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act |

Euclidean QFTs & stochastic analysis




Euclidean quantum fields

Feynman—Kac formula / non-perturbative path integral formulation of QFTs

U(d(P)zeXp[_SZ((P)]@(P, (PEf’(Rd)

S(9) = [, (Ve@)P+mPe(x))dx+ [ V(e(x))dx

V(p)=A@*+---, Acos(Bp), Acosh(pe), Aexp(Be), ---, d=1,2,3

o-models, gauge theories

(Markovian) probability measure v on #’(R?) - natural generalisations of diffusion
processes - introduced in the '70 in the context of the constructive QFT program



‘ Gaussian free field

GFF - simplest example of EQF - Gaussian measure p on #'(RY) s.t.

zk(x Y) dk
[ o@emnde) =6ty = [ 1 mmar= =87 -y),  xyER!

and zero mean - m>0 is the mass - G(0) = +oo if d >2: not a function - distribution
of regularity

< (2—d)/2

> can be used to construct a QFT but the theory is free: no interaction

variation - fractional Laplacian covariance s€ (0,1)

fcp(@cp(y)u(dcp):f& (a—A)"(x—y)p(da) = (m*+ (=A)") " (x—y)



‘ non-Gaussian Euclieand fields

@ go on a periodic lattice: R? - Z¢ | = (¢Z /2ntLN)? with spacing ¢ >0 and side L

) S5:(¢) §
F(@)e Lz Nep(x)P+mie()*+Ve(@(x)) g ¢

| E(@)v+H(de) = Z;f

R

e is an UV regularisation and L the IR regularisation

O choose V. appropriately so that v¥* — v to some limit as e >0 and L —» « - e.g.
take V. polynomial bounded below (d=2,3)

Ve (%) =AM (" -al?)
the limit measure will depend on A >0 and on (4.). which has to be s.t. a, >+ as
e—>0

© study the possible limit points [the ®; measure] - uniqueness? non-uniqueness?
correlations? description?



what is stochastic quantisation?




It6's fundamental intuition: stochastic analysis

stochastic differential

equations

—
D

Brownian motion

W

"universal source of noise”

diffusion process




stochastic analysis

[...] there now exists a reasonably well-defined amalgam of prob-
abilistic and analytic ideas and techniques that, at least among the
cognoscenti, are easily recognized as stochastic analysis. Nonetheless,
the term continues to defy a precise definition, and an understanding
of it is best acquired by way of examples.

(D. Stroock, “Elements of stochastic calculus and analysis ”, Springer,
2018)

nowadays: Ito integral, Ito formula, stochastic differential equations, Girsanov's formula,
Doob's transform, stochastic flows, Tanaka formula, local times, Malliavin calculus, Skorokhod
integral, white noise analysis, martingale problems, rough path theory...



analysis vs. stochastic analysis

Newton's calculus lto's calculus
planet orbit Sl Markov diffusion
(x,y) €O CR? global description P (x,dy)
o (xx = x0)* + B(y —yo)* ="y Piis(x,dy) = [ Py(x,dz)Pi(z,dy)
t change parameter t
X(t+8t) ~x(t) +adt+0(8t) ocsl description  Pay(x, dy) ~e Wb(xﬁt)ﬂ(iif_l(”b“)mﬁ

at +bt*+--- building block (Wi):

(X(8),5(t)) =F(x(t),y(£))  tocal/globallink dX;=a(X;)dW;+b(X;)dt

= other examples: rough paths, regularity structures, SLE, ...



extend It6 fundamental insight to multi-dimensional random fields

stochastic quantisation map

=P
8_%ICCCD§ (P=>(C) eI #AP+V(@) D(P

Gaussian measure Selution map of an SPDE ZEuclidean QFT

source of noise

(S)PDE theory

(apriori estimates, geometry)

i =—(m>—A)p—V'() +cE,

systematic use of tools from PDE theory, recent advances in singular PDEs, renor-
malization group ideas coupled with pathwise analysis




stochastic quantisation as a stochastic analysis

Ito's calculus

Markov diffusion

Pt(xrdy)

Piys(x,dy) = [ Ps(x,dz)Pi(z,dy)

t
bz bR Tyt g,
P@t(x/ dy) ~e 20 Z.(5t)1/2
(Wi):

dXt = a(Xt)th + b(Xt>dt

stoch. quantisation

EQF
) O(@)e™5@d
ZJ) 1 (rey VAP ¢

dS OF
<F((P) ;qu)-l- 6((;P)>:O

object

global description

change parameter t

local description

(X(B)
AX =3[(A,—m?)X]+E

building block

local/global link

G (t+8t) madp () + POX(E) + -

9P =5[(Ar=m?)p—V'(§)] +&



the exploration of a new paradigm...

