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Goal: Obtain effective representations for the RG map

Outline
� Reminder on the RG map

� Connected expectations and the iteration on the kernels

� The BBF formula

� The Gawedzki-Kupiainen-Lesniewski (GKL) bound and the Gram bound
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Decomposition of the propagator

P=P1 =Pγ + g, P̂γ(k)= χ(γk)
|k| /d 2+ε ,

ĝ(k)= χ(k)−χ(γk)
|k| /d 2+ε

but for fermions the series converges, a fact o↵ering, see App. J, a way to construct the RG fixed
point alternative to the path via Banach space and contraction method, using instead the direct tree
expansion technique. Finally in App. K a review and comparison with previous results in bosonic
theories is presented.

2 Definition of the model and formulation of the problem

Let us now discuss the model more in detail. The propagator (1.2) is defined in terms of P (x), which
is chosen in the form

P(x) =

Z
ddk

(2⇡)d
P̂ (k)eikx, P̂ (k) =

�(k)

|k|
d
2+"

. (2.1)

The function �(k) here is a “UV cuto↵”, a short-distance regulator of the model. We will choose it
satisfying the following conditions (see Fig. 2.1):

� is a radial C1 function, 0 6 �(k) 6 1, �(k) =

⇢
1, (|k| 6 1/2)
0, (|k| > 1),

(2.2)

In fact we will require something a bit stronger than � 2 C1, namely:

� belongs to the Gevrey class Gs for some s > 1. (2.3)

This “Gevrey condition” will be defined in Section 4.2, see Eq. (4.14), and is not used until then.
As explained there, it is needed so that the fluctuation propagator g(x) (see Section 2.1) decays at
infinity as a stretched exponential. There are many cuto↵ functions satisfying both conditions (2.2)
and (2.3); an explicit example is given in Appendix A.1.

As a consequence of (2.1) and (2.2), P (x) is uniformly bounded, and its large-x asymptotics is
proportional to 1/|x|

d/2�", as stated after (1.2).

|k|
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Figure 2.1: The function �(k) (red curve), and the resulting function �(k) � �(�k), Eq. (2.10) (blue
dots).

We denote by dµP ( ) the Gaussian Grassmann integration with propagator (1.2), which can be
formally written as:

dµP ( ) = D eS2( ),

S2( ) =
1

2

Z
ddk

(2⇡)d
P̂ (k)�1⌦ab a(k) b(�k). (2.4)

[Since P̂ (k)�1 is non-analytic in k2 near k = 0, such an action is called “long-range”.]
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Rescaling

Pγ(x)=� χ(γk)
|k| /d 2+εe ik⋅xdk=γ−2[ψ]P(γ−1x), [ψ]= d

4 − ε
2

(ψ)γ(x)=γ−[ψ]ψ(γ−1x), //(ψ)γ(x)(ψ)γ(y)//P =γ−2[ψ]P(γ−1(x−y))=Pγ(x−y)



RG map: H →H′

eH′(ψ) = eHeff((ψ)γ) =� eH((ψ)γ+ϕ)μg(dϕ), ψ∼P.

� O((ψ)γ)eH ′(ψ)μP(dψ)=� μP(dψ)O((ψ)γ)eHeff((ψ)γ)

=� μP(dψ)� O((ψ)γ)eH((ψ)γ+ϕ)μg(dϕ)

=� μPγ(dψ)� O(ψ)eH(ψ+ϕ)μg(dϕ)=� O(ψ)eH(ψ)μP(dψ)

provided O((ψ)γ)=O((ψ)γ +φ)
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Heff(ψ)=log� eH(ψ+ϕ)μg(dϕ)

=log�
n⩾0

1
n!�H(ψ+ϕ)⋅ ⋅ ⋅H(ψ+ϕ)||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

n

�
ϕ

=log�
n⩾0

1
n!�

Γ
{Wick contractions for Γ}

ψ

ψ ψ

ψ

ψψψ
ψ

//φφ//= g

1

2

3

4

Π= {{1,2, 3}, {4}}



⊳Γ is a possible set of Wick contraction, it give rise to a graph over n vertices

Heff(ψ)=log�
n⩾0

1
n!�

Π
�

Γ
{Wick contractions for Γ compatible with Π}



⊳Each graph has k connected components Γ = Γ1⋅ ⋅ ⋅Γk. We split the sum according to
the associated partition Π of the n vertices. We denote Γ≪Π the compatibility relation.

