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We are concerned here with large scale effective description of microscopic random phenomena.

White noise (CLT, Donsker’s Invariance principle, ...)

• η: R
d → R a stationary random field under suitable assumptions (e.g. strong mixing,

integrability) with law µ.

• Weak topology: η(ϕ)=
∫

dxϕ(x)η(x) for a sufficiently large class of ϕ.

• Scaling transformation ηε(x) = ε−d/2η(x/ε): keeps variance unchanged for η(ϕ) but not
mean.

Let µε,m the law of ϕε−m, mε= ε−d/2
E(η(x))− ρ, then

µε,mε
→ γρ,c as ε→ 0,

where γρ,c is the law of the white noise ξ with intensity c and mean ρ:

E(ξ(ϕ))= ρ

∫

ϕ(x)dx, Var(ξ(ϕ))= c

∫

ϕ(x)2dx.
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The description of random non-gaussian scaling limits is less clear:

⊲ Infinitely divisible distributions, Hierarchical models

⊲ Ferromagnetic critical point in d=2, 3 short range spin systems

⊲ Large scale behaviour of d=1, 2, 3, ... interface models in equilibrium or not

⊲ Interacting Euclidean quantum fields

⊲ ....
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A theoretical framework for the description of these more general scaling limits is provided by
Wilson’s RG
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⊲Rescaling, analysing how the theory changes from scale to scale, give
rise to a dynamical system

⊲Basins of attractions are universality classes, all the systems display
similar large scale behaviour
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CLT is a partic-
ular fixpoint with
its own basin of
attraction.

Unstable directions out of the Gaussian fixpoints (may) go to other
(IR) fixpoints.

This hints to the possibility of introducing class of models which
describe these fixpoints as (universal) perturbations of Gaussian
models.

The trajectory describes perfect theories where rescaling implies only
a change of parameters.
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The KPZ equation defines a one-parameter
family of models

∂th=∆h+λ[(∇h)2−∞] + ξ

⊲ Diffusive rescaling

hε(t, x)= ε1/2h(t/ε2, x/ε)− ε−1/2m

⊲ λ=0 : Gaussian fixpoint

⊲ λ grows under scaling (relevant direction)

∂thε=∆hε+λε−1/2(∇hε)
2+ ξ

⊲ λ→∞ : KPZ fixpoint equivalent to

∂thδ= δ∆hδ+λ(∇hδ)
2+ δ

√
ξδ, δ→ 0.

⊲ Recent results by Matetski, Quastel, Remenik on the law
of the KPZ fixpoint as integrable system.
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⊲ The KPZ equation is the (unique?) critical trajectory exiting the Gaussian fp.

⊲ Precise mathematical description of this trajectory has been a longstanding mathematical
problem moreover it is interesting to characterise models which can lead to KPZλ under scaling
(weak–universality).

⊲ Bertini and Giacomin (1996) provided a construction of this critical trajectory via a particular
family of stochastic discrete models (WASEPα)α∈R and a suitable rescaling transformation Rε.

⊲ α is a asymmetry parameter (inducing large scale flux of particles) whose influence “grows”
under rescaling.

RεWASEP0→Gaussianmodel, RεWASEPε1/2λ→KPZλ

⊲ KPZλ is identified via Hopf–Cole transformation:

h= logZ, ∂tZ =Z ξ

where the Stochastic Heat equation is interpreted in Ito sense (martingale theory).

⊲ This trick does seldom work. Without more flexible description of KPZλ is it difficult to prove
convergence.
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⊲ Hairer (2013, 2014) devised a successful approach to give an intrinsic meaning to the KPZ
equation. This allows a rigorous description of the (KPZλ)λ random fields solving

∂th=∆h+λ[(∇h)2−∞] + ξ.

The random field h is described in terms of the Gaussian fixpoint ∂tX =∆X + ξ.

• Rough paths, regularity structures (Hairer)

h(x)−h(y)=X(x)−X(y)+Y (x, y)+h′(x)Z(x, y)+O(|x− y |3/2+)

• Paracontrolled distributions (G, Imkeller, Perkowski)

∆ih=∆iX +∆iY +(∆6i−1h
′)∆iZ +O(2−3/2i)

• Energy solutions/martingale problem (Jara, Gonçalves, G., Perkowski)

dh(t)−∆h(t) dt−dB(t)= dM(t), dB(t)= lim
σ

[(∇ρσ ∗h)2−Cσ]dt

• Other approaches: Renormalization group (Kupiainen), Otto & Weber approach...
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⊲ Hairer and Quastel proved (2015) that scaling limits of random fields HQ(F , η,L) solution to

∂th=∆h+F (∇h)+ η

on a periodic domain of size L, converges to KPZ:

RεHQ(ε1/2F , η, ε−1L)→KPZλ

where λ is a function of F , whenever F is polynomial and η short range Gaussian field. (NB:
proper recentering of the scaling transformation is needed.)

