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act I
Euclidean QFTs & stochastic analysis



Euclidean quantum fields

Feynman–Kac formula / non-perturbative path integral formulation of QFTs

ν(dφ)= exp[−S(φ)]𝒟φ
Z , φ∈𝒮′(ℝd)

S(φ)=�
ℝd
(|∇φ(x)|2 +m2φ(x)2)dx+ �

ℝd
V(φ(x))dx

V(φ)=λφ4 + ⋅ ⋅ ⋅, λcos(βφ), λcosh(βφ), λexp(βφ), ⋅ ⋅ ⋅, d=1,2,3

σ-models, gauge theories

(Markovian) probability measure ν on 𝒮′(ℝd) ⋅ natural generalisations of diffusion
processes ⋅ introduced in the '70 in the context of the constructive QFT program



Gaussian free field

GFF ⋅ simplest example of EQF ⋅ Gaussian measure μ on 𝒮′(ℝd) s.t.

� φ(x)φ(y)μ(dφ)=G(x−y)=�
ℝd

e ik(x−y)

m2 + |k|2
dk

(2π)d =(m2 −Δ)−1(x−y), x,y∈ℝd

and zero mean ⋅ m> 0 is the mass ⋅ G(0)=+∞ if d⩾ 2: not a function ⋅ distribution
of regularity

α<(2−d)/2

⊳ can be used to construct a QFT but the theory is free: no interaction
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
variation ⋅ fractional Laplacian covariance s∈(0,1)

� φ(x)φ(y)μ(dφ)=�
ℝ+

(a−Δ)−1(x−y)ρ(da)=(m2 +(−Δ)s)−1(x−y)



non-Gaussian Euclieand fields

➊ go on a periodic lattice: ℝd→ℤε,L
d =(εℤ/2πLℕ)d with spacing ε>0 and side L

�F(φ)νε,L(dφ)= 1
Zε,L

�
ℝℤε,L

d
F(φ)e−∑

x∈ℤε,L
d |∇εφ(x)|2+m2φ(x)2+Vε(φ(x))

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz z}|{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{ {Sε(φ)

dφ

ε is an UV regularisation and L the IR regularisation

➋ choose Vε appropriately so that νε,L → ν to some limit as ε → 0 and L→ ∞ ⋅ e.g.
take Vε polynomial bounded below (d=2,3)

Vε(ξ)=λ(ξ4 −aεξ2)

the limit measure will depend on λ>0 and on (aε)ε which has to be s.t. aε →+∞ as
ε→0
➌ study the possible limit points [the Φd

4 measure] ⋅ uniqueness? non-uniqueness?
correlations? description?



what is stochastic quantisation?



Itô's fundamental intuition: stochastic analysis

Brownian motion

Bt
diffusion process

X• =Φ(B•)

dXt=b(Xt)dt+σ(Xt)dBt

stochastic differential
equations

⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒
Φ

“universal source of noise”



stochastic analysis

[...] there now exists a reasonably well-defined amalgam of prob-
abilistic and analytic ideas and techniques that, at least among the
cognoscenti, are easily recognized as stochastic analysis. Nonetheless,
the term continues to defy a precise definition, and an understanding
of it is best acquired by way of examples.

(D. Stroock, “Elements of stochastic calculus and analysis ”, Springer,
2018)

nowadays: Ito integral, Ito formula, stochastic differential equations, Girsanov's formula,
Doob's transform, stochastic flows, Tanaka formula, local times, Malliavin calculus, Skorokhod
integral, white noise analysis, martingale problems, rough path theory. . .



analysis vs. stochastic analysis

Newton's calculus Ito's calculus

planet orbit object Markov diffusion

(x,y)∈𝒪⊆ℝ2 global description Pt(x,dy)

α(x−x0)2 +β(y−y0)2 =γ . Pt+s(x, dy)=∫Ps(x, dz)Pt(z,dy)

t change parameter t

x(t+δt)≈x(t)+aδt+o(δt) local description Pδt(x, dy)≈ e− (y−x−b(x)δt)a(x)−1(y−x−b(x)δt)
2δt

dy
Zx(δt)d/2

at+bt2 + ⋅⋅ ⋅ building block (Wt)t

(ẍ(t), ÿ(t))=F(x(t),y(t)) local/global link dXt =a(Xt)dWt+b(Xt)dt

☞ other examples: rough paths, regularity structures, SLE,.. .



