
Infinite dimensional rough
dynamics

M. Gubinelli - University of Bonn

Abel Symposium 2016 � Rosendal, Norway





“Data aequatione quotcunque fluentes quantitates involvente,

fluxiones invenire; et vice versa”

(I. Newton, letter to Henry Oldenburg, 24 October 1676)
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Solving the controlled ODE inRd

ẏ(t)=Vα(y(t))ẋα(t), t�0,

with (Vα)α family of vector fields and y(0) given, is equivalent to asking for
a function y:R�0->Rd such that

y(t)- y(s)=Vα(y(s))(xα(t)-xα(s))+o(|t- s|), 0� s� t.

General references on RP/RS:

Lyons '98, Davie, Lyons-Qian, Friz�Victoir, Friz�Hairer, Hairer.

Talk based on joint work with I. Bailleul, A. Deya, M. Hofmanova, S. Tindel.



Rough dynamics 5/22
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22

Goal: Replace differential/integral description with non-infinitesimal local
one.

δy(s, t) := y(t)- y(s)=A(s, t)+R(s, t)

� A is a �germ� for the dynamics of y:

A(s, t)=V (y(s))X 1(s, t)+V2(y(s))X 2(s, t)+ ...

� the equation holds modulo error term R(s, t) of order o(|t- s|)

� Key insight. this decomposition is rigid: to each given A there can corre-
spond only one pair (y,R):

|δy(s, t)-δỹ(s, t)|=|R(s, t)- R̃(s, t)|=o(|t- s|)
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Explicit bounds on R in terms of the �coherence� of A

δA(s,u, t) :=A(s, t)- (A(s,u)+A(u, t)), s�u� t

Lemma Assume that

|δA(s,u, t)|� ‖δA‖z|t- s|z

for some z>1, then there exists a unique y such that

δy(s, t)=A(s, t)+R(s, t), |R(s, t)|=o(|t- s|)

and moreover

|R(s, t)|�Cz‖δA‖z|t- s|z.

This result holds for general regular controls ω(s, t) (replacing |t- s|):

ω(s,u)+ω(u, t)�ω(s, t), |t- s|-> 0=> ω(s, t)-> 0
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Local expansion of ODEs:

y(t)= y(s)+Vα(y(s))∫s
tdxα(r)||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
X 1,α(s,t)

+V2,αβ(y(s))∫s
t∫s

rdxα(w)dxβ(r)||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
X 2,αβ(s,t)

+ ...

with V2,αβ(ξ )=Vα(ξ ) .∇Vβ(ξ ).

Definition 1 A (step-2) rough pathX= (X 1,X 2) is a pair such that

δX 1(s,u, t)=0, δX 2(s,u, t)=X 1(s,u)X 1(u, t)

|X 1(s, t)|+|X 2(s, t)|1/2� ‖X‖γ|t- s|γ

for some γ �1/3.

[Lyons '98]
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x Let x B---Cγ and (xε)ε some family of smooth approximations xε-> x in Cγ.

x Smooth approximations by ODEs

ẏε =V (yε)ẋε(t)

x Taylor expansion gives

δyε(s, t)=Aε(s, t)+Rε(s, t)

Aε(s, t)=V (yε(s))X ε,1(s, t)+V2(yε(s))X ε,2(s, t) |Rε(s, t)|� ‖ẋε‖∞|t- s|3

x Problem: estimates for the remainder are not uniform in ε-> 0.
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x Uniform estimates for Rε from the coherence of the germ Aε itself

δAε(s,u, t)=-δV (yε)(s,u)X ε,1(u, t)+V2(yε(s))δX ε,2(s,u, t)-δV2(yε)(s,u)X ε,2(u, t)

=-(δV (yε)(s,u)-V2(yε(s))X ε,1(s,u))||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
O(|Rε(s,t)|)+O(|t-s|2γ)

X ε,1(u, t)||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
O(|t-s|γ)

- δV2(yε)(s,u)|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
O(|Rε(s,t)|)+O(|t-s|γ)

X ε,2(u, t)||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
O(|t-s|2γ)

‖Rε‖2γ: =sup
s,t

|Rε(s, t)|
|t- s|2γ .

x If 3γ >1 the sewing lemma gives

|δAε(s,u, t)|<~ (‖Rε‖2γ + ‖Xε‖γ)‖Xε‖γ|t- s|3γ
= >

‖Rε‖3γ <~ (‖Rε‖2γ + ‖X‖γ
ε )‖Xε‖γ

‖Rε‖3γ <~‖Xε‖γ 1 uniformly in ε >0.
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� The limit yε-> y exists providedXε->X= (X 1,X 2) in rough path topology.