⊲ Regularity structures/Paracontrolled distributions analysis of scaling limits of particle systems
is still a difficult problem. The expansion requires a precise control of the dynamics (but see
recent results by Matetski and Quastel)

⊲ Gonçalves–Jara energy solutions allow to prove convergence to KPZλ for a large class of
microscopic particle models, always in the same weak asymmetric regime.

⊲ This and other results obtained via integrable models confirms the heuristic picture that there
are no other relevant fixpoint for interface growth in 1d. The KPZ fixpoint describes the large
scale dynamics of growing interfaces.
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⊲ Scalar fields in d = 3 dimensions can be used to describe (mesoscopic) magnetization in
ferromagnetic system or (Euclidean) scalar quantum fields in 2 + 1 dimensions: we are looking
for a non–gaussian fixpoint of the RG, the Wilson–Fisher fixed point.

⊲ The relevant family Γ(µ) of centered Gaussian models has covariance

E[X(x)X(y)] = (−∆+ µ)−1(x, y)

⊲ Under rescaling Rε which fixes Γ(0) the parameter µ grows: RεΓ(µ)=Γ(ε−2µ), leading to
the high temperature fixpoint µ→∞, where correlations are absent in the macroscopic scale.

⊲ A class of perturbations of the models Γ(µ) is given in terms of a pathwise dynamic picture:
promote X(x) to a time dependent random field satisfying the Langevin equation

∂tX =−(−∆+ µ)X + ξ

and introduce the family of dynamic Ginzburg–Landau models DGL(V ′, η) of the form

∂tϕ=∆ϕ−V ′(ϕ)+ η

where V ′ is an odd function (we want to preserve the ϕ↔−ϕ symmetry).
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⊲ Scaling transformation

ϕε(t, x)= ε−1/2ϕ(t/ε2, x/ε), ηε(t, x)= ε−5/2η(t/ε2, x/ε),

⊲ Equation for RεDGL(V ′, η)=DGL(ε−2V ′(ε1/2 · ), ηε)

∂tϕε=∆ϕε− ε−5/2V ′(ε1/2ϕε)+ ηε

⊲ If V ′(ϕ)= a1ϕ+ a3ϕ
3+ ··· then

ε−5/2V ′(ε1/2ϕε)= ε−2a1ϕ+ ε−1a3ϕ
3+ ε0a5ϕ

5+ ε1a7ϕ
7+ ···

⊲ Two relevant directions, associated to ϕ and ϕ3:

• Direction ϕ points towards the high temperature (HT) fixpoint

• Direction ϕ3 points in a new direction → Wilson–Fisher (WF) fixpoint

In order to construct the critical trajectory to WF we need to avoid to be attracted by HT.
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⊲ Allow for general family (Fε)ε of interactions to be tuned while rescaling.

L uε(t, x)=−ε−5/2Fε(ε
1/2uε(t, x))+ ηε(t, x)

⊲ Expand around the Gaussian model and parametrize Fε via chaos expansion wrt. Yε

L Yε= ηε, vε=Yε+uε,

F̃ε (x) :=Fε(x)− f0,ε− f1,εx− f2,εH2(x, σY ,ε
2 )=

∑

n>3

fn,εHn(x, σY ,ε
2 ),

⊲ Introduce constants (with Φ(m)= ε(m−5)/2F̃ε
(m)(ε1/2Yε))

dε :=
1

9

∫

s,x

Ps(x)E[Φ0
(1)Φ(s,x)

(1)
], d̃ε := 2 ε−1/2f3,εf2,ε

∫

s,x

Ps(x)[CY ,ε(s, x)]
2,

dε :=
1

6

∫

s,x

Ps(x)E[Φ0
(0)

Φ(s,x)
(2)

], d̂ε :=
1

3

∫

s,x

Ps(x)E[Φ0
(0)

Φ(s,x)
(1)

],

dε := 2 dε +3 dε .
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⊲ Assume

a) (Fε)ε⊆C9(R) and supε,x
∑

k=0
9 |∂xkFε(x)|6Cec|x|ε,

b) the vector λε=(λε
(0)

, λε
(1)

, λε
(2)

, λε
(3))∈R

4

λε
(3) = ε−1f3,ε λε

(1) = ε−2f1,ε− 3ε−1dε

λε
(2) = ε−3/2f2,ε λε

(0) = ε−5/2f0,ε− ε−3/2f2,ε dε − 3ε−1d̃ε − 3ε−1d̂ε

has a finite limit λ=(λ(0), λ(1), λ(2), λ(3))∈R
4 as ε→ 0.

Theorem (Furlan, G, 2017) The family of random fields (uε)ε converge in law and locally

in time to a limiting random field u(λ) in the space CTC
−1/2−κ(T3).