extend Itô fundamental insight to multi-dimensional random fields

⟹
solution map of an SPDE

e−1
2∫ξCξDξ e−∫φAφ+V(φ)

Z Dφ
Gaussian measure

source of noise
Euclidean QFT

(S)PDE theory

stochastic quantisation map

φ=Φ(ξ)

∂tϕ=−(m2 −Δx)ϕ−V ′(ϕ)+ cξ,
(apriori estimates, geometry)

systematic use of tools from PDE theory, recent advances in singular PDEs, renor-
malization group ideas coupled with pathwise analysis



stochastic quantisation as a stochastic analysis

Ito's calculus stoch. quantisation

Markov diffusion object EQF

Pt(x, dy) global description
1
Z∫𝒮′(ℝd)O(φ)e

−S(φ)dφ

Pt+s(x, dy)=∫Ps(x, dz)Pt(z, dy) . �F(φ)δS(φ)
δφ + δF(φ)

δφ �=0

t change parameter t

Pδt(x, dy)≈ e− (y−x−b(x)δt)a(x)−1(y−x−b(x)δt)
2δt

dy
Zx(δt)d/2 local description ϕ(t+δt)≈αϕ(t)+βδX(t)+ ⋅⋅ ⋅

(Wt)t building block
(X(t))t

∂tX= 1
2[(Δx−m2)X]+ξ

dXt=a(Xt)dWt+ b(Xt)dt local/global link ∂tϕ= 1
2[(Δx−m2)ϕ−V ′(ϕ)]+ξ



the exploration of a new paradigm . . .

❶ parabolic stochastic quantization

φ(x)∼ϕ(t,x) ∂tϕ(t,x)=−(m2−Δx)ϕ(t,x)−V ′(ϕ(t,x))+ cξ(t,x), t∈ℝ,x∈ℝd

Parisi–Wu . Langevin diffusion
[MG and M. Hofmanová. Global Solutions to Elliptic and Parabolic ϕ4 Models in Euclidean Space. CMP 2019]
[MG and M. Hofmanová. A PDE construction of the Euclidean Φ3

4 quantum field theory. CMP 2021]

❷ elliptic stochastic quantization

φ(x)∼ ϕ(z, x) (−Δz)ϕ(z, x)= −(m2 − Δx)ϕ(z, x)−V ′(ϕ(z, x))+ cξ(z, x), z∈ ℝ2,
x∈ℝd

Parisi–Sourlas supersymmetric reduction
[S. Albeverio, F. C. De Vecchi, and MG. Elliptic stochastic quantization. Ann. Prob. 2020]



the exploration of a new paradigm

❸ forward–backward SDEs, stochastic control & renormalization group

φ∼ϕ∞ ϕt=Wt+�
0

t
Ġs 𝔼s FT(ϕT)ds t∈[0,T]

Wilson–Ito diffusions
[N. Barashkov and MG. A variational method for ϕ3

4. Duke Journal 2020]
[I. Bailleul, I. Chevyrev and MG. Wilson–Ito diffusions. arXiv 2023]

❹ integration by parts formulas & Kolmogorov operators

�
𝒮′(ℝd) [[[[[[ δ

δφ − δS
δφ(φ)]]]]]]F(φ)ν(dφ)=0, ∀F in some nice class

Dyson–Schwinger equations ⋅ uniqueness results for EQFTs
[F. C. De Vecchi, MG and M. Turra . A Singular Integration by Parts Formula for the Exponential Euclidean QFT on the Plane
. arXiv 2022]



act II
the flow equation method for the fractional Φ3

4

[P. Duch, MG, P. Rinaldi ⋅ Parabolic stochastic quantisation of the fractional Φ3
4 Euclidean

quantum field in the full subcritical regime ⋅ arXiv:2303.18112]



fractional Φ3
4 model

probability measure νε,M on Ωε,M ={φ:𝕋ε,M
d →ℝ}, 𝕋ε,M

d =(ε(ℤ/Mℤ))d, ε>0, M∈ℕ

νε,M(dφ)= exp(−Sε,M(φ))
Zε,M

�
x∈𝕋ε,M

d

dφ(x)