Heff(ψ)=log�
n⩾0

1
n!�

Π
�

Γ:Γ≪Π
�

j=1, . . . ,k
{Connected Wick contractions for Γj}

⊳Given k connected graphs Γ1, . . . , Γk on n1, . . . ,nk vertices H(ψ+φ) we have

n!
k!n1!⋅ ⋅ ⋅nk!

graphs Γ on the n=n1 + ⋅⋅ ⋅ +nk vertices with the same set of connected components.



Therefore

Heff(ψ)=log�
k

1
k! �

Γ1, . . . ,Γk

1
n1!⋅ ⋅ ⋅nk!

�
j

{conn. Wick contractions for Γj}

=log�
k

1
k![[[[[[[[[[[[[[[[�Γ1

1
n1!

{conn. Wick contractions for Γ1}]]]]]]]]]]]]]]]
k

=�
Γ1

1
n1!

{conn. Wick contractions for Γ1}

Finally we can take the log (all this sums are finite for finitely many Grassmann vars)

Heff(ψ)= �
n⩾1

1
n!�H(ψ+ϕ); ⋅ ⋅ ⋅;H(ψ+ϕ)�ϕ,c



In particular we had

�H(ψ+ϕ)⋅ ⋅ ⋅H(ψ+ϕ)||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
n

�
ϕ

=�
Γ

{Wick contractions for Γ}

=�
Π

�
Γ:Γ≪Π

�
j=1, . . . ,k

{Wick contractions for Γj}=�
Π

�
j=1, . . . ,k

�H(ψ+ϕ); ⋅ ⋅ ⋅;H(ψ+ϕ)||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
nj

�ϕ,c

One can use this formula recursively to express the connected functions:

//H(ψ+φ)//ϕ= //H(ψ+φ)//ϕ,c

//H(ψ+φ)H(ψ+φ)//ϕ = //H(ψ+φ); H(ψ+ φ)//ϕ,c + //H(ψ+φ)//ϕ,c //H(ψ+φ)//ϕ,c

//H(ψ+φ)H(ψ+φ)H(ψ+φ)//ϕ = //H(ψ+φ); H(ψ+φ); H(ψ+φ)//ϕ,c

+3 //H(ψ+φ); H(ψ+φ)//ϕ,c //H(ψ+φ)//ϕ,c + //H(ψ+φ)//ϕ,c //H(ψ+φ)//ϕ,c //H(ψ+φ)//ϕ,c

Et cetera...
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Notations: Monomials

Ak =ak, (ak,μk), A= (A1, . . . ,Am), ΦA(x)=ϕA1(x1)⋅ ⋅ ⋅ϕAm(xm), ϕ(a,μ)(x)=∂μϕa(x)

Interactions

H(ψ)=�
A

� dxA HA(xA)ΨA(xA)

Simple expectations
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Wick contractions

Connected expectations
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Only connected Wick contractions



Using the expansion with the kernels {HA(x)} we have

H(ψ+φ)=�
A

�
BB−−−A

� dxA HA(xA)ΨB(xB)ΦB̄(xB̄),

with B̄= A\B.

The new kernels for Heff (before rescaling) are given by

Heff,B(xB)=�
n

1
n! �

B1, . . . ,Bn
B1+⋅⋅ ⋅+Bn=B

�
A1, . . . ,An
Ak⊃Bk

(−1)#� dxB̄ �
k=1

n

HAk(xAk)��
k=1

n

ΦB̄k
(xB̄k

)�
c

This is the RG map on the kernels and we want “good” bounds for the quantity
//∏k=1

n ΦB̄k
(xB̄k

)//c in the r.h.s.
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We need a more efficient expression (ϕa1(x1),ϕa2(x2),ϕa1(x1),ϕa2(x2))= (η1, η2, η3, η4)

��
k=1

n

ΦAk(xk)�=det(ℳ)=� dηdη̄ eV, V =�
i, j

ηiηj¯ ℳi, j, ℳi, j = //ϕAi(xi)ϕ̄Aj(xj)//,

V = 1
2 �

k,l=1

n

Vkl, Vkl = �
i, j:xi∈xk,xj∈xl

ηiηj¯ ℳi, j + (k↔ l)

X ⊆ {1, . . . ,n}, V(X)= 1
2 �

k,l∈X

Vkl, ψ(X)= eV(X).

