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� The analysis of scaling limits of stochastic non�linear diffusion problems gener-
ates irregular random fields which should be described by universal non�linear
SPDEs (i.e. independent of specific details of the microscopic model).

� The combination of irregularity and non�linearity is problematic and can gen-
erate unexpected phenomena which escape a purely analytical control: the statis-
tical structure of the noise has to be carefully taken into account.

� Hairer's regularity structures provide a general tool do to so: they allows to
describe the local features of the random fields in term of simpler objects. The
effect of non�linear operations is then more easily understood given the improved
description.

� In a parallel work, G.�Imkeller�Perkowski exploited tools from harmonic
analysis to perform similar kind of analysis (Fourier�space counterpart of the
regularity structure businnes)

� Paracontrolled distributions are not as general as regularity structures but
they provide an alternative approach in many relevant cases: KPZ, �2,3

4 , Par-
abolic/Hamiltonian Anderson model in 2d.
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x Scalar diffusion equation with slow reaction term

Lψ(t,x)=εγF(ψ(t,x))+η(t,x), (t,x) B---R+ -- Tε
d

with Tε =T/ε, F odd (typically F =-∂U for some potential U ) and L =∂t-<.

x Parabolic rescaling ψε(t,x)=ε-αψ(t/ε2,x/ε) and ξε(t,x)=ε-d/2-1η(t/ε2,x/ε)

Lψε(t,x)=εγ-α-2F(εαψε(t,x))+ε(d-2)/2-αξε(t,x), (t,x) B---R+ -- Tε
d

Note that ξε-> ξ the space�time white noise.

x Let α = (d-2)/2 to keep a noisy evolution:

Lψε =εγ-d/2-1F(ε(d-2)/2ψε)+ξε

In the following we will concentrate on the d=3 case.



x Linear approximation: assume ψε ~-Xε with L Xε =ξε

εγ-d/2-1F(ε(d-2)/2ψε) ~- εγ-d/2-1F(ε(d-2)/2Xε)

x Explicit Gaussian computations shows that

ε-(d-2)/2F(ε(d-2)/2Xε)-> μX (as space�time distributions)

where μ=E[GF(G)] and G~𝒩(0, c) and L X =ξ . Then

εγ-d/2-1F(ε(d-2)/2ψε) ~-εγ-2μX ~- εγ-2μψ

x If μ=/ 0 we need to take γ =2. The limiting equation is

L ψ =μψ +ξ

Result: we expect Gaussian fluctuations.
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Rigorous analysis. Let ψε =Xε +θε then (recall d=3,γ =2)

Lθε =ε-1/2F(ε1/2Xε +ε1/2θε)

x Taylor expansion gives the approximate equation

Lθε =μX̃ε + μ̃εθε +ε1/2Rε(θε)

with

μX̃ε =ε-1/2F(ε1/2Xε), μ̃ε =F ′(ε1/2Xε), Rε(θε)=θε
2∫0

1F ′′(ε1/2Xε +τε1/2θε)(1-τ)dτ

x Since ‖ε1/2Xε‖L∞ <~ε-0- estabilish easily that

ε1/2Rε(θε)->->->->->->->->->->->->->->->->->->->->->->->->->->->->-> ->
L∞

0

x Direct Gaussian computations show

μ̃ε->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->-> ->
C 0-

μ Xε, X̃ε->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->-> ->
C -1/2-

X ε1/2Rε(θε)->->->->->->->->->->->->->->->->->->->->->->->->->->->->-> ->
L∞

0



Lθε =:ε(X̃ε, μ̃ε,θε)=μX̃ε + μ̃εθε +ε1/2Rε(θε) B---C -1/2-

x Parabolic estimates gives θε B---C 3/2-

xContinuity of the product in C α -- C β-> C α(β when α +β >0 results in continuity
for

μ̃ε -- θε B---C -0- -- C 3/2--> μ̃εθε

Hence, the family of maps :ε

(X̃ε, μ̃ε,θε) B---C -1/2- -- C -0- -- C 3/2-->| :ε(X̃ε, μ̃ε,θε) B---C -1/2-

is continuous (and even locally Lipshitz). From this easy to deduce that

θε->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->-> ->
C 3/2-

θ Lθ =μX +μθ

ψε =Xε +θε->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->-> ->
C -1/2-

ψ =X +θ Lψ =μψ +ξ
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Suppose now that we choose F such that μ=0. In this case by symmetry

E[Hc,2(G)F(G)]=0

but if

λ=E[Hc,3(G)F(G)]=/ 0

we have

ε-3(d-2)/2F(ε(d-2)/2Xε)->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->-> ->
C -3/2-

λX --- -3 (as space�time distributions)

where X --- -3=limε->0Hγε,3(Xε).