The law of u(λ) depends only on the value of λ and not on the other details of the nonlinearity

or on the covariance of the noise term.

⊲ The limit manifold (u(λ))λ contains the critical trajectory from Γ(0) to WF. Called also the
dynamic Φ3

4 model with parameter vector λ∈R
4.

⊲ Proven for Pol/Gaussian by Hairer and Xu (2016), for Pol/Non-Gauss by Xu and Shen. Non-
pol/Gaussian Furlan, G. (2017).
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⊲ Halpern and Huang theorized
about possible non-polynomial rel-
evant and asymptotically free direc-
tions at the Gaussian fp.

F (u)∝ exp(cd(d− 2)u2)

⊲ The status of this proposal is not clear to me, some objection moved by Morris & C.

• Halpern, Kenneth, and Kerson Huang. “Halpern and Huang Reply:” Physical Review Letters 77, no. 8 (August

19, 1996): 1659–1659.

• Morris, Tim R. “Comment on “Fixed-Point Structure of Scalar Fields”.” Physical Review Letters 77, no. 8

(August 19, 1996): 1658–1658.

• Bridle, I. Hamzaan, and Tim R. Morris. “Fate of Nonpolynomial Interactions in Scalar Field Theory.” Physical

Review D 94, no. 6 (September 28, 2016): 065040.

⊲ Rigorous techniques can help to rule out such directions (my current guess).
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⊲ Taylor expansion

L uε = ηε−Φ(0)−Φ(1)vε− 1

2
Φ(2)vε

2− 1

6
Φ(3)vε

3−Rε(vε)

−ε−3/2f0,ε− ε−1f1,ε(Yε+ vε)− ε−1/2f2,ε(JYε
2K+2vεYε+ vε

2).

⊲ Stochastic driving terms

L Yε := Φ(0), Ỹε := ε−1/2f2,ε JYε
2K,

Yε :=
1

3
Φ(1) Yε := Yε ◦Yε − dε ,

L Yε := Yε , Yε := Yε ◦Yε − dε Yε− d̂ε ,

Yε :=
1

6
Φ(2), Yε := Yε ◦Yε − dε ,

Yε
∅ :=

1

6
Φ(3), Ỹε := Ỹε ◦Yε − d̃ε ,

Yε
τ ∈CTC

|τ |−κ Yε
∅ Yε Yε Ỹε Yε Yε Yε Ỹε Yε

|τ | = 0 −1/2 −1 −1 1/2 0 0 0 −1/2
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L vε = −Yε − Ỹε − 3Yε vε− 3Yε vε
2−Yε

∅vε
3

−ε−5/2f0,ε− ε−2f1,ε (Yε+ vε)− ε−3/2f2,ε (2Yε vε+ vε
2)−Rε(vε)

⊲ Paracontrolled Ansatz (a change of unknowns vε→ vε
♯)

vε=−Yε − Ỹε − 3vε≺Yε + vε
♯
, ϕε= vε+Yε

⊲ Renormalized products

Yε ⋄̂vε := vεYε − vε≺Yε +(3 vε dε + dε Yε+ d̂ε + d̃ε )

= vε≻Yε − Ỹε −Yε − 3vε Yε + vε
♯ ◦Yε − 3 com1(vε, Yε , Yε )

vε⋄Yε := vεYε+ dε = ϕεYε−Yε ≺Yε−Yε ≻Yε−Yε

Yε ⋄(Yε )2 := Yε (Yε )2− 2dε Yε

Yε ⋄vε2 := Yε vε
2+2dε vε=Yε ⋄(Yε )2− 2 (Yε ⋄Yε )ϕε+Yε ϕε

2
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Yε→Y(λ)

Yε := (Yε
∅, Yε , Yε , Ỹε , Yε , Yε , Yε , Ỹε , Yε )

Y(λ) := (λ(3), λ(3)X, λ(3)X ,λ(2)X ,λ(3)X , (λ(3))2X , (λ(3))2X ,λ(3)λ(2)X , (λ(3))2X )

L X := ξ

X := JX3K,

X := JX2K,

∆qX := ∆q(X ◦X)=

∫

ζ1,ζ2

JXζ1

3 KXζ2
µζ1,ζ2

,

∆qX := ∆q(1− J0)(X ◦X )=

∫

ζ1,ζ2

(1− J0)(JXζ1

2 KJXζ2

2 K) µζ1,ζ2
,

∆qX :=

∫

ζ1,ζ2

(1− J1)(JXζ1

3 KJXζ2

2 K) µζ1,ζ2
+6

∫

s,x

[∆qX(t+ s, x̄−x)−∆qX(t, x̄)]Ps(x) [CX(s, x)]2,
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⊲ Malliavin calculus D, δ, L=−δD, Q1
n :=

