will show its full power as soon as we try to describe Euclidean quantum
fields in infinite volume. In that case the original variational problem loses its meaning as
the interaction potential is almost surely infinite, due to an integration over the unbounded
set R2.

On the other hand the first-order condition (13) remains meaningful also in this setting,
as the interaction is local and can be used, very much like the weak formulation of an
elliptic problem, to get estimates on the minimiser Z, e.g. by testing with K = pZ where p:
R? — R, is some weight function decaying at spatial infinity. In particular we will obtain
estimates of the form

E|pZ|% 12 < o,

uniformly in the volume. This estimate together with the identification (12) is at the
core of the proof of tightness of the family of finite volume measures (Q")5 with A~ R2.
Any accumulation point @) represents an infinite volume Euclidean field, moreover the
corresponding drift Z gives, via the formula (12) an explicit coupling of @ and the GFF
given by P.

The point of view which we advocate in these lectures is that the wFBSDE equation (13)
provides a complete control over the drift Z describing the infinite volume Euclidean
field, for which a naive variational description is meaningless. This will be exemplified
by the analysis of the quartic interaction and of the exponential model in infinite volume,
respectively in Section 4 and Section 5.

Moreover the renormalised cost functional HY (v) (introduced in Lemma 27) can be
made finite in the infinite volume by choosing localised perturbations K. This remark will
be clearer by looking at how we determine the infinite volume limit of the exponential
model in Section 5.

The rest of this section is dedicated to providing a rigorous proof of these claims.

The standard approach to guarantee the existence of minimisers is to relax our problem,
i.e. minimise over the law of the pair (W, Z) with W fixed and Z varying over $°. In order
to ensure compactness we need to complete the space of trial laws for a suitable topology
for which our target functional is coercive.

Let $,(p®) be H(p®) equipped with the weak topology and let § :=$(p'/?), Hy:=
Huw(p'/?) and H*:=H%p'/?). With a slight abuse of notation we denote (W, Z) the canon-
ical coordinates on & x ﬁw.

Definition 17. Let

X = { p=Lawp(W, 2) € P(& x H,): Z€ 5" E,[|1Z

2 <oo},

f.j] < oo}.
We equip X with the following notion of convergence: a sequence (fin)n in X converges to
wif

a) pn— p weakly on & x Doy

and

X:= {MEP(G X 9w) 1 pn € X, pin — p weakly, sup E,,, [[| Z
neN

b) supnen By, [ 23] < oo.
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Note that the probability space in the definition of X is fixed, so all elements in X are laws
of random wvariables living on a fived probability space. Note that all elements of X have
first marginal given by Law(W), and this also carries over to X by weak convergence.

We will need to realise couplings of two elements of X. These are constructed by the
next lemma which needs the following preliminary definition of the space hosting the
coupling.

We denote the canonical coordinates on the product space & x B X D by (W, Z, K).
Definition 18. For pe X let Y(p) CP(S X Hu X Hu) be the set of all v such that
Law,(W, Z) = 1 and for which there exist sequences (Z™)n, (K™)n C H” with

Lawp(W, Z™ K™) — v and sup]E[HZ”H%—i— HK”H%] < 00.
neN

Lemma 19. For any v, i € X there exists v € Y(u) such that
Law,(W, Z + K) = Law, (W, Z).

Proof. Since u,v are in X we can find sequences Z", Z" € " such that tin: =Lawp(W,
Z™) — p and vy, := Lawp(W, Z") — v weakly on & x $),, and furthermore sup,JE[HZ"H%—I—
||Z”Hf§] < 00. Now define

KM= Zn o Zn7
and set

v" = Lawp(W, Z", K™).

We have that supn]E[HK”H%] < QSupn]E[HZ”H%—i— ||Z”H?,)] <00 50 U™ is tight on & X Hy X H.
Taking a convergent subsequence (not relabelled) we can assume that v™ —v. We then have

Law,(W,Z + K) = lim Law,n(W, Z + K)

n—oo
= lim Lawp(W, Z" 4+ K™)
n—oo _
= lim Lawp(W, Z")=v
n—oo
which proves the claim. O

On functionals on X we can define first and second order derivatives as follows. Let
peX andlet K: G x f)w—>§Jw be a measurable process adapted to the filtration generated
by (Wi, Zt)ie0,1], continuous in the second component and such that K € L¥( u,%). We
call such K an admissible control for u. For all 0 € R let u°X be the law of (W, Z + oK)
under p. We have u?% € X. A functional F: X — R is differentiable in X in the direction
of the admissible control K if the map o — F(uK) is differentiable in o =0 and in this
case we define
d

T do

VE(u)(K) F(uk).

o=0

Second order derivatives can be similarly defined by taking two admissible controls K, K’
and letting
d

O'IZOdU

V2R () (K, K') =2

- d / F(MJK+O.,K/)7
g

o=0
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whenever (o,0") — F(u5+7'K"Y is C? in (0, 0") =0.

We are ready to relax the variational problem and prove an alternative representation

of WY ().

Definition 20. We say that a functional F: X — R is admissible if it is lower semicon-
tinuous and such that

F(p) 2 1+ EuE(2)], (16)

this ensures in particular that the functional F: X — R is coercive, that is for all L < 0o
the level sets {F'< L} are compact in X.

Definition 21. For a tame G: S — R define the functional F¢: X — R by
FC(u):=E,GW +2)+£(2)], peX.

We say that G is admissible if G is tame, FC is admissible and (W, Z) — G(W + Z) is

continuous on G X .
The following lemma is an obvious consequence of this relaxed variational setting.

Lemma 22. Assume that G: G — R is admissible, then

inf FG(Z)= inf F9Z)= inf F&(u)=min F%(u). (17)

zene ZeH® neEX pneX
Let & € X be any minimiser of FC. If FC is differentiable at uC it satisfies the equation
VEC(uC)(K)=0 for all admissible controls K. Moreover if it is twice differentiable at ue
we also have the positivity condition V2EY(u%)(K,K) >0 for all admissible controls K.

Proof. The equality infze g F(Z) =inf, g I G(Z) follows from the property (16) of
the admissible functional F& since $% can be viewed as a subspace of X via the map
u +— Law(W, u). The equality inf,_¢q FY(Z) =inf,ex F%(p) follows directly from the
definition of X. We have that inf, . +FC () = min,, ¢ +FC% (1) again from the admissibility
of G which ensures that sequences (pn,), C X of approximate minimisers of F& converge
in X and that any limit ©© is a minimiser. The first and second order conditions are then
consequences of the differentiability of F&. It remains to show

inf FC(u)= inf FG(p).
HEX HEX

We first show this statement for bounded G. Since X C X and, by Lemma 16 and the

equalities proven above, inf,c vF%(u) = —log Ele¢")], it is enough to show that

FO(u) > —logEle “M)],  pexX.

Fix p € X with E,[£(Z)] < oo (otherwise there is nothing to prove) and let (F);e(0,1) be
the filtration generated by (Ws, Zs)s<+ on & X H.. We claim that under 1 the process W is
still an (F;)-Brownian martingale, i.e. that W; — W; is independent of Fs for s <t¢. Indeed,
let p, =Lawp(W, Z") € X with p, — u, let 1) be bounded and continuous and let ® be a
bounded continuous function of finitely many of the variables W,., (Z,., g) with r <s and

g smooth with compact support (these are continuous on & x §),, and generate Fs). Since
Z™ is adapted to the filtration of W we have

Ep, [ (W — Wy) @] = E[¢) (W, — W) E,, [],
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and this identity passes to the limit n — oo by weak convergence, proving the claim. As
a consequence, under g the process X := (1 — A)Y/?2W is an (F;)-cylindrical Brownian
motion and, since Z is (F;)-adapted and absolutely continuous in time, Z admits an (F;)-
progressive version, so that

t . 1 1
(1—A)1/2(W+Z)t:Xt+/OuSds, ug:=(1-A)27, §]Eu/0 |us||F2ds =EL[E(Z)].

The entropy bound for Brownian motions with adapted drift (see e.g. [42]), which holds
for drifts progressively measurable with respect to any filtration for which the Brownian
motion is a Brownian motion, gives then

H (Law,(W 4+ Z)|Lawp(W)) < IE,[E(Z)].
By the Gibbs variational principle (for bounded G) we conclude
—log E[e” “ M <E,[G(W + Z)] + H(Law, (W + Z)|Lawp(W)) < F(p),

which is the claim.
We now remove the restriction that G is bounded. To this end let GN = (G AN)V (—=N).
Then we have already established that

—log E[e_GN(W)] = inf FC"(p)=min F" (p).
nex HeEX

Now let v be a minimiser of F© in X (existence of this was established above). Then

inf E,[G(W + Z) + £(Z)]
peX

E[GW+2)+£(2)]
NliinooEy[GN (W+2)+E(2))

lim inf E,[GN(W + 2) +£(Z)]
N—oopueXx

WV

= lim —logE[e=¢" V)]

N—o00

—log E[e~¢W)]

inf E,[GW +2Z)+E(Z)]
peXx

where we have used dominated convergence. O
Remark 23. Note that
FC(po®) — FO(p) =B GW + Z+0K) -~ GW + 2)+E(Z+ oK) — E(2)]
=E,[GW +Z+0K)—GW +Z)+20E(Z,K) + d%£(K)).
If G is differentiable in the direction of H! we have
VFC(u)(K)=E,[VGW +2)-K +28(Z, K)).
If G is twice differentiable we have also

V2FC() (K, K) = E,[V2G(W + 2) - (K, K') + 26 (K, "))

The consequences of the existence of this minimiser are clarified by the following
lemmas.

Lemma 24. If V and f 4V are admissible and p/+V, 1V are minimisers of ETTV and FV
respectively, then we have

E,r+v[f(W+ Z)] <WY(f) SEp[f(W + Z)]. (18)
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Proof. Since V and f+ V are admissible we have proven that

WY(f)= inf FIHV(p)— inf FV(p)=FV (V) = FV(uY). (19)
peX pneXx

Eq. (19) implies in turn
EIEYV(pf V) — V() SV () S FIHY (V) = BV (V)
and since
FITV(uotV)y = FV(u9tV) =B osv[f(W + Z2) + V(W + Z) + E(Z))]
—E ov[VIW+2Z) +E(Z)] = orv[f(W+ Z)]
for any ¢ (in particular admissible g), we obtain eq. (18). O

Lemma 25. Let V:6 — R be admissible. Then for all f: G — R continuous and bounded
f+Vis admissible. Let u/ TV be a minimiser for FI*V, then for all o« € R we have

%Wv(af) =E s+ v[f(W +2)). (20)

Proof. The admissibility of f+ V is easy to obtain given that f is bounded and continuous
and V is admissible. It is clear that a— WV (af) is differentiable for bounded f, we need
only to establish the representation of this derivative via the variational minimiser p®/+V.
For any v >0 we have, by direct computation

WY (a+) ) = WY (af) SFOEDNTHY (ol #V) = etV (oI HV) = 3 ap v [f(W + Z)),
and
WY (af) = WY ((a=7)f) 2 FITY (el V) = FODIHY (ol HV) = 3, ap v [f(W + 2)).
By differentiability of WY (af) we have

WY (a4 ) =W (af) _ d

« > i = v
Byersr (W +2))> lim, ! LW (af)
and
d v WY af) =W ((a=2)f)
— p— > «
T (@)= lim ? > Byrer [ [(W + 2)
from which we can conclude. O

There are several interesting consequences of this formula. First of all, integrating (20)
in a, we have

1 1
W= [ oV enda= By f0V + ). (21)

which is a representation of WV (f) alternative to the variational formula. On the other
hand, taking o=0 in (20) we obtain

[ v~

WY () =Byl f(Wi+ 2)]

Theorem 26. The law of Wi+ Zy under iV is indeed 6. In particular for all f: & —R
continuous and bounded

WY (f)=—log / e~ 199V (d¢) = —log v [e /M +20)],
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This last formula naturally calls for a variational description of the average
]Euv[e_f (W1+Z1)] with respect to the base measure p'. This extension of the BD for-
mula to the interacting field W + Z is the subject of the next lemma.

Let £(Z, K) be the symmetric bilinear form associated to £(Z), in such a way that
EZ+K)=EZ)+E(K)+28(Z,K).

Lemma 27. Let V be admissible and denote by ¥ € X a minimiser of FV. Then we have
the following direct variational description of jV:

WV(f) — _]Og ]E#V[e—f(W-i-Z)] _ ijlf va‘/(u)
' veY(uY)
with

GIV(0):=B,[fW+Z+K)|+ H (v),
and

HY(0):=E,[VW+Z+K)-V(W+2)+2£(Z,K) + £(K)).

Moreover v is a minimiser of FV iff HY (v) >0 for all v € Y(v) and if V is differentiable
in the directions of H' we also have the weak forward-backward SDE (wFBSDE):

EJ[VV(W +2Z)-K+25(Z,K)]=0, wveY(v), (22)
and HY (v) takes the alternative form

HY (W) =EJ[VIW+Z+K)-V(W+2)-VV(W+2)-K +&(K)].

Proof. Recall that
WY(f) = inf F/+V — inf FV

pex pneX

= Wt B[f(W+2)+ V(W +2) + E2)] =BV + 2) +£(2)
"

= Eiyn(fv)]Eu[f(W+Z+K)+V(W+Z+K)+<5’(Z+K)]
veY(p

—E[V(W + 2) +£(Z)]

where in the last line we used Lemma 19 to justify the change of variables in the minim-
isation problem. Note that for any v € ) (u") we have that

B [V(W + Z) +E(Z)] = B[V (W + 2) + £(2)]
WY(f)= inf {Ev[f(w+ Z+K) +ﬁV(U)}.

The fact that HY (v) >0 iff Law, (W, Z) = v is a minimiser of F" follows from its definition,
indeed note that

HY (v) = FY(Law,(W,Z + K)) — FV (Law,(W, Z)).

If V is differentiable in the direction of H ! we have that for any minimiser v of FV and
any v € Y(v):
0=VFVW)(K)=E,JJVV(W+2)-K +28(Z,K)]

which also allows us to simplify the expression of HV. ]
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4 The quartic interaction

In this section we will consider the general setting of Section 3.2 in the case where the
interaction potential V' is given by

TA(6) = A /A [,

where A CR? is a measurable bounded set (of sufficient regularity, see below) and [¢"]
denotes the n-th Wick power of the Gaussian free field ¢ [24] and A >0 an arbitrary fixed
constant. Let Wy := WY and 6, := 9",

The measure 6, on S’'(IR?) is called the 3 Euclidean quantum field with a finite volume
cutoff and we will discuss in detail the problem of the removal of the finite volume cutoff,
i.e. the limit A ~R2 In particular:

1. using the wFBSDE (13) we will derive a-priori bounds for minimisers strong enough
to give tightness of the family (fx)x as A /R

2. we will describe any accumulation point via a formula for its Laplace transform
involving the wFBSDE obtained in the previous section.

Unfortunately, establishing rigorously the form (15) of the limiting variational problem
requires certain locality properties of the solutions to the wFBSDE (13) in infinite volume.
This is usually possible when V is convex. Ultraviolet renormalisation in ¢4 however spoils
any “easy” convexity of the potential and it is not clear how to gain sufficient control of (13)
in this case. Similar issues appear in other methods of stochastic quantisation as soon
as the infinite volume limit is considered for P(y)2 Euclidean quantum fields [26, 27, 2].
Despite these difficulties, we show that the wFBSDE is still a useful tool which can be used
effectively to prove the large deviations of the ¢ measure in the semiclassical limits. Let
us remark that Lacoin, Rhodes and Vargas obtained large deviations results in the case of
the Liouville model in [40, 41].

Remark 28. Let us note that all the discussion in this section can be extended to general
P()2 models with a positive coefficient in the highest order polynomial. Moreover also
O(N) invariant vector models could be handled in similar ways. Convexity of the classical
potential (i.e. before Wick ordering) is only needed in Section 4.1 below to prove large
deviations.

We will need the following enhancement W of the extended GFF W. Let
W7 :=[W7], and W;:=[W7],
where here [-] denotes the Wick powers with respect to the Gaussian field W. Then
W:=(W,W? W3) e LP(P, G)

for all p>1, where & :=C([0,1], (C~%(p?))?) for a fixed § >0 which can be chosen as small
as we like. By abuse of notation we will denote also W= (W, W2, W?) the canonical process
on 6.

In the following we will always consider a family of (A)|zjer given by A = IA|Y/2 S
for some fixed set S of volume 1 with C''-boundary. This allows us to prove that 1, is
sufficiently regular to make sense of quantities like [, [¢'], [, [Wi'] and in general of
products with Wick monomials of the GFF.
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Lemma 29. For anyp>1, s <% and 1> % we have that 1x € B, ,(p'), furthermore

S\l/ilﬁ LallBs, (o) < 00

Proof. We have that V1), = —vdo where do is the surface measure on dA and v
is the outer unit normal. It is known that | fl|ss ) < HfHBs 1) T HVfHBkl (see

e.g. [27], Lemma A.5). This implies that for any s <1, supjy, H]1A||B1 L(pr) < 00 Clearly
sup|a| || 1al|zoe(p+) < 00 and by Besov space interpolation (see e.g. [27] Lemma A3)

0 1-60
18l S 18405 oy a1
where
1
—=4. d
p
Lemma 30. The functional F»:=F"A is admissible and for all e X

FMp) = F" (1) = B, [VA(W, Z) + £(2)],
with
WW(W, Z):= 4)\[\W{3Z1 + 6)\/AW12(21)2 + 4)\/AW1(Z1)3 + A/A(Zl)‘l. (23)

Proof. It is known that
E[e_q)‘fA[[W4]]] < 00,

for any g >0 (see e.g. [24] or [5]) and

E[VAW)IP) <E[[ITW Dl

}<oo,

for some 6 > 0, which shows that F' is a tame functional. Now it remains to prove the
equality in (23). For this it is enough to show that for Z such that HZ||H1 pi/2) <00 fi-
almost surely, we have

/[[W1+214]] /[[Wf]]+4/[[wﬁ]]zl+6/uvvf]]zl +4/W121 /A<zl>4.

To see this, recall that if CS° > . — dp, is a standard mollifier, W€ =1, * W and a. =
6E[(W1(0))?], b- = —3E[(WF(0))?]?

Lﬂmmﬂfﬂzmn(%MM+%W—%ﬂ%HM+%W—MM
A A

e—=0 JA

~ lim (m5)4—a8(m8)2—b5+4/((m€) ——WE>Zl
E— A

+6/\<(Wf) _F)(ZE +4/W5 zZi)? /\(Zf)‘*

where we have denoted Z] = 1. * Z1. Now it is well known that almost surely in C' *5( p‘;)
we have W — W and

(W)= ac(W) = b — AT, (W) = 2w ) — W), ((We)2 =52 ) — [l
Furthermore Z¢ — Z in H' which implies (Z§)? — Z%, (Z5)% — Z3} in W?%! for some 6 >0,

which gives the statement. From this calculation it also follows that (W, Z) — VA(W, Z)
is continuous on & X .
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To check the lower semicontinuity of FYA recall from Section 3 of [5] that
W(W,Z)+E(Z) 2 —Q(W)
with Q(W)=C(||W|%+ 1) for some p > 1. Furthermore observe that the function
(W, Z) = W(W,Z)+E(Z)

is lower semicontinuous on & x $),,. Since the first marginal in X’ is fixed, the Portmanteau
theorem gives, for any p, — p in X

liminf FYA(p,) = l;lllil)ioréf B, (W, Z)+E(2)+ Q(W)] - E,, [Q(W)]

o E,[VA(W, Z) + £(Z) + Q(W)] — E,[Q(W))]
= F"(p).

WV

Finally, by a slight adaptation of the proof of Lemma 34 below we see that there exists
d >0 and Cj 5 < oo such that

FY(11) 2 6 Bu[E(Z) + N[ 1aZallz4] = Cs .
for all p € X, from which the strong coercivity condition (16) follows. O

The admissibility of F* implies the variational representation for W and the existence
of minimisers pu/ " of Ff4:= F/+VA with the corresponding wFBSDE equation.

Lemma 31. For any bounded and continuous f:Syg— R there exists a minimiser u/-* € X
of A= FItVa. Moreover if f is differentiable in the directions of H' any minimiser
satisfies the wFBSDE equation

EM[4A/AZ3K+25(Z,K)] o

:-E#[Vf(w+2)-K+A/

(AW3+12W2Z +12 WZ2)K]
A

for any admissible control K.

Proof. As we already remarked the existence of uf+* follows from the admissibility of
F7A The functional Z — VA\(W, Z) is differentiable in H' and

VW(W,2Z) K = 4)\/W13K1 + 12)\/W12Z1K1 + 12)\/W1(Z1)2K1 + 4>\/(Z1)3K1.
A A A A

Provided Z — f(W + Z) is also differentiable, we have
0=VE/ M) (K)=E,[VfW+2)-K+VWW,2) K+28(Z,K)]
which is (24). O

Remark 32. Note that Z+— VA(W, Z) is twice differentiable, with

V2W(W, Z)(K,K') =12\ / WEK{K; + 24\ / WIZ1K{K1 + 12\ / (Z1)?K{K;.
A A A

Therefore if f is twice differentiable then we have also the second order condition:

0 V2FF M) (K, K" =B, V2 f(W+ Z)(K,K') +VV(W, 2)(K,K') + 28 (K', K)]
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for any minimiser p and any pair K, K’ of admissible controls.
We record also the normalised variational representation for Wa(f).