ψc({k})=ψ({k})= e
1
2Vk,k, ψ(X)= �

Π∈Part(X)
�
Y∈Π

ψc(Y)



On the one hand

��
k=1

n

ΦAk(xk)�=� dηdη̄ ψ({1, . . . ,n})= �
Π∈Part(X)

(−1)# �
Y∈Π

�
Y

dηdη̄ ψc(Y)

and on the other

��
k=1

n

ΦAk(xk)�= �
Π∈Part(X)

(−1)# �
Y∈Π

��
k∈Y

ΦAk(xk)�
c

so

��
k∈Y

ΦAk(xk)�
c
= (−1)#�

Y
dηdη̄ ψc(Y)
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Better representation for ψc(X). We can take Vk,k =0 (factor away).

Recall that, recursively,

ψ(X)=ψc(X), |X|=1, ψ(X)= �
Π∈Part(X)

�
Y∈Π

ψc(Y).

It follows from

ψ(X)= �
Y∋1

ψ(X\Y)ψc(Y), ⇒decoupling.

Let F(X)=∑e∈E(X) F(e) and write e ⊣Z if the edge e connects Z and X\Z.

Interpolate

F� s
Z�(e)={{{{{{{{{{{{{{{{{{{{{{ sF(e) if e ⊣Z

F(e) otherwise , F� s
Z�(X)= �

e∈E(X)
F� s

Z�(e)



Decoupling Z:

F�1
Z�(X)=F(X), F�0

Z�(X)=F(X\Z)+F(Z)

eF(X) = e
F�0

Z�(X)
+�

0

1
ds∂se

F� s
Z�(X)

= eF(X\Z)+F(Z) +�
e⊣Z

�
0

1
F(e)e

F� s
Z�(X)

ds

Contine decoupling w.r.t Z⊔ e, . . . Start with Z0 = {1}, Z1 =Z0 ⊔ e1,...

eV(X) = eV(X\Z0) + �
e1⊣Z0

eV(X\Z1)�
0

1
ds1V(e1)e

V� s1
Z0

�(X)|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
≔ψc(Z1)

+ �
e1⊣Z0

�
e2⊣Z1

�
0

1
ds1�0

1
ds2V(e1)V� s1

Z0
�(e2)e

V� s1
Z0

�� s2
Z1

�(X)



eV(X) = eV(X\Z0) + �
e1⊣Z0

eV(X\Z1)�
0

1
ds1V(e1)e

V� s1
Z0

�(X)|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
≔ψc(Z1)

+ �
e1⊣Z0

�
e2⊣Z1

�
0

1
ds1�0

1
ds2V(e1)V� s1

Z0
�(e2)e

V� s1
Z0

�� s2
Z1

�(X)

+ �
e1⊣Z0

�
e2⊣Z1

�
e3⊣Z2

eV(X\Z2)�
0

1
ds1�0

1
ds2�0

1
ds3V(e1)V� s1

Z0
�(e2)V� s1

Z0
�� s2

Z1
�(e3)e

V� s1
Z0

�� s2
Z1

�� s3
Z2

�(X)

In general:

ψc(Z)= �
e1⊣Z0

⋅ ⋅ ⋅ �
e3⊣Z2

1Z=Zk�0

1
ds1⋅ ⋅ ⋅�

0

1
dskV(e1)⋅ ⋅ ⋅V� s1

Z0
�⋅ ⋅ ⋅� sk−1

Zk−2
�(ek)e

V� s1
Z0

�⋅ ⋅ ⋅� sk
Zk−1

�(X)

eV(X) = �
Y∋1

eV(X\Y)ψc(Y)