� It satisfies the RDE [Davie]

δy(s, t)=V (y(s))X 1(s, t)+V2(y(s))X 2(s, t)+O(|t- s|3γ).

� Is unique under sufficient regularity for V ,V2.

� The mapX->| y=�(X) is continuous.

� Rough path limitX is not unique for given x. It holds

X 1(s, t)= X̃ 1(s, t)=δx(s, t), X̃ 2(s, t)-X 2(s, t)=δφ(s, t).

� The limit RDE is not an ODE (or not that one expects...).

Example Pure area RP: there existsXε-> (0,δφ) with φ B---C1. Then

ẏε(t)=V (yε(t))ẋε(t) => ẏ(t)=V2(y(t))φ̇(t)
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What about (S)PDEs?

� Works on (singular) parabolic SPDEs: [Hairer!, G.�Imkeller�Perkowski,
Kupiainen]

� Works on flow transformations (viscosity solutions, conservation laws,
transport equations) [Friz et al., Souganidis�Gess, Hofmanova]
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Today: description of distributions satisfying (rough in time) PDEs.

Transport equation

∂tu(t,x)= Ẋα(t)Vα(x)∇u(t,x), t�0.

Weak formulation: u B---L∞(R+ -- Rd)5 C1(R+, (W1,1(Rd))∗)

ut(φ)=∫
Rdφ(x)u(t,x)dx

∂tut(φ)=ut(Ẋα(t)(Vα .∇)∗φ)=ut(Ȧt
∗φ), t�0.

Rough dynamics: u B---L∞(R+ -- Rd)5 Cγ(R+, (W1,1(Rd))∗)

δu(φ)s,t=us(As,t
1,∗φ)+us(As,t

2,∗φ)+o(|t- s|)

where (rough driver)As,t
1 =X 1,α(s, t)Vα .∇,As,t

2 =X 2,αβ(s, t)(Vα .∇)(Vβ .∇).



Loss of derivatives 13/22
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22

x Rough driver: δAs,u,t
1 =0 δAs,u,t

2 =Au,t
1
As,u

1

x Germ: As,t(φ)=us(As,t
1,∗φ)+us(As,t

2,∗φ)

δAs,u,t(φ)=-(δus,u-usAs,u
1,∗)(Au,t

1,∗φ)-δus,u(Au,t
2,∗φ)

(and using the equation δus,u=us(As,u
1,∗+As,u

2,∗)+Rs,u)

=-Rs,u(Au,t
1,∗φ +Au,t

2,∗φ)-us(As,u
2,∗
Au,t

1,∗φ +As,u
1,∗
Au,t

2,∗φ +As,u
2,∗
Au,t

2,∗φ)

|δA(s,u, t)|(W1,3)∗ <~ (‖R‖2γ ,(W1,2)∗ + ‖R‖γ ,(W1,1)∗ + ‖A‖γ)‖A‖γ|t- s|3γ
= >

‖R‖3γ ,(W1,3)∗
<~ (‖R‖2γ ,(W1,2)∗ + ‖R‖γ ,(W1,1)∗ + ‖A‖γ)‖A‖γ

Estimate cannot be closed.
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x Loss of derivatives in the estimate can be compensated by the time regu-
larity via a small interpolation argument, giving

‖R‖3γ ,(W1,3)∗
<~ (‖R‖3γ ,(W1,3)∗ + ‖A‖γ)‖A‖γ

and uniform apriori estimate:

‖R‖γ ,(W1,1)∗ + ‖R‖2γ ,(W1,2)∗ + ‖R‖3γ ,(W1,3)∗ <~‖A‖γ 1.

xExistence of solutions via compactness of smooth approximations using this
estimate.
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Deterministic strategy for uniqueness of ∂tu=V .∇u :

Start with (commutator lemma!)

∂tu2=2u∂tu=2uV .∇u=V .∇u2

and integrating over space we get

∂t∫u2=∫(V .∇u2)=-∫divVu2.