Lemma 33. Denote by u € X a minimiser of FO*. Then we have

Walf)= inf {B[f(W+Z+K)]+ Hv)}

with
{// de—i— / K l—A)de}
R2 R2
+EU[4A/[[(W+ 20K + 6A/[[(W+ 2)7] K2+4)\/[[(W+ DK+ )\/K‘*}.
A A A A
Proof. This follows from Lemma 27 by direct computation. U

Next we show that the wFBSDE (24) gives us an a-priori bound uniform in |A| on the
minimiser in terms of weighted norms of W. For this we first need some analytic bounds.
Lemma 34. Assume that, for § >0 small enough, either

a) supp(Vf(W+Z))CA and
IS £V + 2)ll s vy S SIIAW + )y +

IV £V 4 2l SOIW + Z e oy
Then there exists a constant C' < oo such that

E‘Vf(W—I—Z) : (Zp)+)\/(4W3pZ+12W2pZ2+12WpZ3)
A

< 5]E<)\/p Z4+5(p1/22)> +C.
A

Proof. First observe that we have that [, pZ*=|| Inp"/ 2 Z || }a, and E(p22) = C || p" 2 Z||21,
for instance by fundamental theorem of calculus. By our assumptions on f we have,
in the first case

VW +2)-(Zp)| IVFW + Z)lpass ora |16 Z [l 1)
5||1]'A(W+ Z)HW €, 4( 1/4)H:H-AZ||L4(/)1/4) + C
Cé(H:IlAZH[A(pl/éL) + ||]lAW”?/[/_5’4(p1/4)‘|1AZ||L4(p1/4)) —I— C

<
<
<
< 20[18AZ | 7 /3y + CNIAW [l —c 179 + C-

)

While in the second case
VIV +2)-(Zp)] < IV SOV + D) lrirm 1 Z o

SW 4+ ZHH,E(pl/z)HZHHl(pl/z)

SIW e Z sy + 81 Z 1

<
<
<
< W I e iy + 2012 2172y
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For the second term, by Cauchy—Schwarz we obtain
3 3012 2
|29 2 < oI 312

For the third term, we use Lemma A.7 from [27] to get

/W2pz2
A

< o PW o< )lp™* 2?55,

oM/ 3 W2l <l °/* I Z |2l 02 Z | 122
Cllp P W2 el p" 16 Z |all 0 /* Z || 22
Csllp" S W2 &—e + 6([1pM * 1aZ |74 + (102 Z | Fr2).

NN IN

For the final term we proceed similarly. By Lemma 29 we have sup|| [|1a|ps () <oo for

any s<1/p and any ¢>1/16. Then with € <1/16, for any ¢ € (1/16,1/8) and writing
1023 = (1pZ)3, we have by fractional Leibniz rule

‘/pWZ?’
A

1o~ W lle=<l| %3+ A Z |l pM* 14 Z ||

_ 1/3 8/3
1P /3= W || el o773 3 I Z |33 | 0/ 4 1 Z | 3

<
< Clp3 W lo—<[lp" 2 Z || 0 1a 234
Csl| pM /B~ W |8+ 6(1| /2 Z |21 + || 0/ * 10 Z || 1a).

N

In the second line we used the interpolation inequality of Proposition 11 with #=1/3 (the
weights being commuted with the derivatives as explained above)

A A PR P WA AL IV A

(note that 1/3 += 2/3 and 2 s ti= (%—f— 3L) —|—§ . %), which keeps the indicator 15 on every

factor Z measured in L4. In the third line we used the fractional Leibniz rule, Lemma 29
with p=2, s=4¢<1/2,and 5/8+2:>1/2:

107/ 33N Z e S Lallpgey (oo | 27572 Z Nl se S 112 Z |,

uniformly in |A[, while the last line is Young’s inequality with exponents (6,6,3/2). We
can choose t=1/8 —e>1/16 to get the claim. g

Theorem 35. Assume that f satisfies the conditions of Lemma 34. There exists a constant
C independent of |A| such that, for any minimiser uf* € X of F/**(u) we have

E#f,A[zx/ApZug(pl/?Z)] <C. (25)

Proof. Note that the map Z+— p Z is continuous from $) to $). Take K = p Z in (24) to
get that any minimiser puf* € X satisfies

MfA|:4)\/pZ4 //RQ INVCRLY) )2ds}
— _]Euf,A[/o %RQZS[(l—A),pl/Q] pl/Qsts] (26)

—Euf,A[Vf(W +2)(Zp) + )\/p(4W3 Z+12W2 22 + 12 WZ?’)].
A
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From Lemma 36 below and Lemma 34 we deduce that the r.h.s. is controlled by a small
fraction of the 1.h.s. + a constant, from which we obtain the claim. O

1
7 112
<el [ 120 s

Proof. We observe that 1 obviously commutes with pl/ 2 and

Lemma 36.

1 . .
/ / Z[(1= A), pH/2) pM/2 Zds
0 JRR?

A, p' %)= (A p!/2) +2vp! /2. V.

Using the assumptions (4) on the weight p we deduce
1A, 02 Flle <e(llp™? fll2+ 110"V £[IL2)- O

Let us now show that these estimates give tightness of (6x)a as |A| — 0o on a suitable
weighted Sobolev space.

Lemma 37. Consider (6r)a as a family of measures on H=%(p). We have for some § >0,
Stip[/exp((SH]l/@H%V5,4(p))d9A+/exp((5H<b||?{_g(p))d9A < 00.
In particular (Op)a is exponentially tight on H ~2¢(p) and any accumulation point 6 satisfies

/exp((5||¢||%[,a,4(p))d9 < 0.

Proof. Since p <1 we have |||« < H'HH*E(pl/Q) and [|[lyy-ca(p) S H‘||W_E,4(p1/4), so

that, up to changing 4, it is enough to prove the bounds with the weights p'/? and p'/4
respectively. Moreover bounded sets of H ~¢( pl/ 2) are relatively compact in H ~2¢(p), which
gives the exponential tightness.

Let gy € C*°(RR,R) be such that gn(z) == for || < N, with gy bounded and 0 < gy < 1
(so that 0 < gn(z) <o for 2 >0). Define fN(¢) = gN((5||qu?{,€(p1/2)) we have V fV(¢) =

(93)' (1162 172 )28(D) ~=(p (D) ~56) s0, since p= 1,
IV SN+ 2) g1y < CSIW + Z e,

and this bound is uniform in N. Since condition (b) of Lemma 34 only involves V f, it
holds also for — f~, and Theorem 35 applied to the minimiser p~f MA of pofNA gives

2
sup B, v all 21l 2] < oo

Now log [‘exp(fV)dfx = —Wi(—f¥), so the lower bound in eq. (18) (with — ¥ in place of
f) and 0< SN (6) <161l7—<( 112 give

log/exp(fN)dHAS]EM_fN’A[fN(W—l-Z)] <25E[||W”12{—s(p1/2)] +C§EM—fN,A[||Z||12L[1(p1/2)] <

C < +o0,
and taking the sup over N we get

log/exp(éHng?Is(pl/g))dHA <C
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a fact that implies exponential tightness of (6r)a. For the second statement we proceed
similarly. Indeed if € is an accumulation point of (6x)x then

/ exp (61|l —<.a(,))d0 < sup / exp(0 || 1530 [[5—< 4 )6

< supll/{nSUP/eXp(5||]1A¢||évf*‘*(p))da/‘
A — 00

< sup sup /exp(éH]lﬂqﬁH%V5,4(p))d9,\.
A ADA

This gives the claim provided that for fV(¢)= gN(5||]lAngéV_5,4(p1/4)) we have
sup log/exp(fN)dQA <C.
N

Indeed we compute V £V (¢) = (gn)’ (5H]lA<Z>||W_E A 1/4))451A<D)*(p((D)*E(]lAgb))?’), from
which, using that (D) ¢ is bounded on L4/3_ that p <1 and that, for € <1/4, multiplication
by 15 is bounded on W==%( p'/*) uniformly in A, we can check that

IV N (D) arsorny < C8llp((D)5(130))?llpars < B[l ND)=(130) 125 <
CéHJ]-AquW 64 1/4)7

and supp(V fV(¢)) C A. Applying Lemma 34 (condition (a), which holds for — f as well)
and Theorem 35 we get that the minimiser p =7/ MA of ST gatisfies

sup sup B, 5[ 113 Z a1 <UD, o[IEAZ [ 0] =1 < o0,
A ADA

uniformly in N. As a consequence, the lower bound in eq. (18) (with — f in place of f)
gives, as above,

log [exp()doy < B, n YW+ 2] < SIE[ILW o]+
C(HEM—fN,A[||1AZ”§4(/)1/4)] < C' < +o0,
which implies the claim. 0

We have actually a more refined result: let /> be a minimiser for F/-A. By Theorem 35
the family ("), is tight in P(& x 9H,,).

Lemma 38. Denote by pn€ P(6 X H,,) any accumulation point of (pfMa as |A] — co.
Then the following equation holds:

} Vf(W+Z)-K+4)\/R2[[(W+Z)3]]K+2E(Z,K) 0, (27)
for any K: S X $,— Hu continuous, adapted to the filtration generated by (W, Zt)iefo,1]
and compactly supported.

Proof. Let the support of K be contained in By/(0) for some N >0. Let y € C2°(IR?) such
that x =1 on By(0) so that K = x K. Then Theorem 35 implies that

Erallx 2l +Ix 2z < C,
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where the constant depends on N but not on A and we have

EN[Vf(W—I—Z)-K+4)\[R2[[(W+Z)3]]K+25(Z,K)]

= ]Eu[Vf(WnL Z) - (xK) +4)\/R2[[(W+ 23] x K +2E(Z, XK)]

Now observe that
4)\/ [W +2)3] XK:H(W,Z,K)+4)\/Z3XK
2
where R

H(W,Z,K)=4\ W3XK+12>\/WQZXK~|—12)\/WZ2XK.
R2

Let ¥ € C2°(IR?) and Y =1 on the support of x. It is not hard to see from the definition that

~ 4/3 2/3
H(W, 2, K)| S |¥Wlle(L+ 1" Z 22152 Z 152 I3 K s
Indeed,

‘ \WW«\:\ / XW?’XK‘SH)ZWIIGIIXKIIBNS,
R2 R2 8,3

while, by using interpolation from the first to the second line, we have

/ W2Zx K
]RQ

S I AWl P2 gy sllx P K N s
2/3 1/3
< Wl PZ I Z 1 K s
~ 4/3 2/3
< IRWls(1+ X Z 171 21D K s

and similarly

‘ WZ2xK‘
RQ
< IRWlell 2121 K s
- 4/3 2/3
< WISl I 21 K s

From this we get
‘Vf(W—I—Z)-(XK)—i—Zl)\/ [(W+2)3] XK—}-ZE(Z,)(K)‘
RQ

L1 V20 e 1/2
< ||>2(W+Z)||c—s||XK|!H1+< JACK ztumdt) ( [ Kthldt)

~ 4/3 2/3
HIXWl(L+ 11X Z I3 ZIE) 1P K oo

XM Z Rl XM K|

The r.h.s. of this last equation is integrable by assumptions on K and bounds on Z. From
Lemmas 12 and 14 of [5] we know that there exists a family (K™)y>1 adapted to the
filtration generated by (W;); with

Eullx"*K |[s = IxX'/*EM |1 — o,

! 1/2 (17 \ (|2 ! 1/2 [ - My |2 (28)
E, /0 12 (Edt ) — /0 2 (EM) 2t — 0,
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as M — oo. After possibly passing to a subsequence, we can assume that Xl/ ARM
x'*K in Li(p, LA (R?)) where L% denotes L* with the weak topology, and in L2 (s,
L?(Ry x R?)). This together with the bound (28) implies that

M —o0

lim IE,{Vf(WJrZ) (xKM) +4)\/R2[[(W+ Z¥|xKM+2&(2, XKM)]

= B VIOV +2) () + 40 [ [0V + 27T K +28(2,18) |
RQ
At this point we have reduced the problem to showing that

lim Euf,A[Vf(W+Z) : (XKM)+4)\/ [W+2)3] XKM+25(Z,XKM)}
A—oco R2

= IEM[W(WJr Z) - (xKM) +4)\/ [(W+2)3] xKM+2€(Z, XKM)]
RZ

since by assumption
Euf,A[Vf(W'f‘Z) (xKM) +4)\/R2[[(W—I—Z)3]] xKM 4287, XKM)] =0.

This follows from the weak convergence puf** — 1 and the bound
E,ralllx ZIF +11x 2|l < C,

since we can approximate Z by bounded admissible controls (Z1);, defined as Zf'= Z;\1;,
with the stopping time

Tr, =1 Ainf {t € [0,1]: || x ZellZn + | x Zelfa > LY,
in such a way that

sup |x ZF i+ Ix ZE i< L,
t€[0,1]

almost surely. Note that 7;, — 1 as L — oo and therefore indeed ZfF — Z; as L—o00. O

To summarise the result of this section: we obtained tightness of the finite volume ¢}
measures and described any possible infinite volume limit via a novel kind of stochastic
equation, the wFBSDE (27). Note that it cannot be interpreted anymore as the first order
condition of a functional.

Unfortunately, due to the strongly non-convex character of the renormalised potential
we have currently limited information on its solutions. One expects that in the “single
phase region” [24] (e.g. where A is small) there should be uniqueness, and alternatively
that multiple solutions should appear in the “two phase region”. Despite these limitations
eq. (27) is useful and in the next section we show that it allows us to prove large deviations
for go% in the semiclassical limit.

4.1 Large deviations

In this section we want to investigate the large deviations of 3 in the infinite volume in
the semiclassical limit A— 0 where A > 0 is a parameter which is inserted in the model as
follows. For any f:S’(R?) — R, let WR(f) be defined by

1 1
e—gWKL(f) ;:/e_hf((b) Hﬁ(dqé),
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where

exp( —3VA(9) )0*"(do)
Jexo(—314(6) )6 (d9)

Here 6%" is the Gaussian measure on S’(R?) with covariance h(1 — A)~! and the Wick
th

OR(d¢) =

ordering is now taken with respect to . With some minor modifications to the derivation
in the previous section we have the identity

WA(f) = inf LA () — inf FOA(p),
pneX neX
where

FIAR L) =B, [f(R2W + Z2) + Va(RY2W + 2) +£(Z)],  peX.

Let puf»™" be a minimiser for this admissible /A" Reasoning as in Lemma 37 above we
have that the family (u/ ’A’h)A,h is exponentially tight for any bounded and continuous f.
For each 1> 0 we pick a weakly convergent subsequence of (u®*"), with limit p%" (and,
for a given f, a further subsequence along which p/»" — uf"). Since 6% is the law of
RY2W4 + Z1 under 10" we have then also 9}{—> oh = LaWNO,h(h1/2VV1 + Z;) along the same
subsequence and clearly, for all bounded continuous f we have

WR(F) = W(f),
where W"( f) is now defined as

LA / e 1) gha ).

Even though in this setting we do not have sufficient information to establish uniqueness of
the limiting measures (u/")p, we are still able to obtain a Laplace principle as ii— 0 for the
corresponding family (0"). Note that the family (6")y, is exponentially tight by Lemma, 37.

Theorem 39. Any family of accumulation points (0™ of (9@,37,\ satisfies a Laplace
principle on S'(R?) with rate function

J(¢):{ Mpe® + 5 pe0(1=2)6,  for € HY(R?);

400, otherwise.
That is for f:S'(R?) — R continuous and bounded
W)= it {f(9)+ ().

YES'(R2)
Proof. Assume that f is of the form

fw)=C / p((1— A)72(p — ))? (29)

for C >0 and ¢ € C2°(R?).

It is enough to prove the theorem for this particular family of functions since we already
know that (6"); are exponentially tight, and the family given by (29) is rate function
determining in the sense of Definition 3.15 of [20], as it isolates points and is bounded
below.

From (20) we have

d

d (@) D ghag)
da '

Wh(af) =E aranl f(BY?W + Z)] =
R f e T (o)
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af,\h af,h

By taking a further subsequence we can also have that We can then pass

to the limit and obtain

—

%Wh(af) = Eu&fﬁ[f(hl/zw +2)],

for any f, o and arbitrarily chosen accumulation point p®/?. Note that we do not have
to do a diagonal argument over the uncountably many choices of «, f: for any given «, f
we need just to take a subsequence of the sequence chosen to have (QK)A converge in order
to establish the equality.

Now recall that the minimiser u/-" satisfies an infinite volume wFBSDE of the form

0 = Euf,h[vf(hlﬂw +2Z)-H+ 4)\h3/2/W3H + 12)\h/w22H
(30)
+12)\h1/2/W (Z)2H + 4)\/Z3H +2£&(Z, H)]

for any H with compact support. Furthermore we can carry over the proof of Lemma 34,
and obtain that

Up Bt 12 175y + 1217 172)] < o0
<

This implies that the family ( uf M), is also tight and therefore we can consider any accu-
mulation point pf as i— 0 which will satisfy the same estimate. By passing to the limit
in (30) via by now standard estimates similar to those in Lemma 38 we obtain

0 = E“f[Vf(Z)-H—|—4)\/Z3H+28(Z,H)], (31)

valid for any adapted and compactly supported H. Note that this equation does not contain
anymore the GFF. This equation has a unique solution. Indeed if v is another solution we
can couple the two solutions in v € Y(uf) such that v = Law, (W, Z + K) and have
O:IEU[[Vf(Z+K) -V f(Z) -H+4)\/[(Z+K)3— Z3]H+28(K,H)}
Now taking H = yK for x € CS°(IR?) and x >0, we obtain
OZEU|:[V‘]C(Z+K) —V£i(Z2)] (xK) +4)\/X[(Z+K)3—Z3]K+2S(K, XK)]
By convexity of f and (-)* we have that

IEU[[Vf(Z—I—K) —Vf(Z)]- (xK)+4)\/X[(Z+K)3—Z3]K] = 0.
Sending x — 1 we obtain that
E E(K,K)]<0=K=0=v=ypu/l.
Therefore u is the unique minimiser of the admissible (convex) functional
Fv) ::Ey[f(Z) +)\/Z4+8(Z, Z)].
Let v? = Lawp(W, s+ s¢) for ¢ € H' then

F%) = £(0) 4 [ 6145 [ 91 = 8)o= F(0)+ T(0).
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Using the fact that the variational problem in the time variable for the functional

// A)Z.ds

is minimised for Zs constant, we have for any v

) :Ey[f(Z) +)\/Z4+5(Z, Z)}

>1El,[f(Z) 4 )\/Z4+%/Zl(1 _ A)Zl] —B[f(Z)+(2))

and that puf = v% for the unique ¢/ which attains the convex deterministic minimisation
problem on the r.h.s..

To sum up, we have established that

lim W) = B, or [ f(B2W + 2)] = f(6°9). (32)

Integrating eq. (32) and using dominated convergence

W (af) = [lim 3145 = [ sl 10 1 2)as

= [ r@Phas =woap).

This also implies that the derivative in a € [0, 1] of a— W(af) exists and

Lwotaf) = 16,

To conclude it is enough to show that this coincides with
d 10
@W (af),
where

Woaf)= inf_ {af(¥)+J(¥)}.

YeH1(R?2)
Recall that ¢/ is the minimiser of ¢ — a.f(¢)+.J(¢) so the Euler-Lagrange equation gives

aV (¢ -h+VJ(¢*)-h=0.
At this point we note that

0=a[V f(¢*T) =V f(¢2)] - (¢t — gof)
HI($ ) =TI (6] - (§l0 0 — g0

AV (@) (LD — g,
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By convexity of f and strong convexity of J we have

@@ — ot |2,
S [a(V (@) =V f(¢2h) + VI (3TN = W T (¢2)] - (¢l — gof).

Now

/ VF($@H V) ($@FNF 508 da < ||V (S D) | 4T = g0 |

SO
[(petNF — o) |2 S ||V F (D) ||| g @V — g2 |

so dividing by ||¢)(a+7)f — ¢*F || we have

19+ DT — 7 |l ANV F (D)l <A1 [+ C) S .

We can then calculate

WO((a+7)f) = Waf) = (8T +a(f(e@T])— f(¢f))
+J (@) — J(go7).

Given that ||¢(@+7/ — 32/|| ;1 < 4 we have, since by Sobolev embedding ||-||4 is locally
Lipschitz in the H' norm

((f(@ D) — (o)) + T (¢ @FNT) — J(4°7))
= aV () (Pl gal) 4 / (1= A7) (6@ — god)

4\ / (¢°7)3(6@ T — galy 4 0 (1)

=0 ('72)7
where in the last line we used the Euler-Lagrange equation for ¢*f. This implies in turn
d (0% (63
FoVaf) = lim = Z0M((@+7) 1) - W(af)) = lim —’rf(qﬁ( )= (o)
which concludes the proof. O

5 Exponential interaction

In this section we will discuss a variational description of the exponential interaction, that
is the measure

e "9 6%(dg)

§.exp(d ) = 7
v ( (b) fe_vﬁ((p) 90(d¢)

where now V¢ is given by

=7 [ elexp(30)]

with some (3% € (0,87) and where M# := [exp(3¢)] is the Gaussian Multiplicative Chaos
(GMC) and ¢ € C°(R?, R,) is a (smooth and compactly supported) spatial cutoff. We
start with some preliminaries about the rigorous construction of the GMC.
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This model is also known as the exp(3¢)2 model (or Hsegh—Krohn model), and has been
introduced in [35]. See e.g. [2] for a discussion of its stochastic quantisation in the elliptic
setting. For this model we repeat the construction of the variational description of the
infinite volume measure. At variance with what happens in P(y)2 theories, renormalisation
does not spoil the convexity properties of the potential and therefore the study of the
related wFBSDE can go further and in particular we will be able to prove the necessary
locality of the perturbed equation. This in turn will allow us to prove the I'-convergence
of the variational problem along with the infinite volume limit and establish eq. (15) in its
rigorous form.

As a result of this analysis, we are able to obtain a concise and well-behaved description
of an infinite volume Gibbs measure related to an Euclidean quantum field.

We start with a definition and some properties of the GMC, i.e. the renormalised
exponential of the GFF.