Sε,M(φ)=εd �
x∈𝕋ε,M

d
[[[[[[1

2φ(x)(−Δε)sφ(x)+ m2

2 φ(x)2 + λ
4 φ(x)4 − rε

2 φ(x)2]]]]]]

� m>0 mass, λ>0 coupling constant, rε>0 mass renormalization

Theorem. Let d=3 and s∈(3/4,1]. There exists a choice of the sequence of mass
renormalisations (rε)ε>0, with rε = rε(λ)→+∞ as ε→0, such that

→ (νε,M)ε,M is a tight family of probability measure on 𝒮′(ℝ3) as M→∞ and ε→0



stochastic quantisation

finite system of SDEs for ϕ(ε,M):Λε,M→ℝ, Λε,M≔ℝ×𝕋ε,M
d

[∂t+m2 +(−Δε)s]ϕ(ε,M)+λ(ϕ(ε,M))3 − rε ϕ(ε,M)=ξ(ε,M)

λ>0, rε >0 ⋅ ξ(ε,M) space–time white noise

𝔼[ξ(ε,M)(t,x)ξ(ε,M)(s,y)]=δ(t− s)εd1x=y, (t,x),(s,y)∈Λε,M

∃ stationary solution ϕ(ε,M) s.t. Law(ϕ(ε,M)(t))=νε,M for all t∈ℝ

⊳ PDE estimates in weighted Sobolev spaces + positivity of the fractional Laplacian
⟹ tightness of (ϕ(ε,M))M ⟹ ∃ of sub-sequential limits as M→∞



⊳ any accum. point ϕ(ε) is solution in Λε ≔ℝ×(εℤ)d of an ∞ system of SDEs

[∂t+m2 +(−Δε)s]ϕ(ε)+λ(ϕ(ε))3 − rε ϕ(ε)=ξ(ε)

⊳ subcriticality : at small scales the non-linear term is a perturbation of the linear
part of the equation with the white-noise source ⋅ ϕ(ε) behaves like the solution X (ε)

of the linear equation

[∂t+m2 +(−Δε)s]X (ε)=ξ(ε)

☞ as ε→0 X (ε) has distributional limit in Besov spaces of regularity < s−d/2.



scale decomposition

ℒε ≔∂t+m2 +(−Δε)s ⋅ Fε(ψ)≔−λψ3 + rε ψ+ξ(ε) ⋅ (Jσ) scale decomposition J1 =Id

ℒεϕε =Fε(ϕ(ε)) ⟹ ϕσ
ε ≔ Jσϕ(ε) ⟹ ℒεϕσ

ε = Jσ(Fε(ϕ(ε)))

(Fσ
ε)σ∈(0,1):C(Λε)→𝒮′(Λε) family of smooth functionals s.t. F1

ε=Fε,

Fε(ϕε)=Fμ
ε(ϕμ

ε)+Rμ
ε Rμ

ε≔
Z
μ

1
[∂σFσ

ε(ϕσ
ε)+DFσ

ε(ϕσ
ε)⋅(∂σϕσ

ε)]dσ

for any choice of (Fσ
ε)σ∈[0,1], (ϕμ

ε ,Rμ
ε)μ∈(0,1) satisfies

{{{{{{{{{{{{{{{{{{{{{{{{{{{{
ℒεϕμ

ε = Jμ(Fμ
ε(ϕμ

ε)+Rμ
ε)

Rμ
ε =∫μ

1Hσ
ε(ϕσ

ε)dσ+∫μ
1 [DFσ

ε(ϕσ
ε)⋅ ĠσRσ

ε]dσ
with

Hσ
ε(ψ)≔∂σFσ

ε(ψ)+DFσ
ε(ψ) ⋅ĠσFσ

ε(ψ)



⚀ (fractional) PDE estimates

Theorem. let

fσ ≔∂tϕσ +(−Δ)sϕσ +λϕσ
3,

then for μ̄ large enough, there exists an universal constant C>0,

⫴⫴⫴⫴⫴⫴⫴⫴⫴ϕ⫴⫴⫴⫴⫴⫴⫴⫴⫴μ̄≲1+Cλ−1/3⫴⫴⫴⫴⫴⫴⫴⫴⫴ f⫴⫴⫴⫴⫴⫴⫴⫴⫴#,μ̄
1/3

where

⫴ϕ⫴μ̄ ≈ sup
σ∈(μ̄,1)

