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Consider for a generic nice f: #'(R) - R d=2,3

e‘%“(f):f ef(cp)e—fw@s—”s‘l’s—bsu(d@):]E[ef(cp)—ngcps—as@s—bs]

f() e” D eI s
€ - —
fe vi(de) = o) g 0) fe v(de)

Theorem. (Boué-Dupuis) Let (B;);>o be a Brownian motion on R", then for any bounded F:
C(R;;R")— R we have

log E[ef(B)] = sup]E[F(B. +1(u),) _%IOOO | s | st]

ueH,

with u: A xR, — R" adapted to B and with I(u),:= fotusds.

% f 0°° | us| *ds ~ H(Law (B, + I(1).)|Law(B.)).
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with , the GFF acquires a drift Z. u:QQx R, — L*(T?

Z= [ Jauds  suplZilduro S [ luslirads
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Goal: uniform bounds as T — oo

Wil) = upE| f(Weort Zo) = [ [(Wr+ Z0)* —ar(Wi+ Zo = brl [ L gends|

ueH,

Take f=0and A =1 for simplicity. Take u=0 then Z=0 and

Wr(0) > E[—fT3 Wi —arW3—br | > —co

to have finite result we need to take ar =3E[W?] and by suitably. Let's tackle the other bound,
with the choice of a; one has

(Wr+ Z0)* —ar(Wr 4 Z1)? — by = [Wi] + 4IW3]Z 1 + 12[W2]Z3 + AW Z3 + Z%

Wick products: [Wi] = 4f0 2ldw,, [W3] = 3f0 [WAdW,, [W3] :%fOTWtth they are martingales
wrt. T.



Upper bound (note that E[ [,[W]] =0)

1 poo
Wr(0) = sup]E[— [ {4wiizr + 12IWRIZ3 + 4wz} | - { [ Z4+5 ] ludl izmds}]
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recall that H, are all the “adapted” processes with values in LA(R,;L*(T%). At this point we
"forget” about probability. The good coercive terms contol the L* and the H! norm of (Z,),. The

bad terms can be controlled as (in d=2 : we have uniform in T control in €~ for [W3], [WZ], Wr).
Pathwise estimates

Uw [[LVfHZT’ S 1WAl -1 Zr Ly, S 1WAl -1 Z1 | S Co N IWRT %+ + 8 Z |
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for small $>0. We are in good shape since sup7E[ || [WZ] ] %] < o and the second term is con-
trolled by the good terms because we can choose >0 small.

1 peo
[ IWAZ| < W o< Z3 g, < ColIWAIN -+ 8| [ 28 5 [ e |

same for the remaining term. Some care in needed in these estimates.



Wrap-up: pathwise control of the bad terms:

M e
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Take averages to get

il res
i(0)=sup ]E[—ITS {4WR1Z1 + 120WRIZE + 4w 23} - { [ Zt+5] " Tl %Z(Td)ds}]
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the last step is a probabilistic estimate (very easy using hypercontractivity).

This shows that #7(f) is uniformly in T bounded = tightness of v* (in d=2).



Limiting functional in d=2 703
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Provided we choose ar, by as explained above we have that

Wi(f) = SUpE| f(Weot 20 = [ [0+ Z0)* —ar(Wr + 20V = brl = [ s Pl |

ueH,

converge as T — oo to the functional

%/’(f)—supIE[f(W 7o) — f 4[[w3]]z + 12[W2]Z% + 4W, Z3+Z4} ; ||us||L2(Td)ds]
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and the ®; measure v satisfy

—log [ ¢/ v(dg)=—log [ /¥~ 11*y(dg) = W(f) - W(0)

for functions f: € (T?) — R with linear growth.



d=3
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In this case things gets more complicated since
Wr— Wy in €712 [Wf]—-[W2i]in €7'17%,  [Wi] does not converge |[WZ]| z-s2+~log T

and the problem is still the same: (the good terms are alwys L* H?)