Proposition 40. Let W be a GFF and W.= . * W where . — & and . € S(R?) and
let %€ (0,87). The Borel measures (MP%). on R? given by

MPE(4) = /

exp( B, (z) 621E[I/V£(:p)]>d:p, A€B(RY),
A

2
converges almost surely set-wise to a measure

MP(A)=1limMP=(4),  AcB(R?). (33)

e—0

We call MP the Gaussian multiplicative chaos (GMC) with parameter (3 associated to the
GFF W. It enjoys the following properties

a) For 1<p<8r/B% and for any compact set A CR?
sup E[|[M2¢(A)|P] < cc.
Consequently :
E[|M?A(A)|P] < cc.
b) For 1<p<8r/[3?
E[|MP=(B(0, \)[P]/? < C N2~ = D84 | ApBe2(B(0, 1))/,

where B(z,r) CIR? denotes the open ball centred in x of radius r.

Proof. For a proof of (33) see [9]. The property a) is due to Kahane [39], while the estimate
in b) is due to Hoshino, Kawabi and Kusuoka [36]. O

From these properties we can determine easily the Besov regularity of M? following [36]
(Section 2).

Proposition 41. Assume that s> (8%/(47))(p—1), 1<p<8xn /3%, then

B[ IMAI5 . )| <.

Moreover supEIE[HMB’ng;Z(pl/QJ < oo and E[HMﬂ’a—MBHg;;(pUQJ —0 ase—0.
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Proof. We have

E|||MPe || 1/2)} = Z 2_i5p1E||AiMﬂ’EH§p(p1/2)
i>0
< O 27PE|AMP<(0)7,

i>0

Recall that the Littlewood—Paley operators (A;);>_1 are defined by A;= (D /2%) for
i >0 and some Schwartz function 1: R? — Rx(. Now using translation invariance of the
law of M#< and the fact that F~ 14 is a Schwartz function we estimate

p
E|AMP2(0)]P = 2%

/RQ(}'_lw)(Qix)Mﬂ’a(x)dx
< Y AP

p
MPE(2 ) dx

nez? B(n,1)
P
= Y a+mpeE [ MP=(2)dz
nez? B(Q_i'n,Q_i)
< op(p—1)B%/(4m)
Since the constants are uniform in € (and the block i = —1 is treated in the same way),

summing over i gives supEIEHMﬁ’EHp_S( 1/2) < oo for every s> (62/(47r))(p -1).

For the convergence, fix i > —1 and « € R%. We have A;,M#¢(z) = [ K;(x — y) MP¢(dy)
with a Schwartz kernel K;. The almost sure set-wise convergence (33) applied to a countable
family of dyadic squares, and the positivity of the measures imply that [ gdM Be_, J gdM p
almost surely for every continuous compactly supported g; since moreover IE[M5:¢(dy)] =
dy, the contribution of the tails of K; is small in L!(IP) uniformly in €, and therefore
A;MPE(z) — A;MP(x) in probability. The estimate above, with p replaced by some
p € (p,8m/3?), gives sup. ;E|A;MP#(z)|P < 0o, and by Fatou’s lemma the same bound
holds for M#. By uniform integrability E|A;(M?¢ — M?)(x)|P — 0 boundedly in x, so
that, integrating in x as in the first step of the proof, IE||A;(M 5= MB)HLP( 1

for every i. Finally take s’ € ((3%/(47))(p—1),s). By Fatou’s lemma IEHMﬁHp
liminf, _oE| M?: ‘EHp

2_’0

T(pM?) S
(/) < 0o (which gives in particular the first claim of the propos-

ition), hence, umformly in €,

S 2 B AMPE - M2,
i1

<2” I(s—s' pEHMﬁe MﬂHp <2 I(s— s)

) 1/2)

Together with the convergence of each block this gives E|| M5 — MP Hp ()~ 0. O

In this model we let & := &g x M, where I is the set of positive Radon measures on
R? which belong to B, Z( pl/ 2), for some fixed p, s as in Proposition 41, endowed with the
topology of B, ;( pl/ 2) (a closed cone in a separable Banach space, hence a Polish space).
By Proposition 41, M#? € 9t almost surely; note that M# has infinite total mass, so it is
not a probability measure on R2. Then W = (W, M ﬂ): Sp— & will be the appropriate
enhanced GFF. By the usual abuse of notation we will denote also W = (W, M%) the
canonical process on G.

We also need a slightly improved definition of the relaxed trial space X'**P.
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Definition 42. Set

Xo®:—{p=Law(W, M?, Z) € P(& x Hu): Z € §” with B,[| Z|3] < oo},
and
P — {u EP(S % H): Ifin)n C XP: 1, — 11 weakly, sup Eu[Z]13) < OO}
ne

We equip XP with the following topology: a sequence (pin)n C XP converges to u if
a) jin— 1 weakly in P(S X Hy),
b) supnenEy,[|IZ]3] < oco.

For technical reasons we first establish the variational formulation for the approximate
potential V¢ where

Ves(o)=A [ elexp(Ber o)
and the Wick ordering is now taken with respect to the covariance of W, = . x W.
Lemma 43. The potential V&< is admissible and
FFE8(p) = FV 7 () =Eu{f<w +2)+ A/ Eoxp(B(ye+ Z))dM P +£(2)
R

for all € X,

Proof. Note that M7 is positive and that Proposition 41 implies that for p close enough
to 1 and %+ % =1
Elexp(—qV&e)] + E[|[VEE|P] < oo,

so V&£ is a tame functional. From the properties of the exponential it is clear that

[ $lexp(Bv.= 2)+ Wz
= [ Eexp(30 2)) exp( W) da

= /R2§exp(,8(¢€*Z))de3’5.
We have for all p € XP:
FE&s(p) == FVS ()

= ]Eu[f(W—l—Z)—|—)\/R;exp(ﬁ(ws*Z))dMﬁ’E—i-S(Z)
> BUE(2)-C>1BI1Z]3) -C

from which also the coercivity of F' Ve is clear. Furthermore it is not hard to see that
W.2)= [ elexp(3(0es2)+ B W))da

is continuous as a map (&g, H!) — R (note that here the renormalisation is finite) and
convergence of W, Z in (&g, H') implies convergence in L x L™ of 9. Z, 1.+ W. To
conclude admissibility it remains to show that F' Ve s lower semicontinuous on AP,
Since we have already shown the interaction to be continuous it remains to do this for £.
Indeed we have for any p € XP and any sequence (fi,), such that p, — u in XP

liminf By, [£(2)] > Bu[E(2)),
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this implies lower semicontinuity. O

We now show that we can remove the ultraviolet cutoff in the variational formulation.
We introduce the unregularized functional

FOS(0 =Y (0 =B, 10V + 204 [ cesplpmpanr+£(2)|
IRQ
We will show that as e — 0 F/»¢¢ T-converges to F'/>¢.

I'-convergence is a notion of convergence introduced by De Giorgi well suited for the
study of variational problems. The book [13] is a nice introduction to I'-convergence in the
context of the calculus of variations. For the convenience of the reader we recall here the
basic definitions and results.

Definition 44. Let T be a topological space and let F', Fy,: T — (—o0,00]. We say that the
sequence of functionals (Fy,), I'-converges to F iff

i. For every sequence T, —x in T

F(x) <liminf F,(zy);

n— o0

ii. For every point x there exists a sequence x, — x (called a recovery sequence) such
that
F(z) = limsup Fy,(zy).

n—oo

Definition 45. A sequence of functionals F,,: T — (—o0, 0] is called equicoercive if there
exists a compact set K C T such that for alln €N

inf F}, = inf F,,(x).
Jnf Fo() = inf Fu(2)

A fundamental consequence of I'-convergence is the convergence of minima.

Theorem 46. If (F,), I'-converges to F and (F,), is equicoercive, then F admits a
minimum and

min F'= lim inf F;,.
T n—oo 7

For a proof see [18].
Lemma 47. F/:$2 T-converges to F5¢ on X*P as e — 0.

Proof. We first show the liminf inequality. We have for any sequence (4°): such that
ME N ’LL 1n Xexp

liminf E,<[£(2)] > B [E(Z)],  WmEu[f(W + Z)]|=E.[f(W + Z)].

e—0 e—0

Now let g": R — R be defined by ¢V (z) ==z if 2 <N, ¢¥(2) =N if £ > N. Then ¢V <N,
g™ is Lipschitz with constant 1 and g™ (z) —z. Set Z{¥ = g™ (Z;) and py = Law,(W, ZV).
Then by monotone convergence

A}im Eu/fexp(ﬂZN)dMﬁ

= Eu/gexp(ﬁZ)dMﬂ
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It remains to prove that
;LI%IEME Cexp(BZN5)AMPE = E, / Eexp(BZN)dMP,
then the statement will follow from
Eu/gexp(ﬁZ)deB = ]\}iinooEu/ﬁexp(ﬁZN)dMﬁ

= lim limE, /ﬁexp(BZN’E)dMﬁ’6

N—o00e—0

< limigfIEMs / Eexp(B3Z5)dMPe,
We have that |lexp(3Z%)||L~ <exp(BN) and by chain rule

| pVexp(BZN)||z2= || pBV ZNexp(BZN)|| 2 S exp(BN) || oV ZV || 2.

By interpolation
2 2
lexp(BZY9)llgs, S lexp(BZYN = llexp(827 ) [,

provided 2/p > 0. Now let p=p’/(p’—1). Note that we can choose p and 0 such that

ﬁ2>pand ( —1)<é and 2/p' > § by taking

2 2
E(p—1)>6>5(p—1).

We assume, as we may, that p <2 (so that p’ >2) and that these values of p and s=0
are the ones used in the definition of the space 9. To prove the convergence it suffices
to argue along subsequences. By the Skorokhod representation theorem [37] there exist

a probability space (Q, F,P) and random variables (W<, M¢, Z¢) with law u€ converging
almost surely in & x $,, to (W, MF, Z) with law p; in particular M® — M? in Bz;f,(pl/z)
and Z¢ — Z weakly in Hj. almost surely. On this space we denote by M?¢ the regularised
chaos built from W¢ and we set ZV-¢:= g (. x Z2), ZN := g™V(Z): these are the quantities
entering F/-€¢ and F7¢. Since (W€, M?) has the law of (W, M?), the random variable
| MPeE — M‘EHBfa(puz) has the law of | M — MﬂHBﬂs(puz) on the original space, which
p,p p,p
tends to 0 in probability by Proposition 41. Hence M€ — MP? in B, g(,ol/ 2) in probability.
Moreover 1. * Z¢ — Z weakly in Hp (since v % Z¢ — Z¢— 0 in L), so if supp £ C B(0, R)
the functions Eexp(3Z™¥) are bounded in H' by the chain rule and, by Rellich’s theorem

and the Lipschitz property of z+ exp(8g~(z)), converge almost surely to £exp(B8Z%) in
L?. By interpolation the convergence holds in H" for all < 1 and, since p’ > 2, the Sobolev

embedding H" C BT_HQ/p/ for functions supported in B(0, R), with re (1+6—2/p/, 1),

gives the convergence in B - By duality, since p is bounded above and below on B(0, R),
‘/geﬂZN,adMﬂ,E _ /geﬁZNdMﬁ‘ SR ||£(66ZN,E o BBZN)Hst, ,||M575||B;(;(p1/2) +
p,,p )
BzZN B.e _ M8
€7 s, M2~ MPy i 115,
which tends to 0 in probability. Since

/ Eexp(BZN2)AMP= < BN / EdMPE,
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and the r.h.s. is bounded in LP(IP) uniformly in € by Proposition 40 a) (its law being that
of the corresponding quantity on the original space), the family is uniformly integrable and
by Vitali’s theorem we have

lin%)]Eus/feXp(ﬁZN’e)dMﬂ’s:Eﬂ/ﬁexp(ﬁZN)dMﬂ,
E—

and we can conclude. To show the limsup inequality, for given u we need to construct u®
such that

limsup FV*7 % (4f) < FVé’f(u).

e—0

To do this we proceed similarly as in the first step. Define ZN:0 = gV (5% Z), V0 =
Law (W, MP, ZN:9) where 15 is a sequence of standard mollifiers. Then

MBe_ MB

weakly so
E/&exp(ﬁZNv‘s)dMﬁvaﬁlE/fexp(ﬁZNv‘s)dMﬁ

since ZV9 is bounded and continuous. Furthermore IE,:[€(ZV9)] — E,[(ZN-%)]. This
implies that

. &, f.e & f
lim FVE 7 (uV0) = BV (V0)

e—0

Now by dominated/monotone convergence we have

Nlim gimEu/ﬁexp(ﬁZN"s)dMﬁ:E#/{exp(ﬂZ)dMﬁ,
—000—0

and

Jim ImE[E(ZY ) =Fy€(Z)]  lim BmE,[f(V +2%9)] =B, f(W + 2),

so taking a suitable diagonal sequence implies the statement. U

Corollary 48. lim inf FV°(u) = inf FV(p)
e—0peXx peX

and the infimum on the r.h.s is attained.

Proof. The statement will follow from the fundamental theorem of I'-convergence (see
e.g. [18]), once we have established that F’ Vs equicoercive on X**P  but this follows from

FYS ' (u) > Ble(2)] - C. O
We can now relate this back to our general framework:

Lemma 49. The functional Ff¢ has a minimiser u/¢ € X® and

NGXEXP uexexp
FOE(06),

Furthermore for any minimiser p € XP the following wFBSDE

EH[Aﬁ/fexp(ﬁZ) KdMP +2£(Z, K)} = —IEM[/Vf(W +7) K}
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holds for any admissible control K.
Proof. This follows mutatis mutandis as in Lemma 31. g

Lemma 50. The functional FO¢ has a unique minimiser p%¢ in X. Furthermore

Z <0,
u®¢ almost surely, and

Sngﬂovs[\llefAﬁ] < oo.

Proof. Observe that F%¢(Z) is convex in Z. Now let u,v be two minimisers for FO£,
Recall from Lemma 19 that there exists v € Y(u) such that Law,(W,Z 4+ K)=v. Now

EU[A/gexp(ﬁ(z + K)AMP +£(Z + K)] - EU[A/gexp(ﬁZ)dMM E(2)

> IEU[)\ﬁ/fexp(ﬁZ)KdMﬁ—i— 28(Z,K) + S(K)].
By Lemma 49 we have that

Ev[w/gexp(ﬁz)KdMﬂ +28(Z, K)] =0,
SO

E[E(K)] < FO4(v) = FO4(p) =0,

which implies K =0 and therefore v = u. For the second statement observe that the
mapping A: Z — —|Z| leaves the energy € (Z) invariant by chain rule, while

/ cexp(FA(Z))AMP < / cexp(5Z)dM?P,

so if u%¢ is a minimiser, so is Law,0.¢(W, A(Z)). By uniqueness we can conclude. For the
third claim we test the wFBSDE with K = pZ and obtain

EH[Aﬁ/feXp(ﬁZ)p ZAMP +2€E(Z, pZ)] = —]Eu[/Vf(W +2)p Z].

We can again estimate as in the proof of Lemma 34

1
2%(2,02) > 51121}
and
VIW+2)pZ 51125

Furthermore observe that
/ Eexp(BZ2)p ZdMP > —C | EpdMP,
R2 R2
since exp(3Z)Z is bounded below. Summing up, we have the estimate
1
SEdIZIYSENZIY 2+ B, [ gan? | SENZIE +1

where in the last bound we used Proposition 41. ]
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Lemma 51. Let ué € X*®. For v € Y(uf) we have

HEoP(y) := HV (v) = E,[28(K , Z) + E(K))]
—i—)\]EU[/fexp(B(Z—i-K))dMﬁ—/fexp(ﬁZ)dMﬁ].

Then H&P(v) >0 for all v e Y (us) iff u is a minimiser of F%¢. Moreover in this case,
thanks to the wFBSDE for Z we have

HEoP() :EU[E(K) +A/£exp(ﬂZ)(exp(ﬂK) —1- ﬁK)dMﬁ}
and

WESP(f) = inf . GH&ep(y),  GHEoP(v) =B, [f(W + Z + K)] + HSP(v),
veY (1)

Any minimiser v € Y(uf) of GI&°P satisfies the perturbed wFBSDE

IEU[QE(K,H) +Aﬁ/§exp(ﬁZ)(exp(ﬁK) —1)HdM? (34)
= —E,J[V/(W+Z+K)- HJ.

The proof of Lemma 51 is completely analogous to Lemma 33 and Lemma 31, thus we
omit the details. Thanks to the convexity of the interaction we have a good control of the
locality properties of the solutions to the wFBSDE (34).

Lemma 52. Assume that N >0 and

sup |V () -1 < 0.
p€EL?(R?)

Then for any minimiser v/ of GF&P we have

B 1K 1) < oo
Proof. Testing equation (34) with H = p~2VK we have

]EU[ /0 1 /]RszNKS(l - A)sts]

T mEU[ [ eesw2)exp(om) - 1>p—2NKdMﬁ]

_ —Ev[ / p‘QNVf(WJrZJrK)K] OB [, )"

EU[ /O 1 /R2p2NK8(1 - A)sts]

_ ]EU[/OI/RQ/’2N(<1_A)1/2K3)2d3]
+]EU[/01/R2[(1 _ A2, 2N R (1 — A)l/Qsts]

and we can compute, as in the proof of Lemma 34,

Now

[(1 _ A)1/2’ p—2N]KS < 5P72NK3-
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Furthermore observe that
]EU[/fexp(ﬁZ)(exp(ﬁK) - l)p_QNKdM/B] > 0.

Putting everything together, and using the commutator bound to absorb the second term
in the decomposition above into the first one, we have

(- OB ) £ (1= OB T -8 2R s
]RQ

< CEJ|IK 71—
which implies the statement. O

Definition 53. For N >0 large (to be chosen suitably below) denote by Y (p) the set of
measures v € P(S X 9y X Huw(p™™)) such that

a) Law,(W,MP, Z)=p
b) H(Zn)na (Kn)ngs%a fO'r ’LUhZCh
Law(W, M#" Zn K") —v and sup]E[||Z”||%+ HK”H%(WN)] <2M.
neN

Let YM .= Uue;\?e"p YM (). We say that (v™), CYM converges to v e YM if v™ — v weakly
in P(S x Hu X Hu(p™)) and

squiIIEvn[HZH%w K13 -m) <2M.

ne

Remark 54. Note that any sequence in Y™ has a convergent subsequence.
Corollary 55. There ezists a sufficiently large M = M ( f) (not depending on £) such that

inf  GH&eP(p)=  inf  GHEeP(y).
veY(u®*) vEYM (p0:€)

Proof. This is a direct consequence of the decay of the minimiser established in
Lemma 52. g

Definition 56. Define
GI-&exp(p) = GH&e2(v) if v e YMU (198 and +oco otherwise.

The next lemma discusses I'-convergence of the variational description as the infrared
cutoff is removed.

Lemma 57. Let (&,)n be a sequence of spatial cutoffs such that &,(z)=1 for |x|<n, and

sup [|&nll .00 < 400, for any k € N.
neN

Pick a subsequence &, (not relabelled) such that ™ — p weakly on & X 1w where u'" is the
minimiser of FO&n jn X. Then Gf:&nvexp I'-converges to Gfo0exp o YM yhere

G ooexp(y) = R, f(W+Z+K)+€(K)+A/6Xp(5Z)W(5K)dMB S

>0,
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ifveYM () and oo otherwise. Note that G2 is the formal limit € — 1 of the reduced
form of G5&P given in Lemma 51.

Proof. Recall that, since p™ minimises F%¢ by Lemma 51 we have, for ve YM(u™),
Gl &oexp () By | f(W + Z+ K) +E(K) + A / Enexp(B2)W(BK)AMP |.

The function ¥ is convex and non-negative, with W(0) =0, decreasing on (—oo, 0] and
increasing on [0, 00); in particular all the integrands above are non-negative. Fix p € (1,
min (2, 87/ 3%)) and § with 3%(p —1)/(47) <6 <2/p’ (this interval is non-empty since
p<8m/3?),s0that MPe B, 5p(p1/ 2) almost surely by Proposition 41, and take these values
of p and s=¢ in the definition of the space MM in & =&y x M.

Step 1 (a convergence lemma). Let (Z™, K™, M?™) and (Z, K, M?) be random variables
on a probability space (Q, F, IF’) such that, almost surely, Z™" — Z and K" — K weakly in
H}o(R?) and MP™— MP in Bp_’f,(pl/Q), and such that the law of M#?™ is that of M# for
all n. Let R>0 and let ®: R x R x R>— R be bounded, smooth in x, Lipschitz in (z, k)
uniformly in z, and such that ®(z,k,z) =0 for |z| > R. Then

]Eﬂs/q)(zn, K" 2)MP"(dz) —>]EH5/<1>(Z,K,x)Mﬁ(dx). (35)

Indeed, let g":=®(Z"™ K",-) and g:=®(Z, K, ), all supported in B(0, R). Almost surely
the sequences (Z"),,, (K™),, are bounded in H!(B(0, R)) (being weakly convergent), so by
the chain rule (¢"), is bounded in H', and by Rellich’s theorem and the Lipschitz property
of ® we have ¢g" — g in L?. By interpolation ¢g" — ¢ in H® for all s <1 and, since p’ > 2,
the Sobolev embedding H* C B;,T pl,+2/ P for functions supported in B(0, R) gives ¢" — ¢ in
Bg/7p/, choosing s € (1+6 —2/p’,1). By duality, since p is bounded above and below on
B(0,R),

’/g”dMﬁ’”—/ngB’ Sellg" = allss, p,||Mﬂ’”||B%<;(p1/z)+‘/gd(Mﬁ’”—Mﬁ)‘ —0

almost surely. Finally | [ g"dM?" < ||®| g [ ndMP™ for a smooth bump function 7 >
1B(o,r), and f ndMP" has a law independent of n and a finite p-th moment (Proposi-
tion 41). Hence the sequence is uniformly integrable and (35) follows from Vitali’s theorem.

