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stochastic Burgers equation 3/22

ou(t,x)=Au(t,x)+0,(u(t,x)*) +0,£(t,x), x€T,t>0

with u(0) ~ u and u white noise on T with zero mean.

» Formal generator

B pu)=J 02u(x)Dyp(u)dx + %Tr[a,@ 0D p(u)] + [ (0,u(x)*)Dyp(u)dx
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Burgers' drift 422

G p(u) k; O @U(fL), -, u(fi)) ux)?0,fi(x)dx

» Problem: u%(d,f) is not a well-defined random variable — not even tested with d,f.

Indeed, it is a “distribution” on L*(1)

diffusion with singular drift & regularisation by noise

[Assing ('03) (pre-generator), Flandoli-Russo-Wolf ('03), Delarue-Diel ('16), Allez-Chouk, Cannizzaro-Chouk]



Gaussian calculus 5/22

Gaussian space = symmetric Fock space
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destruction creation
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» Creation and destruction are unbounded operators

IDkl?= D, nll(n+1)@ner(k, )I*= D, (n+ DU+ 1DY2 @ik, YIS IA + 1))

nz0 nz0

Dka Dk) Up= '/s/. s

» & is nice:

(G = 2. tkiOiDiDxn=- 2, uk+ky)S(Ly,® @ri1(k, ks, )
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So if k, k, are bounded, k; is also bounded and this function is in (£3)*".



» €7 is not:
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is in £2® 2. Too many different possibilities for the created particles, irrespective of the
test function ¢.

%" is not a well-defined operator in I'H.



tradeoffs 9/22

» & @ is only a (Hida) distribution
I(-B0) G @I <IN+ D(-B0) 9l

» It looses both 1 degree of regularity in /" and 3/4 in (- %,). However we “gain” one
from %,... so it remains (-%,)"* to spare.

» Useful in 1, ¢ > 4o'H:
IV 1 gy a@l SLHILo) " Lysgyis el SV (- B0) “opl

I(-Bo) 2125147« F @I < SI(-Bo) @l



controlled functions 10/22

» To use £, to compensate for & ¢: we look for “controlled” ¢ such that

Lop=-§ @

We don't need to be greedy.
(g>:=ﬂ|$0|>LJwa€€, f?<=f€—f€>
%~ models the large momentum behaviour of & . L is a cutoff to be chosen later.
p=—B0 G p+e",  9=F¢’
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estimates & domain
» For y€(1/4,1/2]
Iw(N)(-L0)" G pll < ewll(-B o) w(N ) @l
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»Forall ¥>06>0
IW(N ) =Bo)? G @IS IW(N YL+ NPT (= Bo) 40|
so Bo=PFo¢p"+G @ is well defined for controlled functions.
DA L)={p=T " IW(N )L )@ | +IW(N )1+ N ) (-Lo) > 9"II}

is dense in w(/N") 'TH and D (£)=D(H).

11/22



generator 12/22
» Densely defined operator

(£,2(%£))

»For £P= %+ A% with AR similar construction: Z(BYn D(L*))={constants}...

» % is dissipative

(90, BP)=-1(-%0)"*@l’<0,  9eD(B)

(1, Bp)=(LDVY, @), @ D(B), he D(LD)



dynamical problem 13/22

» £ Galerkin approximation for £, (T{"); Markov semigroup
0" (t)= L™ " (1)
» To pass to the limit we need to control the growth of solutions in weighted spaces
1
5 0w(AN )P O+ [W(N)=Bo) 2 @I =@ (), w(N )G P"(1))

» We have for o >1/4 and uniformly in m

IW(NYBo) Y G IWN YN (~Bo) 7Yl (roughly)
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controlled regularity 15/22

» To pass to the limit in the Kolmogorov equation we need further regularity to put
lim,,,¢" in the domain of £. We need control of

P ()= ")+ Bo' G P (L)
» The equation for ¢™" gives the required apriori estimates

0™ ()= B P"(t) + Bo' G™ 0,9 (1) = Bo@™ 1)+ G " (1) + By G ™0, " (1)

For y<(3/8,5/8), exists p(«) s.t.

I(1+ )4 =Bo) T @™ DI+ (1+ N ) F (= Lo)? 0™ OIS N1+ N PO (=LBo) T o™ O



Kolmogorov backward equation

> Given
I(L+ N PO=Bo) 7O <0
with a>9/2 and y€(3/8,5/8) then
0rp(H)=L (1)

has a solution
peCR,, D(B))NCY(R,,TH)

» Unique by dissipativity (but we cannot define flow e'%)

16/22



martingale problem 17/22

» By Galerkin approximation we can construct a stationary process (u;"); such that
me, m — oMy, M Lom, ms, m m,qg
@ ()= " U"(0) + [, B " (" (5))ds + M,

» Compactness by energy solution methods.

» For all pe D (FL)TH

QD)= pu(0))+ [, B p(u(s))ds + M¢

» This makes sense only if Law(u(t)) < u. Incompressible solutions.

» Uniqueness by duality with the backward equation

IE[go(ut) ¢(Us)] Z]E[(¢(t_5a Ut) +I;(ar+ g)(P(t_ r, ur)dr) ¢(Us)] =IE[¢(t—S, Us) ¢(us)]



extensions 18/22

» Multi-component Burgers eq.

atui=Aui+Z r,-"kax(ufuk)mng
jsk

under “trilinear condition” : Th=Tk=T};
» Fractional Burgers eq.

Oru=—(-A)u+0o,u’+(-0)9%&

for 6>3/4; note that 8=3/4 is critical, « expansion in reg. str.!

» 2d NS with small hyperdissipation and energy invariant measure (G., Turra, in prep.) £ >0
atu=—(—A)1+’fu+u-Vu+(—A)(1+’f)/25, u: T2 - R>

»Limitations: need Gaussian invariant measure (quasi-invariance should work), once use antisymmetry of
& ; might be avoided.



easy consequences 19/22

» Weak universality for fractional Burgers and multi-com-
ponent Burgers

» Burgers on R is ergodic (extension to KPZ - Perkowski, Zhu-Zhu).

» Burgers on T is exponentially ergodic

JIEdp@ol-[ ¢ dul* duwy<e®™ [ ¢? du

Ergodicity on T known by

» (Multi-component / fractional) KPZ on T has Gaussian fluctuations (Perkowski, Canniz-
zaro). Tracy-Widom fluctuations on IR



summary 20/22

» Probabilistic theory for singular SPDEs ¢ c-dim singular operator £=%,+%.

» Under Gaussian (invariant) measure: use chaos decomposition - work on Fock space
» Construct % (%) via ideas from paracontrolled distributions.

» Existence for martingale problem via Galerkin approximation.

» Existence for backward equation d; ¢ = £ ¢ via energy estimates.

» Duality gives uniqueness for martingale prob. and backward eq.

» (multi-component, fractional) Burgers, down to criticality.

» Need Gaussian measure. beyond: unclear.
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