�
0

1
ds1⋅ ⋅ ⋅�0

1
dskV(e1)⋅ ⋅ ⋅V� s1

Z0
�⋅ ⋅ ⋅� sk−1

Zk−2
�(ek)e

V� s1
Z0

�⋅ ⋅ ⋅� sk
Zk−1

�(X)

=�
l=1

k

V(el)�0

1
ds1⋅ ⋅ ⋅�0

1
dsk f (s)�

⩾0

e∑er(e)V(e),

r(e)= sk⋅ ⋅ ⋅sl−1, k< l

=�
l=1

k

V(el)� μ(dr)e∑er(e)V(e),

Reorganize wrt. T = e1 ⊔ ⋅ ⋅ ⋅ ⊔ ek−1 spanning tree of Z=Zk ∋1..



BBF formula:

ψc(Z)=�
T

�
e∈T

V(e)� μT(dr)e∑er(e)V(e)+ 1
2∑k∈ZVkk

� For each r ∈supp μT we have r(e)= sk⋅ ⋅ ⋅sl for some k< l and numbers sj ∈ [0,1].

� The measure μT is a probability measure, i.e.

� μT(dr)=1.

Proof: Take V(e)=ε1e∈T ′ for ε≪1, then from BBF:

ψc({1, . . . ,n})=εn� μT ′(dr)+o(εn)

and otherwise

ψc({1, . . . ,n})=εn +o(εn).



Remark: There is another standard formula

ψc(Z)= �
G∈Conn, graph on Z

�
(k,l)∈G

(eVk,l −1)�
k∈Z

e
1
2Vk,k

but the BBF is better since the number of trees on n points grows only as

nn−2

while the number of graphs as

2�n
2�

(for large n almost all graphs are connected).

The BBF is also true for Bosonic models.
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��
k∈X

ΦAk(xk)�
c
=�

Y
dηdη̄ ψc(X)

=�
T

�
e∈T

V(e)� μT(dr)��
X

dηdη̄e∑er(e)V(e)+ 1
2∑k∈ZVkk�

=�
T

�
(i, j)∈T

Γi, j(xi −xj)� μT(dr) det𝒩(r)

where we can show that

𝒩i, j(r)= r(i, j)ℳi, j = //ui,uj//// fi,hj//= //ui ⊗ fi,uj ⊗hj//

|det𝒩(r)|=|det( //Fi,Hj//)i, j|
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|det( // fi,hj//H)i, j|⩽�
i, j

‖ fi‖H ‖hj‖H

Fock space Γa(H)=⊕n⩾0⋀n H, Creation operator a∗( f ) f1⋅ ⋅ ⋅ fn = ff1⋅ ⋅ ⋅ fn.

a( f ) f1⋅ ⋅ ⋅ fn =�
k

(−1)k−1 // f , fk//( f1⋅ ⋅ ⋅fk ⋅ ⋅ ⋅ fn), {a( f ), a∗(g)}= // f , g//

//a∗( f1)⋅ ⋅ ⋅a∗( fn)1, a∗(h1)⋅ ⋅ ⋅a∗(hn)1//

=�
k

(−1)k−1 // f1,hk//�a∗( f2)⋅ ⋅ ⋅a∗( fn)1,a∗(h1)⋅ ⋅ ⋅a∗(hk)⋅ ⋅ ⋅a∗(hn)1�

=⋅ ⋅ ⋅ =det( // fi,hj//)i, j



Now

//a∗( f )φ, a∗( f )φ//+ //a( f )φ, a( f )φ//= //φ, (a( f )a∗( f )+a∗( f )a( f ))φ//= // f , f ////φ,φ//

so

‖a∗( f )φ‖2 +‖a( f )φ‖2 ⩽‖ f ‖2‖φ‖2 ⇒‖a∗( f )‖,‖a( f )‖⩽‖ f ‖

and therefore

|det( // fi,hj//)i, j|⩽| //a∗( f1)⋅ ⋅ ⋅a∗( fn)1,a∗(h1)⋅ ⋅ ⋅a∗(hn)1//|

⩽�
i, j

‖a∗( fi)‖‖a∗(hj)‖⩽�
i, j

‖ fi‖‖hj‖



In our case

Γ(xi −xj)=� dk
(2π)d

χ(γk)−χ(k)
|k|d/2+ε eik⋅(xi−xj) = // fi,hj//L2(ℝd)

with g(k)= (χ(γk)−χ(k))/|k|d/2+ε and

fi(k)= g(k)
|g(k)|1/2e−ik⋅xi, hj(k)=|g(k)|1/2e−ik⋅xj

so for Re ε<d/6.