Gronwall

∫ut
2
�∫u0

2exp(t‖divV ‖L∞)

u0=0 ==> ut=0

Can we redo it roughly? We need �Ito formula� for the square and (rough)
Gronwall...
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Product of distributions is dangerous. Tensor product easier.

Consider the dynamics for U (x, y)= (uE-- u)(x, y)=u(x)u(y).

δUs,t(�)=Us(
L
A,s,t
1,∗

�)+Us(
L
A,s,t
2,∗

�)+o(|t- s|)

with

L
A,s,t
1 =As,t

1
E-- I+IE-- As,t

1 ,
L
A,s,t
2 =As,t

2
E-- I+IE-- As,t

2 +As,t
1

E-- As,t
1

(we used the propertyXs,t
1,α
Xs,t

1,β =Xs,t
2,αβ +Xs,t

2,βα)

Another rough driver:

δ
L
A,s,u,t
1 =0, δ

L
A,s,u,t
2 =

L
A,u,t
1 L

A,s,u
1 .
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We want to use the fact that

ut
2(φ)=∫ut

2(x)φ(x)dx= lim
ε->0

∬ut(x)ut(y)ε-dψ(x- y
ε )φ(x+ y

2 )dxdy=Ut(�ε)

but (�ε)ε is a singular family of test functions.

Under appropriate conditions

As,t
ε (φ)=Us(

L
A,s,t
1,∗

�ε)+Us(
L
A,s,t
2,∗

�ε)-> us
2(As,t

1,∗φ)+us
2(As,t

2,∗φ)

and the coherence of this germ can be controlled uniformly in ε (similar to
Di Perna�Lions commutator).

Result:

δus,t
2 (φ)=us

2(As,t
1,∗φ)+us

2(As,t
2,∗φ)+o(|t- s|)

(Itô formula for the square).
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Now take φR(x)= (1+|x/R|2)-M, then

|(V .∇)∗φR(x)|<~φR(x),|(V .∇)∗(V .∇)∗φR(x)|<~φR(x),

and from

δus,t
2 (φR)=us

2(As,t
1,∗φR)+us

2(As,t
2,∗φR)+O(|t- s|3γ)

we get

h(t)�h(s)+h(s) |t- s|γ +C(((((((sup
r�t

h(r))))))))|t- s|3γ

where h(t) :=ut
2(φR). A small rough Gronwall lemma allows to conclude that

sup
t�T

h(t)<~Th(0)

and from there the uniqueness.
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Scalar conservation law with time�dependent fluxes

∂tu(t,x)=div (Aα(x,u(t,x)))Ẋα(t)

Kinetic formulation : f (t,x,ξ ) :=Iξ <u(t,x)

∂tf (t,x,ξ )=Vα(t,x,ξ ) .∇x,ξ f (t,x,ξ ) Ẋα(t)+∂ξm(dtdxdξ )

A solution is a pair (f ,m) with f B---L∞ and m a measure onR+ -- Rd --R.

u(t,x)=∫(f (t,x,ξ )-Iξ <0)dξ , -∂ξf (t,x,ξ )=δu(t,x)(ξ ) (Youngmeasure)

Rough formulation:

δfs,t(φ)= fs(As,t
1,∗φ)+ fs(As,t

2,∗φ)+δm(∂ξφ)

Existence via compactness, uniqueness via tensorization.
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Scalar deterministic transport + Stratonovic Brownian perturbation

dut=V .∇utdt+∇ut IdBt.

The vectorfield V is not Lipshitz (no uniqueness classically).

Almost sure uniqueness if V B---Cε [Flandoli�G.�Priola]. A lot of work recently
(Proske et al).

Change of variables: v(t,x)=u(t,x-Bt)

dvt(x)=V (x-Bt) .∇vt(x)dt.

Rough (Young) dynamics

δvs,t=As,t
1 vs+o(|t- s|)

withAs,t
1 =∫s

tV (x-Br)dr .∇
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Lemma 2 (Catellier�G.) For any ε >0 there exists γ >1/2 such that

‖x->| ∫s
tV (x-Br)dr‖C3/2+ε <~|t- s|γ‖V ‖C1/2+2ε

for almost every Brownian path (exceptional set depends on V).

This property guarantees uniqueness of the RTE pathwise via a tensoriza-
tion argument, no stochastic analysis involved.

[Catellier (via flow transformation), Maurelli (intrinsic)]



Thanks!
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