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“Data aeguatione fluotcungue ﬂuentes guantimtes involvente,

ﬂuxiones invenire; et vice versa”’

(I. Newton, letter to Henry Oldenburg, 24 October 1676)



Newton’s dynamics 4/22

Solving the controlled ODE in IR?

y(@) =V y())x(2), t20,

with (V). family of vector fields and y(0) given, is equivalent to asking for
a function y:IRso - IR? such that

y(@)—y(s)=V(y(s)x¥(t) —x*(s))+o(|t-s]), 0<s<t.

General references on RP/RS:
Lyons '98, Davie, Lyons-Qian, Friz—Victoir, Friz—Hairer, Hairer.

Talk based on joint work with I. Bailleul, A. Deya, M. Hofmanova, S. Tindel.



Rough dynamics 5/22

Goal: Replace differential/integral description with non-infinitesimal local
one.

oy(s,t):=y(t) - y(s)=A(s,t)+ R(s,t)
e Ais a “germ” for the dynamics of y:
A(s, )=V (y(s) X (s, )+ Va(y(s) X (s, 1) +---

e the equation holds modulo error term R(s,¢) of order o(|t—s])

e Key insight. this decomposition is rigid: to each given A there can corre-
spond only one pair (v, R):

| 8y(s,t) - 69(s,t)| = | R(s,t) - R(s,t) | =o(|t-s|)



Sewing coherent germs 6/22

Explicit bounds on R in terms of the “coherence” of A

OA(s,u,t):=A(s,t) - (A(s,u) +A(u,t)), s<u<t
| SV BY Assume that
| 6A(s,u,t) | <[|6Al1t-s?
for some z>1, then there exists a unique y such that
oy(s,t)=A(s,t)+R(s,t), | R(s,t)| =o(lt-s])
and moreover
| R(s,?) | C.II8All. |t -s?.
This result holds for general regular controls w(s,?) (replacing |¢-s|):

w(s,u)+ w(u,t) < wis,t), lt—s| 20 w(s,t)>0



Building coherent germs 7/22

Local expansion of ODEs:

y(t)=y(s)+ Va(y(s))fidxo‘(r) + Vg,aﬁ(y(s))fif;dxa(w)dxﬁ(r) P

S — —
X1Lo(s,1) X29B(g 1)

with Vo op(£)=Vl£)- VVA(E).

DS sbiiato B A (step-2) rough path X=(X"',X?) is a pair such that
§X1(s,u,t)=0, SX?(s,u,t) =X s, )X (u,t)
1 X (s, 0) | + 1 X2(s, )| V2K, 1 6= 517

for some y=1/3.

[Lyons ’98]



Rough Differential Equations

> Let x<C? and (x°), some family of smooth approximations x*-x in C?.

> Smooth approximations by ODEs

yE=V(y)x&()

> Taylor expansion gives

oye(s,t)=A%(s,t) + R(s,t)

A, )=V (Y4 s)NX &1 (s, 1) + Valy ()X (s, 1) |R*(s,t) | S|lx¢)leo [ =51°

> Problem: estimates for the remainder are not uniform in £- 0.



Bootstrapping uniform estimates 9/22

> Uniform estimates for R® from the coherence of the germ A¢ itself
SAE(s,u,t)=-8V(y)(s,u) X X (u, t) + Vo(yi(s)) X &%(s, u, t) - Va(y®)(s,u)X *%(u, t)

=—(SV (y°)(s,u) = Vo(ys ()X &l(s,u)X N u,t) -  SValy®)(s,u) X5 u,t)
O(1R%(s,t) )+O( | t-527) O(1t%s17)  O(IRs,t)Y+O(I£-517) O(|t=s|27)

| R%(s,t)|
IR¢|lo,: =su >
i’ s,tp |t -5 27

> If 3y >1 the sewing lemma gives

| 6A%(s,u, ) | SUIR®llzy + KUK, 12517

4
IR I35 < (1R ll2 + I2XI5)I2XE

IRNl35 Spsxey,, 1 uniformly in £> 0.



Rough paths in a nutshell 10/22

e The limit y¢ = y exists provided X¢ - X = (X1, X?) in rough path topology.
e It satisfies the RDE [Davie]

Sy(s,t) =V (y(s)X (s, t) + Vo(y(s)X (s, t) + O(| t - s | 37).

e Is unique under sufficient regularity for V', Vs.
e The map X y=®(X) is continuous.
e Rough path limit 2X is not unique for given x. It holds

X(s,t)=X1(s,t) = 6x(s, 1), X2(s,t)-X%(s,t)= op(s,t).

e The limit RDE is not an ODE (or not that one expects...).

m Pure area RP: there exists 3X¢ - (0, §p) with ¢<C*’. Then

Y@=V @) =5 y@)=Vay@)eQ)



Infinite dimensional dynamics 11/22

What about (S)PDEs?

e Works on (singular) parabolic SPDEs: [Hairer!, G.—Imkeller—Perkowski,
Kupiainen]

e Works on flow transformations (viscosity solutions, conservation laws,
transport equations) [Friz et al., Souganidis—Gess, Hofmanoval]



Rough transport equation 12/22

Today: description of distributions satistying (rough in time) PDEs.