@ parabolic stochastic quantization

o) ~p(tx)  AP(x)=—(m=A)p(t,x) = V' (¢(tx)) +cE(tx), tERxER!

Parisi-Wu - Langevin diffusion

[MG and M. Hofmanova. Global Solutions to Elliptic and Parabolic ¢* Models in Euclidean Space. CMP 2019]
[MG and M. Hofmanova. A PDE construction of the Euclidean ®4 quantum field theory. CMP 2021]

A elliptic stochastic quantization
O() ~p(z,x)  (—B)b(z%) = —(m—A)G(zx) = V' (p(z,%)) +cE(z x), zERY
xeR?

Parisi-Sourlas supersymmetric reduction

[S. Albeverio, F. C. De Vecchi, and MG. Elliptic stochastic quantization. Ann. Prob. 2020]




the exploration of a new paradigm

® forward-backward SDEs, stochastic control & renormalization group

(P’Vq)oo q)t:Wt‘FJ: GS ESFT(q)T)dS tE[O,T]

Wilson-Ito diffusions

[N. Barashkov and MG. A variational method for ¢3. Duke Journal 2020]
[I. Bailleul, I. Chevyrev and MG. Wilson-lto diffusions. arXiv 2023]

@ integration by parts formulas & Kolmogorov operators
f i—6—5( )|F(@)v(de) =0 VF in some nice class
PR | OP  O@ PIEPMERI =T ! !

Dyson-Schwinger equations - uniqueness results for EQFTs

[F. C. De Vecchi, MG and M. Turra - A Singular Integration by Parts Formula for the Exponential Euclidean QFT on the Plane
- arXiv 2022]




act Il

the flow equation method for the fractional @3

[P. Duch, MG, P. Rinaldi - Parabolic stochastic quantisation of the fractional <I>§,l Euclidean
quantum field in the full subcritical regime - arXiv:2303.18112]



fractional ®; model
probability measure ve 5 on Q= {@: Téy— R}, Téy = (e(Z/MZ)), ¢>0, MEN

vea(d) =P [ dgta)

xETgM

Son(@)=¢ T | 3900 (-8 + o+ o) ~ 5 90’

xETg,M

» m>0 mass, A >0 coupling constant, r.>0 mass renormalization

Theorem. Letd=3 andse (3/4,1]. There exists a choice of the sequence of mass
renormalisations (7;)¢~o, with r.=r.(\) - +o0 as ¢ -0, such that

— (Vem)em is a tight family of probability measure on #'(R?) as M— oo and ¢ — 0




stochastic quantisation

finite system of SDEs for ¢ *™): A, > R, Ay =R x T?,,
[0 +m2 + (=47 ] QM + A (¢ M) —r M =T
A>0,7r.>0 - E(E'M) space-time white noise

E[5M ()T M (s,y) ] =8(t=s)e"Ley,  (£,%),(5,4) EAem

3 stationary solution ¢ &M s.t. Law (¢ (1)) =v, y for all tER

> PDE estimates in weighted Sobolev spaces + positivity of the fractional Laplacian

— tightness of (¢“")),; = 3 of sub-sequential limits as M — oo



> any accum. point ¢® is solution in A,:=R x (¢Z)? of an co system of SDEs

[0+ m2+ (—=A)*]0© + A () —r, ¢ =g

> subcriticality : at small scales the non-linear term is a perturbation of the linear
part of the equation with the white-noise source - ¢®) behaves like the solution X ®
of the linear equation

[3y+m2+ (~A)]X O =g©

= as £ » 0 X has distributional limit in Besov spaces of regularity <s—d /2.