We will use Step 1 with the following truncation. Let x € CS°(IR?) be radial, non-
increasing in |z|, with x =1 on B(0,1) and x =0 outside B(0,2), and let

Sm(z,x) == x(x/m)max(—m,min (z, (2m — 2)4)), z€R,z€R2

Then ¢, is smooth in z, 1-Lipschitz in z, |¢y,| <m, sn(z,2) =0 for |x| >2m, ¢, (2, ) has the
sign of z, and |G, (2, 2)|T|z| as m— oco. We write ¢p,(h, x) for the function =+ ¢p(h(x),x).

Step 2 (liminf inequality). Assume that v™ — v in YM. If liminf,G/»&P(v") = 400
there is nothing to prove; otherwise, passing to a subsequence realising the liminf, we
may assume that G7 & P(y") < oo, i.e. v™ € YM (™), for all n. Then v € YM(p): indeed
Law, (W, M?, Z) =lim,Law,~»(W, MP?, Z) =lim,u" = u, and property b) in the definition
of YM passes to the limit by a diagonal argument, since the approximating sequences of
all the v™ satisfy the same bound 2M (on such bounded sets the weak topologies involved
are metrisable). In particular G¥:°%°*P(v) is given by the formula in the statement. From
the definition of convergence in Y™ we have

En[fW+Z+K)]=EJ[fW+Z+K)], Ey[E(K)]<liminfE,[£(K)],

n— o0
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the latter by the Portmanteau theorem. By the Skorokhod representation theorem [37]
there exist a probability space P and random variables (W™ M pn gn K ™) with law v™
converging almost surely in & x H,, x H,(p~N) to (W, MP, Z, K) with law v. By the
choice of the topology of &, M#" — M?8 in Bp_"sp(pl/Q) almost surely, the law of M%" is
that of MP, and Z" — Z, K™ — K weakly in HJ. almost surely. Moreover Z" <0 almost
surely (since Z <0 p"-almost surely), hence also Z < 0.

For fixed m apply Step 1 with R=2m and ®,,(z, k,z):= eﬁ(zm)gm(\ll(ﬂk), x): it is
bounded by m, it vanishes for |x|>2m, and it is Lipschitz in (z, k) since ¢ (-, ) is 1-
Lipschitz and vanishes when W(3k) > 2m, so that only %k in a compact interval matters,
where W([3-) is Lipschitz. Since &,=1 on B(0,2m) for n > 2m, we obtain

lim Ep fnexp(ﬂzn)gm(‘l}(ﬂ[{n),x)dMﬂ’n:Eﬁ)/exp(ﬂZ)gm(‘lj(ﬂK),:L‘)dMﬁ.

n—oo

Since ¥ >0, we have 0 < ¢, (V,2) <V and ¢, (¥, z) 1V as m— oo; by monotone convergence
]Eﬂa/exp(ﬂZ)\Il(ﬁK)dMﬁ = sup]EHs/exp(ﬁZ)gm(\Il(ﬂK),m)dMﬁ

= sup lim B [ &exp(827)sm(¥(BK™), z)dM "

m N—o0

< liminfEp / Enexp(BZ™) U (BK™)AMP™,
n—oo

Adding up the three terms gives G7°%*P(v) < liminf,Gf¢»*P(v™). Note that, the integ-

rand being non-negative, no separate treatment of its negative part is needed.

Step 3 (recovery sequence). Let v € YM(u) with G/+°*®P(v) < 0o, so that E, [
exp(B2)¥(BK)AMP < 0o and EE(K) < M. Set K™ := ¢, (K, z) and v™ := Law, (W,
MP,7Z, K™). Since g, preserves the sign and |, (K, x)|T|K|, and ¥ is monotone on
each half-line, we have U(SK™)1¥(SK), so by monotone convergence

lim [, / exp(B2)U(BK™)AMP =T, / exp(B2)¥(BK)dMP,
m—0oQ0

while E,f(W + Z 4+ K™) — E,f(W 4+ Z + K) by boundedness and continuity of f. We
use moreover that the truncation can be performed so that E,[£(K™)] — E,[E(K)]; we do
not detail this approximation step. Then G/>>¢P(y™) — G/+°¢*P(y)) and, by a diagonal
argument, it is enough to construct a recovery sequence for each v™.

Fix m. Invoking [37| there exist a probability space (Q, F, 113) and random variables
(W, MPm, Z™) on it with Lawg (W™, M2, Z™) = u™ such that (W™, MP", Z™) — (W, MP,
Z) almost surely in & x Hw. Let K be a random variable on (possibly after enlarging
it) such that v = Lawg (W, MP,Z,K), set K™=, (K,z) and v™™:= Lawg (W", MB»,
Z™ K™). We claim that

G r&mexp(ynm) s GF,00,exp(yym)

The energy term E[E(K™)] does not depend on n, and Epf(W"+Z"+ K™)—Egf(W +
Z 4+ K™) by boundedness and continuity of f. For the interaction term apply Step 1 with
R =2m, the constant sequence K" =K and ®(z, k, ) := e’*"\OW( ¢, (k, x)), which is
bounded (since || <m), Lipschitz in (z, k), smooth in = and vanishes for |z| > 2m: using
again £, =1 on B(0,2m) for n>2m we get

Ep / Enexp(BZM) U (BK™)AMP" — Ep / exp(B2)¥(BK™)dMP.
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This proves the claim. Taking a diagonal sequence we obtain the statement. O

Corollary 58. If (&,)n is as in Lemma 57 we have

lim —log/exp(—f(ga))dl/f"’e"p: inf  GJo0exP(y)

n— 00 veYM(u)

Proof. This follows from I'-convergence, the fact that Y™ is sequentially compact and
the fundamental theorem of I'-convergence (see e.g. [18]). O

We conclude with some technical results needed in the proofs above.

Lemma 59. Assume that g:IR — R is continuously differentiable, g, g’ are bounded. Define
f=g- (the negative part of g). We have that the map

o f(p),

continuously sends Wu%’z(po‘) into itself with

£ (@lwr2(p0) ST ([ llwr2(pe)-

If g(0) =0 we have in particular

1 (D) lw2gpey S Nl ape)-

Proof. Assume that ¢(0) =0. By definition of f we have

[15ea@nPr@as [ le@pe s
Furthermore by [19] p. 291-292, we have
[ 1V fola) P @) = [ 1y ols' (o) Vapla) P ahde S [ (90t a)da.
Now for weak continuity, let ¢, — ¢ weakly in W12(p®). We know that

SUp [ onll1.2(ym < o0 which implies sup | £(i20) 1.2y < 00

n n

Now let ¢y, be a subsequence such that f(¢y,) — & We can extract a further subsequence
(not relabelled) such that

Pk ¢

almost surely. Then f(yn,) — f(¢) almost surely which in turn implies £ = f(¢). From
this we can conclude. The first statement follows from the second by writing g = g+ g(0)
with §(0)=0. [

Lemma 60. Let M®™ be a sequence of random positive Radon measures on R? on a
probability space (Q, F,P), such that MP™ — MP P-almost surely in B, 3(p) for some
s> f—;(p —1) and p <87/ 3% close enough to f—j(p — 1), 87/ 3? respectively. There exist
q <2 and Ny < oo such that we have

E/fndMﬁv”eIE/fdMﬁ

whenever
B[ fn = S Wiy a,50)) =0
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and

sup || fullzee 4[| f{lzoe = C' < 0.
neN

Proof. By interpolation between L> and W1 9(p=™o) we have that for § <6 :=¢q/p’ and
No>6~! (using also the uniform L> bound on f,, — f)

V= Fllgs, oy SCUn= Flrany 1135, (1) SCUE Wragysoy

Now recall that for any = > p>1 and § >4 (p — 1) we have

52

su IE[ MPBn|P
np || HBp,(;(P)

:/(fn—f)dMﬂ’”}+]E[/fdMﬁ’"—/fdMﬁ}

— ﬂ7
1 Fn= Flisg, o1 n”B;,;i(p)}
ﬁ? —_— ﬁ
{15 g, 17" = MO 5|

}<oo,
so provided 1/p+1/p'=1

E[/fndMﬂ’”—/fdMﬁ} -

1

1
P’ Byn||P P
P i [ LY PN

N N
.E. + B o

Q

1 1

»’ B _ pNB||IP »
FE[CUF Wragy | B[ 1057 = 2P s 7.
— 0

since p'§ = q. Note that for any 32 < 87 we can choose ¢ < 2 such that
2

-1)>T(p-1)

q 2
5(p—1)>5>ﬂ(p—1)

q/p —%
so if we choose § such that

we obtain as required

2

Top>1 > (p—1) (5<q/p'=%(p—1). O

52 4

Lemma 61. For any q <2 and any Ny < oo there exists an N < oo such that if

[ fllze=; lgllzee < C,
then, with a constant depending on C,

||fg”W1"1(p_N0) 5 ||gHH1( + ||fHH1(p ||g” 2 q)/q)

Note that the L™ norms are unweighted. If furthermore f, — f in H'(p) and g, — g in
H'(p~") and supy, || fall> + || gnllL= < C' then

fagn—fg in WLq(p_NO)'

Proof. It is enough to prove the statement for smooth functions by density. By Holder’s
inequality we have

1 £ g1l a¢ -0y < Lf lzosll N =Nl Lr [ gl 2oy,
(p=70) =



A SCALE-BY-SCALE INTERPOLATION 51

where1/r=1/q¢—1/2,sothatr€(2,00) and 2/r=(2—¢q)/q, and we take N > (No+1)r/2
(so that pN=Noe L7 and pN=M)r/2< j recall p < (-)732). By the Leibniz rule and the
same argument

IV (a0 < I fllzoell o™ = M0llLr [V g2y + IV fllzaoll gl rg,-mo-1y.

By interpolation between L™ and L2 (i.e. |g|" <|lg|r=*|g|?) and since p~(No+Dr < p=2N
we also have
1-2 2 (2—
191101y < NG UL=""II7e - cvprnrzy S C* /"Il g 2 208

This gives the estimate. For the second statement we rewrite
f9—=Fngn=9(f = fn)+ fu(9— gn)-

The second term goes to zero by the estimate applied to ( fn, g — gn), since supy, || fulla1(,) <
oo. For the first one, proceeding as above (with the roles of the factors exchanged in the
terms without derivative on f — f,,),

19 (7 = Flllwraagy-s0) SIUCE = Fa) PN =0l llg sy + 11 = Fallrpll gl

and by interpolation again [|(f — f)pN =Nl <OV f — fn||ié€ —0. O

6 A scale-by-scale interpolation

In this intermezzo we prepare for the analysis of the UV limit of the quartic interaction in
three dimensions, i.e. for the ¢§ model in finite volume A =T3.

Recall that the o} Gibbs measure on the d-dimensional torus A = Ay = Tf = (R /
(2w L7Z))? is the probability measure v obtained as the weak limit for 7 — oo of the family

(vr)T>0 given by

vr(ds) = 2R, ), (30)
T

V() :=A /A (le()* = ar|p()?+br)de,  Zp:= / e~ Vr01)y(dg).

where

Here A >0 is a fixed constant, A is the Laplacian on A, 9 is the centred Gaussian measure
with covariance (1 —A)~!, 2% is a normalisation factor, ar, by given constants and ¢r =
pr(D)¢ with pr some appropriate smooth and compactly supported cutoff function such
that pr— 1 as T'— oo, and where 97 := (pr(D)).0 is the law of the regularised field ¢r
under 9. In other words v is the law of ¢ under the probability measure e ~"7(¢7)9(d¢) /
Zr: this is the measure which is naturally controlled by the variational method below. The
measures ¢ and vp are realised as probability measures on ./(A), the space of tempered
distributions on A. They are supported on the Holder-Besov space € 2~%/27%(A) for all
small £ > 0. The existence of the limit v is conditioned on the choice of a suitable sequence
of renormalisation constants (ar,br)r>o. The constant by is not necessary, but is useful
to decouple the behaviour of the numerator from that of the denominator in eq. (36).

The aim of the rest of these lecture notes is to give a proof of convergence using a
variational formula for the partition function 25 and for the generating function of the
measure vy. As a byproduct we obtain also a variational description for the generating
function of the limiting measure v via I'-convergence of the variational problem.
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Define the normalised free energy Wi for the cutoff 3 measure, as the functional
1
Wr(f):=—piplos [ espl-IAlf(6r) = Velom)]i(do), (37)
A7 Sy
for all feC(<'(A);R).

In order to use the stochastic control problem we need to embed our problem into a
setting where we have a Brownian motion. How to do this is quite arbitrary and mostly
shaped by technical convenience. In two dimensions, where we have very mild singularities,
we have adopted a simplistic approach, introducing a Brownian martingale with GFF
marginals. To tackle the three dimensional case, where singularities are more severe, it is
convenient to choose an embedding where the Brownian motion encodes a scale decom-
position of the underlying GFF.

We begin by constructing a probability space (2, Z,P) endowed with a process
(Wi)¢ejo,00] belonging to C([0, ool % 2=9/2=5(A)) and such that Lawy(¢r) = Lawp(Wr)
for all T >0 and Lawp(Ws,) =9, the Gaussian free field with covariance (1 — A)~L.

Fix a < —d/2 and let Q:=C(R4; H), (X¢)t>0 the canonical process on 2 and % the
Borel o—algebra of Q. On (2, %) consider the probability measure P which makes the
canonical process X a cylindrical Brownian motion in L?(A). In the following IE without
any qualifiers will denote expectations wrt. IP and [Eqy will denote expectations wrt. some
other measure Q. On the probability space (€2, #,P) there exists a collection (B )ne(L-1zy
of complex (2-dimensional) Brownian motions, such that Bf'=B; ", Bf*, B{" independent

for m# +n and X;= ]A|_1/QZRE(L,1Z)(1 e By,

Note that X has a.s. trajectories in C(Ry, €~ %27%(A)) for any ¢ >0 by standard
arguments.

Fix some p € C°(R4, R4 ), decreasing such that p(s) =1 for any s<1/2 and p(s)=0
for any s > 1. For z € R, set, py(x):= p((x)/t) and

d 1/2 .
Ut(ﬂf)‘:(a(ﬁ(ﬂ:))> = (2pu(z) pu(@)) 2= (=2((x) /) p({) /1) p () /1)) /2 /12,
where p; is the partial derivative of p; with respect to ¢. Consider the process (Wi)i>0
defined by

W, = / os(n nIdBY, 0. (38)

1/2
|A’ |A[2 ne(L~ 1Z

It is a centred Gaussian process with covariance

1 0uln) g sy [T g
o) = gy 3 Bl [ 2ant o [ 2apy i)

n,me (L~

= Y A ),

for any ¢, ¥ € #(A) and t,s >0, by Fubini theorem and It6 isometry. By dominated
convergence

ne(L~1z)d

Lim BU(We, ) (We )] =[A]7 D7 (n)%@(n)d(n)

ne(L~1z)d
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for any ¢, € L?(A).

Note that up to any finite time 7" the r.v. Wr has a bounded spectral support and
the stopped process W, = Wiar for any fixed T > 0, is in C(R., W*2(A)) for any k € N.
Furthermore (W;!); only depends on a finite subset of the Brownian motions (B™),,. Denote

t
W= / JdX, >0, (39)
with J, := (D) ~loy(D). ‘

Observe that W} has a distribution given by the push-forward (p¢(D))«0 of 9 through
pt(D). We write the measure vr in (36) in terms of expectations over P as

e~ (W)
J R (40)

for any bounded measurable g: .#’(A) — R.

For fixed T' the polynomial appearing in the expression for Vy(Wr) is bounded below
(since A >0) and Z7 is well defined and also bounded away from zero (this follows easily
from Jensen’s inequality). However as T'— oo we tend to lose both these properties due to
the fact that we will be obliged to take a7 — 400 to renormalise the non—linear terms. To
obtain uniform upper and lower bounds we need a more detailed analysis and we proceed
as follows.

Denote by H, the space of progressively measurable processes which are IP—almost
surely in H := L?(Ry x A). We say that an element v of H, is a drift. Below we will need
also (generalised) drifts belonging to H®:= L?(R; H*(A)) for some a € R, we denote the
corresponding space with Hg. Consider the measure Q7 on (2, ) whose Radon—Nikodym
derivative wrt. IP is given by

dQr e~ Vr(Wr)
P 27
For a drift v € Hy we denote by I(v) the process

t
It(v)::/ Jsvgds, t>0,

(this is the shift of W 1nduced by the shift X — X + [ vsds of the Brownian motion), and
for a functional f we set VT =Vr+|A| f.
The Boué—Dupuis formula takes the form:

Theorem 62. For any f € C(€?~D/2=%. R) with linear growth the Boué-Dupuis (BD)
variational formula for the free energy holds:

. 1 [
Wi(f) = —rrlog E[e 70" = inf B ,A|VT<WT+IT< V) +3 /0 ||vs||%zds}

|A‘ veH,
where the expectation is taken wrt. the measure P on Q.

Remark 63. The Boué¢-Dupuis formula gives —log[E[ e Vi W1)] —inf E[VT (Wr+Ir(v))+
Efo fA|vs|2dzds], so that dividing by |A| produces the factor 1/|A| also in front of the

quadratic cost. To keep formulas light, here and in the rest of these notes the LP, H* and H
norms appearing in the variational problems are volume-averaged, that is ||v]|f2:=f,|v|*=
|A|71 [ [v|?, consistently with the averaged integrals f used in the potentials. With this
convention the formula above, and all the variational formulas below, hold as written.
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The next lemma provides a deterministic regularity result for I(v): it says that the drift
v generates shifts of the Gaussian free field in directions which belong to H' uniformly
in the scale parameter up to co. The space H! is the Cameron-Martin space of the free
field [38].

Lemma 64. Let a € R. For any v € L*([0,00), H®) we have

1 o
sup ”It(v)||[2{a+l+ sup [[£e(v 1)/\ HH < / v ||2ad7“
0<t<T 0<s<t<T

Proof. Using the fact that o4(D) is diagonal in Fourier space, and denoting with
(ex) ke(L—17z)4 the basis of trigonometric polynomials, we have

¢ 2 ¢
’/US(D)Ust - L Z <k>2°‘/ (0s(D)eg, vs)ds
T H< |A|k ( IZ)d

< ﬁ (/|O’S ek,ek|ds></|ek,vs|ds>
ke(L 1Z)d

t
< [ eulfredssup / (ex, 74(D)2er)ds
T k

r

2

N

t T
/ oo sup (ex. pF(D)er) < /0 lvsll3eds.
T

Since Ii(v) — I( lf os(D)vsds, taking r =0 this gives the bound on
supi<r || I(v)||Za+1, ie. the first part of the statement, and also the bound on the incre-
ments when ¢ —7 > 1. On the other hand o4(D) is a smooth Fourier multiplier and using
Proposition 10 we have the estimate ||o5(D) f ||ge < || f |/ (s)*/? uniformly in s >0, there-
fore, for all 0 <r <t < T, we have

t 2 t 2 t
‘ / o.(Dvsds| < < / ||05(D)vsHHads> <(t—7) / os(D)uy||Zeds
T H T r

T 2
< (t-7) /0 vall3rads.
We conclude that

¢
/ os(D)vsds

2

T
[ 1(v) = Ip(0)[[Fo+1 S ’ <[IA(t- r)]/o || vs]|Feds.

H«

6.1 Two dimensions

We consider first the case d =2 assuming that the test functional f satisfies the following
estimate: for sufficiently small o >0

F@) < C+al |l (41)

From Theorem 62 we see that the relevant quantity to bound is of the form

Fr(u):=B| f(Wr + Ir(u) + 1y Ve(We+ Tr(w) + 5 |l (42)

Al
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for u € H,. Theorem 62 is stated for f with linear growth, but this is not a restric-
tion: the truncations far:= (f A M)V (=M) are bounded and satisfy (41) with the
same constants (since |fas| <|f|), and by Fatou’s lemma E[e~ M /(Wr)=Vr(Wr)]

lirninf]\/[HOO]E[e_|A|fM(WT)_VT(WT)]7 so that the bounds below, which only depend on the

constants in (41), transfer from fy; to f. From now on we leave implicit the integra-
tion variable over the spatial domain A and let Z; = I;(u) for brevity. Choosing

ar = GE[WT(0)2], br= 3E[WT(0)2]2, (43)

we have
1
WVT(WT+ Zr) = )\][ [Wit] + 4)\][ Wi Zr + 6)\][ [WE) 2% + 4A][WTZ% + A][Z%p,

where
[Wi] == Wi —6E[WF] Wi + 3E[WF]?,
[WE] := Wi —3E[WAWr,
[W7] = Wi —E[W7],

denote the Wick powers of the Gaussian r.v. Wr [38].

These polynomials, when seen as stochastic processes in 7', are P-martingales wrt. the
filtration of (W)

t
[Wi =n / W AW, n>1.
0

In particular they have an expression as iterated stochastic integrals wrt. the Brownian
motions (B¢, introduced in eq. (38).

We will need to estimate the average size of the random fields [W7'] uniformly in 7". Our
computations in Section 2.3 show that for all K >0 we have, for any N > 1 and any n > 1,

51:1FpE||[[WfL]]||g_K<+oo. (44)

Using Theorem 62 with v =0 we readily have an upper bound for the free energy:

—ﬁlog 25 < )\E[][[[Wf*]]] =0.

For a lower bound we need to estimate from below the average under IP of the variational
expression

1
Ajf[[wjé]] +4)\][[[W1§]]ZT+ 6)\][[[W72]]Z%+4)\fWTZ%+)\7[Z§1~+§\|u\|§{.
The strategy we adopt is to bound path-wise, and for a generic drift u, the contributions

Op(Z) = 4)\][ [Wi] Zr+ 6>\][ [Wi] Z3+ 4)\][WTZ%,

[ i3 i

in terms of quantities involving only the Wick powers of W which we can control in
expectation and the last two positive terms (our “good terms”)

1
slulfi+A{Zh
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Any residual positive contribution depending on u can be dropped in the lower bound
making the dependence on the drift disappear.