Transport equation
du(t,x) =X ")V (x)Vult,x), t0.
Weak formulation: u<L*(IR, x IR) n CHIR,, (W L 1(IR%))*)
ul @)= [ paPu(t,x)dx
Q@) =u X O (Vy- V) @) =ulA; ), t=0.
Rough dynamics: u¢L°(IR, x IR n C?(IR,, (W -1(IR%))*)

Su(@)s i =us(By7 @) +us(BAZ; @) +o(1t=s])

where (rough driver) Al,=X"%s,t)V-V, AZ,=X>P(s,) (V- V)(V5- V).



Loss of derivatives 13/22

> Rough driver: §A} , ,= SAZ,,=Al,A;,
> Germ: A; (¢) = us(/A;,’f Q)+ us(/A?,’,,fk @)

A5 11 (@9) = =(Sts =~ Us AL DBL T 9) = Sus (B} )

u,t

(and using the equation du; , = us(@xg”: +[A§,’;k )+Rs )

==R u(B;; 9+ By, )~ us(BT B 9+ BB, @+ BT BT @)

u,t

4
||R||3%(W1,3)* < (”RHQ%(WL?)* + ”R”%(Wl,l)* + ”A”;/)”A”;/

Estimate cannot be closed.



Uniform estimates and existence 14/22

> Loss of derivatives in the estimate can be compensated by the time regu-
larity via a small interpolation argument, giving

IRll3,, 13y S(RIs., sy + 1Al IAL
and uniform apriori estimate:

”R”,}/,(Wl,l)* + ”R”2’}/,(W1’2)* + ||R||3?/,(W1,3)* S”A”?/ ]..

> Existence of solutions via compactness of smooth approximations using this
estimate.



Uniqueness? 15/22

Deterministic strategy for uniqueness of d,u=V -Vu :

Start with (commutator lemmal)
du’=2udu=2uV - -Vu=V-Vu?
and integrating over space we get
Btfu2= J(v. Vu?) = —fdiVVu2.
Gronwall

[u?< [ufexp(t|div V||p=)

up=0 = u;=0

Can we redo it roughly? We need “Ito formula” for the square and (rough)
Gronwall...



Tensorization 16/22

Product of distributions is dangerous. Tensor product easier.

Consider the dynamics for U(x,y)=(u®u)(x,y)=u(x)u(y).
§Us (@) = UL, @)+ USTR, @) +o([ ¢ -51)
with
Ths,=Al,el+TeAl,, Th,=A2el+IeAZ +Al eAl,

(we used the property E(Sl,’taﬁii’f =§X§f‘ﬁ +§X§,’tﬁ “)

Another rough driver:

1 2 1 1
5PA,s,u,t =0, 5PA,s,u,t = Fﬂ,u,tI‘A,s,u-



Passage to the diagonal 17/22

We want to use the fact that

uf(¢)= [uf(@)p(x)dv=lim [uderdyedy(=2) (52 )dxdy = U@

but (®,), is a singular family of test functions.

Under appropriate conditions
AL (@)= UTRY @) + UTR', @) > ul(A ) p) + uX(AZ] p)

and the coherence of this germ can be controlled uniformly in ¢ (similar to
Di Perna—Lions commutator).

Result:

Su (@) =u2(Ar; o)+ ul(AZ} @) +o(lt-s|)

s,t

(It6 formula for the square).



Rough Gronwall 18/22

Now take @r(x)=(1+ |x/R|?)™, then

| (V- V)*@r(x) | < @r(x), |(V-V)*(V-V)*@rx)| < @prx),
and from
Su? ) = uX By} gp) + uZ(DZ} gr) + O(| £ -5137)
we get

R(£) < R(s) +h(s) It—s|7+C(suph(r))|t—s|37

r<t
where h(t) :=u?(¢@g). A small rough Gronwall lemma allows to conclude that

sup h(t) Srh(0)

t<T

and from there the uniqueness.



Other equations: scalar conservation laws

Scalar conservation law with time—dependent fluxes
du(t,x) =div (A oG, u(t, x))NX % (@)
Kinetic formulation : f(£,x, &) ==l scy 2)
dif (,x,E)=Vlt,x,&) - Vi cf (¢, x, HX @)+ degm(dtdxd€)
A solution is a pair (f,m) with f «L> and m a measure on IR, x IR? xIR.
u(t,x)= [(f(t,x, &) -Mg0)dE, = dgf (¢, %, &) = byt x)(&) (Young measure)
Rough formulation:
Sfs A 9) = [ B3} @) + [ AL} ) + Sm(d z)

Existence via compactness, uniqueness via tensorization.



Perturbed transport equations 20/22

Scalar deterministic transport + Stratonovic Brownian perturbation
dut =V. Vutdt + VutodBt.

The vectorfield V is not Lipshitz (no uniqueness classically).

Almost sure uniqueness if V «C*¢ [Flandoli—G.—Priola]. A lot of work recently
(Proske et al).

Change of variables: v(t,x)=u(t,x — B;)
dvi(x)=V(x—By;)- Vugx)dt.
Rough (Young) dynamics
OV ¢ =/A§,tvs +o(lt-s])

with A}, = ["V(x-B,)dr -V



Regularization by noise 21/22

For any €>0 there exists y>1/2 such that
|x fiV(x -B,)dr|| (C3/2+¢ <|t-s]| 7||V||C1/2+2e

for almost every Brownian path (exceptional set depends on V).

This property guarantees uniqueness of the RTE pathwise via a tensoriza-
tion argument, no stochastic analysis involved.

[Catellier (via flow transformation), Maurelli (intrinsic)]



Thanks!

made Wlth 'I‘E}(NIACS