1 roo
Wi (0) = sup]E[— [ {awiize +120wiizs + awiza} - { [ zb+3 [ Ll %Z(Td)ds}]
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There is no hope of direct control of [ [W7]Zr, [ .IW#lZ% using only H' regularity for Z7. We
need to kill it using the good terms.

Let's focus on the two terms:

1 oo )
[ AWz + [ s Bnadis



|dea: complete the square:

1T 5
[ AWRAZr+ 5 [ Tl Brads

Step one: use Ito formula (we don't care about the martingale parts, recall that dZ; =Ju,dt)
d f AqWAZ, = [ fTS 4[[Wt3]](]tut)]dt+mart.
1T 1 0T
3 4 2 de—— 3 2
[ lWRZr+ =l Bads =5 [ [804WED uo+u?]ds

=3 f [ [AOIWED +u)? — 16 W3] ds = j L 1%ds—8 [ [ gw2Deds

with [ :=4(JJW2]) +u,. So we have a new energy a new bad term which | don't care about
because do not depends on 1 anymore can be cancel by choosing by
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[ HWRAZr+ 5 [ Nl Brmgds = [ 10%ds =8 [ (AWTds



At this point the energy depends on

17T
AR

where the control u, is now given by
Us= _4(]5[[Ws3]]) +1;

where now

T T T
ZT:IO ]susdsz_4fo ]S[[ SHdS+KT/ KT:IO ]slsds-

with Ky controlled in H! by %fOT |1512ds. The new term W will have regularity €'/~ uniformly
in T. In particular Zr & H'. New variational problem:

leH,

1 poo
W7(0) = const + sup]E[—fTa {12[[W%]]Z% + 4WTZ%} — {fw V= Efo A %z(w)ds}]
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Summary: new variational problem:

leH,

N

e
W7(0) = const + sup]E[—fT3 {12[[W%]]Z% + 4WTZ%} — {f’w T - Efo I ] %2(Td)d5}]
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with Zr = —4WP + K, WP uniformly in €2~ and K7 uniformly in H'. We two new problems
the two bad terms are still not controlled.

[ IWAIZE = [ IWRI(—4WF + K= [ IWRI[(—4WFT2 - 8WFIK + K3 ]
& —1-x

In order to solve this problem one has to split in the hope to complete the square again

f [W3(—8WRIK, + K2) = j [IWAI(-8WH! + K1) | Ky

—f (—8[WEWP! + [W] > Kr) KT+J <KT]KT

where >,X are paraproducts such that f>g¢+ f<g¢=g¢f.



The idea is that

[W3]>Kr=[WZ] e € 1F, [W#] < K7 is more regular € H/2—x

[ [-SIWAWE + WA > Kn) [Kr + [ [IWAIS Kr K

>4
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On the first part we complete the square with [ |/]|* as we did for de[[W3]]ZT+f lus||?. At the
end we obtain another change of variables and another variational problem

1 poo
OW’T(O):cons’c+supIE[— AWLZ3 + - —{ T e — ||h5||%szds}]
supe [ {3z )], 24+ [ Wit
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with

T T
Zr=—4WP'+ [ JA-SIWAWS + WA > K)ds + [ Jihds.

At this point a bit work allow to conclude using the d =2 strategy and this form pass to the limit
as T — oo to give W(f).



Limiting functional in d=3 1313
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Provided we choose ar, by as explained above we have that

Wilf) = supE| fWet Z) = [ {amazd oo }={ [ zb42 [ Iholeds} ]

heH,

converge as T — oo to the functional

Wl f) = supIE[ ftz)~ [ fawzde ) - { [ 24 +%j0°° ] %Z(Td)ds}]

heH,
and the ®3 measure v satisfy

—log [ ¢/ v(de) = Wl f) - Hac(0)

for functions f: € ~1/27%(T?) - R with linear growth.

The renormalization of the var. prob. is a signal of singularity of v wrt. . (also H(v|p) = +o0).
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