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Motivation: Study the martingale problem of certain singular SPDEs.

Outline
• Our example: Burgers' equation in d =1.

• Singular SPDEs: difficulties with the definition of the dynamics.

• Existence of solutions to the cylinder martingale problem.

• Uniqueness: study of the Kolmogorov backward equation.

• Domain? The idea of controlled functions.

• Cauchy problem and apriori estimates.

☞ The infinitesimal generator of the stochastic Burgers equation | joint work with N. Perkowski. PTRF 178, 2020.

☞Hyperviscous stochastic Navier–Stokes equations withwhite noise invariant measure | joint workwith M. Turra. Stoch.
& Dyn. 20, 2020.

☞ Lukas Gräfner, Fractional stochastic quasi-geostrophic equations on the two-dimensional torus, Master thesis Hum-
boldt-Universität zu Berlin, 2021.
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Goal: probabilistic well–posedness for (almost) stationary solutions to

∂tu(t,x)=Δu(t,x)+∂x(u(t,x)2)+∂xξ(t,x), x∈𝕋,ℝ, t⩾0

u(0)∼μ and μ white noise on 𝕋 with zero mean, ξ space–time white noise.

𝔼[u(t,x)u(t,y)]≈δ(x−y)

Singular equations, related to KPZ (h=∂xu), well-posedness via rough paths, regularity
structures or paracontrolled distributions.
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� (Stroock–Vadadhan) Characterisation of the diffusion u by requiring that for a “large”
class of functions φ

φ(t,u(t))=φ(0,u(0))+�
0

t
(∂s +ℒ)φ(s,u(s))ds+Mφ(t)

with Mφ a martingale. ℒ is called the generator, usually unbounded (ℒ,D(ℒ)).

ℒφ(u)=� ∂x
2u(x)Dxφ(u)dx+ 1

2Tr[∂x ⊗∂xD2φ(u)]||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
ℒ0 linear part
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𝒢 non-linear drift
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Cylinder functions

φ(u)=Φ(u( f1), . . . ,u( fn)) ⇒ Dxφ(u)=�
k=1

n

∂kΦ(u( f1), . . . ,u( fn)) fk(x)

Linear part (OU operator)

ℒ0φ(u)=�
k=1

n

∂kΦ(u( f1), . . . ,u( fn))u(Δ fk)+ 1
2 �

k,ℓ =1

n

∂k∂ℓ Φ(u( f1), . . . ,u( fn)) //∂xfk, ∂xfℓ //

Number operator (commutes with ℒ0, both diagonalized via chaos expansion)

𝒩φ(u)=�
k=1

n

∂kΦ(u( f1), . . . ,u( fn))u( fk)+ 1
2 �

k,ℓ =1

n

∂k∂ℓ Φ(u( f1), . . . ,u( fn)) // fk, fℓ //
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𝒢φ(u)=−�
k=1

n

∂kΦ(u( f1), . . . ,u( fn))� u(x)2∂xfk(x)dx

� Problem: u2(∂xf ) is not a well-defined random variable – not even tested with ∂xf .

𝔼[u2( f )u2( f )] ''='' � δ(x−y)2f (x) f (y)dxdy ?????

Indeed, it is a “distribution” on L2(μ):

(1−ℒ0)−1/2𝒢φ∈L2(μ).

☞ diffusion with singular drift & regularisation by noise

[Assing ('03) (pre-generator), Flandoli-Russo-Wolf ('03), Delarue-Diel ('16), Allez-Chouk, Cannizzaro-Chouk]
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� By Galerkin approximation we can construct a stationary process (ut
m)t such that

φ(um(t))=φ(um(0))+�
0

t
ℒmφ(um(s))ds+Mt

m,φ

� Compactness by energy solution methods [Gonçalves–Jara] [Gubinelli–Jara].

Ito trick:

𝔼 sup
t∈[0,T]

��
0

t
φ(um(s))ds�

p
≲ (T p/2 ∨T p)‖c2p

𝒩(1−ℒ0)−1/2φ‖L2(μ)
p .