Now we guess that

εγ-d/2-1F(ε(d-2)/2ψε) ~- εd-4+γλX --- -3

so something non�trivial can (maybe) be obtained if γ =4-d=1.
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Lφε =ε-3/2F(ε1/2φε)+ξε

x Taylor expansion with φε =Xε +θε

Lθε =ε-3/2F(ε1/2Xε)+ε-1F ′(ε1/2Xε)θε +ε-1/2F ′′(ε1/2Xε)θε
2+F ′′′(ε1/2Xε)θε

3+ε1/2Rε

ε-3/2F(ε1/2Xε)->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->-> ->
C -3/2-

λX --- -3, ε-1F ′(ε1/2Xε)->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->-> ->
C -1-

λX --- -2, ε-1/2F ′′(ε1/2Xε)->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->->-> ->
C -1/2-

λX

Problem: the previous strategy will not work since

Lθε B---C -3/2- => θε B---C 1/2-

and the products

ε-1F ′(ε1/2Xε)θε, ε-1/2F ′′(ε1/2Xε)θε

are then not under control.

x Need better understanding of the structure of the solution...
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Consider the case F(x)=λ(x3- cε x) :

Lφε =λ(φε
3- ε-1cεφε)+ξε

and let φε =Xε +λYε +λφε
Q, (cε =3c1,ε +9λc2,ε)

LYε +Lφε
Q=Xε

--- -3+3λXε

--- -2(Yε +φε
Q)+3λ2Xε(Yε +φε

Q)2+λ3(Yε +φε
Q)3-9λc2,εφε

Xε

--- -3=Xε
3-3 c1,ε Xε B---C -3/2- Xε

--- -2=Xε
2- c1,ε B---C -1-

Choosing LYε =Xε

--- -3 we get rid of the first term.

x Lφε
Q

B---C -1-=> φε
Q

B---C 1- and LYε B---C -3/2-=> Yε B---C 1/2-.

xx Problem: slightly better situation but still not good:

Xε

--- -2||{z}}
C -1-

(Yε +φε
Q|||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

C 1/2-+C 1-

) Xε||{z}}
C -1/2-

(Yε +φε
Q|||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

C 1/2-+C 1-

)2
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Decomposition of a product into paraproducts and resonant term

fg= f ) g+ f I g+ f * g

Theorem (Bony, Meyer)

(f , g) B---C α -- C β-> f ) g= g* f B---C β+α(0, α, β B---R\N

(f , g) B---C α -- C β-> f I g B---C α+β, α + β >0

Paralinearization:

f B---C α-> R(f )=G(f )-G′(f )) f B---C 2α, α >0

A single new key ingredient:

Lemma (G-Imkeller-Perkowski)

(f , g,h) B---C α -- C β -- C γ-> C(f , g,h)= (f ) g) Ih- f (g Ih) B---C α+β+γ, α + β +γ >0
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x Paralinearization:

(Yε +φε
Q)2=2(Yε +φε

Q)) (Yε +φε
Q)+R(Yε +φε

Q)||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
C 1-

x Decomposition

Xε(Yε +φε
Q)2 =Xε ) (Yε +φε

Q)2+ Xε I (Yε +φε
Q)2 +Xε * (Yε +φε

Q)2

Xε I (Yε +φε
Q)2 =2 Xε I [(Yε +φε

Q)) (Yε +φε
Q)] +Xε IR(Yε +φε

Q)

x Commutator lemma

=2(Yε +φε
Q) Xε I (Yε +φε

Q) +2C(Yε +φQ,Yε,Xε)||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
C 1/2-

+Xε IR(Yε +φε
Q)

=2(Yε +φε
Q) Xε IYε +2(Yε +φε

Q)(Xε Iφε
Q)+2C(Yε +φQ,Yε,Xε)+Xε IR(Yε +φε

Q)

x Assume that we can control Xε IYε in C -0-.
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3λ Xε

--- -2(Yε +φε
Q) -9λc2,εφε =3λXε

--- -2
* (Yε +φε

Q)+3λXε

--- -2
) (Yε +φε

Q)

+3λ Xε

--- -2
IYε-3c2,εXε +3λ Xε

--- -2
Iφε

Q -9λ2c2,ε(Yε +φε
Q)

xNeed of a further renormalization: the quantity Xε

--- -2 --- -Yε =Xε

--- -2
IYε-3c2,ε Xε is under

control in C -1/2-.

x Paracontrolled ansatz: φε
Q=φε

⋆
eQε +φε

# with Qε B---C 1-,φε
⋆
B---C 1/2- and φε

#
B---C 3/2-.

3λ Xε

--- -2
Iφε

Q -9λ2c2,ε(Yε +φε
Q)=3λ Xε

--- -2
I (φε

⋆
eQε) -9λ2c2,ε(Yε +φε

Q)+3λXε

--- -2
Iφε

#

=3λφε
⋆ Xε

--- -2
I Qε -9λ2c2,ε(Yε +φε

Q)+3λCe(φε
⋆, Qε,Xε

--- -2)+3λXε

--- -2
Iφε

#

How to choose φε
′ and Qε?