scale decomposition

Be=0,+m>+ (=A;)° - FE(P) := AP+ 1. P+ E© - (J,) scale decomposition J;=1d
B =F(97) = ¢5:=)00" = Bepr=Jo(F(¢p"))

(F)oe©1):C(Ae) = P (A,) family of smooth functionals s.t. Ff=F¢,

Fi(¢%) =F3(9f) +RS  Ri:= / [oFE($5) + DEE(¢5)- (3o4%) ]do
n

for any choice of (Fg)oc[o1], (9} Ry)ue(o1) satisfies
{ Ly =]u(Fu(p) +Ry)

RE= f: H(¢%)do + f: [DFE($L)- GoRE]do
with

HE(P) := 9,FE() + DFE(Y) -Go FE (1)




[ (fractional) PDE estimates

Theorem. let
foi=0thpo + (—A) o + 7\(1)(37,

then for ji large enough, there exists an universal constant C >0,

lllllz < 1+ CAHIF I

where

Ipllz~ sup [o]Voll, Nl sup [o]Nf]

oce(ii,1) ce(p1)




[1 estimates for the flow decomposition

Theorem. Let (¢,R) be solution of

fgq)u:]u(l:u(q)u) +Ru)
R, = f: H,(¢o)do + f: [DF,(¢o) 'GURU]dU
Let (F,), be s.t.,
llo = JoFo (o) = (=MDl < [RISTCe (1 +NID™M + (T + I B ll],

for some (non-random) M, (>0 and random Cr almost surely finite together with
some suitable estimates for H,($,) and DF,(¢.).

Then there exists a (random) i€ (0,1) such that

liolllz <1, i = JuRullly 5 < 1.




[ appoximate effective force

Theorem. There exists a random functional (Fy),c(,q) satisfying the boundary
condition

Fi() =-Mp’—rep+2"
and the bound
llo = JoFo(Po) — (=ApD)llle < [RIS[Ce (T +MID™M + (1 + Il B Wlll]

where Cr=|[F*?| is a finite random constant together with some suitable estim-
ates for

H, (¢py) := 0,FS + DFS -G, FE

and DF,(¢,) such that, for any large p,

sup E[IF*|IP] < oo

e>0




1 random flow equation

> look for approximate solutions to
0oFs + DF,- (GoF;) =0, F;=F

in the space of polynomial in the fields

> write F, = ZkF((,k), where we denote with F¥) the component of degree k
®¥) (z) = fAkF(k)(z;zl,. e z) ¥ (z1) - W(zk)dzy---dzy,  zEA.
> also derivatives of the field: ¥4(z;) := 9% (z;) (jet bundle)

FOW)(2) = Z F<A1 """ A (z;z1,...,2.) ¥4 (z1) - - - ¥ (z)dzy - - -dzg.

.....

> example:

¥o(z) = fAS 8P (221,25, 23) ¥ (21) ¥ (22) ¥ (23) dz1dz,d 25



norms

approximate the equation letting

‘ ¢
oY F gLy DRUGE —o
¢=0 ¢'=0
Fe=pld v A for a=(¢,Ay,..., Ar), F*i= (F§)aen,0e0)
”FaH :supJ< |F[F]/<A1 ..... Ak><Z;le---;Zk)|dzl' . 'de
zENA N

IFY)| := sup[ sup [[(7]]_[“]||F3||W] [a]:=—a+5¢(a)+Pk(a) +]A(a)]

ac? | o=2nu=0
(for suitable parameters «, p and 6 to be fixed) - this means bounds of the form

IFS o S IF2| [o]t™



cumulants

cumulants of (F%), ~» deterministic kernels (¥ %), defined by
F =k, (F",---,F*"), a€A={(ay,...,a,): 0, €A nN}

_ 1/n(a)
IF A :=sup | sup [o] 1 NFLl0

acA |o=2u=0

l[a]=—p+06n(a)+dL(a)+PK(a)+|A(a)l

Theorem. Kolmogorov-type argument: from estimates on the norm ||F4|| to
those on ||F¥|| as