� Any limit point (ut)t⩾0 is a solution to the cylinder martingale problem.
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(ut)t⩾0 is a solution to the cylinder martingale problem for ℒ iff

1. (ut)t⩾0 is incompressible, i.e. for all T

sup
t∈[0,T]

𝔼[|φ(ut)|]⩽CT‖φ‖L2(μ);

2. Satifies the Ito trick;

3. For any φ cylindrical

Mt
φ =φ(ut)−φ(u0)−�

0

t
ℒφ(us)ds

is a continuous martingale with quadratic variation //Mφ//t = ∫0
tℰ(φ)(us)ds with

ℰ(φ)(u)=∫|∂xDxφ(u)|2dx.
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� Duality with the backward equation

𝔼[φ(ut)ψ(us)]=𝔼��φ(t− s,ut)+�
s

t
(∂r +ℒ)φ(t− r,ur)dr�ψ(us)�=𝔼[φ(t− s,us)ψ(us)]

Need: classical solutions φ∈C(ℝ+,𝒟(ℒ))∩C1(ℝ+,L2(μ)) of the Cauchy problem

∂tφ=ℒφ=ℒ0φ+𝒢φ

Problem: what is a suitable domain 𝒟(ℒ) of ℒ??
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� Idea: use ℒ0φ to compensate for 𝒢φ: we look for “controlled” φ such that

ℒ0φ≈−𝒢φ

We don't need to be greedy.

𝒢≻ ≔1|ℒ0|⩾L𝒩α𝒢, 𝒢≺ =𝒢−𝒢≻

𝒢≻ models the large momentum behaviour of 𝒢. L is a cutoff to be chosen later.

φ=−ℒ0
−1𝒢≻φ+φ#, φ=𝒦φ#

ℒφ=ℒ0φ+𝒢φ=ℒ0φ# +𝒢≺φ
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� For γ∈ (1/4,1/2]

‖w(𝒩)(−ℒ0)γ−1𝒢≻φ‖≲ε|w|‖(−ℒ0)γw(𝒩)φ‖

‖(−ℒ0)γw(𝒩)𝒦φ#‖+ (|w|ε)−1‖(−ℒ0)γw(𝒩)(𝒦φ# −φ#)‖≲‖(−ℒ0)γw(𝒩)φ#‖

� For all γ⩾0 δ>0

‖w(𝒩)(−ℒ0)γ𝒢≺φ‖≲‖w(𝒩)(1+𝒩)9/2+7γ(−ℒ0)1/4+δφ#‖

so ℒφ=ℒ0φ# +𝒢≺φ is well defined for controlled functions.

𝒟w(ℒ)= {φ=𝒦φ#:‖w(𝒩)(−ℒ0)φ#‖+‖w(𝒩)(1+𝒩)9/2(−ℒ0)1/2φ#‖}

is dense in w(𝒩)−1ΓH and 𝒟(ℒ)=𝒟1(ℒ)
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� Densely defined operator

(ℒ,𝒟(ℒ))

�For ℒ(λ)=ℒ0+λ𝒢 with λ∈ℝ similar construction: 𝒟(ℒ(λ))∩𝒟(ℒ(λ′))={constants}...

� ℒ is dissipative

//φ,ℒφ//=−‖(−ℒ0)1/2φ‖2 ⩽0, φ∈𝒟(ℒ)

//ψ,ℒφ//= //ℒ(−1)ψ,φ//, φ∈𝒟(ℒ),ψ∈𝒟(ℒ(−1))
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� ℒm Galerkin approximation for ℒ, (Tt
m)t Markov semigroup

∂tφm(t)=ℒmφm(t)

� To pass to the limit we need to control the growth of solutions in weighted spaces

1
2∂t‖w(𝒩)φm(t)‖2 +‖w(𝒩)(−ℒ0)1/2φm(t)‖2 = //φm(t),w(𝒩)2𝒢mφm(t)//

�We have for γ>1/4 and uniformly in m

‖w(𝒩)(−ℒ0)−γ𝒢+
mψ‖≲‖w(𝒩)𝒩(−ℒ0)3/4−γψ‖ (roughly)