Note that

Lφε
Q=3λXε

--- -2
* (Yε +φε

Q)+ ...

but also

Lφε
Q=L (φε

⋆
eQε +φε

#)=φε
′
eLQε +Lφε

#+ ...

so a natural choice is φε
⋆ =3λ(Yε +φε

Q) and LQε =Xε

--- -2. In this case

3λ Xε

--- -2
Iφε

Q -9λ2c2,ε(Yε +φε
Q)=3λφε

⋆ Xε

--- -2
I Qε- c2,ε +3λCe(φε

⋆, Qε,Xε

--- -2)+3λXε

--- -2
Iφε

#

and we can show that Xε

--- -2 --- -Qε =Xε

--- -2
I Qε - c2,ε is under control in C 0-.



Conclusion: starting from the equation

Lφε
Q=3λXε

--- -2(Yε +φε
Q)+3λ2Xε(Yε +φε

Q)2+λ3(Yε +φε
Q)3-9λc2,εφε

and performing the change of variables

φε
Q=φε

⋆
eQε +φε

#, φε
⋆ =3λ(Yε +φε

Q)

we get an equation for φε
# which reads

Lφε
#=�ε

#(Xε,φε
Q,φε

#)

where the r.h.s. depends continuosly on φε
Q,φε

# and on the datum ofXε:

Xε = (Xε,Xε

--- -2,Xε

--- -3,Xε IYε,Xε
--- -2 --- -Yε,Xε

--- -2 --- -Qε)

The limit as ε -> 0 can be now estabilished via standard PDE estimates (for short
times) once it is known that Xε->X in a suitable topology.
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Another way to state the previous analysis is to say that to each decomposition

ψ =X +Y +ψ⋆
eQ+ψ#

of a function ψ we can associate a corresponding decomposition of the power φ3

ψ3=G(X,ψ⋆,ψ#)=X 3+3(Y +ψ⋆
eQ+ψ#))X 2+ ...

X= (X ,X 2,X 3,Y IX ,Y IX 2, Q IX 2)

in such a way that, for any a,b B---R

ψ3-3aψ -3bX -3bψ⋆ =G(Ra,bX,ψ⋆,ψ#)

with Ra,bX= (X ,X 2-a,X 3-3a,Y IX ,Y I(X 2-a)-bX , Q I (X 2-a)-b)
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Now if ψ is a distribution for which

ψ =X +Y +ψ⋆
eQ+ψ#

we can set

ψε = ρε ∗ψ = ρε ∗X + ρε ∗Y +ψ⋆
eρε ∗ Q+ ρε ∗ψ#+ [ψ⋆

e, ρε ∗ ]Q

so that Xε = ρε ∗X

ψε
3-3aεψε-3bXε-3bψ⋆ =G(Raε,bεXε,ψ⋆, ρε ∗ψ#+ [ψ⋆

e, ρε ∗ ]Q)

Xε = (Xε,Xε
2,Xε

3,Yε IXε,Yε IXε
2, Qε IXε

2)

with Zε = ρε ∗Z for Z=X ,Y , Q. And if Raε,bεXε->Xren as ε-> 0 then

ψε
3-3aεψε -3bXε -3bψ⋆-> ψren

3 =G(Xren,ψ⋆,ψ#)
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At this point we are capable of defining solutions of the singular SPDE which we
expect in the limit of the reaction diffusion equation.

Given the noise ξ we construct its associated �model�

Rc1,ε,c2,εXε->X(ξ )= (X ,X --- -2,X --- -3,Y --- -X ,Y --- -X --- -2, Q --- -X --- -2)

by passing to the limit in the canonical model Rc1,ε,c2,εXε for ξε with suitable renor-
malization constants c1,ε, c2,ε.

Then for fixedX we say that a distribution φ is a solution to

Lφ =λφ --- -3+ξ

if φ =X +λY +λφ⋆
eQ+λφ# and

Lφ =λG(X,λφ⋆,λφ#)+ξ

This implies in particular that φ⋆ can be chosen to be equal to 3λ(Y +λφ⋆
eQ+λφ#)



Thanks!
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