GGH
1/2 =‖ fi‖=‖hj‖=(((((((� dk

(2π)d|g(k)|)))))))1/2
≲(((((((�

C≲|k|⩽1

dk
|k|d/2+Reε)))))))1/2

<∞

One can take ‖ui‖=‖uj‖⩽1, so, m total # of points and n vertices in the tree T:

|det𝒩(r)|⩽ (GGH)s, s= 1
2 (m−2(n−1)).



Lemma. GKL bound

|||||||||||��
k∈Y

ΦAk(xk)�
c|||||||||||⩽ (GGH)s�

𝒯
�

along 𝒯
|Γ(xi −xj)|

where s= 1
2∑k∈Y |xk|− (|Y|−1).

Now for any component of dµT measure, i.e. one particular bijection g in the BBF formula, we satisfy
(D.48) via

rkl = (ug�1(k), ug�1(l)), (D.55)

which is also symmetric in k, l and rkk = 1. Finally the rescaling factor in the N matrix:

rk(i)k(j) = (ug�1(k(i)), ug�1(k(j))). (D.56)

In Section D.1 we showed that Mij = (fi, hj) where f, h are vectors in a Hilbert space. Considering
the tensor product of those vectors with ug�1(k(i)) 2 Rn, we obtain an inner product representation
for Nij elements. Since u’s have unit length, by the same argument which led to (D.10) we obtain a
bound with the same constant CGH:

| detN| 6 (CGH)
s, s =

1

2
(m � 2(n � 1)) . (D.57)

This is true for any re lying in the support of the measure dµT . We can also integrate this bound
since dµT has weight 1. We conclude that the connected expectation is bounded by

(CGH)
s
X

T

X

T comes from T

|Eq. (D.51)| = (CGH)
s
X

T

|Eq. (D.51)| . (D.58)

where we used that every anchored tree comes from one and only one tree. We finally get:

Lemma D.6 (GKL bound) Fermionic connected expectations are bounded by

|h�(A1,x1); . . . ;�(An,xn)ic| 6 (CGH)
s
X

T

Y

along T

|�ij(xi � yj)|, (D.59)

where s = 1

2

Pn
i=1

|xi| � (n � 1), CGH is from (D.10), the sum is over all anchored trees T on n
groups of points xk, and the product of propagators is along T.

The �ij here are either propagators, or their first derivatives with respect to xi and/or yj. Since
we are assuming (4.15), we can replace |�ij(xi � yj)| by M(xi � yj) in the r.h.s. of the bound. See
also Fig. D.1 for an illustration. For n = 1 the GKL bound reduces to the Gram-Hadamard bound
(D.10).

(b)
<latexit sha1_base64="mIdyA1NFzAk+WqsljJoVgAU0z/c="></latexit>

(c)
<latexit sha1_base64="GAn/qaQy4RnaKB4pYz3IiZdJLzg="></latexit>

(a)
<latexit sha1_base64="8o+BYUrQWMX/ed1FSxlmggqyHQo="></latexit>

Figure D.1: This illustrates the n = 3 case of the connected expectation. (a) Three groups of points.
(b) A particular connected Wick contraction. (c) Red: an anchored tree consisting of n�1 propagators.
Blue: remaining s propagators.
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[ ]

The number of anchored trees on n groups of points x1, . . . ,xn is

N𝒯 ⩽n!4∑k=1
n |xk|.

Indeed: one has (admit)
(n−1)!

(d1 −1)!⋅ ⋅ ⋅(dn −1)!

labelled trees with specified degrees d1, . . . , dn at each vertex. For each edge (k, l) one
has at most |xk|∗|xl| propagators, so in total at most ∏k |xk|dk

N𝒯 ⩽ (n−1)! �
d1, . . . ,dn

�
k

|xk|dk

(dk −1)! ⩽n!�
k

C|xk|.