⟦σ⟧γ‖ϕσ‖, ⫴ f⫴#,μ̄ ≈ sup
σ∈(μ̄,1)

⟦σ⟧3γ‖ fσ‖



⚁ estimates for the flow decomposition

Theorem. Let (ϕ,R) be solution of

{{{{{{{{{{{{{{{{{{{{{{{{{{{{
ℒϕμ = Jμ(Fμ(ϕμ)+Rμ)

Rμ =∫μ
1Hσ(ϕσ)dσ+∫μ

1 [DFσ(ϕσ) ⋅ĠσRσ]dσ
Let (Fσ)σ be s.t.,

⫴σ↦ JσFσ(ψσ)−(−λψσ
3)⫴# ⩽ ⟦μ̄⟧ζ[CF(1+⫴ψ⫴)M+(1+⫴ψ⫴)2⫴ℒψ⫴#],

for some (non-random) M, ζ>0 and random CF almost surely finite together with
some suitable estimates for Hσ(ϕσ) and DFσ(ϕσ).
Then there exists a (random) μ̄∈(0,1) such that

⫴⫴⫴⫴⫴⫴⫴⫴⫴ϕ⫴⫴⫴⫴⫴⫴⫴⫴⫴μ̄≲1, ⫴⫴⫴⫴⫴⫴⫴⫴⫴μ↦ JμRμ
ε⫴⫴⫴⫴⫴⫴⫴⫴⫴#,μ̄≲1.



⚂ appoximate effective force

Theorem. There exists a random functional (Fμ
ε)μ∈(0,1) satisfying the boundary

condition

F1
ε(ψ)=−λψ3 − rε ψ+ξ(ε)

and the bound

⫴σ↦ JσFσ(ψσ)−(−λψσ
3)⫴# ⩽ ⟦μ̄⟧ζ[CF(1+⫴ψ⫴)M+(1+⫴ψ⫴)2⫴ℒψ⫴#]

where CF = ‖Fε,𝔄‖ is a finite random constant together with some suitable estim-
ates for

Hσ(ϕσ)≔∂σFσ
ε +DFσ

ε ⋅ĠσFσ
ε

and DFσ(ϕσ) such that, for any large p,

sup
ε>0

𝔼[‖Fε,𝔄‖p]<∞



⚃ random flow equation

⊳ look for approximate solutions to

∂σFσ +DFσ ⋅(ĠσFσ)=0, F1 =F

in the space of polynomial in the fields

⊳ write Fσ =∑kFσ
(k), where we denote with Fσ

(k) the component of degree k

F(k)(Ψ)(z)=�
Λk
F(k)(z; z1, . . . , zk)Ψ(z1)⋅ ⋅ ⋅Ψ(zk)dz1⋅ ⋅ ⋅dzk, z∈Λ.

⊳ also derivatives of the field: ΨAi(zi)≔∂AiΨ(z1) (jet bundle)

F(k)(Ψ)(z)= �
A1, . . . ,Ak

�
Λk
F⟨A1, . . . ,Ak⟩(z; z1, . . . , zk)ΨA1(z1)⋅ ⋅ ⋅ΨAk(zk)dz1⋅ ⋅ ⋅dzk.

⊳ example:

Ψ3(z)=�
Λ3

δ(3)(z;z1,z2, z3)Ψ(z1)Ψ(z2)Ψ(z3)dz1dz2dz3



norms

approximate the equation letting

Fσ ≔�
ℓ =0

ℓ̄

Fσ
[ℓ ] ∂σFσ

[ℓ +1]+ �
ℓ ′=0

ℓ

DFσ
[ℓ −ℓ ′]⋅ĠσFσ

(ℓ ′)=0

F𝔞 ≡F[ℓ ],⟨A1, . . . ,Ak⟩ for 𝔞=(ℓ ,A1, . . . ,Ak), F𝔄 ≔(Fσ
𝔞)𝔞∈𝔄,σ∈(0,1)

‖F𝔞‖=sup
z∈Λ

�
Λk
|F[ℓ ],⟨A1, . . . ,Ak⟩(z;z1, . . . ,zk)|dz1⋅ ⋅ ⋅dzk

‖F𝔄‖≔sup
𝔞∈𝔄 [[[[[[ sup

σ⩾μ⩾0
⟦σ⟧−[𝔞]‖Fσ

𝔞‖μ,σ]]]]]] [𝔞]≔−α+δℓ (𝔞)+βk(𝔞)+ |A(𝔞)|

(for suitable parameters α,β and δ to be fixed) ⋅ this means bounds of the form

‖Fσ
𝔞‖μ,σ ≲ ‖F𝔄‖ ⟦σ⟧[𝔞]