{ELIF*I"]} " < 1F20




flow equation for cumulants

Lemma. Cumulants satisfy a flow equation

(T'f(f —Z J%b(Gmfab)‘FZ %bc(Gmfarf(fc)
b,c

[o] N A (Go, F o S [o ]I F 2 o

o171 N BE (Go, FE, F o S To] P F N o Fofll o

[P. Duch - Renormalization of singular elliptic stochastic PDEs using flow equation - arXiv:2201.05031]



classification of cumulants

the structure of the flow equation for cumulants propagates estimates of the form

sup [o] [ Flyo<oo = 1F oS [o]
o2

» irrelevant cumulants~[a] > 0: the flow equation can be solved backwards
starting from the final condition at o =1.

» relevant cumulants~[a] <0: the flow equation cannot be integrated close to
o=1;

—use the only freedom we have: fine tuning of the final condition

F($) =—AMp°+ 7. p +C

» marginal cumulants~[a =]0: we shall handle them as the irrelevant.



relevant cumulants

A relevant cumulants - % s.t.
[a]=—p+6n(a)+dL(a)+PBK(a)+|A(a)|<0

—s the only relevant cumulant is x(F:4®)

& 11 (FL'MY is a non-local object ! but the only freedom we have is the fine tuning
a constant (7.)!

@ Taylor expansion

Fy](l)(lll) (z) = fAF([T(}RO}(Z;ZOlP(ZOle
= ZA:0<|A|<1 aAIP (Z) fA F([7[]<O><Z;Zl) (21 — Z)Adzl <+
+ 2 s1<a1<2 CAfol dtf, F O (2;21) (21 — 2) 404 (z + t(z1 — 2) ) dzy

— we have local terms + some non-local remainder terms




localisation

£ modify the flow equation by introducing the operators

(LF)(¥) = Y Y ¥4@) j (21=2) FL OO (zz)dz + Y FU(Y)

bik(b)=1 A:0<IAI<1 bik(b)£1

(RF,))(¥Y) = Z Z cAf dtf FLONO (7.2 (21 — 2)AWA (2 + £(z1 —2) )dz

bek(b)=1 A:1<|AI<2

9Fs+ (L+R)[DF;- (GoFo) | =0= 0, Ff = Y, At (Co, F) + Y, . Bhc(Co, F, F)
¥ same estimates + relevant cumulant x; (FL?) now local by construction

~H constants (75),>0 such that

k1 (FLO (z,2:)) = E(FIO(2,21)) =réd(z — z1).



inductive procedure

solve and estimate the flow equation by induction over ¢

1/n(a)
M,:= sup [sup[[cr]]_[“]llﬁ,ﬂmgl <o

a:L(a)<t [ o>

start with My < oo - assume M, < co and take % with L(a)=¢+1

= for ¥, irrelevant ([a] >0) = solve the equation backwards from the final condi-
tion ¥ =0:

= 1 Fs ||po<CMn(u>+1f [[y] 1dnsc[[o-]][u]M;l(u)+1

Y G, I + Z BE (G, T, F 0)] dn
b

this shows that we cannot do like that for [a] <O0...



= for %, relevant ([a] <0) = solve the equation forwards by fixing r/" to be some
arbitrary value at some reference scale po<1

o
[0 N F o < [T 14+ 017 [ 10y Fofly oo
e+ [o] oM@ 7 o[- do
Ho

< |r€+1| + CM”(“)"‘l

N

Lemma.

1/n(a 7
IF4 = sup [sup[[o]]-[“]ufguw] @ Z M, < C(1+My)* < o

a:L(a)<E{N(a)SN Lo2p

= this complete the proofs of uniform apriori estimates on the SPDE — tightness



summary

interplay of techniques

PDEs & Renormalization Group & Stochastic Analysis
» PDEs

> coercive a priori estimates to deal with the so-called large field problem

» Renormalization Group

> flow equation for the effective force + handling of renormalization;
» Stochastic Analysis

> flow Equation for cumulants + Kolmogorov argument

= insensitive of how close we are to the critical case

k& renormalisation conditions as good boundary conditions when solving the flow
equation

= no need of requiring small coupling constant




the end

(no human has been harmed by (La)TgX to produce this presentation)