To control term I we see that by duality and Young’s inequality, for any § > 0,
‘ f [Wi) Zr

where we used that ||Z7|pr, S || Z7] g1 and Young’s inequality to have a small factor
0<d<1in front of | Zr| 3.

2
<[ || 1 Zrlieg < ol | WA + ol 2l (45)

The other terms can be estimated with similar arguments, for example it will be useful
to use interpolation and the following fractional Leibniz rule:

1 1 1

Proposition 65. Let 1< p<oo and p1, p2, pi, ph> 1 such that i+i=p—,+p—/:;. Then
for every s,a >0 there exists a constant C' such that o
D) (fg)ller < CID)**f (e [[KD) =g llpes + CIDY T gl o IKD)~f s
The end product of these analytic bounds are estimates
1
[02(2)|< Qo+ gl 4], (46)

where
Qr=O0MN) 1 +[[Will - + IIWAlc-< + 1 Wr || o]

for some integer K > 1. It remains to bound the term involving f, which we do with (41).
Since ||Ajglls S 9|4 uniformly in j, we have Hg”BZZ < Collg /|4, with Cp independent of

A (all norms being normalised by the volume). Hence, using (a + b)* < 8(a* + b%),
f(Wp+2Zr)>—C — 8a||WT\|j§H - SaCE}fZ% >—-C —8a ||WT||j§4,Z — &][2%,

provided 8aC{ < 8\, which is our smallness condition on . We include the term C +
SaHWTHéfH in Qr; this does not affect the bounds below, since ||WT||B4—Z~ SIWrll g=r/2,
4,4 s

whose moments are bounded uniformly in 7" by (44). Therefore (for § <1/2)

Fr(u) > ~E{Q1] + (1~ 20)E| Jlulf+ 274 | > ~BiQr]

This last average does not depend anymore on the drift and using (44) we end up with

sup E[Q7] < oc.
We have established that T

sup E [ IAFWVD)=Ve(Wn)] < sup exp(|A| B[Q7]) < +00 (47)
T T

which in particular is enough to establish tightness for the family of measures (vr)7, as
(apply (47) to — f/|A|, which still satisfies (41))

E [ef Wr)=Vr(Wr) E [ef Wr)=Vr(Wr)
) — [e ] le ] +
Sup/e vr(de) S‘;P E [e-Vr("1)] S Slr}p o—EVr(Wr) < oo

T
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We can also observe that the argument leading to (47) remains valid upon replacing Vr
by pVr for any p>1. This implies that e V1) ig in all the LP spaces wrt. the measure
IP uniformly in 7" and for any p > 1. Together with the a.s. convergence of the martingale
(Vr(Wr))7 (which is bounded in all LP spaces), this allows to conclude also the existence
of the limit measure

v =limvr,
T

such that )
dy™>® —Vooe(Wso B )
B W)= =Bl ) = lim,

where Voo (Wao) =lim7Vp(Wr) (a.s. and in all LP(IP)); this limit is the Wick ordered quartic
potential of W, hence a measurable function of W, whose law is 9.

7 The quartic interaction in three dimensions

For the quartic interaction in three dimensions the strategy we used in two dimensions
fails: the Wick powers are less regular: [W#] € € ~'~* uniformly in T for any small x>0
and [W7] does not allow uniform bounds as a well-defined random distribution.

By this we mean that, for any a>3/2 and N > 1, the best bound we can find looks like
E [[[Will5=e_ < (logT)N/?,

and this logarithmic divergence cannot be removed (for o < 3/2 the moments even diverge
polynomially in 7).

As a consequence there is no straightforward approach to control the terms

Jwdize, [z (48)
like we did in two dimensions.

The only a-priori estimate on the regularity of Zr = I7(u) is in H!, coming from
Lemma 64 and the quadratic term in the variational functional Frr(u).

An additional substantial difference is that we expect further divergences beyond the
Wick ordering which have to be subtracted in order for the limiting measure to be non-
trivial. For these reasons in the energy Vr we introduce further scale dependent renorm-
alisation constants 7, 7 to have

1

A7V 0 = ) + OV = X 37 - b1), (49)

where the Wick products [Y7], [V#] are taken with respect to the variance of Wr (as
opposed to Yr).

Repeating the computation from Section 6.1 we arrive at

Fr(u) = ]E[ f(Wp+Zr) + AfW%ZT + %fw%z% + 4)\][WTZ%]
(50)

1

_EPA%T]/WTZﬂA%T][Z%MT} +1E[A7/Z%+§Hu|!%].
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where we introduced the convenient notations
WP :=4[W7],  Wi:=12[W7],  t>0,

and we recall that f is a fixed function belonging to C (‘5_1/ 2= R) with linear growth.

We will perform a change of variables in the variational functional in order to obtain
some explicit cancellations which will leave only quantities well behaved as T'— co. The
main drawback is that the functional will have a less compact and canonical form.

We are going to absorb the mixed terms (48) via the quadratic cost function %||u||%
For the first we have, via Ito formula and then completing the square

o0 oo
][WTZT += / l|us||72ds = / ththdt += / || us||72ds + martingale
0

oo
/ 7[ N2dt + / ||ws||22ds + martingale,
0

where we used that J; is self-adjoint, set Wt<3> = J; W} and let

wer=up+ AW, >0, (51)

Taking into account (here and below) that the martingale term will average to zero, we
have replaced the divergent term fW%ZT with a divergent but purely stochastic term

f 0 (W, th which does not affect anymore the variational problem and can be explicitly
removed by adding its average to dr.

The price to pay for this change of variables is that now the cost functional is relative
to w and not u anymore. This is an important feature of the variational approach in three
dimensions as we do not expect anymore that the limiting measure is absolutely continuous
wrt. the GFF.

Defining
T
KtZ:It(’UJ), er[?]:/ J8W8<3>d8
0

from (51) we deduce the relation
= —AWB] + KT,

which can be used to expand the second mixed divergent term in (48) as

_][WTZT_—][W2 3] /\27[WT KT+—][WTKT (52)

The first term on the r.h.s. is a purely stochastic object and will give a contribution
independent of the drift 4 and absorbed in d7.

We are still not done since this operation has left two new divergent terms on the r.h.s.
of eq. (52): the H' regularity of Kr (guaranteed by the cost functional —HwHH is not
enough to control the products with W? which has regularity 4 ~'~*, a bit below —1.

In order to proceed further we will isolate the divergent parts of these products via a
paraproduct decomposition.



THE QUARTIC INTERACTION IN THREE DIMENSIONS 59

Let us pause for a moment in order to introduce paraproducts. The basic idea is that

a product of Besov functions f, g naturally decomposes in various contributions involving
products of LP blocks:

Fa= NifDjg=> Aif Mg+ AifAjg+d AifAjg
,J i< i>j 7
where we split contributions above and below a thick diagonal of the double sum. The key
observation is that if ¢ < j then the product A;fA;g has Fourier transform supported in an
annulus at scale 27, while if i~ j then the same product is a-priori only spectrally supported

in a ball of radius ~27. These different spectral supports imply a different behaviour of
the bilinear maps:

F=9=>Y Aifdyg

1<

fog=)_ AifA.

i

and

Definition 66. Let f,gec . (A). We define the paraproducts and resonant product

frg=g=<f:= Y AifAjg, and  fog:i= Y AifAyg.
j<io1 i<t
Then

Jg=f=<g+fog+f=g.

The basic analytic bounds for the paraproduct and resonant terms are

Proposition 67. For any polynomial weight p, 3 <0, €R and p1,p2 € [1,00], p—ll—l—%:l

we have the estimate b

< a
1= 9l S 17133, il glas

For any a, B €R such that a+ 3 >0 the estimate

||f09HB§,*;ﬂ(p) S N fllse (p)HgHBIé’Q,q(p)'

P1,°0

For a proof see Theorem 3.17 and Remark 3.18 in [45].
Proposition 68. For any polynomial weights v, p and <0, € R we have

< o
1= gllgatoey S Ifleolgllpe o

The proof is an easy modification of the proof of Theorem 3.17 in [45].

Proposition 69. Assume m<0, a€(0,1), 3€R. Let n be an S™ multiplier and q, p1,
p2 €1, 00], p_11+p_12:%7 fethoo, g € By, . Then for any 6 >0,

In(D)(f = 9) = (1D} = 9) lgei—rns S £ Lol .

The constant depends only on «, 3,6 and the constants in (5).
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For a proof see 3] Lemma 2.99.

To continue our algebraic analysis we expand
A27[W2 W R+ —][WTKT = A][(W% - Zr) Ky — )\2][(W%o Bk

—)\27[ (W2 < WP K+ %7[ (W2 < K7)Kr

+%<][(W% oKr)Kr — ][(WIQ’ - KT)KT>~

The first two terms will require renormalisations which we put in place below. All the other
terms will be well behaved and we collect them in TJ(}). In particular we observe that the
last one can be rewritten as

A A
§<f(w%0 Kr)Kr — f(W% - KT)KT> = —gﬁz(W% Kr, Kr)

introducing the trilinear form K2 whose properties are detailed in Proposition 74 below.

As we anticipated, the resonant term W#o YWPF ]
sion of Fr in (50) we have the counterterm —2)\27TfWTZT available, which we put now
in use writing

requires renormalisation. In the expres-

—A2f(w%o B — 2>\27T][WTZT —>\2][(W20W[T]+27TWT)KT+2>\37T][WTWT

W2l

The first contribution is collected in T;(p ) and the expectation of the second will contribute

to or.

As far as the term A (W7 = Z7) Kt is concerned, we want to absorb it into [ [|ws]|?ds.
Before we can do this we must be sure that, after applying It6’s formula, it will be still
possible to use fZ% to control some of the growth of this term. Indeed the quadratic
dependence in K7 (via Z7) cannot be fully taken care of by the quadratic cost [ |lw||*ds.

We need to introduce a regularisation which makes compatible Fourier cutoffs with L*

estimates. To introduce such a regularisation fix smooth functions 6,n:RY— Ry such that
0(&)=11if [£]<1/4and 0(&)=01if |£]>1/3, n(§)=11if |¢] <1 and n(&)=0if |{]| >2. Set
0,(€):=0(£/t), then define

0:(€) = (1= n(€))0:(&) + <()n(£)0:(€)
where ((¢): R4 — R is a smooth function such that {(¢) =0 for ¢ <10 and ((¢)=1 for t >11.

0:(&)os(§) = 0 for s>t,

0:(&) = 1 for [{| < ct for some ¢ >0 provided that ¢ > 11. (53)

By the Mihlin-Hérmander theorem, the operator 6, = 0;(D) is bounded on LP for any
1<p<oo.

In the following, for any f € C([0,c0],.'(A)) we define f7:=0;f; then

t T
20 =0,7,= / 0:(D)oy(D)usds = / 0:(D D)usds = 60,Zr.
0 0
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In this way we have ||Z2||z» < || Zr||ze for all ¢ <T. In the sequel we will always assume
T>1.

Now decompose

A][(w_% >~ Zp)Kp= )\][(W% - Z0) K1+ )\][(W% = (Zr — Z3)) K1

and use the fact that the functions Z7 — Zgw and K7 — K% are spectrally supported outside

of a ball of radius ¢T to show that the second term is nice enough as T'— oo to not require
. o an(2)

further analysis and we collect it in Yp:".

For the first we apply It6’s formula to decompose it along the flow of scales as

T . T .
)\][ (W2 = Z5)Kr = A / ][ (W2 = Z) K dt 4+ X / ][ (W7 > Z2) K;dt + martingale.
0 0

The second term will be fine and we collect it in T:(pg).

We are left with the singular term fOT f(WtQ - th)K"tdt. We again absorb it by com-
pleting the square together with the cost %Hw 13,

r 2 oy 1 [ 2 22t 2 b2 L [0 2
Aoz zyRaars L[ wlaar= 2 [ owz - zacs L
0 0 0 0

a2 T 1
=5 [ W - Z) W Zi)ae+ 1% (54
where we introduced
ly:= ut+)\]lt<TWt<3>+)\]1t<TJt(Wtz>-Z¥). (55)

To renormalise the first term on the r.h.s. of (54) we observe that the remaining coun-
terterm can be rewritten as

—A%sz% _ —A%T][ (Z5)? 2A%T7fsz<ZT _ 25— A%Tf (Zr— 702 (56)

Differentiating in 7" the first term in the r.h.s. of eq. (56) we get

T T .
ey == [ fiuzpa—2e [ fuzizia (57)

The last term in eq. (57) and the last two contributions in (56) are collected in T:(FS). The
first contribution in eq. (57) has the right form to be used as a counterterm for the resonant
product in (54).

Using the commutator &3 described in Proposition 75 below we have
Xt 2 o 2 oo
_7[) ][[(Jt(wt = Z0)(J(Wi = Z7)) + 2794(Z3)?|dt

22 T ) ) . 2 W2 b b
= [ LW 0 (W) + 24)(Z2at — 5 [ o (WE W, 2, Zi)at
0 ) 0

and we collect both terms in T:(FG).
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Finally, we are left with the cubic term which we rewrite as
4A7[WT2% - —4)\47[WT(W7[?’])3 + 12)\37[WT(W[3])2KT 12)\27[WT P2y 4)\7[WTKT

The average of the first term is collected in d7 while all the remaining terms are collected

in T:(p4). At last we have established the claimed decomposition since the residual cost
functional, from eq. (54) is indeed ||1]|3,/2.

Collecting all the terms, we proved the following

Lemma 70. The functional Fr(u) defined in eq. (50) takes the form

Fr(u) = E @T(W,Z,K)+A7[(ZT)4+%HZH%}

where

wi=u+ ANy WP, Zi=T(u), K,=TI(w),

ly:=us+ )\]ltSTWtB) + )‘ﬂtéTJt(WtQ ~ th)’

while the stochastic objects are collected in the vector W defined as

W= (W! W2, W® Whlel w2els], W<2>°<2>),
with Wl:=W,

t
W= W, wil= / TWds, W= W oW,
0

W2 = W2 o WP 4 29,WE,  W2°P = (J,W2) o (JW2) + 24

and moreover the potential has the explicit form

6
<I)T(\]Va Z?K) = f(WT+ZT) + Z T’}Z):
with =t
0 = ~SR(WE, Ko, Kr) + 5f(WF < Kor) Koy — 3 (W< W) K,

TP = )\][(W%>-(ZT—Z%))KT,
3 T ’
T = )\/ ][(W,?>Z,?)tht,

i = 4AfWTKT—12A2][WT PE3+ 12A3][WT w2k,

X i 2N 22— 20) = ¥ = 7 2 / fuzizia,
2
T = —AQJ[WV Bl R — /][\w (2 2dt—A2 ﬁgt(wt,wt,zt,zt)d

for a suitable value of the renormalisation constant dr.
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We do not need to include W/ in the vector W since it can be obtained as a function
of W thanks to the bound

t T 1/2
W — W 1 j2m2e < / yyjrw§3>yy%1/zzndr<[ / W2 o ndr | |t — 5[/
0

1/2
WV n ] t—sl/2§ sup WV,S?’) 1|t —s|V2,
[ / P s Wl ol

valid for all 0 < s <t < 7T which shows that the deterministic linear map W — Wbl is
continuous from C([0, 00], % ~/27%) to CV/%([0, 00, € />~ 2).

The path-wise regularity of all the other stochastic objects follows from the next lemma,
provided the function ~ is chosen appropriately.

Lemma 71. There exists a function v € CY(R,R) such that

|7el + ()] 7el Slog(t), >0, (58)
and such that the vector W is almost surely in & where G is the Banach space
& =C([0,00], ) N{W® € LA(Ry, € /27%), W@ e LY(R,, €7}
with
W=, =€/ 2rxg-1hx gV 2= kg g=1/2h g
and equipped with the norm

Wil := Wiheqo,00,2m) + TW P2, g-1/2-n) + [WE P Ly o).
(

The norm ||W||g belongs to all LP(IP) spaces. Moreover the averages of the Besov norms
By, of the components of W of regularity a are uniformly bounded in the volume |A| if
q<oo (with the L? norms normalised by the volume).

Proof. The proof is based on the observation that one can choose v in such a way that
every component W of the vector W is such that (Ath(Z)(x))t;g for g>—1and z €A
is a martingale wrt. the Brownian filtration (possibly modulo a deterministic term we
can control). This can be seen by writing these terms as iterated stochastic integrals. For
example, introducing the notation dws(k) = (k) os(k)dBY we can write

WT = 242 e’ i(k1tk2): x/ / dw81 kl dwsz(kQ)
K1,k
so, recalling the definition of Littlewood-Paley kernels p;, we have
T prso
AWE(z) =24 " 'Rk 2 g, (Jy ko) / / dws, (k1) dws,(ks).
By Burkholder’s inequality and Fubini’s theorem

p/2

t<T

[E| sup AANz p 5 E 0i(k1+ ko / / Os, Osqy ———~dsidsy
|: H tHLP k1, ko ( ) 0 Jo <k1>2 <k’2>2

< Qp2+R)i/2,
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uniformly in 7" and so

Elowp [Well 0| < | (30 20 VA mve )|

t<T i t<T

< 2”“1‘“”1E[sup ||Ai\w3||£p}

(=1-r)igp(1+k/2)i —pik/2
< 221) K)igp K z§22 piK < 400
i i

By Besov embedding this implies that E[supr oo |[W3]| is finite for any p, ¢ < oo

gflfn]
p,q

uniformly in the volume and E[|W#|/%._,_] is finite. Since W7 is a continuous, L*

bounded martingale, it converges and therefore it belongs to C([0, 00], 4 ~!7). The same

reasoning can be carried out for the more complicated terms W3 Wwislel 2ol ww2e2),
The details can be found in Section 7.5. O

For convenience of the reader we summarise the probabilistic estimates in Table 1.

w! W2 we® whl wiBlel y2els] W22
ce P ceTis ceT P LR et/ 00 ce VP 0t nLiet-

Table 1. Regularities of the various stochastic objects, the domain of the time variable is under-
stood to be [0, 00]. Estimates in these norms hold a.s. and in LP(IP) for all p>1 (see Lemma 71).

Remark 72. The requirement that W e L2¢~1/2~ will be used in Section 7.3 to estab-
lish equicoercivity and to relax the variational problem to a suitable space of measures.

7.1 Commutators

We collect here the analysis of the various commutators introduced above. The prop-
erties of these commutators are crucial to the analysis of the resonant products in the
paracontrolled analysis above. As such they have an important role in the argument.
Their proof, however, is a routine application of basic ideas of harmonic analysis and LP
decompositions. We decided to report the proofs as it can be useful for the reader to study
them in order to adapt the ideas to other contexts.

Proposition 73. Let a€(0,1), 5,7 € R such that B+ v <0, a+ 4+ v >0 and p1, p2, p3,
pE[l,00] such that p—i—l—p—t—l—%:%. Then there exists a trilinear form R1(f,g,h) such that
19407, 9. W) g0 S Nallmg, ) F gl

and when f,g,h €. it has the form

Proof. The proof is a slight modification of the one given in [28]. Write S,,g:=
Z—1<k<m Agg, so that f = g=73%",5_19A.f. For smooth f, g,h we have foh =
Z‘i_j‘q AjfAz;h and similarly for (f > g) o h. Therefore, fixing an integer N >1,

Ri(fi0:0)=>" > AAR=>" > N AgAjfAn,

i=—1 li—j|<1 Jz-1[i—j|I<1 k2j+N



THE QUARTIC INTERACTION IN THREE DIMENSIONS 65

where A;:=A;(f > g) — (Sj+ng)A,f. Since the Fourier transform of Sy_1gAf is sup-
ported in an annulus 2¢A, there is Ny > 1 such that A; i(Se—19A¢f) =0 for |¢ — j| > No;
moreover A;A;=0 for |/ — j|>1. Hence

A= > (18, Se1glAuf + (Se-19 — Sj+ng) AjALS).
[£—3]<No
By Lemma 2.97 from [3], ||[[A;,a]b|lLr $277||Va||ei|b]|pre with %:%—i—é, while, since €
(0,1), Bernstein’s inequality gives |V.Sy_1g||1,» <2€(1_O‘)HgHBa and ||Sg—19 —Sj+ng|lLr S
2*3'0‘||gHBa for |¢ — j| < No. Together with ||Agf||pr2 S27 EfBHfH - this yields

145l s 277000 HgllBgloollfHng

Now we estimate the two sums separately. For fixed j all the factors of Z“_j' <1 4jAh

have frequencies of order at most 27, so this function has a Fourier transform supported in
27B for some ball B independent of j. Since o+ 3+ v >0, by the summation lemma for
functions with Fourier support in dyadic balls (Lemma 2.84 in [3]) it is enough to get an

estimate on
Z AjAh
li—jl<1

sup 2 (a+B+7)7
j=>—1

LP

to bound the first sum in Bg‘;ﬂ *7 so by Hélder inequality,

dooA4anl S 1A [l | At [lws S
li—j|<1 e li—jl<1
> 2 glsy N fllge Ikl
li—jl<1 z
S 27iHh) lgllsg, <l f g NPlsy, .-

For the second term observe that for fixed k the Fourier transform of

Z Z ArgAjfAih

~1<j<k—N |i—j|<1
is supported in 2°B. Now we can estimate again by Holder inequality

Z Z ArgAjf Aih

—1<j<k—N |i—7I<1 P

< g-ak Z o—(B+7) JHgllBgloonHBﬁ allsy,
—-1<j<k—N

< o—k(a+B+7) HQHBﬁl oo||fHB§2 Olo‘|BgS7oo7

where in the last step we used 5+ v < 0. The same summation lemma (with & in place of
j) then bounds the second sum in B;‘)Ioﬁ *7 which concludes the proof. U

Proposition 74. Assume Be€(0,1), a,y€R such that «+ v <0, and o+ +~v=0,
E+ —i——- 1 and —+—— 1. Then there exists a trilinear form Rao(f, g, h) for which

[#2(f5 9. IS W fllsg, llgllgs 1]l

p3, ‘Z2
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and on smooth functions

ﬁa(f,g,h)Z][[(f>g)h—g(foh)]-

Proof. This is a modification of the proof of Lemma A.6 in [25|. Repeating an algebraic
computation given in the proof of that lemma, we get that for smooth f, g, h we have

S ) ][(AZ- NN

ﬁ2(f7 g9, h) =
j<i—L1i—k|<L i~k,j<i+L

for some L > 1. Then we estimate
[Bo(f 9. M S I1AfAgAR]L
i~k
S D AT ol Agllpel Axhl s
i~k
S sup (24| Aif [lpm) Y 2R Ag|rel| Akh|rs
7 ]Nk’
< IS lsg, Nollsp il

a1 P3,92

O

Proposition 75. There exists a family (83 ¢)1>0 of bounded multilinear forms on € ~1 % x
€1k x HY2=5 x HY2=5 such that for smooth v, Y, g, ¢® it holds

Rs.1(p, ,9M, g@) = f[Jt(so = g W) Jy(1 = gP) — (Jupo Jub) g P g?)],

and

1
[Rs,0(0. 0, gV, gP)] SWII@H%HIW lig =1l gDl g1/2-w 1 9P a2-x.