//φm(t),w(𝒩)2𝒢mφm(t)//= //φm(t),w(𝒩)2(𝒢+
m +𝒢−

m)φm(t)//

= //φm(t),w(𝒩)2𝒢+
mφm(t)//+ //φm(t),𝒢−

mw(𝒩+1)2φm(t)//

= //φm(t), [w(𝒩)2 −w(𝒩+1)2]𝒢+
mφm(t)//≈�φm(t),w(𝒩) w′(𝒩)�

≈w(𝒩)𝒩−1

𝒢+
mφm(t)�

≲δ‖w(𝒩)(−ℒ0)1/2φm(t)‖2 + cδ‖w(𝒩)(−ℒ0)−1/2𝒩−1𝒢+
mφm(t)‖2

≲δ‖w(𝒩)(−ℒ0)1/2φm(t)‖2 + cδ‖w(𝒩)(−ℒ0)1/4φm(t)‖2

1
2∂t‖w(𝒩)φm(t)‖2 +δ‖w(𝒩)(−ℒ0)1/2φm(t)‖2 ≲δ ‖w(𝒩)φm(t)‖2
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� To pass to the limit in the Kolmogorov equation we need further regularity to put
limmφm in the domain of ℒ. We need control of

φm,#(t)=φm(t)+ℒ0
−1𝒢m,≻φm(t)

� The equation for φm,# gives the required apriori estimates

∂tφm,#(t)=ℒmφm(t)+ℒ0
−1𝒢m,≻∂tφm(t)=ℒ0φm,#(t)+𝒢m,≺φm(t)+ℒ0

−1𝒢m,≻∂tφm(t)

For γ∈ (3/8,5/8), exists p(α) s.t.

‖(1+𝒩)α(−ℒ0)1+γφm,#(t)‖+‖(1+𝒩)α(−ℒ0)γ∂tφm,#(t)‖

≲‖(1+𝒩)p(α)(−ℒ0)1+γφm,#(0)‖
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� Given

‖(1+𝒩)p(α)(−ℒ0)1+γφ(0)‖<∞

with α>9/2 and γ∈ (3/8,5/8) then

∂tφ(t)=ℒφ(t)

has a solution

φ∈C(ℝ+,𝒟(ℒ))∩C1(ℝ+, ΓH)

� Unique by dissipativity but we cannot define flow etℒ.

(However see Gräfner for improved strategy)
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� Multi-component Burgers eq. [Funaki-Hoshino '17, Kupiainen-Marcozzi '17]

∂t ui =Δui +�
j,k

Γjk
i ∂x (u j uk)+∂x ξi

under “trilinear condition” [Funaki-Hoshino '17]: Γjk
i =Γkj

i =Γki
j .

� Fractional Burgers eq. [G.-Jara '13]

∂t u= −(−Δ)θu+∂x u2 + (−Δ)θ/2ξ

for θ>3/4; note that θ=3/4 is critical, ∞ expansion in reg. str.!

� 2d NS with small hyperdissipation and energy invariant measure (G., Turra) κ >0

∂t u=−(−Δ)1+κu+u ⋅∇u+ (−Δ)(1+κ)/2ξ, u:𝕋2 →ℝ2.

� Weak universality for fractional Burgers [Sethuraman '16, Gonçalves-Jara '18] and multi-component
Burgers [Bernardin-Funaki-Sethuraman '19+]



Outlook
• Probabilistic theory for singular SPDEs ↔ ∞-dim singular operator ℒ=ℒ0 +𝒢.

• Existence for martingale problem via Galerkin approximation.

• Construct 𝒟(ℒ) via ideas from paracontrolled distributions.

• Existence for backward equation ∂t φ=ℒφ via energy estimates.

• Duality gives uniqueness for martingale prob. and backward eq.

• (multi-component, fractional) Burgers, down to criticality.

Open problems
• Need Gaussian measure. beyond: unclear.