⚄ cumulants

cumulants of (F𝔞)𝔞 ↝ deterministic kernels (ℱ𝒂)𝒂 defined by

ℱ𝒂 ≔κn(F𝔞1, ⋅ ⋅ ⋅,F𝔞n), 𝒂∈𝑨={(𝔞1, . . . , 𝔞n): 𝔞k ∈𝔄,n⩽N}

‖ℱ𝑨‖≔sup
𝒂∈𝑨 [[[[[[ sup

σ⩾μ⩾0
⟦σ⟧−[𝒂]‖ℱσ

𝒂‖μ,σ]]]]]]
1/n(𝒂)

[𝒂]=−ρ+θn(𝒂)+δL(𝒂)+βK(𝒂)+ |A(𝒂)|

Theorem. Kolmogorov-type argument: from estimates on the norm ‖ℱ𝑨‖ to
those on ‖F𝔄‖ as

{𝔼[‖F𝔄‖n]}1/n≲‖ℱA‖



flow equation for cumulants

Lemma. Cumulants satisfy a flow equation

∂σℱσ
𝒂 =�

𝒃
𝒜𝒃

𝒂(Ġσ,ℱσ
𝒃)+�

𝒃,𝒄
ℬ𝒃,𝒄

𝒂 (Ġσ,ℱσ
𝒃,ℱσ

𝒄),

⟦σ⟧−[a]‖𝒜𝒃
𝒂(Ġσ,ℱσ

𝒃)‖μ,σ ≲⟦σ⟧−[b]−1‖ℱσ
𝒃‖μ,σ.

⟦σ⟧−[a]‖ℬ𝒃,c
𝒂 (Ġσ,ℱσ

𝒃,ℱσ
𝒄)‖μ,σ ≲⟦σ⟧−[b]−[c]−1‖ℱσ

𝒃‖μ,σ‖ℱσ
𝒄‖μ,σ.

[P. Duch ⋅ Renormalization of singular elliptic stochastic PDEs using flow equation ⋅ arXiv:2201.05031]



classification of cumulants

the structure of the flow equation for cumulants propagates estimates of the form

sup
σ⩾μ

⟦σ⟧−[𝒂] ‖ℱσ
𝒂‖μ,σ <∞ ⟹ ‖ℱσ

𝒂‖μ,σ ≲⟦σ⟧[𝒂]

� irrelevant cumulants↝[a]> 0: the flow equation can be solved backwards
starting from the final condition at σ=1.

� relevant cumulants↝[a]<0: the flow equation cannot be integrated close to
σ=1;
⟹use the only freedom we have: fine tuning of the final condition

F(ψ)=−λψ3 + rεψ+ξ

� marginal cumulants↝[a=]0: we shall handle them as the irrelevant.



relevant cumulants

♟ relevant cumulants ⋅ ℱa s.t.

[𝒂]=−ρ+θn(𝒂)+δL(𝒂)+βK(𝒂)+ |A(𝒂)|<0

⟹ the only relevant cumulant is κ1(Fσ
[ℓ](1))

♞ κ1(Fσ
[ℓ ](1)) is a non-local object ! but the only freedom we have is the fine tuning

a constant (rε)!

♝ Taylor expansion

Fσ
[ℓ ](1)(ψ)(z) = ∫Λ Fσ

[ℓ ]⟨0⟩(z; z1)ψ(z1)dz1

= ∑A:0⩽|A|⩽1 ∂Aψ(z)∫Λ Fσ
[ℓ ]⟨0⟩(z; z1)(z1 −z)Adz1 +

+∑A:1<|A|⩽2 cA∫0
1 dt∫Λ Fσ

[ℓ ]⟨0⟩(z; z1)(z1 −z)A∂Aψ(z+ t(z1 −z))dz1

⟹ we have local terms + some non-local remainder terms



localisation

♘ modify the flow equation by introducing the operators

(𝑳Fσ)(Ψ) = �
𝔟:k(𝔟)=1

�
A:0⩽|A|⩽1

ΨA(z)�
Λ
(z1 −z)AFσ

[ℓ (𝔟)]⟨0⟩(z; z1)dz1 + �
𝔟:k(𝔟)≠1

Fσ
𝔟(Ψ)