Proof. Here § >0 is a small parameter which we may (and do) take with ¢ < k, so that
()15 < (t)~17%. Note that (¢)'/2J; satisfies the assumptions of Proposition 69 with
m = —1, therefore using also Proposition 7

170 = g) = T = gV 120 S ) T2 @llg-1-0 | g | /2.
Therefore

‘][[Jt(so = gW) — (Jup = g Jy(¥ = g?)

S (o= g W) = T = gV 12 —sel| Te(10 = g |- 172480
S V2 ellg-1-nllgON grra—n &) V200 -1 ]| gP | 12—

and by symmetry also
VNM =9I = %) = (g = g W) (T = 9(2))]‘

S O Nellg-1-~l gl grre=wlldllg—1-~ll gDl sz
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Furthermore from Proposition 74 and for sufficiently small x > 0,
0 g0 s ) = (g g0) o T} g

1Tl =2 gD g2 | T llog =l 9Pl a2
O pllg-1-x gDl a—r 9l -1-< gD rr2-s.

S
S

Applying Proposition 73 we get

1(Jup = g M) 0 Jup = (Jep 0 Jip) (g [l g-1/24x
< e llg—2n [[gM | gre—r || Tt || o=
< O N ollg-1- 119 grr2- |19l g-1-+

and putting things together gives the required estimate. U

7.2 Bounds

The aim of this section is to give upper and lower bounds on Wr( f) uniformly in 7.

The symbol Qr will denote a generic random variable measurable wrt. o((W;);e(o,77)
and belonging to LP(IP) uniformly in 7" and |A| for any 1< p < co. This is a convenient
way to express the dependence of bounds on the norms of the stochastic object W.

Lemma 76. For any small € >0 there exists § >0 such that

sup || Killf-s+ M| Zr |7 |

\t\

0+ T 4 07| 0+ 0| < Cep @it e

T 2
| ] +/ |ve| dt
<T>1/4 0 <t>5/4

Now note that the definition of K; gives

|75 <

+ellZrlifp e-s+ X Zr |l

t
K= / LoerJ2(W2 = Z0)ds + I,(1)
0

therefore for any small x > 0,

2 tAT
< [ 1w Z2) s
0

t
/ Lo J2(W2 > Z2)ds
0

Hl-k

tAT 1 9 b
s/o T W= 20 s
tAT 1 912 b
< A T W ol Z2 s

tAT 1 912
< A Ty VR e 121

5A( /MT ! H\w2u2M/4ds)2+l||zTué4
0o (s)its A
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where we used that |og(z)| < <s>_1/2]l<m>Ns, so that || JoF ||z« S <s)_1/2_"/2HF||H717N/2,
and the inequality (valid for any a« € R and € >0; here a=—1—k/2 and e =k /4)

1f =< gllfa=1f<glBg, =D 22 Ai(f < 9725 2% [ Agj-1fAjgl7a

% 7 J~i
S 2L 1A BA G-I SR 23 sl
J~i j~i

§HfHL4Hg||Bff,2§|!f||L4||gHBg§
so that
2
[Killfn-— S X

~

D
" (59)

t
< V([ WA s ) 62l [ ILis,

which implies that quadratic functions of the norm || K¢||g1-~ with small coefficients can
always be controlled, uniformly in ¢ € [0, o], by the coercive term

Mfzh+ [l
vzl /T\%Idt
su + < 00,
Tp[<T>1/4 0 <t>5/4

provided ~r does not grow too fast in 7" which is indeed guaranteed by the choice of
renormalisation made in Lemma 103.

t
/ Lo<rJ2(W2 - 2)ds
0

Remark 77. Note that

Observe that, from Lemma 70 and from the detailed analysis of the various terms
(which we skip but can be found in [5]), we have that

1 o0
|20 (W, Z, K)| < QT+E<AIIZTH§4+§/ HZ?(U)H%?dt)a
0

which immediately gives

1 oo
~BlQr] <-BlQr)+ (- B AlZrl+y [ W@l ) <. (o)
On the other hand for any suitable drift @ € H, we get the bound
. 1
Wir() <ElQa]+ (1 + B Mtr(@et 5 [ I (@)t ), (61)
where 0
(@) = g+ Ao (W + WE = (Ii(0))°). (62)

Therefore it remains to produce an appropriate drift @ for which the r.h.s. in eq. (61) is
finite (and so uniformly in |A| and of order o(\?)).

One possible strategy is to try and choose 4 such that I7(u) = 0, however this fails
since estimates on this choice of drift via Gronwall’s inequality would rely on the Besov-
Hélder norm of W? for which we do not have any uniform control in the volume. In order
to overcome this problem we decompose W2 and use weighted estimates similarly as done
in [26] in the SPDE context.
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Consider the decomposition
We =UsWS + USWE,
where the random field 2~ W2 is constructed as follows. Let ¢ be a smooth function, positive
and supported on [—2,2]? and such that > meAnzd ©*(e—m) =1. Denote @, := p(e—m).
Let x be a smooth function supported in B(0,1), denote by X<y the Fourier multiplier
operator ¥(D /) and similarly Xoy:= (1 — {(D/N)). Set Lmn(s) := (14 | om W2 5 1-5)2,
let

U>W32:: Z ‘PmX>Lm(s)(‘PmWs2)
meANZ?

UWT = D omder, (s)(omW2).

meANZd

and

(with slight abuse of notation we drop the dependence on time of the operators Ug, U-.).
Observe that the laws of both s W2 and UgWSQ are translation invariant w.r.t. trans-
lations by m € ANZ%. By [53], Theorem 2.4.7 and Bernstein inequality

Wl -1-55 < sup | Xs 1, (5) (0m W) |5 -1-35
m

< 1
S sup1 w2
m 14l omWelg—1-

Furthermore for a polynomial weight p:

o Wl 15 S 1

UV [ p—1452) S D [|omhWE || p—145( 2,
m

AN N

sup (14 [|om Wl —1-5) | mWell 15,2
sup p(m) (1 + [ omWe | —1-5) | omWell g —1-5() (63)

sup (14 | @m Wl 1505 [l 0m We [l -1-5 )
1+ W25 -1

/AR AN

A

p)’

where we used the possibility to compare weighted and unweighted norms once localised
via @,. We now let 4 be the solution to the linear integral equation

iy = —AL<r W + JUSWE = 0,(L(@)],  t>0, (64)
which can be solved globally. For 26 <1/2, p>1 and t € [0,T], we have

t
Hft(ﬂ)HB;(g%(p)ﬁ)\/o [HJEWEHB;’/;%(,,)JF HJEZ/{;\WE>93(Is(a))||3;’/§,25(p) ds

t t
ds 3 ds 2 y
5)\/0 WHJSMSHBP,L/ZJ(/J)—F)\/O WHLBMs||<g—1—35HIs(U)HB;’/;*%(p)-

Gronwall’s lemma, together with the bound |[UsW2||;-1-35 <1 (which makes the expo-
nential factor below bounded by a constant), implies that, for ¢ € [0, T':

1 1 “NQ
. ds W, HZ/{ H ~1-35ds
< 3 > V¥ || €
| t(u)”Bi,/ﬁ’%(p) ~ (A/o <s>1/2+5HJ8 SHB;,;/Z é(p)> <)\/o (s)!H0

AW
o (s) /2RO BP0

S )\HW<3>HL2(IR+,B;;/276

N

(P)

(65)



70 SECTION 7

Note that eq. (65) is also valid replacing the weighted norm B;/pQ _26( p) with the standard

1/2 25

(normalised) norm B, , from which, using Besov embedding we deduce:

4
. *  ds
s%pE||IT(u)\|%4§A4E</() s >1/2+5”JW g1/ s) <AL

Computing I7'(1) from eq. (62) and (64), we obtain
17 (1) = ANy n} USWE = 0,(1(10)), t>0.
It remains to prove that E[||{”(a)||3,] < O(A?) uniformly in 7 > 0. Note that, for s €[0, 7],

< 1

~ <s>1/2+5/2
1

<s>1/2+5/2

15 USWE = 05(Ls(@)) [ 2( ) led< W2 >~ Os(Ls(@))l 1072 oy

(66)

174N

U2 1572 | ) 3725,

We know that the distribution of 4 is invariant under translation by m € ANZ?. Recalling

that Zme ARz @*(e—m) =1 and letting p be a polynomial weight with sufficient decay

and such that p° > ¢?, we have

B[l (@3] = NE[lls — LicrJs U<WE = 0(15(a)) |17
XY Elllse o(e—m) JU<W = 0(Ls(a)) |17

meANZd

NIAE[||s = Lo s UsWE = 0,(1,(0)) ||
T

N

A

(by trans. inv.)
)\2

A

o

(using p°> %) £ X | dsB{|LUE - 0u(1(0) ()

(by eq. (66))

N

2 T dS 2 2
A 0 1+6 ||L{<WV ||<g 148/2( 2)||I( )”35/22*35(,))}

AN
>

T
: / T P 1o+ AN Dy,

(oy eas. (65).63) < A [ g T BIWA s+ BIWO Ly oacs, ]

A

Xt 1+supIEHW2H<g sy FEIWOL, 1/“(0))}

S o

The last inequality is the consequence of bounds on the two expectations on the r.h.s.
obtained as follows. For p sufficiently large (namely 3/p<d /4, so that by Besov embedding

B;;_6/4(pp) c €7 179/2(p)) we have

[EIW2I —1-s/2,) |7/ <EIWE? <E|W? 1/

(P)] €~ 1— 6/2()

(p?)
=30 2 [ dalp(@) PEIAWE @) S Y S A O S 1,
i>—1 i>—1

uniformly in s > 0. Similarly, we have

p/4

EIWI sz, " SEIWEIL 5o, ) SEIWEO)P.
pp (P) B, W " (p)
By Lemma 104
E|W(0)|7 S (E[WH(0)[)P/2 < (s)*/2,
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and using the standard multiplier bounds for J; we conclude

00 2
(3))14 < 3112
EIWO Ly, iy S B [ 1R ams o)
e’} 2 2
IE/ ds
0 B, /> "*(p)

B[ ()20, ) 5

14 —3/2||ww3 4
| () AW ) s

< 1L

os(D)
(D)

AN

W3

2

AN

AN

Remark 78. The decomposition of the noise is similar to the one given in [26] but differs
in the fact that we choose the frequency cutoff dependent on the size of the noise instead
of the point, to preserve translation invariance. The price to pay is that the decomposition
is nonlinear in the noise, however this does not present any inconvenience in our context.

7.3 Removal of the UV cutoff
From Lemma 70 we learned that
Wr(f)= inf Fp(u),
ueH,
with

Fr(u) =B @r(W, Z(u), K (u)) + X Zr() [+ 17 () s |

where [T (u), Z(u), K(u) are functions of u. The goal of this section is to establish the
T — oo limit of this variational problem:

Theorem 79. We have
lim Wr(f)=W(f):= inf F(u),

T— o0 u€eH,
where

Foo(u) = E| ®oo(W, Z(u), K(u)) + /\IIZoo(U)IIfH%IIlOO(U)II% ;

with @ and [*° introduced in Lemma 81 below.

Proof. The statement will be a direct consequence of Theorem 93 below. g

The functions @, Zoo, [ are suitable limits of ®7, Zr,IT. Therefore our first task is
to analyse their continuity and to identify suitable topologies. As T'— oo the variational
functional tends to keep [ in H but not u, so we need at first to understand in which space
u will live in the limit.

We denote
HP = L2(]0, 00); WYP), aceR,1<p<oo,
and by H;,'* the reflexive Banach space H*? endowed with the weak topology. With these

definitions we have H®=H*? and H = H"2. Moreover for small enough x >0 (fixed once
and for all) we let

L ::H—I/Q—H,?).
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This is the space in which we will put u, and next we show that it is sufficient to get control
over 7.

Lemma 80. For x small enough, u— Z(u) is a compact map £— C([0, cc], L*).

Proof. By definition of Z we have for any 0<e<1/8—K/2,

to t2
os(D
| Zey(u) = Z,(w) |lyyres = ‘/ Jsusds g/ sl() )us ds
tl Ws,4 tl < > Ws,4
t2 ds
< D)~ e[ i—
" H( > SIHW <S>1/2+E
t2 ds
< —14¢
S L i

00 127 rt2 g 1/2
2 S
S () linensts) ([ i)
2 ds 1/2
< _ Yo
~ (/ <s>1+26> fule

where we have used the Sobolev embedding Wl/4ted el Since

lim tZ—ds =0 T ds <00
bty Jyy ()12 o (s)iFE

for any to € [0, 00], we can conclude by the Rellich-Kondrachov embedding theorem and the
Ascoli-Arzela theorem, that bounded sets in £ are mapped to compact sets in C ([0, 0], L%),
proving the claim. O

In the sequel, by an abuse of notation, we will denote both a generic element of G and
the canonical random variable on & by

X = (Xl, X2, X<3>, X[B]Ol, X<2>0<2>, XZO[S]).

The following lemma establishes point-wise convergence for the functional ®1 defined in
Lemma 70.

Lemma 81. Define [°°(u) =1°(X,u) € H, by
1°(u) ==y + AXE A2 = Z2(w)),  t>0. (67)

For any sequence (XT,uT)p such that u? — w in Lo, 1T =17 (X, uT) —1=1%°(X,u) in Hy
and
X7 = (XD, XT2, XT-8), xToBlol xT(2)02) xT:2003))

!
X = (XL, X2 X®) xBlot x2e2) x2008))
m & we have

lim &7(XT, Z(u?), K(u")) = ®oo(X, Z(u), K (u)).

T—o0
Here Zy(u) = Ii(u), we let Ky(u):= Z¢(u) + )\XE’} and P is defined by

6
Poo(X, Z(u), K (u)) i= [(Xbe+ Zoo(w) + > T(X, Z(u), K (u)),
=1
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with Té?(X, Z,K)= T given by

T = —%ﬁz(xgo,Koo,Koo)+%][(X§O<KOO)KOO—A?f(x§o<x§)f(oo,
T(Q) _

T® = )\/ f(Xf»Zﬁ)tht,
0

W = 4>\fX}>OK§O— 12A2][(XgOXL§)K§O+12A3][Xgo(xg)21(oo,

o
T = —ax / ][%Zt"z‘tbdt,
0
2
10 = e, - / a7 / R (X2, X2, 20, Z3)dlt,

where K1, Ro, R3¢ are the multilinear forms defined in Proposition 75, Proposition 74 and
Proposition 75 respectively and where, with abuse of notation, we let

Xl X[?’} = Xéo>X[3]+X}>O<X[3]+X[3}°1
X1 (X[ h2 = xL(xEoxP) 4 oxBlotxBl 4 og (xP xB x1) (68)
roxto - (xPle xPh 4oxd < (xBl - XEJ).

Proof. Lemma 80 implies that for any u’ — u in £,, we have Z(u’) — Z(u) in C([0, 00], L*)
and by the convergence of I — [ in H,, we have also K (u”)— K (u) in C([0, 00}, H'~*).
The products XT IXT Bl and X%’I(Xg’[g])Q can be decomposed using paraproducts and,
after identifying the resonant products with the corresponding stochastic objects in X7,
we obtain the finite 7" analogs of the expressions in eq. (68). After this preprocessing, it is
casy to see by continuity that we have X1 XT 3 XéoXEﬂ and X%’l(X? [3])2 — X},O(X[fo})z
in €~27% For Y and Y™ and the first term of T the statement follows from the
fact that they are bounded multilinear forms on & x C([0, oo, H'/27%) x C([0, c0], H* ") .
For the remaining terms @), T(3), T(S), T the convergence follows from the detailed
analysis in [5]. O

This settles the framework for the point-wise convergence of the cost function. In
order to use I'-convergence, we need to modify the variational setting to guarantee enough
compactness as T — c0.

Aslong as T is finite, the original potential V7 is bounded below so in particular we have
1
~Cr+ ) glulfe| < Frlw) (69)

which quantifies the coercivity of Fr. Unfortunately, this estimate does not survive the
limit. However the analytic estimates of the renormalised control problem allow to infer
that there exists a small § € (0,1), and a finite constant C' >0 independent of 7', such that

~C+ (1= OB A Ze(wl+ 31 WIR] < Frlw), (70)
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and

Fr(u) < C+ (14 O)B{ A\ Zr ()l + 17 (u) I3 | (71)

Moreover the cost functional A || Z7(u) |74 —i—%HlT(u)H% controls the £ norm of w uniformly

in T, modulo constants depending only on ||W||g and which are bounded in average
uniformly in 7". More precisely we have (in a more general setting, useful below)

Lemma 82. Let u be a probability measure on & x L with first marginal Lawp(W) and
denote with (X, u) the canonical variable on & x L. Then there exists a constant C,
depending only on A, such that

Eulllul2] S C + 22E,[[| Zr(w)llLa + Eull7 (u) |17

Proof. We use [|I7(u)||z < 1T (u)]|2 in the bound

By lullE] £ AB{I5C ]+ B, s 0K - 0,20+ B, )
X221
< MBI +E,) [T 2 s |
SBT3
@321 L A > IXZNg-1-x 4
B, 101+ 38, [Tl a1 ze 4

<5>1+n
B[ (u) 7).

AN

g

From this we conclude that we can relax the optimisation problem and ask that u € IL,
where L, is the space of predictable processes in L:

Wr(f)= inf Fr(u).

uell,

For future reference note that eq. (70) implies also that for any sequence (u?)r such that
Pr(u”) remains bounded we must have that also

sup E[[l17 (u")II7] < oo. (72)

To prove I'-convergence we need to set up the problem in a space with a topology which,
on the one hand is strong enough to enable to prove the I'-liminf inequality, and on the
other hand allows to obtain enough compactness from Frp. Almost sure convergence on
G x L would allow for the former but is too strong for the latter. For this reason we need
a setting based on convergence in law as made precise in the following definition.

Definition 83. Denote by (X,u) the canonical variables on & x L and consider the space
of probability measures

Vi={ueP(& x L) | Euf||ulz] < oo}
equipped with the following topology: pn — 1 iff
a) iy converges to p weakly on & X Ly,
b) supnE,,[[ull3] < oo.
Let
X:={peY|pu=Lawp(W,u) for some uecl,}
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and denote by X CY the closure of Xin Y.

Remark 84. Condition (b) allows to exclude pathological points in X and makes possible
Lemma 89 below.

With these new notations we have

Wr(f) = inf Fr(p), (73)
HEX
where

Fr(p) :=Eu[q>T<x,z<u>,K<u>> +A||ZT<u>ué4+§||ZT<u>||%]

and where [E,, denotes the expectation on & x £ wrt. the probability measure p. We also
define the corresponding limiting functional as

Foolp) :=Eu[¢m<x,z<u>,K<u» +A||Zoo<u>||é4+%nm%}. (74)

As far as the topology of X is concerned, we have the following tightness and equico-
ercivity results.

Lemma 85. Let G C X such that supcq E,[||u]|2] < oco. Then G is tight on & x Ly, and
in particular compact in X.

Proof. Observe that for all ;€ G, Law,(X) = Lawp(W) and that Lawp(W) on & is tight
since G is a separable metric space, so for any € >0, we can find a compact set Kl C &
such that p((6\KL) x £) <e/2. Now let K2:=KL x B(0,C) C & x L, for some large C' to
be chosen later. Then K? is a compact subset of & x £,, and

P, u) £ K2 < 5 + S Bllul)

Choosing C >sup,eq 2 E,[||ul|Z] /€ gives tightness of the family G. O

Lemma 86. The family (FT)T is equicoercive on X.

Proof. Define for some K >0 large enough
K= {pe XB,ulf <K).
Note that K is compact from Lemma 85. From eq. (70) we have

AEu[| Zr(w)llZ) + %EMHIZT(U) 7] < C +2Fr(p).

Indeed, note that the analytic estimates of Section 7.2 are path-wise and hold also wrt.
(X, u) under the measure p (the point is that here u is not necessarily adapted to X),
while for the probabilistic estimates on Q7(W) we have E[Q7(W)] =E,[Q7(X)] since
Law,,(X) = Lawp(W). From this we deduce that for some C', ¢ >0

Fr(p)

A 1
> EEN[HZT(U)H%‘*]+ZEMH|ZT(U)H%{]_C
> cEyl|ul?]-C
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where in the last line we have used Lemma 82. Therefore inf,, ¢ ,CCFT( w) =cK —C. On the
other hand from eq. (71) it follows that suprinf, ¢ $F'r(p) <oc. So for K large enough

inf Frr(p) = inf Fr(pu).
pex neK

To be able to use this equicoercivity we will need to show that we can extend the
infimum in (73) to X. For this we will first need some properties of the space X.