∏

k=1
n (k−L)−1:

Φζ
(m)

=
∑

k=0

n−1
E
(

Φζ
(m+k))

k!
JYε,ζ

k K+ δn
(

Q1
nΦζ

(m+n)
hζ
⊗n

)

=
∑

k=0

n−1

ε(m+k−5)/2(m+ k)!

k!
f̃m+k,εJYε,ζ

k K+ δn
(

Q1
nΦζ

(m+n)
hζ
⊗n

)

⊲ BDG–like estimates
∥

∥

∫

ζ
Φ̂ζ

(m)
µζ

∥

∥

Lp(Ω)

=
∥

∥δ4−m
∫

ζ
Q1

4−mΦζ
(4)

hζ
⊗4−mµζ

∥

∥

Lp(Ω)6
∥

∥Q1
4−m

∫

ζ
Φζ

(4)
hζ
⊗4−mµζ

∥

∥

D
4−m,p

.
∑

k=0
4−m

∥

∥DkQ1
4−m

∫

ζ
Φζ

(4)
hζ
⊗4−mµζ

∥

∥

Lp(Ω)
.
∥

∥

∥

∥

∫

ζ
Φζ

(4)
hζ
⊗4−mµζ

∥

∥

H⊗4−m
2

∥

∥

Lp/2(Ω)

1/2

.
∥

∥

∫

ζ
Φζ

(4)
Φζ ′

(4)〈hζ
⊗4−m, hζ ′

⊗4−m〉H⊗4−mµζµζ ′

∥

∥

Lp/2(Ω)

1/2

.
[∫

ζ,ζ ′

∥

∥Φζ
(4)

Φζ ′

(4)∥
∥

Lp/2(Ω)
|〈hζ , hζ ′〉|4−m |µζµζ ′|

]

1/2

.
[

ε
∫

ζ,ζ ′

∥

∥

∥
ε
−

1

2Φζ
(4)
∥

∥

∥

Lp(Ω)

∥

∥

∥
ε
−

1

2Φζ ′

(4)
∥

∥

∥

Lp(Ω)
|〈hζ , hζ ′〉|4−m|µζµζ ′|

]1

2

.
[

εδ
∫

ζ,ζ ′

∥

∥

∥
ε
−

1

2Φζ
(4)
∥

∥

∥

Lp(Ω)

∥

∥

∥
ε
−

1

2Φζ ′

(4)
∥

∥

∥

Lp(Ω)
|〈hζ , hζ ′〉|3−m+δ |µζµζ ′|

]1

2,
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⊲ Partial contractions for products of local operators

Φζ1

(0)
Φζ2

(2)
= E

[

Φζ1

(0)
Φζ2

(2)]
+ δQ1D(Φζ1

(0)
Φζ2

(2)
),

Φζ1

(1)
Φζ2

(1)
= E

[

Φζ1

(1)
Φζ2

(1)]
+ δQ1D(Φζ1

(1)
Φζ2

(1)
),

Φζ1

(0)
Φζ2

(1)
= E

[

Φζ1

(0)
Φζ2

(1)]
+ δ

[

J0D
(

Φζ1

(0)
Φζ2

(1))]
+ δ2Q1

2D2(Φζ1

(0)
Φζ2

(1)
)

= E
[

Φζ1

(0)
Φζ2

(1)]
+Yε(ζ1)E

[

Φζ1

(1)
Φζ2

(1)]
+Yε(ζ2)E

[

Φζ1

(0)
Φζ2

(2)]
+ δ2Q1

2D2(Φζ1

(0)
Φζ2

(1)
)

⊲ Partial expansion for contractions

E
[

Φζ1

(m)
Φζ2

(n)]
=

3!2

(3−m)!(3−n)!
(ε−1f3,ε)

2
E[JYε,ζ1

3−mKJYε,ζ2

3−nK] +
3!

(3−m)!
ε−1f3,εE

[

JYε,ζ1

3−mKΦ̂ζ2

(n)]

+
3!

(3−n)!
ε−1f3,εE

[

JYε,ζ2

3−nKΦ̂ζ1

(m)]
+E

[

Φ̂ζ1

(m)
Φ̂ζ2

(n)]
,

⊲ Control of remainders

Φ̂ζ1

(4−m)
Φ̂ζ2

(4−n)

= δm(Q1
mΦζ1

(4)
hζ1

⊗m)δn
(

Q1
nΦζ2

(4)
hζ2

⊗n
)

=
∑

(q,r,i)∈I

C
q,r,i

ε
1+

r+q

2
−i

δm+n−q−r(〈Θ1+r−i
m+r−i(ζ1)hζ1

⊗m+r−i
,Θ1+q−i

n+q−i(ζ2)hζ2

⊗n+q−i〉H⊗q+r−i)
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