(𝑹Fσ)(Ψ) = �
𝔟:k(𝔟)=1

�
A:1<|A|⩽2

cA�
0

1
dt�

Λ
Fσ
[ℓ (𝔟)]⟨0⟩(z;z1)(z1 −z)AΨA(z+ t(z1 −z))dz1

∂σFσ +(𝑳+𝑹)�DFσ ⋅(ĠσFσ)�=0⇒∂σℱσ
𝒂 =∑𝒃 𝒜̃𝒃

𝒂(Ġσ,ℱσ
𝒃)+∑𝒃,𝒄 ℬ̃𝒃,𝒄

𝒂 (Ġσ,ℱσ
𝒃,ℱσ

𝒄)

☞ same estimates + relevant cumulant κ1(Fσ
[ℓ ]⟨0⟩) now local by construction

↝

Ε

constants (rσ
ℓ)ℓ ⩾0 such that

κ1(F[ℓ ]⟨0⟩(z,z1))=𝔼(F[ℓ ]⟨0⟩(z, z1))= rσ
ℓ δ(z−z1).



⚅ inductive procedure

solve and estimate the flow equation by induction over ℓ

Mℓ ≔ sup
𝒂:L(𝒂)⩽ℓ [[[[[[sup

σ⩾μ
⟦σ⟧−[𝒂]‖ℱσ

𝒂‖μ,σ]]]]]]
1/n(𝒂)

<∞

start with M0 <∞ ⋅ assume Mℓ <∞ and take ℱσ
𝒂 with L(𝒂)= ℓ +1

☞ for ℱσ
𝒂 irrelevant ([𝒂]>0) ⇒ solve the equation backwards from the final condi-

tion ℱ1
𝒂 =0:

ℱσ
𝒂 =�

σ

1

[[[[[[[[�
𝒃

𝒜̃𝒃
𝒂(Ġη,ℱη

𝒃)+�
𝒃,𝒄

ℬ̃𝒃,𝒄
𝒂 (Ġη,ℱη

𝒃,ℱη
𝒄)]]]]]]]] dη

⇒ ‖ℱσ
𝒂‖μ,σ ⩽CMℓ

n(𝒂)+1�
σ

1
⟦η⟧[𝒂]−1 dη≲C⟦σ⟧[𝒂]Mℓ

n(𝒂)+1

this shows that we cannot do like that for [a]<0...



☞ for ℱσ
𝒂 relevant ([𝒂]<0)⇒ solve the equation forwards by fixing rμ0

ℓ +1 to be some
arbitrary value at some reference scale μ0 <1

⟦σ⟧−[𝒂]‖ℱσ
𝒂‖μ,σ ⩽ ⟦σ⟧−[𝒂]|rμ0

ℓ +1|+⟦σ⟧−[𝒂]�
μ0

σ
‖∂σ′ℱσ′

𝒂‖μ,σ′dσ′

≲ |rμ0
ℓ +1|+⟦σ⟧−[𝒂]CMℓ

n(𝒂)+1�
μ0

σ
⟦σ′⟧[𝒂]−1dσ′

≲ |rμ0
ℓ +1|+CMℓ

n(𝒂)+1

Lemma.

‖ℱA‖= sup
a:L(a)⩽ℓ̄,N(a)⩽N

[[[[supσ⩾μ
⟦σ⟧−[a]‖ℱσ

a‖μ,σ]]]]1/n(a)=Mℓ̄⩽C(1+M0)2
ℓ̄<∞

☞ this complete the proofs of uniform apriori estimates on the SPDE → tightness



summary

interplay of techniques

PDEs ⊕ Renormalization Group ⊕ Stochastic Analysis

� PDEs
⊳ coercive a priori estimates to deal with the so-called large field problem

� Renormalization Group
⊳ flow equation for the effective force + handling of renormalization;

� Stochastic Analysis
⊳ flow Equation for cumulants + Kolmogorov argument

☞ insensitive of how close we are to the critical case
☞ renormalisation conditions as good boundary conditions when solving the flow
equation
☞ no need of requiring small coupling constant



the end

(no human has been harmed by (La)TEX to produce this presentation)