In particular we will need to show that measures with sufficiently high moments are
dense in X in a way which behaves well with respect to Fp.

We skip the proofs of the next three lemmas.

Lemma 87. Let u€ X. There exist (fin)n in X such that p, — p on & x L (now with the
norm topology) and sup,E,, [||u||Z] < cc.

Lemma 88. Let i, — pt on & x L, such that sup, B, [||u]%] <oc. Then
1. for every Lipschitz function f on L, E, [f(u)] — Eu[f(u)];

2. for every Lipschitz function f on C([0,00], L) we have E,, [ f(Z(u))] = Euf(Z(w))].

The next lemma proves that we can approximate measures in X by measures with
bounded support in the second marginal which are still in X.

Lemma 89. Let p1€ X such that E,,[|| Z7(u) |24] + Eu[||ul|Z] < co. For any L>0 there exists
pr € X such that ||ul|lz < L, pr-almost surely, pr, — p weakly on & x L as L — oo,

Bl Zr@)llt] = Bull Zr(w)llzd,  and By, [llullZ] — Byf]lul|Z]-

Furthermore for any ur, there exists (pr,n)n C X such that ||u|lz < L, pr n-almost surely
and g, n— pir, weakly on & X Ly,

With this setup we are ready to extend the variational problem. To illustrate the proofs
we need some approximation procedures.

Definition 90. Let u€ L, N € N, and (n:)e>0 be a smooth Dirac sequence on A and
(¢e)e>0 be another smooth Dirac sequence compactly supported on Ry x A. Denote by *a
the convolution only wrt the space variable, and by * the space-time convolution. Define
the following approximations of the identity:
(regq.(u)) = UK\,
¢
(regrac(u)(t) == e uxp(t)= e‘gt/ u(t — s)*ape(s) ds.
0
Let

N t
TN(U):le{t>O’/ HU(S)H‘Q/I/l/ngdS}N},
0
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and
(et () (1) = u(t) 1 g
Observe the following properties of these maps:
e reg, . 15 a continuous map L, — Hy and L—H;
® regy . s a continuous map L, — H;
e cuty is continuous as a map L— B(0, N1/2) CL;

o ifu is a predictable process then regy (u), regs.. -(u), cuty(u) will also be predict-
able.

Furthermore we have the bounds
Iregae(u)|z, [[regse,c(u)lle, lleutn(u)|lc < lullc.
uniformly in €, N, and for every u e L,
lim e o(u) —ulle = lim [reges.o(u) —ulle = Jim [euty(u) - ulle =0.
With abuse of notation, for p € P(& x L) and f: L— L, we let

fep=(Id, f)swpe=Law, (X, f(u)).

Remark 91. Let us briefly comment on the rationale for these approximations. regs., .
will be used when one wants to obtain a sequence of weakly convergent measures on & x H
or & x L from a sequence of measures weakly convergent on & x L,,. reg, . will be used
when one wants to obtain a measure on & x H from one on & x L, while preserving the
estimates on the moments of Z(u) since Z(u*pn:) = Z(u) *a 1.

Let us now proceed.

Lemma 92. [fT < oo we have
inf Fr(p) = inf Fr(p).
HEX HEX
Proof. To prove the claim it is enough to show that for any p € X, for any o > 0, there

exists a sequence u, € X such that limsupnqooﬁ’gp(un) < FT(,u) +a. W.l.o.g we can assume
that Fr(u) < co. Observe that, as long as T' < co we can also express

< 1 1

Fr(p) =By 77V (X + Zr(w) + glul |
and deduce that IE,,[||u||%] < oo since V is bounded below at fixed T'. By Lemma 89 there
exists a sequence (ur)r C X, such that un(||ullzc<L)=1, ur— p on & x £ and by weak
convergence and domination,

Bl Zr()z] = BulllZr()llz,  Eplllulz] = BullullZ].

First we have to improve the regularity of uy, to get convergence on & x H,, but without
affecting our control on the moments of Zr, so let puf := (regy c)«pir, and p°:= (regy c)«ft.
Then

Eus | Zr(u)lze] = Buelll Zr() s, Buglllulf — Buelllul,
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and pf — pf on & x H. By continuity of Fr and the bound (71), Fr(uf) — Fr(u) as
L— 00 and Fr(pf) — Fr(p) as e— 0. In particular we can find L and e such that | Fip(u§) —
Fr(pn)|<a/2. By Lemma 89 there exists a sequence (i, 1,)n,1, C X such that each measure
fn, 1, is supported on & x B(0, L) and puy, 1, — pur, weakly on & X Ly, Settmg ,un K
(regi:z,5)(rege, e )pin, . and ,ui"s := (regiz,6)+(regs o) «fir, We have ,uan’i—> ,uL on & xH
with norm topology. It is not hard to see that Vy(X} + Z7(u)) <7 ||X||& + ||u||3; and since
on the support of ,ufl’ab |lu||7 < L and the first marginal of ,ufl"SL is fixed we have again by
domination and weak convergence 7

1 1
lim [ .5 TV (X + Zr(w) + Sllullf | =B 0| 7V (X + Zr(w) + 5 |ullZ
n—00 |A| 2 |A| 2
and by dominated convergence (since ,ui"s is supported on & x B(0, L)) we can find a §
such that |FT(,ui’5) — Pr(u$)| < o /2 which proves the statement. O

Finally we can state the key result of this section.

Theorem 93. The family (FT)T I'-converges to F. on X. Moreover

inf Foo(p1) = W(f).

lim Wr(f) =lim inf Fpr(p)= inf
T X

i
T pex U

Proof.

Step 1. (Relazation) We will prove below that:

a) the family ()7 is indeed equicoercive on X (Lemma 86);

b) the variational problems for Fi (with T < 0o or T'=00) on X and on X are equi-
valent (Lemma 92 and Lemma 96).

Step 2. (liminf inequality) Consider a sequence pu’ — p in X. We need to prove that

Y

liminf Fr(p?) = Fao(p).

T— 00
It is enough to prove this statement for a subsequence, the full statement follows from the
fact that every sequence has a subsequence satisfying the inequality. Take a subsequence
(not relabelled) such that

sup Fr(uT) < cc. (75)
T

If there is no such subsequence there is nothing to prove. Otherwise tightness for the
subsequence follows like in the proof of equicoercivity in Lemma 86 above. Then invoking
the Skorokhod representation theorem of [37] we can extract a subsequence (again, not
relabelled) and find random variables (X”, a7)7 and (X, @) on some probability space
(Q, P) such that Lawp(X”, a7) = 7, Lawp(X, @) = p and almost surely X' — X in &,
" — @ in L. Note that {7:=1T(X",aT) —1:=1°°(X,a) in L, and using (75) we deduce
the almost sure convergence {7 — [ in H,,, maybe modulo taking another subsequence, again
not relabelled. Note that, by the analytic estimates of Section 7.2 (which hold point-wise
on the probability space) we have

er(X7", Z(a"), K(a")) + M| Zr(a )||L4+—HZT( DF+QXT) >0,
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for some L'(IP) random variable Q(X”) such that E5[Q(XT)] = E[Q(W)] (for example we

can take Q(XT) = C(1+ | XT||%) for some large enough p). Fatou’s lemma and Lemma 81
then give

e .. = - - - 1
timin (") = liminf Bz <1>T<XT,Z<uT>,K<uT>>+A||ZT<uT>||%4+§||ZT||%]

T—o0

=hminfEns[<I>T<XT,Z(aT>,K<aT>> +AHZT<aT>Hé4+§||ZT||%+Q(XT)} ~ B[Q(W)

T—oo

> B i | 07, 2(0"), K@) + A 2@+ 510 o+ QT | - BrQ(w)

T—o00
2B | 0, 2(0), K@) + A2+ SI0@ 1] = ),

which is the I'-liminf inequality.

Step 3. (limsup inequality) Now all that remains is constructing a recovery sequence,
for this we can again assume w.l.o.g that Foo(u) < oo. From Lemma 95 there is py,
such that |Fao(p) — Fao(pr)) <% and (81) is satisfied. Then choosing uf = Law,, (X,
17 (L<ryw)ll7e < [[1°°(w) |3, and
||ZT(]l{.<T}u)||f4: | Z7(u)||f4 < |Ju||2, which is integrable by (81). By dominated conver-

T4i<1yut) We obtain that lT(:ﬂ.{.gT}U) =1<ryl™(u), so |

gence and Lemma 81 we obtain limr .o Fr(uf) = Fso(pr). Extracting a suitable diagonal
sequence gives the required recovery sequence. ]

We will deal now with the case that T = co.

The proof of Lemma 92 does not apply when T'=00. An additional difficulty derives
from the fact that in approximating the drift « we might destroy the regularity of °°(u),
since now [*°(u) needs to be more regular than w, contrary to the finite 7" case. To resolve
this problem we need to be able to smooth out the remainder without destroying the bound
on Zr(u). To do so smoothing {*°(u) directly, and constructing a corresponding new u will
not work, since [°°(u) by itself does not give enough control on u and Z(u). However we
are still able to prove the following lemma by regularising an “augmented” version of [*°(u).

Lemma 94. There exists a family of continuous functions rem.: & x L — L, which are
also continuous & X Ly, — Ly, such that for any T € [0, oo],

[reme(X,u)lle S (X[ +[lulle,
[Zr(reme(X, )l S X[le+ 127 (w)ls,
o (eme(X, w)[F Se (1+Xle)* + [ Zoo(w) I + [lul |2,

AR ZA

and ||I°(rems (X, u))||# depends continuously on (X, u) € & x L. Furthermore
rem.(X,u) —u in L,
and if I°°(u) € H

[°(rems (X, u)) = 1®°(u) in H as € —0.
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Proof. Let X? :L{<X2 +U-X? be the decomposition introduced in Section 7.2, and
observe that for any ¢ >0 we can easily modify it to ensure that |sX?||o-1-~ <c, almost
surely for any € X and for any 1< p < oo, E,[||[U<X?||2 1] <C where C depends on

IA|, &, ¢, p. Now set 14(u) = —AJ(U<XE = Z3(u)) +13°(u). Then u satisfies
s = —IXE) AL USXZ = Z°) + T5(w).
From this equation we can see that, like in Section 7.2,

[e.9] 1 -
lulle S AKX+ /\/0 W!!U>X§||<g—l—ndSIIUIIc 12 ()l

and choosing ¢ small enough we get

lulle S MXD e+ 1T (w)lle. (76)

Similarly we observe that
T -
Zr(u) = —AX )\/ J2USX2 - Z2(w))ds + Zr(I (v)),
0

so again with ¢ small enough and since Z0=0,Zp for s<T:

3 -
| Z2(w) s SMXP ot 120 () (77)
Conversely, it is not hard to see that we have the inequalities
5 3
22T (@)l S A g+ 1122w s, (78)
and

1 ()l S MXP e+ [lulle. (79)

Clearly the map (X, u)— (X, (u)) is continuous as a map & x £L— & x £ and using
Lemma 80 also as a map & x L,,— & x L, , and the inverse is clearly continuous & x £ —
G x L. We now show that it is also continuous as a map & x L,,— & x L,,. Assume that
I (u™) — I (u) weakly, since then ||l (u™)|z bounded, this implies by (76) that also [|u"||z is
bounded, and so we can select a weakly convergent subsequence, converging to u*. Then
u* solves the equation

wr=-AX® _ALUsX2 - Z2(w)) + To(u),

(which can be seen for example by testing with some h € £*) which implies that u*=u
(e.g. by Gronwall). Now define rem.(u) to be the solution to the equation

reme(u)s = —AXY — AT (UsX2 = Z. (rem.(u))) + reg «(15(u)).

Then by the properties discussed above (X, u)+— (X, rem.(u)) is continuous in both the
weak and the norm topology and we also have from (76) and (79) that

lreme(u)lle S AMXP |z + [lulle.

From (77) we have

|2z (veme(u)) s S A o+ 121 (w) |z,
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and by definition of rem.(u)

I (reme(u))llre = |lrega,=(I(w)) I
Se MXPlz A+ [Jullz. (80)

Now observe that

lro(eme(u) I3 < Ils = Au(U<XE = Z(veme(u))) I+ (|1 (reme(u)) I

S
o0
1
Se )\/0 WH“@@H%—HHHZsb(rema(U))H%4d5+)\||X<3>H%:+||U||%

S AL+ [IX]e)* + (| Zoo(reme(w)) |4 + [|ulZ
S A+ IX]e)* + (1 Zoo(w) [ zs + [lulZ.

Since also | A\Jy(U<X7? > Z2(rem.(u)))||7 depends continuously on (X, u) (both in the weak
and strong topology on £) we obtain the statement. O

Lemma 95. For any j1 € X such that F‘oo(,u) < oo there exists a sequence of measures g, € X
such that

1. For any p < oo,
By [[lu 2] + By [[12° () 3] < o0, (81)

ii. pr,— p weakly on & x L and Law,,; (1°°(u)) — Law,(1°°(u)) weakly on 'H,
140
lim Foo(pz) = Fool 1),

L—oo

w. For any py, there exists a sequence [i,, 1, € X such that

sup (B, [l[w 2] + B, [112°(w)I7]) < oo, (82)

n

i, L — pr weakly on & x Ly, and Lawy, ,(1°°(u)) — Law,,, (I1°°(u)) weakly on H..
Proof. By Lemma 89 there exists a sequence pj — p weakly on & x £ such that
Eu 1 Zr(uw)lze] = Bl Zr(u)lzs], B llullz] = EglllulZ,

and 7 is supported on & x B(0, L) C & x L. Now set p§ = (remg)spy. Then pf —
pf:= (rem.),p on & x L and by the bounds from Lemma 94 also EME[HZT(U)H%‘J —
E,[|| Zr(w)||{4] and ]E/LZ[HZOO(U)H%—(] — E,[[1°°(u) ||7]. The bounds from Lemma 94 imply
also Bye[[| Zr(u) 4] — Bulll Zr(w)|4], B[l (w)l[7] — Eu[llI*(u) 3], and furthermore

B [llullZ) S By (IX1& + ul2) S By (IX)1&) + L7,
and similarly
B [[11°°(u) 17 S By (1K + llullz) S B (1K) + L7,

and by continuity of Fi and domination using (71) we are also able to deduce that we
can find ¢ small enough and L large enough depending on ¢ such that |Fio(pf) — Fao(p)| <
1/(2L) and |Foo(li%) — Foo(pf)| <1/(2L). Choosing piz, = 5 we obtain the first three points
of the Lemma. For the fourth point recall that from Lemma 89 we have sequences oy £ HE
weakly on & x L, and It j, € X, which have support in & X B(0, [~/) and since rem, is
continuous on & x L,, setting p° = (rems)*um 7 we obtain the desired sequence. U
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Lemma 96. If T'=o00 we have

inf Fio(p) =

inf F .
b e so( 1)

X

Proof. One can now proceed very similarly to the proof of Lemma 92. Let j € X such
that Fao(u) < co. By Lemma 95, for any L, u € X, there exists a pz, such that |Fao(p) —
Foo(pr)| <1/ L, and a sequence (i, 1,)n such that p, € X, pp 1 — pr, weakly on & x Ly,
and such that (82) is satisfied. Define uf{i :=Law(X, rem,(regt..,s(v))), and observe that
now ,ufl’st — 5% on & x L, Law z .6 (X, 1 u)) — Lawuz,a(X, [°°(u)) on & x H, and that
we have sup, (]E#gaL[HuHﬁ] + ]EugaL[Hloo(u)H%]) < 00. Then for some x € C(R,R), x=1 on
B(0,1) supported on B(0,2), for any N € N, the function

o e el I ) (o3¢, 200 K () + Al 2o+ 510l

- 1o
= (06, 0) e, 20, K 00) 4 A Zo )+ S0 1)
is bounded and continuous on & x £, and so by weak convergence

. < ) > K
lim | Foo(py7) = Foolup ")

N

lim ‘E —

n—oo

o 06,0 B3, 2000, K )+ A 20+ 5150 1)

—_

€,0
n,L

B 06,0 e, 20, K (00) 4 A Ze )l + (0 )

| IS |

(1= 06, 0) @36, 200, K0) 4 X Zewl 4 3500

+SUPEMZ’,6L [
n

—HEui’{

(1= (K, ) (X, 2000, K () + A Zel o+ 31001 |

N

QS“PEui’i[ﬂ{mwu¢+||zw<u>|H>N}“1>oo(Xa Z(u), K(u)) + A Zoo(u)lfs +

|

75 o0 o0
sup (5 X+ ulle + 1)l NV, (15K + 4+ 14750 1) 42)

n

1 1/2
Sup<<NEui,fL[HX||G+HUHLJFWOO(U)HH]> Em[uxrr%+||u\|%+uz<>°<u>\|%]l/2)

— 0 asN—x

1
Sl

N

N

As we can find €, 0 such that |Foo(uz’5) — Foo(pr)| <1/ L we conclude. O

7.4 Large deviations

In this section we want to discuss a Laplace principle for the ®3 measure in the “small noise
limit”. We introduce the family /% of measures given by

1
E[g(hl/sz) e—gVJ@(
Lz ’

h1/2WT) :|

/ g(8)(de) = (83)



THE QUARTIC INTERACTION IN THREE DIMENSIONS 83

where similarly to above

V(o) = A [0 = able©)? + thag 2 = B[]

— V(2 ¢>T (dgf))

e h

for any bounded measurable g: .#’(A) — R. In this section we will take all integrals to be
non-normalised for simplicity since we wish to derive a large deviations principle for fixed
volume.

This corresponds (modulo renormalisation) to the measure heuristically defined by

—5 (O 5025 V)P g o

Our goal is now to show that v” given as the weak limit of /4 satisfies a Laplace principle
according to the following definition.

Definition 97. A sequence of measures pp, on .%'(A) satisfies the Laplace principle with
rate function I if for any continuous bounded function f:.'(A) — R

i —hlog [ Vapu(0) = in inf | {F(0)+ 1))

h—0

Our goal for the rest of this section will be to prove the following theorem:

Theorem 98. The sequence of measures u% converges to a unique limit v* as T — oo.
Furthermore V" satisfies a Laplace principle with rate function

:A/w4+%/w2+%/|wl2 (84)

We will have to analyse the quantity

as h— 0.

_1 / oy
W%(f) = —hIOgE[e h(f(hl 2WT)+VT (hl QWT)):|

First we have to choose Vi appropriately. Set W= B2 W, Again we choose a/, b% so that

V(W) = /HVV?”]] A2 R/HWTQ]] o,

where now the Wick product is taken with respect to the law of Wi and not Wy, and AP,
8" will be fixed below. Now most of the analysis from Sections 7.2, 7.3 carries over into
this situation for fixed . By the BD formula we have
Wi(f)= inf Fi(u)
ueH,
with

B T
Fi(u) =E| f(h*Wr + kY 2Ip(u)) + VE(WE + B 2 Ip(u) + g / \|us||g2}
0

And by the change h'/?u— u of variables we get

Wi(f)= inf Fii(u),
ueMH,
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with

Fi(u) =E| f(h*Wp + Ip(u)) + VE(WH + Ir(u) / HusHLQ]
Lemma 99. Define |=1T"(u)eH,, Z=2Z(u)e C([0,00], H'/>~%), K = K"(u) € C([0, ],
H'=%) such that

Zy(u) = Iy(u),
177 (0) =y + M2 W+ AR < 7, (W2 = Z2(w)), t>0.  (85)
K7 (u) := I(w(w)), with w}(u) := —MhLi<pJy (W7 = Z3(u)) + 1 (),

Then the functional F(u) takes the form

PR = B f(0/Wr+ Z1) + OHW, Z(a), K () + M (Zr(w)+ 51wl

where
6
AW, Z, KM :Z ,
T = —%hﬁg(w%,K%,K%) +%hf(W%<K%)K%—A2h5/2][(W <WEh K,

T}Q)’h = )\h/(W%>-(ZT_Zg“))K%7
3).h g 7
O~ / / (W25 20 Khdt

TR — 4ARL/2 / Wir(K)3 — 122202 / WrWE (KBY2 4 12X3R7/2 / Wr(WE2KA,

TP = —oN2p? / V2 (Zr — Zp) — NP2 / vr(Zr = Zp)* = 200 / / nZiZidt
0
2 T
T el [ty - e [ W e - e [ s we, e 2
0
Z?)dt.

Moreover we have chosen v} = h*yr and the renormalisation constant 6% to be

2 T 3
oh = —%rﬁE / / (W) 2dt+%h4IE / W3 (W)2

(86)
+2)3124 A / WrWE! — ANBE / W (W3,

The proof of Lemma 99 is analogous to the proof of Lemma 70.

Now for fixed & reasoning analogous to Theorem 79 we can conclude that

lim WE(f)

T—o0

= W(J)

: 1
= nf B f(hl/zWOO+IOO(u))+¢§0(W’Z(u)7Kh(u))+>‘HZOOHé4(A)+§th(u)”%2(ﬂ{+xA)
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where

1(w) = ug+ A3 2WS 4 AR, (W2 = Z2(u)).

h _ 6 (3),h
and ®% (W, Z, K" :=3"" | T3

rOr = —%hﬁg(wgo,Kgo,Kﬁo)Jr%h / (W2, < KL K — \2R0/2 / (W2 < WEHKE,
" = 0
T )\h/ /(WE>Z,?)det,
0
T = 4an!/? / Wao( KL)% — 120212 / Woe W (K1)2 4 120307/ / Woo(WE)2KE,
YOI = _ox2p2 / / V2220t
0
2 o]

YOR = _\2p/2 / wfj[?’}Kgo—%h? /0 / WP (78 2at

)\2

—7712 /0 Rs (W2, W2, 27, Z3)dt.

Now it remains to prove

LmWH(f) = inf {f()+1(¢)}

h—0 PYe.F(A)

with I defined by (84). For this in analogy with Section 7.3 we introduce
9 1
FM(pu) o= By f (B Wao + Too(u)) + ®5e(X, Z (), K(u)) + | Zool [ 11+ 5| "(w) 3

where the functional is again defined on the space X and

WH(f) = inf F/(p)
pneXx

and in the same way as for Lemma 96 we can show that

Wh(f) = inf F'(p)
peXx
Next we claim that taking

< 1
FO(y) =1Eu[f<zoo<u>> - A||Zoo<u>ué4+§||u||%]
we have the following statements

Lemma 100. The family F’h(u) is equicoercive on X

Proof. It is not hard to see that

¥ 1 1
FI(40) > ~C + 3| Al 2l + 31

and also that E,[||ul|2] < C 4 2AE,[|| Zeo(u)|[74] + EL[[|I"(w)||7,]. Define the set

K= {10 Byl Zoo(w)|a] + Bul|"(w) 7] < K}
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note that IC is compact from Lemma 85. Now we can prove in the same way as in Section 7.2
that

sup inf FM(1) < oo,
h MEX

So choosing K large enough we have that

inf FM"(p) > cK —C >sup inf F"(p)
. . . ugEK h MEX
which implies

inf F'(p) = inf FR(p)
pneX neK

Lemma 101. F"(y) I-converges to FO(u) on X

Proof.
Step 1. First we prove the liminf inequality. Consider a sequence up — p in X, our
aim is to prove that

li;lnigfﬁh(uh) > FO(p).

As before it is enough to prove the statement for a subsequence of u”. W.l.o.g. we can
assume that

Sup (Eynlll Zoo(w) | 4] + Bl (w) [[7]) < oo (87)

Now from the estimates in Section 7.2 and the definition of Pl we observe that for any
pr€ X

E,nl| 98] < BBl Zoo(w) 4] + Byl () I74),
so for any sequence satisfying (87) ]E#h[|<l>§o|] — 0. By the Portmanteau Lemma we have

hgl_%loleuh[”Zoo(u)H%‘l] > Ep[| Zoo(u) || £4]-
We claim that also
li}ggfﬁm[th(U)Hﬁ] > Ep[[|ullF]-

For this we find a subsequence of up (not relabelled) and a sequence of random variables
(X", u™) on a probability space (Q,P) such that Law (X", u") = pu and X" — X in & and
u— % in L,,, where Law(X, u®) = p1. Then from eq. (87) we can pick a further subsequence

such that I"(u”) — I* in H,,. The definition of I" implies
Bu) = up+ AP 4 A (X" = Z2(u))
and testing and taking limits this implies
l*:uQ

which implies our claim. Now from weak convergence it follows that provided that f is
bounded and continuous on H~%(A),

%E%]Euh[f(hmxoo + Zoo(u))] = Eu[ f(Zoo(u))],

which completes Step 1.
Step 2. Now we construct the recovery sequence, more precisely we prove that for every
 there exists " — p such that

limsup (") < FO(p).
h—0
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By Lemma 89 for any u such that FO(u) < oo (otherwise there is nothing to prove) we
have a sequence " such that ||ul|z <n p"-almost surely and lim,_ oo FO(u™) = FO(u). By
a diagonal argument it is enough to find sequences pu™" such that

limsup F" (™) < FO(un).
h—0

For this consider u” to be the solution to
w = ul+ AB2XP f ARTL(X2 - Z0(uh)).

This can be proven to exist by a standard fix-point and Gronwall argument. Applying J
and integrating we obtain

t
Zy(ul) = Zy(u) — MK A / J2(X2 5 Z2(uh))ds (88)
0

so, setting g¢:= fg (5)_(2_5)\\X§\\%_1_5(A)ds, by Gronwall’s lemma (recall also || Zs(u)|[pa <
[ullc)

sup || Zo(u") i) < c(sup 1Zs(w)lpa+ Ahgﬂsggux?\|L4(A))emhgt
s<

s<t s<t

< C(||u||'2’5+AthS‘ipHXE]”i‘l(A))+620Ahgt' (89)
s<t

This together with (88) implies that

1 Ze(u") = Zi(w)| 14
< OO xXP|| 4 + ONtgisup | Zo(u) | 4
s<t

S A e e P!

s<t

Since the stochastic terms have moments of all orders and g; (an integral of Besov norms
of a second chaos field) satisfies E[g”]"/? < p, hence has exponential moments of small
order, the expectation of the right-hand side is O(A*) for A small, uniformly in ¢, and

Epur || Zi(u) = Zi(u) |24 — 0

since ||ullz <n p" almost surely. Now set u™" = Law,n(X, u”). Clearly I"(u") =u, so
]Eﬂnn[Hlﬁ(u)H%] =E,[||ulj3] and we have already established that Eun,n[HZoo(u)Héz;(A)] —

Epun{[| Zoo(w) L))
Now together with the fact that

B, i[5 (WP, Z(w), K"(w)) ] S B2 (E .| Zoo(w) | ) + By onl[17() [3]) — O

we can conclude. OJ
Lemma 102. inf FO(u)= inf F(u)= inf +1

int P = inf Fu)= int - (f(0) +1(0)}
where

Fu) =E| f(Zeo(u)) + AHZoo(u)H%H%IIuII%
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Proof. The first equality can easily be proven in the same fashion as Lemma 96. We only
prove the second equality.
Step 1. First we prove

inf Fu)< inf  {f()+1(4)}

uweH, peF(A)
Restricting the infimum to processes of the form

us=J5 (V)%
with 1 € H%(A), we see that

Zoo(u) = /0 OOJsusds = /O OOJ§<V>2¢ds =

we also compute

2= / /uzds- / (T2, (VY2 payds = (0, (V)2) aa) = 10|

SO

inf Flu)< inf  F(u)= inf {f()+1(p)}= 1inf {f(¢¥)+I(¥)}

w€H, us=Js (V)21 YEH? YeF(A)

where the last equality follows from approximation of 1) € H'(A) with H?(A) functions,
and (1) +I(v) is understood to be =occ if ¥ ¢ H'(A).
Step 2. We now prove the converse inequality

inf F(u)> inf  {f(4)+1(4)}.

ueH, veS(A)

Recall that from the proof of Lemma 64 || |3 = || Zoo(w)| g1 sO

inf F(u) > inf Bl f(Zoo(w)) + M| Zoo) e+ 51 Zoc(o0) [

ueH, ueH,
> b (W) + ()
O

7.5 Stochastic estimates

In this section we close our argument proving the following lemmas which give uniform
estimates as T'— oo of some of the stochastic terms appearing in our analytic estimates.

Lemma 103. For any € >0 and any p > 1,r < oo, q € [1, 0], there exists a constant
C(e,p, q) which does not depend on A such that

supIEMWToWT HB }<C’(5 D, q). (90)
Moreover there exists a function v, € C*'(R4, R) such that for any e >0 and any p>1,

sup E[H(W%owq[?] + Q’YTWT)”Z—UQ—E} <C(e, p,9), (91)
T 4q

00 p
]EK/ HJtWEthWEH%HBZdt) ]gC(a,p, q). (92)
0 "

supIE[HJtWt o JyW? "’2%”& 2] C(e,p,q)
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and
[yel + () [7e) S1+Tlog(t),  t=0. (93)

Furthermore v is independent of A. By Besov embedding, the Besov-Hélder norms of these
objects are also uniformly bounded in T' (but not uniformly in A ).

Proof. We will concentrate on proving the bounds on the renormalised terms in eqs. (91)
and (92) and leave to the reader to fill the details for the easier term in eq. (90). Recall
the representation of (W}); in terms of the family of Brownian motions (B{'):,, in eq. (38).
Wick’s products of the Gaussian field Wr can be represented as iterated stochastic integrals
wrt. (B¢, In particular, if we let dwy(k) = (k) los(k)dBE, we have

Wi (z) = 12[W7] () =24 eflbrtha)e / / dws, (k1)dws,(ks),

k1,k2

Wlz)=24 " k”// / / uR29) 4, N (),
ko, ko, ks s3 k(123 >

where we denote k(1...n):=k1+ -+ + ky, for any n > 2. Now products of iterated integrals
can be decomposed in sums of iterated integrals and we get
AyWEB) () = Ay(WE o WE 4 24,
o( W) (2) o(WEo Wy + 297 T)(ﬂ?)
= X[ R i)

i Z /G2°[3 s, k)1...3)dws, (k1) - -dws,(ks)
+Z/ 20[3 J1)dws, (k1),

where A:={0<s1 < <5, <T}C[0,7]" and where the deterministic kernels are given by

o€Sh(2,3) i~j

To'u(k' 03040 )2
XQi(k(0102))Qj(k(0'3040'5))(/ (#45)2(1@&),

o5 <k(030405)>

G (s, k)1 3) 1= (24%)gylkr...3))e’ P 5T ZZ/

c€Sh(1,2) i~j

T Uu(k 0920 _p)
Xgl(k01+p)gj(k(020'3)_p)</ (203) p>2 du),

EENAS <k(‘72‘73) -

2
Gy (s, k) = (24%)0g(kn)e oS S / dr1/ dma”ppl “onlpa)”

i~j p1,p2 1 <p2>

ou(k1— p1— p2)?
X 0i(p1+ p2)0j(k1— p1— D2 </ du |,
( Joil ) rivravs: (K1 —Pp1—p2)?

Gg?‘?]((s’k)l) = G [3}((37k)1)+2’YTQq(k’1) etk

T
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where Sh(k,!) is the set of permutations o of {1,...,k+1} keeping the orders (1) <--- <o (k)
and o(k+1)<--- <o(k+1[) and where, for any symbol z, we denote with expression of
the form 2...,, the vector (z1,...,2,). Estimation of A,(W#o W:E?’])(x) reduces then to
estimate each of the three iterated integrals using BDG inequalities to get, for any p > 2,

2p 1/p

Io,q=

> / G (s, R)1.)dug (k) -dug (ks)
ki.... ks JAT

G2 205, (k1)?  0s5(ks)?
Z ,k’)l...5) 5 5 5 dsl---d35.
~ s (k1) (ks)

The kernel Go [3]((3, k)1...5) being a symmetric function of its argument, we can simplify
this expression into an integral over [0, T°:

2088l 005, (k1)?  0s5(ks)?
quN Z /T]5 (E 1) (1k:1>2 <5k5>2 dsi-dss.

2
Under the measure %d%7 we have
/Ta-u(k(o'30'40'5))2 m < ]]'<ko5><2<k'(o-30-40'5)>
Sog <k(030405)> ~ <k(030405)>2

since o, (k) # 0 only for (k) <u <2(k), f(;)oau(k:)zdu: 1, and (ks;) < Soy On the support of
the measure. Therefore with some standard estimates (using the symmetry in o) we can
reduce this to

Z Os (]431)2 Os (k5)2
$ Mﬂ ; R
o )t SRR o R T2 g

p1 + p2)? 1 1
~ Z ]1171'“1?2 L Z Tk 10)= P1k(345)= p2ﬂ<k5><2(p2)W' v (ks)2
P1,P2 -5ks

1 1
S TP+ 02— S Ly pi0(7 L PRy — qu s

P1,p2 p1,7

Here we used >, . _ (k1) 72 (ko) 2 < (m)~1 in d =3, so that the sum over kg, ky, ks is
bounded by > (k) <2(p) (ks)~%(p2— k5) =1 <1, and that p; ~r — py forces (p1) ~ (r — p1) >

(r). Now by similar reasoning we also have

20] 3] ‘QZ kUl +p)QJ(k(U203)_p)‘
‘G ,k)13)|§ Z |Qq |Z Z/ > <kal+p>2

o€Sh(1,2) inj

< Z ‘Qq(k(1~~~3))’

q
o€Sh(1,2) (ko) +2
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since the constraint i ~ j and the support of g, force (k,, + p) 2 27 and, in d =3,
Y pihipyzas (P) R+ P) 2 () +29 7

2p 1/p

L g=

> / G (s, )1 a)dwg, (k) - - -duwg (k)
fr kg VAT

2
log(k.. )| 05,(k1)?  0s,(k3)?
S 21 .58 dsy---ds
S Z o], et 7| T g o 0

|2q(Kq1 3))] 24(r)? q
N Z kl +2q <k1> <k2>2<k3>2§;7r (<k1>+2q)2<k1>2<7“—k‘1> S'Q ’

where, by symmetry, we took o1 =1 and used >, 0g(T)4{r — k1) =1 < 229 uniformly in ky
and Y, ((k1) +29) (k1) 2 S27%
Finally, we note that the same strategy cannot be applied to the first chaos, since the

kernel G;Oq[g] cannot be uniformly bounded. We let

2
AT(817k1 = 242 Z Z / drl/ d’f'da-rlqlql 0-22q(2q>22) X

i~J q1,92

T 2
u ky — -
XQi(Ql+Q2)Qj(k1_Q1_Q2)</ ulk1 — a1 q?du),

r1VraVsy <k1 —q1— q2>

SO
G (s, k)1) = oy(kn)e™ [ Ax(s, k) + 2711,

Observe that

2
A = (24?) / dr / drs "“ 9” fonle)”
(0 qlzqz ! (@)?  (@2)?

x/ Md Z oi(q1+ @) 0j(—q1 — q2)-
r1Vre

(@1 + 42)? i

We choose 47 as (note that y7 <0: the first chaos of W# o W7[§ I has a positive divergent
coefficient, so that with the sign convention of (49) the counterterm —\?y7[Y#] is a positive
mass term)

2 2
tr= g Ar(0.0)= ~(122.2) 3 / du / dry / dr "“q a) “22;2‘1;) oulgitar) (g5

2
q1,92 1 <q1+ Q2>

where we used the fact that for all ¢ € R¢ we have D 0i(q)0j(q) =1, since [ fog= [ fg.
Note that, as claimed,

Ligil,lgal g1+ a2l ST
| < <1+log
1% 2 T+ g < S
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Now
Ag(s1 k) + 290 = (249) Y / radr A BB S 44,4 )
q1,92 a1)” i~ J
T 2 T 2
oa(k1—q1— q2) / ou(q1+ ) >
x| 0i(k1—q1— u du — + ————du
<QJ( o q2)L1Vr1Vr2 <k1_Q1_QQ> Q](m 2) rivry <Q1+Q2>2

so there exists a constant C' such that, when |g1 + ¢2| > C'|k1|, the quantity in round
brackets can be estimated by |k1|(g1 + g2) 2 while when |q1 + q2| < C|k1] it is estimated by
(1 + q2>_2. We have

1 1 1 |1
2 2 7\ Lar+aol<Clhr] T Ljgi+ g =Cl|
(q1)% (q2)% (q1 + q2) = - (1 + q2)

| Ar(s1, k1) + 297 S )

q1,92

<1+ log k).

And then with this choice of 7 the kernel Ggig?’] stays uniformly bounded as T'— oo and
satisfies

G ((5,5)1)| S 0q(k1)log (k).

From this we easily deduce that

I2q_{

All together these estimates imply that

2p7Y 1/p
]} Sq22qa q>_1

3 /A G (s, k)1)dws, (1)
k1 T

B AWEP2, S (g2, gz

Standard argument allows to deduce eq. (91). The analysis of the other renormalised
product proceeds similarly. Let

V() =W = W20 W2+ 24,  t>0.

First note that by definition of Besov spaces we have

00 P (9] 1/r
IEK/ ||V(t)||B_s_d/rdt>]§IE) /(2:2_q’"(5+d/’")||AqV(t)||£r> at
0 LELS 0 q

By Minkowski’s integral inequality this is bounded by

p

1/p\ P

q

[e'e) P/T
< d{ E 9=+ AV (8)][5
/ (Z 1AV
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When r > p Jensen’s inequality and Fubini’s theorem give

o 1/r P
< qr(e+d/r)
N(/O dt{gz JRrEIAY()(a m} )
Finally hypercontractivity and stationarity allow to reduce this to bound
1/r P
5(/ dt{z 2 ar(etd/n) (E[IAqV(t)(O)IQ])T/Q} ) :
0

q

Letting I,(t) = E[|A,V (t)(0)]?] we have

]E[( / W@ d/rdt>p]g< /0 Oodt{z o-ar(etd/r) (Iq(t))r/2}1/r>p.

Now we decompose the random field Aq(Wt@)O@)) (x) into homogeneous stochastic integrals
as above and obtain

AW P)(z) = D3 /Aﬁé?é“”((s,k>1...4>dwsl<k1>---dw34<k4>
I . 5
k1,ka
LGP

GO ((s,k)10) = (247 0ykr.. gp)e "0 x

Ut(kdd )Ut(kaa )
Z Z Qi(k(0102))gj(k(0304)) (k @ 2>) (k (3 4>)
0€Sh(2,2) i~j (0102) (0304)

th);@)((&k)m) = (24 )Qq(k(u i(k(12)) @ Z Z Z y

c€Sh(1,1) i~y

or(p) at(kal +p) ou(ko, — )
/ ArTpye @itk ¥ P)oj(ho, = p’( Y — )

Gg?;O@) = 242 q*—lz Z /d’l”l/ dT’QX

i~j q1,q2

o, Ory ot 2
X <q(1q>1) (97(2(;22) 0i(q1+ q2) 0j(— ql_q2)—<((1ih—i—+qg)22)

+27lg=—1.
Using our choice of yr in eq. (95) we have that

r T +Q2)
122 /d?“ / dro g 1 ql 0 2((]2) Ut(Ql 7
Z ' (@)?  (@2)? (¢1+q)?

q1,q2
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which implies also that
1+ log(t)
)

as claimed. We pass now to estimate the other two chaoses. The technique is the same we
used above. Consider first

G2e@) _q.

2,q and |’Yt‘ 5

2
Iog(t):=Ef| > /4 G (s, o)1...a)dwg, () - ey, (k)
ki,...,ka t
k1)? | osu(ka)?
< G (5 k) 2 ZelF)” | oskd)”
Nklzk4 A%’ 0,q ((s,k)1...a) <k1>2 <k’4>2 51 4

S k )2 (o} (1{34)2
< G2 (5 . 2alk)” sk
k1;k4 /[0,t]4| 0,q9 (( )1 ) <k’1>2 <k4>2 1

2(k 2(k 2 2
<Y alka 4))2/ oi(kaz) oi(k3a) o6 (k1)*  0su(ka) dsy. - -dss

ks 0,4 (ka2)? (k@a)? (k)2 (ka)?
2kaa) 0i(kie) 1 1
< ko g2 7t a2) o1 (ks
Nk1;k4 Qq( (1 4)) <k(12)>2 <k(34)>2 <l<:1>2 (k:4)2
<12q5t Z oq(k(1 4))2
~(t)° (k1) (ko) ?(k3)?(ka)?

where we used that |ou(x)| < ¢ /%1, (which also forces 27 < t), the bound
D 4kt (k1) 72 (k2) 2 <(1)71 in d =3, and that there are O(239) values of [ +m in the
support of g, and O(t?) values of | with |I| ~t. (The constraint |k(12)|, |k(z4)| ~t cannot
be dropped, since the four-fold convolution of (k)~2 diverges in d =3.) Now taking 0 <
e+d/r<3/2 we have

1/r
2qr(3/2—s—d/r)

<t>5r/2

oo 1/r oo
atd S~ o-areram (2|l < / dt
/ {Z o\ [Tad 3

q:29<t

[T At
~ 0 <t>1+e+d/r'\’

Taking into account that |ki|, |ke| St we can estimate

9
s

(s )| S ey (SRR D)) )02,
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from which we deduce that

2
Lg(t) =B > A2G<2 @) (s, k)12)dws, (k1)dws, (k2)

k1,k2

S k S k
< / |G (s, k), )2"1( 1)” 5y(h2)? dsidsy

= (k1)? (k2)?
—4 2 US1(k'1) USQ(kz)
Z |Qq 12 ’ / t]2 <k1>2 <k2> d81d32
k1,k2
42 |Qq ]{}(12) k > S <t>_422‘ﬂ]_2‘1§t,

k1,k2

and then, as for Iy 4, we have

00 1/r o 1/r
/ dt(Z 2‘“(5*‘1/’")(11,(1(75))’"/2) </ %(Z 2qr(1‘5‘d/’“)12q5t> <1
q q

as claimed. From these estimates standard arguments give eq. (92). O

Lemma 104. We have
E[|[W||7,] /P < T3/2.

This implies that W) e C([O, , By, ;,/2 H) ﬁLQ(IR B_l/2 ) for any p < oo uniformly

0o]
in the volume and W) C([0, ], €~ 1/2— <) ﬂLQ(]R K 1/2 o)

Proof. Observe that

) T rs3 fs2
Wi(z) =4[Wil(z) =24 > ¢'hthoths)w /0 /0 /0 dwg, (k1) dws,(k2)dws, (k3).

k1,k2,k3

By space homogeneity, we get for any p,

Il
=
g

E[|W#|Z»)

= 24PE / / / dws, (k1) deQ(kz)dwss(krs)

k1,k2,k3

T prs3 fs2 2
> / / / dws, (k1) dws, (k2)dws, (k3)
- // /82% 2V L) P
2
k1,k2,k3 <k3>

S (TP,

p/2

AN
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Since

T (20, (k)? o (ks)
51 ...283 ds:---ds
kzk ) /o/o /o 2Ry VT
1,~R2,~R3

mrr TUS1(]‘3 )2 Os5(k )2
ZkSA Jy J, 2o e

klak27

N

T o (k)2 3
— Z/O —z]il;g ds | <T3.
k

Now the remaining properties follow by the fact that o} is supported in an annulus of radius
t, so

Ut(D)
oy W

W 12w = SNor(DYWR a2 S () 275 (1) =32 WP |
BP,P —kK BP;P

—1/2
By

and the Holder estimates follow by Besov embedding (but with constants which depend
on the volume). O
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